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ON THE (1,p)-POINCARE INEQUALITY

PETTERI HARJULEHTO, RITVA HURRI-SYRJANEN
AND ANTTI V. VAHAKANGAS

ABSTRACT. We show that s-John domains satisfy the (1, p)-Poin-
caré inequality for all finite p > po. We prove that the lower
bound pg is sharp. We formulate a conjecture concerning (g, p)-
Poincaré inequalities in s-John domains, 1 < ¢ <p.

1. Introduction

A bounded domain G in R™, n > 2, is said to be a (g, p)-Poincaré domain
if there exists a finite constant ¢ such that inequality,

(1.1) (/G|u(x)—uc|qu>‘1’ <c(/G‘Vu(x)}pdx)p,

holds for all u € WHP(G); here 1 < p < 0o, 1 < g < oo, and ug is the integral
average of u. Poincaré inequalities are useful in analysis, especially in the
theory of partial differential equations. They have been widely studied in the
case ¢ > p, see, for example, the book of Maz’ya and Poborchi [16]. Poincaré
inequalities, (1.1), in the case 1 < ¢ <p have been considered on general do-
mains, for example, in [15, Section 6.4], see also [§8]. Maz’ya [15], Theorem
6.4.3/2 on p. 344, gives a characterization for domains which support (1.1)
when g < p. The characterisation is given in terms of capacity.

We also study the case 1 < g <p. Clearly, by Holder’s inequality, if a given
domain is a (p,p)-Poincaré domain, then it is a (g,p)-Poincaré domain for
every 1 < g <p. The benefit is that the inequality with ¢ < p can be satisfied
by more irregular domains than the inequality with ¢ = p. We provide a
sharp quantitative version of this statement for s-John domains. They form
a large class of irregular domains including the widely used 1-John domains
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and domains that satisfy the quasihyperbolic boundary condition. Our result
is given in terms of the upper Minkowski dimension, dim 4, which has been
previously used with Poincaré inequalities on domains, for example, in [2], [4].

Let us turn to a detailed discussion of the objectives and results of the
present paper. Throughout the paper, we will assume that n > 2.

The following notation will be convenient to us:

s @ZDO=R) | (= Dn-1)
pq p

Smith and Stegenga proved in [17, Theorem 10] that an s-John domain G in
R™ is a (p,p)-Poincaré domain if 1 < p < oo and C(p,p,s,n,n) <1 ie. if

p>(s—1)(n—1).

For another proof of this fact, see [7, Corollary 6]. If C(p,p,s,n,n)=1and 1 <
p < 00, then we know in some special cases that G is a (p, p)-Poincaré domain.
This is true, for instance, in case of rooms and passages -type domains, [9,
Remark 5.9] and [5, Example 6.1.1], and s-cups [16, Section 5.1]. We exclude
here the discussion about the case g > p, for that in s-John domains we refer
to [7], [11].

Let us formulate a conjecture.

CONJECTURE 1.1. The following statements hold under the assumption
that 1 <g<p<oo,s>1, and A€ [n—1,n).

First, let G be an s-John domain in R™ such that dimp(0G) < A. Then
G is a (q,p)-Poincaré domain if either (1) or (2) holds:
(1) C(g,p,s8,A,n) <1 and 1 <qg=p< o0;
(2) Clg,p,s,A,n) <1 and 1<g<p<oo.

Conversely, if neither (1) nor (2) holds, there is an s-John domain G in
R"™ such that dimpa(OG) = A and G is not a (q,p)-Poincaré domain.

Our main contribution is a verification of Conjecture 1.1 in the case of
1=¢g<pand A <n. This case is special, and the general case seems to be
more difficult.

The following negative result of ours covers the converse statement in Con-
jecture 1.1. It is restricted to the case \ < n.

THEOREM 1.2. Let s>1 and A € [n—1,n). There is an s-John domain
Gs in R™ such that dimpa(0Gs) = A and G is not a (q,p)-Poincaré domain
if either (1) or (2) holds:

(1) C(g,p,s,A\,n)>1 and 1 < g=p < oo;
(2) Clg,p,8,A,n)>1 and 1 <g<p<oo.

This theorem is based on a novel counterexample: Proposition 5.1, Theo-
rem 5.6, and Theorem 5.7. Suppose s >1, 1 < g <p< oo, and

C(g,p,s,n,n) =C(1,p,s,n,n) > 1.
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By Theorem 1.2 with parameter A sufficiently close to n, we obtain an s-John
domain G, in R™ such that G, is not a (1, p)-Poincaré domain. In particular,
it is not a (g, p)-Poincaré domain.

The first statement in Conjecture 1.1 is partially covered by the following
positive result of ours. The proof can be found in Section 4.

THEOREM 1.3. Lets>1,1<p<oo, and A € [n—1,n]. Let G be an s-John
domain in R™ such that dimap (OG) < X. If C(1,p,s,\,n) <1, i.e., if
s(n—1)—A+1

n—A+1
then G is a (1,p)-Poincaré domain.

(1.2)

)

Conjecture 1.1 is true in the case of 1 = ¢ < p < co. This follows by com-
bining Theorem 1.2 and Theorem 1.3.

Structure of the paper. We formulate and prove a decomposition theo-
rem for a (g,p)-Poincaré inequality, 1 < ¢ < p < oo, Theorem 3.1 which we
use when we prove Theorem 1.3. We formulate and prove several lemmata
in Section 4 in order to obtain sharp upper bounds for the requirements in
Theorem 3.1. In order to show the sharpness of our result, we introduce
the s-version of a 1-John domain, Definition 5.2, using the concept of an s-
apartment. Given a 1-John domain and its Whitney decomposition the rough
idea is to place an s-apartment into each Whitney cube. The upper Minkowski
dimension of the boundary of a 1-John domain is inherited by the s-version,
Proposition 5.4, and the s-version is an s-John domain, Proposition 5.5. With
the s-version of an explicitly constructed 1-John domain, we are able to prove
Theorem 1.2.

