Illinois Journal of Mathematics
Volume 55, Number 1, Spring 2011, Pages 305-324
S 0019-2082

MULTIPLE OPERATOR INTEGRALS AND SPECTRAL SHIFT

ANNA SKRIPKA

ABSTRACT. Multiple scalar integral representations for traces of
operator derivatives are obtained and applied in the proof of ex-
istence of the higher order spectral shift functions.

1. Introduction

For a large class of admissible functions f : R — C, the operator derivatives
dw] (Ho + V), where Hy and V are self-adjoint operators on a separable
Hilbert space H, exist and can be represented as multiple operator integrals
[1], [14]. We explore properties of operator derivatives inside a semi-finite
normal faithful trace 7 given on a semi-finite von Neumann algebra M acting
on H.

For Hy = Hj affiliated with M and V' = V* in the 7-Hilbert-Schmidt class
Lo(M,T) (that is, V€ M and 7(|V|?) < ), we represent the traces of the
derivatives 7'[ 77/ (Ho + V)] as multiple scalar integrals, and, subsequently,
as a distribution on f), which is essentially a derivative of an L*-function
(see Theorem 3.12 and Corollary 3.14). We also obtain that the order of an
operator derivative inside the trace can be decreased, which costs the increase
of the order of a scalar derivative; more precisely,

7—1

d’ d ,
T [da:jf(HO + xV)} =T [dej_l f'(Ho+2V)
(see Corollary 3.15). The obtained representations for 7'[ f (Ho + zV)] are
applied in derivation of explicit formulas for the remalnders of noncommuta-

tive Taylor-type approximations (described below) in Section 4.
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306 A. SKRIPKA

Let R,(f) = Rp,u,,v(f) denote the remainder of the Taylor-type approxi-
mation

L
f(H(] + V) — Z ﬁ@ $:Of(f?[() +£CV)

Jj=0

of the value of f(Hy+ V) at the perturbed operator Hy 4+ V by data de-
termined by the initial operator Hy. Let W,(R) denote the set of functions
f € C?(R) such that for each j =0, ...,p, the derivative f4) equals the Fourier
transform fR e dy 761 (A) of a finite Borel measure 4. There exist func-
tions £ = Emy+v, 1, and n =0, my+v, called Krein’s and Koplienko’s spectral
shift functions, respectively, such that when 7(|V]) < oo,

(L1) / 7t

for f € Wi(R) [8] (see also [2], [4], [9], [12]), and when 7(|V|?) < o0,
(1.2) / ()
for f € Wa(R) [7] (see also [6], [10], [13], [15]).

It was conjectured in [7] that for V in the Schatten p-class, p > 3, and
M = B(H) (the algebra of bounded operators on H), there exists a real Borel

measure v, = Vp f,,v, with the total variation bounded by T(lv‘ ) such that

(1.3) r[Ry(f)] = / £ (1) duy (1)

for bounded rational functions f. A proof of (1.3) was also suggested in [7],
but, unfortunately, it contained a mistake (see [6] for details).

It was proved in [6, Theorem 5.1] that (1.3) holds for f € W,(R) when V
is in the Hilbert—Schmidt class and M = B(H), with v, a real Borel measure

whose total variation is bounded by M It was shown in [6] and [16] that
v, is absolutely continuous for a bounded and unbounded Hy, respectively.
Moreover, an explicit formula for the density of v, called the spectral shift
function of order p, was derived in [6], [16] (see, e.g., (4.3) of Theorem 4.1).
The trace formula (1.3) was also obtained in the case of M a general semi-
finite von Neumann algebra and p =3 [6, Theorem 5.2], with v5 absolutely
continuous when Hj is bounded. When Hy is unbounded, the trace formula
(1.3) with an absolutely continuous measure v3 was established in [16] for a
set of functions f disjoint from the one assured by the part of [6, Theorem 5.2]
for an unbounded Hy (this discrepancy is explained in Remark 4.4).