2. Notation

Let D and G be bounded domains in R, n > 2, and let 1 < ¢ <p < co.
An open n-dimensional ball centered at z and with radius > 0 is denoted by
B™(z,r). We let @ be a cube in R™, whose sides are parallel to the coordinate
axes with zg the center and £(Q) the side-length. By tQ, t > 0, we mean the
cube that is centered at the same point zg but whose side-length is t/(Q).
The Lebesgue measure of a measurable set E in R” is written as |E|.

We say that D is a (q,p)-Poincaré domain if there is a finite positive
constant r4,(D) such that

(1) (£ |u—uD|qdy)% <snD)(f, |w|pdy)%

for all u € W1P(D); where

up ::][Du(x)dx:ﬁ/Du(x)dx
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is the integral average of function u over D, and the constant k(D) depends
only on n, p, ¢ and D. By Hoélder’s inequality D is a (g, p)-Poincaré domain
whenever D is a (p, p)-Poincaré domain and furthermore kg (D) < Ky (D).
The inequality (2.1) is often written in the form

</ |u—uD|qdy) </~;q,,,(D)|D|%—%</ |vu|de)
D D

and kq,(D)|D| a7 is called a (g, p)-Poincaré constant.
REMARK 2.1. We frequently use the well-known fact

Kgp(Q) < Fipp(Q) < c(n)|Q
for a cube @, [6, p. 157].

1
n

By Wp we denote a Whitney decomposition of the domain D. This is
a family of those closed dyadic cubes @ in the Whitney decomposition of
R™\ 0D for which Q C D. However, we modify the standard construction, cf.
[18, p. 167], such that Wp consists of cubes @ for which %diam(Q) <1 and

n

(2.2) Kq.p (int%@) <c(n) g@ <1

If the domain D is clear from the context we write simply W for Wp. For
every k € N, we write

Wi = {Q ceWp: K(Q) = 27]6}

and by W, we denote the number of cubes in this family. Note that Wp =
Uk Wi-

Let E in R" be a non-empty bounded set. By H*(E) we mean the \-
dimensional Hausdorff measure of E. The Hausdorff dimension of F is written
as dimy (E). The upper Minkowski dimension of F is

dimp (E) := sup{d >0: lim%ipMd(E,r) = oo}7
r—

where
_|E+B"0,7)] _ |Usep B"(@,7)|
- rn—d T yn—d

Md(E,T) : , r>(),

is the d-dimensional Minkowski precontent.

3. Poincaré decomposition

The following Poincaré decomposition is from [8] which, in turn, is based
on [9]. A collection C(D) ={Dy, D1,...,Dy} of bounded domains in R with
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Dy, = D is said to be a chain from Dy to D whenever D; N D; # () if and only
if |i — j| < 1. The length of a chain C(D) is denoted by ¢(C(D)) = k.

Let II be a collection of bounded (g, p)-Poincaré domains. Let us fix con-
stants N > 1 and ¢; > 0. We call II a (q,p)-Poincaré decomposition of a
domain G, if

(i) G=Upen D;
(i) > penxp(x) < Nxa(z) for all 2 € R”, where x¢ is the characteristic
function of GG; and
(iii) there is a domain Dg € II such that for each D € II there exists a chain
C(D)={Do,Ds,...,Dyc(py)-1,D} of domains in II with

(31) max{|Di|,|Di_1|} §61|DiﬁDi_1|

fori=1,...,£(C(D)).
For each D in II, we fix a chain C(D) satisfying (3.1) and call this the
Poincaré chain from Dy to D. For a fixed A € 11, we write

Al):={Dell: AcC(D)}.

Various chains and/or decompositions are available in the literature, for
example [1], [3], [7], [9], [10], [11], [17]. The optimal (g, p)-Poincaré inequalities
for rooms and passages-type domains are obtained in [8] by using a Poincaré
decomposition arising from the geometry of the underlying domain.

We prove a slight modification of [8, Theorem 2.4] and [9, Theorem 4.4].
For the sake of completeness, we present the proof.

THEOREM 3.1. Let 1 <g<p<oo. Let G be a bounded domain in R™ and
let II be a (g, p)-Poincaré decomposition of G. If kq,(D) <1 for every D €11
and there are positive and finite constants ¢ and s such that

(3.2) > kgp(D)¥"i*|D| <c,
Dell

and for every A €11

-1 _P=4
(3.3) D> (C(D)! D] < chigp(A) A
DeA(TD)

then the domain G is a (q,p)-Poincaré domain.

Proof. Let Dy be a fixed domain in II. The Holder’s inequality yields

(/Gyu(x) —ug\qu)% SQ(/GW(x) —uD0|qu>%.

By the elementary inequalities

la+b7 <207 (Ja|? + [b]7),  |a+b]7 <l|al7 +b|7,
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with 1 < ¢ < oo, we obtain

(3.4) (/G|u(x)—uDO|qu>é (DZEH/ |u(z) —up, |’ dm)
(z/\u )~ up|” dx)

Dell

HA

<Dz€:r[/ lup — up,|? d:c)

=:1I

The term Z in (3.4) is estimated by the (g, p)-Poincaré inequality in D and
Holder’s inequality for sums with (2, -2)

(3.5) I<<D§e;nqp |D|1"</ |Vu(x)|pdw)p>q
(X oot %) 7 (S [ foutoan)’

c(/G|Vu(x)|pda:>%,

where in the last inequality we used the estimate
Y rgp(D)74|DI< ) D[ < N|G| < o0,
Dell Dell

which follows from the properties of the (g, p)-Poincaré decomposition II and
the boundedness of G.

We are left to handle the term IT in (3.4). Let us connect every domain D €
IT to the fixed domain Dy by a Poincaré chain C(D) = (Dg, D1, ...,Dk_1,D).

By the inequality
k a k
(Z“) <kt
i=1 i=1

with 1 < ¢ < co, we obtain

_ ey I
I < (Z/ Y |uDiuDi_1|qd:z:>
Dell =1
z(c

1
= up, —up,_,|*dydz
(DZ/D X o !
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_15(0(13))
< (Z IDle(e(D))" Y |DmDi_1|‘124‘1{/D‘\u(y) —up,|’

Dell i=1

o ot an})
D; 1

By the (g,p)-Poincaré inequality and condition (3.1)

ey
II < c(Z IDle(C(D)* > IDinD; 4|

Dell i=1

+#gp(Dima)IDia 7 </D |vu(y>|‘”dy) % }> |

(S iote)™ S sapariar ([ 1vura)

Dell Aec(D)

dy

1
Q|

=: III

Rearranging the double sum and using (3.3), we obtain

11 < (Z S 0(C(D))" Dy p(A) A|</ Vupdy))q

A€Tl De A(TI)

<c(an,p Ay |A|1(/ vapay)’ )
A€ell

By Hélder’s inequality with (£, -2-) and by (3.2), this yields

(i 4) ™ (5 feore)

A€ell

S
=

1

Sc(/ |Vu|pdy>p
G

This completes the proof. O

REMARK 3.2. Theorem 3.1 is a generalization of [9, Theorem 4.4], where

Hurri showed that G is a (p, p)-Poincaré domain if condition (3.3) is replaced
by

(3.6) ST 0(e(D))" D < ek p(A) 7| A

DeA(I)
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and condition (3.2) is omitted. Note that condition (3.3) gives condition (3.6)
by a limiting process: If we choose s = pq/(p — ¢), then condition (3.2) holds.
Condition (3.3) is now

Z é(C(D))q71|D| < ckgp(A)7YA]

DeA(II)
which yields (3.6) as g — p.

REMARK 3.3. The two conditions (3.2) and (3.3) were used in the proof of
Theorem 3.1 to establish the following estimate:

en X (X o)l aar) T <o

A€Il NDeA(TT)

An examination of the proof reveals that the two conditions above can be
replaced with (3.7) in the formulation of Theorem 3.1. We will use this single
condition later to obtain sharp estimates in s-John domains.

4. Proof of Theorem 1.3

First, we need some preparations. The actual proof of Theorem 1.3 is
presented at the end of this section.
Let us begin with definition of s-John domains.

DEFINITION 4.1. Let s > 1. A bounded domain G in R", n > 2, is an s-
John domain if there exists a point x¢ in G and a constant ¢ > 0 such that
every point z in G can be joined to zy by a rectifiable path ~v: [0,]] = G
parametrized by its arc length for which v(0) =z, y(I) =z, | < ¢, and

dist ((t),0G) > t*/c for t €[0,1].
The point xg is called an s-John center of G.

Observe the following reductions: The case A =n in Theorem 1.3 follows
from Theorem 10 in [17]. Hence, we can assume that A <n. Choose X € (A\,n)
such that (1.2) is true if A is replaced by X'. Then dim(0G) < X’ and hence
we may assume that dima(0G) is strictly less than A € [n — 1,n). This
assumption is later used with the aid of the following lemma.

LEMMA 4.2. Let K in R™ be a compact set such that
dimpy(K) <A, where A€ [n—1,n).

There is a positive constant ¢ as follows: Assume that {B1,Ba,...,Bn} is a
family of N disjoint balls in R™, each of which is centered in K and whose
radius is r € (0,1]. Then N <cr=>.
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Proof. By definition, we have

K+ B"(0
inf{ sup M} =limsup M (K,r) < o0.
a>0 re(0,a) rn r—0+
In particular, there is a € (0,1) such that
K+ B"(0
(4.1) sup w =C < o0.
re(0,a) r

We consider a family {Bj,..., By} of disjoint balls in R™, each of which is
centered in K and whose radius is r € (0, 1]. We separate two cases I and II:
Case I r € [a,1]. In this case, we have

N IB,| N N
Ngcnz r; gcna_"Z\Bi\:cna_" UBZ'
i=1 i=1 i=1

< cna K 4+ B"(0,r)| < cpa”|K + B*(0,1)| =1 < crr N
Case II. r € (0,a). The estimate (4.1) yields

K+ B0

N
N <ear™ Y |Bil < cur " |K +B"(0,7)| = cn T

i=1
<, Or— =cor™.

Combining the Cases I and II the required estimate holds true with a
constant ¢ = max{cy,ca}. O

For the proof of Theorem 1.3, we fix a Whitney decomposition W = Wg
satisfying (2.2).

We write

gVV = {inth NS W}

V= g9 .
In order to equip this family with Poincaré chains, we fix Q¢ € W and state
that the s-John center of G is xg,. We wish to join @)y to every cube R in W.
It is convenient first to connect xr to g, by an s-John path g that joins
a sequence of midpoints of intersecting Whitney cubes to each other. Indeed,
such a path will yield a Poincaré chain with nice properties. The following
construction is essentially from [17, p. 86]. Other constructions are used in
o], [12].

Fix a rectifiable path ~ that is parametrized by its arc length and joins
the points r and zg, as in Definition 4.1. Assume that zg, lies in one of
the cubes intersecting R. Then join g to xg, by an arc that is contained in
RUQo and whose length is comparable to £(R). Otherwise there is r > 0 such
that v(r) lies in the boundary of a cube P € W that intersects R and ()
belongs to a cube that is not intersecting R whenever ¢ € (r,£(y)]. Now we
connect the midpoint of zr to the midpoint of xp by an arc whose length is
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comparable to ¢(R) and that is contained in RU P. Then we iterate the steps
above but with R replaced by P. This procedure is repeated until we reach
zqQ,- Finally, we collect the arcs in the order that they were constructed, and
arc length parametrize them by a path vg. It is straightforward to verify that

(4.2) t* < cdist(vr(t),0G) ifte [0,4(vr)],

where ¢ > 0 depends on the s-John constant of G and n.
We define P(R), R €W, to be the union of those cubes in W whose mid-
points lie in the trace of yg. If Q@ € W, we write

S@Q) = J{ReW:QcP(R)}.