The proof of existence of the measure v, in [6] relied on iterated operator
integration techniques, while the proofs of the absolute continuity of v, in
[6], [16] on analytic function theory techniques. By utilizing the results on
operator derivatives and divided differences of Sections 3 and 2, respectively,
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we obtain a simple proof of positivity of 1o (see Section 3), a more direct,
unified, proof of the established trace formula (1.3) and the absolute continuity
of v, (see Section 4). We also obtain a new representation for the density of
vp (see (4.2) of Theorem 4.1) and, in the case of a general M and unbounded
Hy, extend (1.3) with an absolutely continuous measure vs to a larger (as
compared to [16]) set of functions f (see Theorem 4.3). The “spectral shift”
meaning of the density of v, is demonstrated on an example of commuting
operators in a finite von Neumann algebra in Section 4.

2. Divided differences and splines

In this section, we collect facts on divided differences and splines to be used
in the sequel.

DEFINITION 2.1. The divided difference of order p is an operation on func-
tions f of one (real) variable, which we will usually call A, defined recursively
as follows:

AL (f) = F(M),

A(;l_,.l..),xp_l,x,,(f) A(p,.l..),xp_lyxp_'_l(f) )
AE\I;)7~“7)\p+1 (f) = ( 1))\ p—Ap+1 if A\p # Ap+1,
File=x, A%, () i Ay = A1

The following facts are well known.

PROPOSITION 2.2.
(1) (See [5, Section 4.7(a)].) AE\?’MAPH(J‘) is symmetric in A1, A2, ..., Apt1-
(2) (See [5, Section 4.7].) For f a sufficiently smooth function,

m(Xi)—1
Agﬁ, - p+1 Z Z Cij Az, p+1)f(j)()\i)'
i€Z  j=0

Here T is the set of indices i for which X\; are distinct, m()\;) is the
multiplicity of A;, and ¢;;(M,..., A\p+1) € C.

In particular, if all points Ai,..., \p41 are distinct, then
_ ) .

j=1 er{l,...,p+1}\{j}(>\j = Ak)

p+1

(3) (See [5, Section 4.7].)

Ao\ H(ap)\ +ap_1APT Ty +a1)\+a0) =a,, whereag,ai,...,ap€C.

(4) (See [5, Theorem 6.2 and Theorem 6.3].) For f € CP[a,b|, the function
(@073 (e M) = AL ()

s continuous.
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We will need a more specific version of Proposition 2.2(2).

LEMMA 2.3. Let f € Cta,b] and A1, ..., )\, be distinct points in [a,b]. Then
for anyie{l,...,p},
/ )\)
At [ecqr,..pp iy (Xi = Ax)
1 f(A)
+ Y (
Fe{1,....p}\{i} (X = 2 \Ikeqr,.pp iy (N — An)
_ f(\) )
Iieq,..pp iy (A = Ae)

Proof. Without loss of generality, we may assume that A\; = A,. By Propo-
sition 2.2(2),

—1
Af\p—l)/\ (f) = £ f(A\)
vttt e ke iy Y5 = AR (A — 8)
n f(s) .
Mheqr, . p13(s =)
Next,
() N
AA1 ..... )\p_l,)\p,)\p(f) = g(A,\l,,..,Ap_l,s(f))
s=Ap
p—1
_ f)
ke oy = ) = A5)?
0
er{1,...,p—1}()‘p - )‘k)

p—1 1

g Jz::l er{l,...,p—l}\{j}()‘p - )\k)()‘p - )‘j)2

which coincides (upon regrouping the terms) with the expression in the state-
ment of the lemma. O

In the case of repeated knots, the order of the divided difference can be
reduced, as it is done in the next lemma.
LEMMA 2.4. Let f € CP[a,b] and A1,...,Ap € [a,b]. Then,

p

SAP =AY ().

=1
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Proof. In view of Proposition 2.2(4), it is enough to prove the lemma only

in the case when all Ay, ..., A, are distinct. Applying Lemma 2.3(4) ensures
P
1) Y AP )
i=1
RS f' ()

p 1er{1 pigip(Ai = k)

,,,,,

1 fN)
DID> or )(H%u =)

i=1 je {1, p\{i} (i (A

. F) )
Meeqmngigy (Y = Ax)

.....

By Proposition 2.2(2), the first summand in (2.1) equals A(p 1)/\p(f'). The
second summand in (2.1) with double summation sign equals zero; to see it,
we group and cancel the terms with indices (4, 7) = (i1,42) and (¢,5) = (i2,11),
where i1 #ip € {1,...,p}. O

REMARK 2.5. Depending on the number of repeated knots of the divided
difference in Proposition 2.2(4) and, subsequently, in Lemma 2.4, the smooth-
ness assumption on f can be relaxed; see for details [5, Theorem 6.2 and
Theorem 6.3].

The divided difference of a function in W,(R) admits a useful representation
as an integral of products of exponentials, each depending on only one knot
of the divided difference.

PROPOSITION 2.6 (See [1, Lemma 2.3]). For f € W,(R),

N € B T (T}

e = {(50,81,...,5p) ERPTL: |5, <o < [s1| < |sol,s
sign(so) = -+ =sign(sp) }
and
da}p)(so,sl,...,sp):ip,uf(dso)dsl--- dsp,
where f(t) = \/%—ﬂfR e dug(N).

Below, we list properties of piecewise polynomials, which will appear in
representations for the higher order spectral shift functions, and include a
representation of the divided difference in terms of its Peano kernel.
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PROPOSITION 2.7.

(1) (See [5, Section 5.2(2.3) and (2.6)].) The basic spline with the break points
Aly.. o Apy1, where at least two of the values are distinct, is defined by

i d TR Xmin s xaymaxtn e () ifp=1,
-1 .
A(fi)w_)\ﬁl(()\—t)i ) if p>1.
Here the truncated power is defined by
ko ifrz>0
xi: w Z_fx_ " forkeN.
0 if x <0,

The basic spline is nonnegative, supported in

[min{)\l, ey )‘p-l-l}v Hl&,X{)\l7 ey )\p+1}]

and integrable with the integral equal to 1/p. (Often the basic spline is
normalized so that its integral equals 1.)

(2) (See [5, Section 5.2, (2.2) and Section 4.7(c)].) Let [a,b] 2 [min{)\q,...,
Apt1},max{A,..., A\pr1}]. For f € CPla,b],

(2.2) AP ()
b _
L IPOAY (A=) dt

if iy, iy such thcii..}\il # Aig,
1FP(\)
FA=Da==Api1.
The first equality in (2.2) also holds for f € CP~[a,b], with f®=1) abso-
lutely continuous and fP) integrable on [a,b].

Properties of an antiderivative of the basic spline are written below.

PROPOSITION 2.8 (See [16, Lemma 3.1]).

(i) If i =---=Xpp1 €R, with p >0, then
(2.3) AP (= 0R) = X(coonn (D)

(i) If not all A1,..., Apy1 € R coincide, let T be the set of indices i for which
;i are distinct and let m(\;) be the multiplicity of \;. Assume that p >1

(A=1)f) e CPM(R)

..... )\p+1
and

@) AL L (G-t = [ Al (s ds

t

PROPOSITION 2.9 (See [16, Lemma 3.2]). Let (A1,...,A\p1) € RPTL Then

the function Agﬁ)7..~,>\p+1(()‘ — 1)) is decreasing; it is equal to 1 when t <

mini<p<p+1 Ax and equal to 0 when t > max;<p<pt1 Ak-
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We will need a representation of the divided difference in terms of an an-
tiderivative of the corresponding basic spline (2.4).

LEMMA 2.10. Let [a,b] D [min{Aq,..., Apt1}, max{A1,..., \p11}]. For f €
CP*a,b],

1

1 b
25) AL ()= @)+ / FEOAY (=7 dt.