This is the shadow of Q. Let D € %W. Then D = int%Q for some Q € W,
and we define C(D) to be the Poincaré chain

{inth :ReWand RC P(Q)}

that is ordered by reversing the order as g hits the midpoints of these cubes.
The cube Dy := int%Qo is the first and int%Q is the last.

It follows from the construction above that the family %W equipped with
these Poincaré chains is a (1, p)-Poincaré decomposition of G.

For j,k € N and 0 > 1, we define

Wi ko = {Q cew;: 9—(—k)n < |S(Q)‘ <o- 2—(j—k—1)n}.

The following lemma gives crucial estimates for the cardinality of such a family
of cubes.

LEMMA 4.3. Let s >1 and G be an s-John domain in R™ such that
dimp (0G) < A, where A € [n —1,n). Then there is 0 > 1 such that

[1=3/s]
(4.3) W; = U Wi ko for everyjeN.
k=0
Furthermore, if k € {0,1,...,[j — j/s]}, we have
(4.4) W) ko < 2~ knoi(ntl+(A—n-1)/s)

The positive constant ¢ depends on s, n, OG, and the s-John constant of the
domain G.

Proof. Let us fix j € N and begin with a covering argument. The 57-
covering theorem, see, for example, [14, p. 23|, implies that there is a finite
family

FcC {B”(z,2*j/s) tx € 3G}
of disjoint balls such that

(4.5) oG c | 5B.
BeF
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We claim that, if () € W;, then there exists B € F such that ) C ¢;B. Here
c1 is a constant depending on n only. To verify this, let y € G be a closest
point in G to the midpoint z¢ of Q). Using the covering property (4.5) yields
a point = in OG such that B™(z,279/%) € F and y € B™(x,5 - 277/). Now, if
z € Q), we have

lz—z|<|z—zg|+|rg -yl +ly—z| <2+ 27745279/ < ¢279/5,

It follows that Q C B"(x,¢1277/%) = ¢, B"(x,277/%) as required.

Next, we fix @ € W; and any ball B := B™(x,277/%) in F such that Q C
c1B. We claim that
(4.6) S(Q) € B™(z,c22797%),

where ¢y > ¢ is a constant depending on s, n and the s-John constant of G.
To show this, we let R € W be a cube for which @ C P(R). Consider the path
~vr which connects zg to z¢g, and satisfies (4.2). Because @ C P(R), we find
that yr(t) =z for some ¢. Using the properties of Whitney cubes and (4.2),
we obtain

lzr — zq|® <t° < cedist(yr(t),0G) = cdist(zq, 0G) < 277,
It follows that

diam(R) < cdist(z g, 9G)
< clap — x|+ edist(zg, Q) < 279/* 4277 < 279/5,
Hence, if y € R, we have
ly— x| <ly—zrl+|zr — 20|+ |2 — 2|
<275 4 275 401 27/8 < g2/,
The inclusion (4.6) follows.
As a consequence of (4.6), we have
27" =1QI<[S(Q) <o - 27

for a constant o > 1 depending on s, n, and the s-John constant of G. In
particular, we see that (4.3) is valid with this constant.

It remains to prove the estimate (4.4). In order to do this, we establish the
following auxiliary estimate

(4.7) H{lQeW;: QC P(R)} <3219 if Rew.

Here the constant ¢3 depends on s, n, and the s-John constant of G. In order
to see this, we fix R €V and let yr be the path connecting xzr to xg,. Let
Q1,...,Qn €W, be cubes such that Q; C P(R) for every i € {1,2,...,M}.
We number these cubes in the same order as yg hits their midpoints. In
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particular, if yr(t) = zg,, , then yg[0, ] joins the midpoints of M cubes whose
side-length is 277. Using (4.2), we obtain

(M —1)277 <t < cdist(ya(t),0G)"* = cdist(zq,,, 0G)/* < 277/,

It follows that M < c327(1=1/%) as required in (4.7).

Then we fix k € {0,1,...,[j — j/s]} where [j —j/s] is the integer part of
j —j/s. Fix also B:= B"(x,277/%) € F. First, we estimate the number of
cubes that are included in ¢; B. Inclusion (4.6) yields

ﬂ{Q S W‘,k ot Q CclB}
< Y 205 <207 N [S(Q)Nep B

QEW; k.0 QEW; k.o
QCC1B
<207Rm N N JRNeB|=207P" Y N |RNeB.
QEW; k0 Re REW QEW; k.0
CP(R) QCP(R)

Now (4.7) shows that the last term above is bounded by
632(j_k)n2j(1_1/s)|623| < 042—kn2j(n+1—1/s—n/s).

Here ¢4 is a constant depending on s, n, and the s-John constant of G.
From the considerations above, it follows that

(48) Wjko < Y HQEW ko QC By <y y | 27Fnginti=l/smn/s),
BeF BeF

Recall that F is a family of disjoint balls, each of which is centered in G
and whose radius is 277/% € (0,1]. Therefore, Lemma 4.2 yields §F < ¢2/*/¢,
Combining this estimate with (4.8) allows us to conclude that

ﬁWj ro < Czj)\/s27kn2j(n+171/sfn/s)'
Simplifying the exponents gives us (4.4). O

Proof of Theorem 1.3. By using both Remark 2.1 and (2.2), we obtain
k1p(D) < ¢(n)|D]w <1 for every D e SW. Hence, according to Remark 3.3,
it suffices to verify the finiteness of

p/(p—1)
Y= Z( > |D||A|1/"1/”> .
Ae3W “DeA(2W)

From the definitions and the estimate |2Q| < ¢,|Q)| it follows that

rse Z (|S(Q)||Q|1/”*1/p)27/(p71)'

QeWw
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By using (4.3) from Lemma 4.3, we can write

oo [i—3/s]

Z Z (Q)||Q|1/”*1/p)l’/(p71).

j=0 k=0 QEWj ko
Then, by using the definition of W, j, » and (4.4) from Lemma 4.3, we obtain
the estimate

oo [—37/s]
CZ Z 9—kngj(n+1+(A-n—1)/s) (2—(j—k)n ) 2—jn(1/n—1/p))17/(17_1)

j=0 k=0

b

IN

oo [j—3i/s]
CZ Z 9kn(p/(p—1)—1)9j(n+1+(A—n—1)/s—np/(p—1)—p/(p—1)+n/(p—1))

j=0 k=0

We fix j and k as in the summation above. Then

Using also the trivial estimate [j — j/s] < j, we find that

»< Czj . 93(n(1=1/s)/(p—1)+n+1+(A—n—1)/s—np/(p—1)—p/(p—1)+n/(p—1))

Jj=0

00
< CZ] . 2j(nsfs+)\pf)\fnp7p+1)/s(p71)'
=0

By (1.2), we see that the last series converges. O

5. Failure of a (1,p)-Poincaré inequality

Theorem 1.3 states that an s-John domain G in R™ with s > 1 is a (1, p)-
Poincaré domain if dimay (0G) < A€ [n—1,n), p € (1,00), and
s(n—1)—A+1

n—A+1
We show that this result is sharp by constructing an s-John domain G in
R™ such that dima(0Gs) = A and G, is not a (1,p)-Poincaré domain if (5.1)
fails.

The construction is based on modifying a given 1-John domain G such that
the resulting domain G, known as the s-version of G, is an s-John domain
containing multiple copies of rooms and s-passages at every size-scale 277.
The number of these copies at each scale depends on the upper Minkowski
dimension of G or, more precisely, on the number of Whitney cubes at each
scale. The modification also preserves the upper Minkowski dimension so that

(5.1)
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Before the modification procedure can take place, we need to find suitable
1-John domains in R™. Such domains G with

dimp(0G) =X €n—1,n)
are constructed in the proof of the following proposition.

PROPOSITION 5.1. Let n>2 and A € [n—1,n). There is a 1-John domain
G in R™ such that dimpy(0G) = A and

(5.2) limsup 2~ - fW;, > 0.

k—o0

Here §Wy. denotes the number of those cubes in Wg whose side-lengths are
27k,

Proof. We describe the construction in the case n =2. The general case is
similar.

Let us denote Q :=[—1,1] x [-1,1] CR?, k € (0,1), and r(x) := (1 —k)/2 €
(0,1/2). Let us write

21 = (Ii +r(k),k+ r(n)),

and let 29, 23,24 stand for the corresponding symmetric points in the three
remaining quadrants in any order. Let Si,S52,S53,S54 be similitudes that are
defined by S;(z) :=r(k)x + 2;, i = 1,2,3,4. Reasoning as in [14, pp. 66-67],
we see that there is a non-empty compact set K in ) for which
(53) K:Sl(K)USQ(K)USg(K)US4(K)
The similitudes S7, S2, S3,5, satisfy an open set condition [14, p. 67]. Hence,
we can use both Corollary 5.8 and Theorem 4.14 in [14] to see that
log4

logr(k)
Notice that —log4/logr(x) reaches all the values in (0,2) if we let s vary
between (0,1). In particular, there exists xk = k() € (0, 1) for which the upper

Minkowski dimension of the corresponding compact set Ky := K is \. We
define G to be the open set

dlmM(K) :dlmH(K) =

G:=B"(0,2)\ Kx.

Since 0G = 90B™(0,2) U K, we see that dima (0G) = .
We omit the proof of the evident fact that G is a 1-John domain. This
proof can be based on that the iterations

(5.4) U U Silo"‘OSim(Q)

11=1 im=1

will converge to K in the Hausdorff metric.
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The inequality (5.2) is not immediately clear, so let us verify it. For this
purpose, we write

Q(lJ = [—k,K] X [-K, K] CQ,

where k = k() is defined above. For every m € N, we re-index the 4™ disjoint
cubes

Siy 008, (Q)), i1,i2,...,im €{1,2,3,4},
by labeling them as Q¢,, i =1,...,4™, in some fixed order. From (5.3), it
follows that intQj C @\ K. Because (5.4) converges to Ky in the Hausdorff
metric, we see that Q) N K contains the four corner points of Q}. These facts
and (5.3) imply that intQ?, C Q\ K) C G and the intersection Q%, N K C G
contains the four corner points of Q¢ for every m € N and i =1,2,...,4™.

Let us fix m € N. The previous observations imply that there are 4™ cubes
Ry, Ry, ..., Rym in Wg that are determined by requiring that the midpoint of
Q¢, is in R;. Using also the properties of Whitney cubes, we find a constant
N € N such that

1—k

27NU(R;) < €(QL) =2n< ) <2NU(Ry), i=1,2,...,4™.

By the pigeonhole principle, there is an index k(m) € Z for which we have
ﬁWk(m) >4™ /2N and

9=N—k(m) 25(—1 — “) < oN—k(m),
5 <

Solving m gives us the inequalities
kE(m) — N +log,(2k) m k(m)+ N +log,(2k) .
logy(2/(1—k)) logy(2/(1 — k)
By using the first inequality in (5.5) and the identity
log4 2

A= T logr(n) ~ loga(2/(1— )’

(5.5)

we obtain the estimate

— N+logy (2r)

(5.6)  BWi(my >4™/2N > (2N) 4 T80/ =) .210@?55?1%» = CN’H2’€(m)/\,

=ICN,r

The second inequality in (5.5) implies that lim,,_,« k(m) = co. Hence, using
also (5.6), we have

sup{fWy, - 27" 1 k> ko} > ey >0 if ko eN.