Proof. Assume first that not all Ay,...,A\p41 coincide. Applying Propo-
sition 2.7(2) and then integrating by parts and applying the representation
(2.4) of Proposition 2.8 provide

AP LD

L (p)
+ H/a f(pﬂ)(t)Aﬂ,v..,ApH(()\—t)ﬁ) dt.

By Proposition 2.9, the latter reduces to (2.5). If Ay =--- = \p41, then by
Proposition 2.7(2),

1
A = 2000 = s L [ s

With use of the representation (2.3) of Proposition 2.8, the latter can be
rewritten as (2.5). O

3. Traces of multiple operator integrals

In this section, we represent traces of certain multiple operator integrals as
multiple scalar integrals. In partlcular we obtain useful formulas for the traces
of the Gateaux derivatives 7'[ =f(Ho + zV)], where V =V* is a Hilbert—
Schmidt perturbation of a self—adjomt operator Hy and f € W,(R).

3.1. Multiple spectral measures. We will need the facts that certain
multi-measures extend to finite countably additive measures.

PropPOSITION 3.1. Let2<p e N and let £y, Es, ..., E, be projection-valued
Borel measures from R to M. Suppose that Vi,...,V, belong to Lo(M,T).
Assume that either M = B(H) or p=2. Then there is a unique (com-
plex) Borel measure m on RP with total variation not exceeding the product
IVill2lVall2 - - - IVpll2, whose value on rectangles is given by

m(A1 X A2 X e X Ap) = T[El (Al)VlEQ(Ag)‘/é nee folEp(Ap)Vp]
for all Borel subsets Ay, As, ..., A, of R.
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REMARK 3.2. In the case of M = B(H) and V a Hilbert—Schmidt operator,
Proposition 3.1 was obtained in [3], [11]. For a general M and V € L3(M, 1),
the set function m is known to be of bounded variation only if p =2 (see [6,
Section 4] for a positive result and a counterexample).

PROPOSITION 3.3 (See [6, Corollary 4.3]). Under the assumptions of Propo-
sition 3.1, there is a unique (complex) Borel measure my on RP with total
variation not exceeding the product ||Vi||2||Vall2 - - - |Vpll2, whose value on rect-
angles is given by

ml(Al X A2 X X Ap X Ap+1)
=7[E1(A1)V1Ey(A2)Va - Vo1 Byp(Ap)V, Br (Api1))]
for all Borel subsets A1, As, ..., Ap, Apy1 of R.

In the sequel, we will work with the set functions
M,V (A1 X Ay X -+ X Ap) =T [Eny(A1)V Epy (A2)V - - VEg, (Ap)V],
mi e (A X A X x Apyy)

= T[EHO (A1)VEy,(A2)V ---VEg,(A,)VEHg, (Ap+1)]

and their countably-additive extensions (when they exist), called multiple
spectral measures. Here A;, 1 < j <p, are measurable subsets of R, Hy = H;
is affiliated with M, Epg, is the spectral measure of Hp, and V =V* ¢
Lo(M,T). Clearly, the measures m, g, v and mé{}{mv are particular rep-
resentatives of the measures m and my, respectively.

PROPOSITION 3.4 (See [6, Theorem 4.5]). Let T be a finite trace normalized
by 7(I) =1 and let Hy = H;, be affiliated with M and V =V* € M. Assume
that (2I — Ho)™' and V are free. Then the set functions my u, v and m;(ir)%,v

extend to countably additive measures of bounded variation.

Upon evaluating a trace, some iterated operator integrals can be written
as Lebesgue integrals with respect to “multiple spectral measures”.

PROPOSITION 3.5 (See [6, Lemma 4.9]). Assume the hypothesis of Propo-
sition 3.1. Assume that the spectral measures Eq,Es, ..., E, correspond to
self-adjoint operators Ho, Hy, ..., H, affiliated with M, respectively, and that
Vi,Va, ..., Vp € Lo(M,T). Let fi, fo,..., fp be functions in Cy(R) (continuous
bounded). Then

T[fL(HO)VA fa(H2)Va - fo(Hp) V]
= e f1(>‘1)f2(>‘2)"'fp()‘p)dm()‘h)‘27"'7)‘p)’

with m as in Proposition 3.1.

REMARK 3.6. A completely analogous result with m replaced by mq,

Mp,H,,V OF m&}[oy holds under the hypothesis of Proposition 3.1 or Propo-

sition 3.4.
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3.2. Reduction of traces of multiple operator integrals to scalar
integrals.

DEFINITION 3.7 ([1, Definition 4.1]; see also [14]). Let Hy = H} and Vj, =
Vi, with k=1,...,p+ 1, be operators defined in H. Assume that Vi, k =
1,...,p+1, are bounded. Let ¢ be a function representable in the form

(31) ¢()‘1;A27"'7>\paAp+l)
- / a1(M1,8)a2 (M, 8) -~ Gp(Ags 8)p 41 (g1, 8) dor(s),
S

where (S,0) is a finite measure space and a,...,ap41 are bounded Borel
functions on R x S. Then the multiple operator integral

¢(A17>\2a - 'a)‘p7>\p+1) dEHl ()\1)‘/1 dEH2 (A2)‘/2 U

Rp+1

A, (\)Vy dE, ., (A1)

is defined as the Bochner integral
/al(Hl,s)Vlag(Hg,s)V2~~-ap(Hp,s)VpapH(HpH,s)da(s).
s

When the set functions m and m; admit extensions to finite countably
additive measures, a trace of a multiple operator integral can be represented
as a multiple scalar integral.

LEMMA 3.8. Let Hy,...,Hpy1 be self-adjoint operators affiliated with M
and Vi,...,V, self-adjoint operators in Lo(M,T). Let Ey = Eq,, for k=
1,...,p+1, and let ¢ be a bounded Borel function admitting the representation
(3.1). Then, the following representations hold.

(1) For my the measure provided by Proposition 3.3 or Proposition 3.4,
T |: (,Zb()\l, ey )‘pa >‘p+1) dEH1 ()\1)‘/1 e dEHp ()\p)Vp dEHp_H (>‘p+1)
Rp+1

= O Ls - Aps Apet) dma(Ar, -, Ay Apat)-

Rp+1

(2) In the case Hpy1 = Hi, for m the measure provided by Proposition 3.1 or
Proposition 3.4,

T |: (Z)()\l, )\2, ey /\p, )\p+1) dfaH1 (/\1)V1 dE'H2 (/\Q)VQ e
Rp+1
dEHp ()\p)‘/;) dEm, ()‘erl)

= [ d(A, A2, Ap An) dm(Ag, Ag, . ).
RP
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(3) For m the measure provided by Proposition 3.1 or Proposition 3.4,

T [Vpﬂ ANty Ay Apr1) dEg, (M)V1 -+ dEg, (M) VypdEy, (/\p+1)]

Rp+1

= ¢(A1»"'7)‘pa)‘p+l)dm(>‘17"'a)‘p7>‘p+l)~
RP

Proof. (1) By [1, Lemma 3.10 and Remark 4.2],
| [t Vi ) Vg (Hy,5) ()
S

= [ lonH Vi (Hy Vit (Hyr.9)] do(s).
s
By Remark 3.6, the latter integral equals
/ / » a1(A1,8) - ap(Aps S)apr1(Aps1,8) dma(Ar, ..o Ap, Api1) do(s),
s JRre

which by Fubini’s theorem converts to
/ . / a1(A1,8) - ap(Ap, $)apr1(Apr1, ) do(s) dmy(A1, ..., Ap, Apt1)
Rr+1 J S

= q/)()\l,...,/\p,)\p+1)dm1()\1,...,)\p,)\pﬂ).

Rp+1
(2) By [1, Lemma 3.10 and Remark 4.2] and cyclicity of the trace,

’7'|:/ Oll(Hl,S)Vlag(H27S) ""/;,Ckp+1(Hp+1,8) dO'(S)
S

= /ST[O‘p-S-l(Hlv3)041(H1,5)V1042(H2,8) -V, ] do(s).