The inequality (5.2) follows by taking the limit as ko — oc. O
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Let us fix s > 1 and let Q in R™ be a closed cube that is centered at
x = (x1,...,2,), and whose side-length is ¢(Q) = ¢ < 1. That is,

n

Q= []lw:i — /2,2 + /2].

i=1
The room in @ is the open cube

n

R(Q):= int(%@) = 1_[(1‘Z —1/8,x; +1/8)

i=1
whose center is « and side-length is ¢/4. The s-passage in @ is the open set

n—1

P.Q) = (H (i — (£/8)° i + <4/8>3)) X (@ +£/8, 20 + /)

i=1
Note that £/8 < 1 and s > 1, so that we have (£/8)* < ¢/4. Hence Ps(Q) C Q.
The long s-passage in @ is the open set

n—1

Ls(Q):= (H (zi — (£/8)%, 2 + (8/8)S)> X (Tp,xn +10/2) C Q.

i=1
The s-apartment of Q) is the set
(5.7) A5(Q):==Ls(Q)UQ\ (OR(Q)UIP(Q)) C @,

see Figure 1.

FIGURE 1. The s-apartment A,(Q).
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DEFINITION 5.2. If G in R™ is a 1-John domain and s > 1, then the
s-version of G is the domain

Go=Qou |J 4.Q).
QEWs
Q#Qo

Recall that W¢ is a Whitney decomposition of a bounded domain G, and Qg
is the Whitney cube containing the 1-John center z( of G.

REMARK 5.3. Since the s-apartment in () € Wg is a subset of (), we have
G.c |J e=a
QEWs
The boundary of the s-version of G is given by

0G,=0GU | 04.(Q)\0Q.

QEWg
Q#Qo

In particular, the countable stability of the Hausdorff dimension implies that

The upper Minkowski dimension is lacking the countable stability prop-
erty. Therefore, we need the following computation to verify that the upper
Minkowski dimension of the boundary is preserved.

PROPOSITION 5.4. Let G in R™ be a 1-John domain. Then dima(0G) =
dima (OGs) for every s> 1.

Proof. Because 0G C 0G, the upper Minkowski dimension of G is bound-
ed by the upper Minkowski dimension of 0Gs. Fix A > dima (OG). It remains
to show that

limsup M (0G,, ) < 0.
r—0+4

Let us fix r € (0,1) and an integer J such that 27 <r~! <27+l Remark 5.3
yields

(5.8) [0G,+B™(0,r)| <0G+ B"(0,1)]+| |J (04.(Q)\0Q)+B"(0,r)|.

QEW:
By using the properties of Whitney cubes, we have

U (04,(@)\ Q) + B"(0,r)
QeWa
(Q)<2™’
U @+ B”(O,r))‘ < [0G + B"(0,cr)|.

QEW:
(<27’

Here the constant ¢ > 1 is independent of r.

(5.9)

<
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On the other hand, we have

(5.10) ‘ U (04.(@)\0Q) + B"(0,r)
(@

J
<3 > [(044(@)\9Q) + B"(0,7)].

j=0QeWw;

We bound §W; by the number N; of those cubes whose side-length is 277 and
which belong to the Whitney decomposition of R™\ dG. Since dima(0G) < A
and |0G| =0, see [13, Corollary 6.4], we can use Theorem 3.12 in [13] to
conclude that N; is bounded by a constant multiple of 2/*. Also, the Lebesgue
measure of (0As(Q) \ 0Q) + B™(0,r) is bounded by a constant multiple of
r- Q)" if @ €W, and 0 < j < J. Combining the estimates above yields

J
(5.11) > 1(044(Q)\9Q) + B™(0,7)|
7=0 QGWj
J
<er - Z2j()‘*”+1) < er2? A=t — =X
j=0

In the penultimate step, we used the estimate A > dim(0G) >n — 1.
By combining the estimates (5.8), (5.9), (5.10), and (5.11) above, we find
that

2 - |0G + B™(0,cr)| +ern

lim sup M (0G5, r) < limsup S < 0.
r—0+ r—0+ =
In the last step, we used the estimate A > dim(9G). O

PROPOSITION 5.5. Let s > 1 and let G be a 1-John domain in R™ with
1-John center xq in G. Then the s-version of G, denoted by G, is an s-John
domain with s-John center xg.

Proof. Let x be a point in G and §: [0,] = G, [ < ¢, be a path parame-
trized by its arc length such that §(0) =z, d(1) = o, and

(5.12) dist(6(t),0G) > t/c for t €[0,1];

where the positive constant ¢ is independent of x and §(t) # xq if t <.

We will construct a path v : [0,]1] = G connecting z to xg as in the def-
inition of s-John domains. The idea behind the construction is to follow the
path § if this is possible, and to modify it otherwise in a quantitatively con-
trolled manner. Note that the modification may be required since 0G is a
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FIGURE 2. E(Q).

proper subset of G ;. To take care of the additional boundary points, we let
Q €W, Q # Qo, and define

n

E(Q):= ][ (z: —3¢/8,z: + 3/8) C Q,
i=1
where x = (z1,...,2,) is the center of @ and ¢ =¢(Q), see Figure 2. For later
purposes, it is convenient to define F(Qq) = 0.
The following estimates are used while constructing the path . Here x €
(0,1) is a constant that is independent of the Whitney cubes. First,

(5.13) dist(y,0Gs) > kb(Q) for y € @\ E(Q) and Q € Wg.

A useful property of Whitney cubes is the following:

(5.14) Q) > kdist(y,0G) for y € Q and Q € W.

We also use the following observation: Let @Q € Wg, Q # Qo. Then we can
join any pair of points z € E(Q) and w € 0Q by using a rectifiable path
parametrized by its arc length 7 : [0, p] = Q N G, such that

(5.15) Q) = kp

and

Kt®, if z€ E(Q);
k@), if z€0E(Q).

The construction of « is based on an iterative algorithm. Hence, it is
convenient to introduce the following invariant that allows us to keep track
of the partial path that has already been constructed during the previous
steps. We say that -, satisfies the (r,u)-invariant if r >0, u € [0,]], and

(5.16) vt €0, p] : dist(7(t),0G) > {
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~r: [0,7] = G is a path parametrized by its arc length and satisfying the
following conditions (1)—(3):
(1) r <8k tu;
(2) ¥(0) =z, v (r) =0(u);
(3) dist(y,(t),0Gs) > 7t° if t € [0,7].
In (3) we have written
T—mln{li 87552 _S} > 0.

Our goal is to construct v = ~;, which satisfies the (I1,[)-invariant. Before the
construction, let us introduce the following three steps that are used in the
iterative process.

Step I. Let us assume that

0(0) =z € E(Q) for some Q € Weg.

Recall that we have defined E(Qq) =0 and therefore Q # Qp. Since § will
reach zg € Qo, there is u € (0,!] such that §(u) € 9Q. Let us join z =z € E(Q)
to w=4(u) € 9Q by a path v, : [0,0] = Q N G, satistying (5.15) and (5.16)
with p =0. We claim that 7, satisfies the (o,u)-invariant. First, it is a
rectifiable path parametrized by its arc length whose trace lies in Gs. The
other conditions:
(1) By (5.15) we have u > dist(0Q, E(Q)) = £(Q)/8 > 8 ko
(2) We have v,(0) =z and v,(0) = d(u).
(3) If t € ]0,0] we use (5.16) for dist(v,(t),0Gs) > Kt® > Tt°.

Step II. Let us assume that ~, satisfies the (r,u)-invariant and

vr(r)=46(u) € 0E(Q) for some Q € Wg.

There is a time @ € (u,l] such that §(a) € 0Q. Join z = d(u) € IE(Q) to
w=4(u) € 9Q by a path I : [0,0] — Q N G satisfying both (5.15) and (5. 16)
with p=0. Then, we define

(@) for ¢ € [0,7];
Vrto(t) = {H(t —r) forte(r,r+o].

We claim that 7,4, satisfies the (r + o,%)-invariant. It is an arc length
parametrized path whose trace lies in G5. The other conditions:

(1) We have @ —u > dist(0Q,0E(Q)) = £(Q)/8. Using also (5.15) yields
5.17) r+o <8 tut+r Q) <8k Hu+ 1 —u) =8k 'a.

(

( ) We have Vr+o (0) = ’VT(O) =z and Vr+o (7‘ + J) = H(U) ( )

(3) If t € [0,7] we have dist(V,4+o(t),0Gs) = dist(,(¢),0Gs) > 7t°. If t €
(r,r 4+ o], we use (5.16), (5.14), (5.12), and (5.17) for the estimate

dist (Yr40(t),0G) = dist (II(t — 7), 0G)
> kl(Q) > Kk dist(6(1),0G) > k% tu> 81kt
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Note that again by (5.17), we have 0 <t < 8k~ 1 <8k 11 <8k lc. Since
1—5<0, we obtain
t=t'" > 8k )
Hence, we have the estimate dist(y,44(t), 0Gs) > (8 *k5T2c=%)t5 > 7t°.
Step III. Let us assume that 7, satisfies the (r,u)-invariant and
v(r)=06(u) € Q\ E(Q) for some Q € Wg.

By following § from time u forwards, we will first arrive either at zo or IE(Q)
for some Qp # Q € W¢. Denote by @ € [u,l] this time of arrival, and define

s
8lssllsts

~r(t) for t € [0, 7],
o(t—r+u) forte€lr,r+a—u.

Yrta—u(t) = {

We claim that ~,;5—, satisfies the (r + @ — u,@)-invariant. It is a path
parametrized by its arc length and whose trace lies in G5. The other proper-
ties:
(1) Let € € [0, — u]. Since 85! > 1, we have
(5.18) r+€§8m_1u+5§85_1(u—|—5).

Setting € = 4 — u yields r + @ — u < 8x 1 a.
(2) We have Vr+a—u (0) = 'VT(O) =z and Yr+u— u(r +u— u) 5(1_1,)
(3) If t € [0,r] we have dist(Vrya—u(t),0Gs) = dist(v,(t),0Gs) > Tt

Assuming that t € [r,r + 4 — u], we have
dist (Vr4a—u(t), 0Gs) =dist (6(t — r +u),0Gs).

Let us fix Q; € Wg such that 6(t —r +u) € @Q; \ E(Q:). By using (5.13),
(5.14), (5.12), and (5.18), we see that

dist (0(t — r +u),0G,) > kl(Qy) > k> dist (6(t — 7 + u),0G)
>ric N u+t—7)
>k’ (8k71) 71(7“ +t—r)=8"1r3ct.
Inequalities (5.18) yield
O<t<r4+a—u<8k 'u<8k <8 lc
Proceeding as in the end of Step II, we obtain the estimate
dist (yrqa—u(t), 0Gs) > 7t°.

Having introduced these steps, we can now construct the path ~y as follows.
Let € QeWg. If x € E(Q), we apply Step I and obtain v, satisfying the
(0, u)-invariant. Otherwise we write 0 = u =0 and define v(0) = x. In any
case, this procedure yields a path ~, which satisfies the (o, u)-invariant and
the condition 7,(0) € Q \ E(Q) with @ € Wg. Assuming that v, (o) # o,
we then proceed by invoking either Step II or Step III, depending on the
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situation. We keep on iterating these steps in alternating turns until, after a
finite number of steps, we obtain a path +;, satisfying the (I1,!)-invariant as
required. The process will end because every time we invoke Step II, we make
at least

min{¢(Q)/8: Q € Wg and 5[0,[]NQ #0} >0
of progress along the path §. This is seen by examining the proof of the
condition (1) in Step II. O

We can now state one of the main result in this section.

THEOREM 5.6. Let G in R™ be a 1-John domain such that
dimp (0G) = A €n—1,n).

Then, for every s > 1, the s-version of G is an s-John domain with
dimp (0G5) = A and it is not a (q,p)-Poincaré domain if 1 <q<p<oo and
(- =n)  (s=)@-1)
rq p

Proof. Let us assume that s > 1. The s-version of G is an s-John domain
by Proposition 5.5. The upper Minkowski dimension of dG; is A by Proposi-
tion 5.4.

Let us then verify the claim concerning the (g, p)-Poincaré property. Choose
A € (0,)) so that (5.19) is true with A replaced by A'. Hence, by denoting A’
by A, we may assume that the upper Minkowski dimension of JG is strictly
greater than A € (0,n). This fact is used as follows:

By both Theorem 3.12 and Lemma 6.5 in [13], we obtain the estimate

(5.19) > 1.

m—+2
1< limsup2_)‘m - N, < climsup2_’\m . < Z ]iWM>;

where N,, denotes the number of cubes in the Whitney decomposition of
R”™\ G whose side-length is 27 and c¢ is a positive constant depending only
on GG and n. Choose kg € N such that

m—+2
lim sup 2~ A +2=ko) . ( Z ﬁWM> > 10.

Let k € N and then choose m :=m(k) > max{k, ko, —log, £(Qo)} +2 and j =
j(k)e{m—2,...,m+ 2} such that
m—+2

(5.20)  #W; > ( > ﬁWM> /52 10 - 2Mm+2=ko) /5 > 9 . 9Ai—ho)

M=m-—2

Let us write M; := 20~k where [A(j — ko)] means the integer-part of
A(j — ko) > 0, and choose cubes

1L QP e W\ {Qo})-
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This can be done because of (5.20).
Let Q= Q;'- for some i. To the s-apartment A;(Q) in Q, we associate the

function u4 (@) : Gs — R which has linear decay along the nth variable in
P,(Q) and satisfies

UQ)Ae, if z € R(Q);

(5.21) uAS(Q)(x) = {

0, if z€ G\ (R(Q)UPs(Q)).
Its partial derivatives in D'(G;) are given by
(5.22) Vua, @ = (0,--,0,=80(Q)* /" xp ()

pointwise almost everywhere.
Let us define

R o ) 1.p
i=1 i=M;+1
Note that
1
(5.24) (u-)Gsz—/ u; =0
! Gl Ja,

because the integrals of functions u, (i) are independent of i. It is also
© J
important to realize that the supports of the functions u, (i) are mutually
S\

1/q
q)

= Cn,q,\ ko>

disjoint as ¢ varies.
Using (5.24) and (5.21), we obtain

1/q 2M;
(5.25) A;:= (/ \uj = (u))a, q) = (Z/ |“AS(Q§)
G. i—1 Y Gs

> (2 . 9AG—ko)=1  9—j(A=n) A y4-n | 27jn)1/q

where ¢y, g2k, > 0 depends on the indicated parameters. On the other hand,
by using (5.22), we obtain

(5.26) B, :— (/G |vuj|p>1/p

2M; 1/p
= (Z/ IVua, @i ”)
i=17Gs

(2 . 9MG—Fko)

(8- 27O/ )P (g (Q*j/g)s)”’l : ij/g)l/p

= Cpospakg 21 (PmOO=m) pa=(s=1)(n=1)/p),

IN

where cp, s.p,2 .k, > 0 depends on the indicated parameters.
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By combining the estimates (5.25) and (5.26), we obtain

(5.27) A s a2 =) ) [ (= 1) (1)),

; J5,0,0,\,
Recall that j = j(k) > k. Hence, by using both (5.27) and (5.19), we find
that the sequence (A /Bjk))ie; tends to oo as k — oo. This allows us to
conclude that G4 is not a (g,p)-Poincaré domain. O

Under further assumptions, we can replace the inequality in (5.19) by the
identity. This is the content of the following theorem which can be used to
provide sharp counter-examples if ¢ < p.

THEOREM 5.7. Let G be a 1-John domain in R™ such that
limsup2=** - fW, >0, where A =dimpy(dG) € [n — 1,n).

k—o0

Then, for every s > 1, the s-version of G is an s-John domain with
dimag (0Gs) = X and it is not a (q,p)-Poincaré domain if 1 <q<p< oo and

(p-0(=n) , (s=Hn-1)
pq p

Proof. According to Theorem 5.6, we only need to verify that G5 is not a
(¢, p)-Poincaré domain if the left-hand side of (5.28) is equal to one. To this
end, we choose ky € N such that

(5.28) > 1.

limsup 2~ AF=Fo) Ly, > 2,

k—o0

This allows us to inductively choose indices j(k), k € N, such that
max{ko, —log, £(Qo) } <j(1) <j(2) <

and fWjy > 2 - 2AG(k)=ko) for every k € N. For every j = j(k), we proceed
as in Theorem 5.6; we begin from (5.20) and continue until we reach (5.23).
This yields functions u;x) € W?(Gy). Then, for each m € N we define

U, = Zuj(k) € Wl’p(Gs).

k=1

Estimating further as in the proof of Theorem 5.6, we have (v, ), =0 and

ol )

m 2M;() 1/q
1/q
(X iasl) 2 annt

k=1 i=1
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Furthermore, by using (5.28), we have

1/p
D,, := (/ |va|p)
Gs

m 2Mj) /p

1
(X3 [ Wunau?]  <cnepanm®
3 (k)
k=1 i=1 G5

Concluding from above and using the assumption that ¢ < p, we find that
Cn

1/q—1/p Mm—0
2 Cn,s,p,q,ko AT » 0.
m

This shows that G is not a (g, p)-Poincaré domain. O
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