By Proposition 3.5, the latter integral equals

// i1 (s 81 (Ar, 8)a Az 8) - - ap (g 8) dm(Aa, Aas - Ay) do(s),
S JRp

which by Fubini’s theorem converts to
[ [ a0 s)azne, o)+ a0 s)apsa (. 5) dots) dmOu .3
rRe Js

= [ A1, Az, Ap A) dm(Ag, Ag, o Ap).
RP

(3) By [1, Lemma 3.7]

P|Vosr [ 00 Ay A ) A )V - 0B, )V B, )|

Rp+1

- [ [ Vorioa(Ha o)V By Voap i () da(sﬂ .
S
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By following the lines of the proof of (1), we obtain that the latter equals
[ Vs (B )V Hye5) Vo (. 5)] dos)
s

¢()\1,...,/\p,)\p+1)dm()\1,...,)\p,)\p+1). 0
RP

REMARK 3.9. If in the statement of Lemma 3.8(2), we change the assump-
tion Vi,...,V, € Lo(M,T) to Vi,...,V, € L,(M,T), then we obtain

7'|: qb()\l,)\g,...,/\p,)\p+1)dEHl ()\1)‘/1 dEHz(/\Q)‘/Q
Rr+1
dEmw, (Ap)Vp dEHl(ApH)}
:T|: d(A1, A2, Ap, A1) dEE, (M)VidER, (A2)Va -+ dEg,(Ap)Vp
Rp

We have the following representation for the derivative (fp—i, f(Ho+2zV).

PrOPOSITION 3.10 ([14, Theorem 5.6]; see also [1, Theorem 5.7]). Let
Hy = H§ be an operator affiliated with M and V =V* an operator in M.
Then for every f in W,(R),

dP

5| [+ aV)=p! AP

2=0 Rpt1 ARt

(f)dEg,(M)V -V dEmg,(Aps1)-

The main assumptions of the following results are collected in the format
of a hypothesis.

HypoTHESIS 3.11. Let Hy = H{ be affiliated with M and V =V* € Lo(M,

7). Assume that one of the following three conditions is satisfied:

(1) M=B(H), p=2,
(2) 2<p<3,
(3) M is finite, p>2, and (21 — Hy)~* and V are free in (M, 7).

In the multiple operator integral representation for the derivative
dwp (Hy + 2V) provided by Proposition 3.10, the order of the divided dif-
ference can be reduced upon evaluating the trace.

THEOREM 3.12. Assume Hypothesis 3.11. Then for f € W,(R),
dP
{% )

_ (p) 1)
—p!/]RPJr1 A)\17,,,,>\p+1(f)dmp ()\1» o Apt1)

(3.3) =(p— 1)!/]R AP (F) dmp sov (A, Ap)-

f(Ho + l’V):|
(3.2)
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Proof. By Proposition 2.6, the function ¢(Ai,...,A\pq1) = AE\Z?,‘..,/\;,H(JC)
admits the representation (3.1), where ay(\1,s) = el(omsM . a (), 5) =

elsp—1=52)2p and pi1(Apt1,8) = e 1. Tt follows from Proposition 3.10
and Lemma 3.8 that

dP
T[w B f(Ho—l—xV)}

=7 [/Rp+1 A(Azi),/\z ..... Ap>Api1 (f)dEm, ()\1)V dEm, ()\Q)V ---VdEg, (>\p+1)

B4) = | AP (D dmih y An s A Ap)

Rp+1
(3.5) :/R AP o (D dmy v (A, da, . A).
P

Proposition 3.10 and the representation (3.4) imply (3.2).
To prove that the expressions in (3.2) and (3.3) are equal, we note first
that a trivial renumbering of the variables of integration gives

39 [ AL D dmy (e
P

= /IRP AS\I:),A,Hl,..A,Ap,)\l,...,)\i,l,ki (f) de,Ho,V(/\iv >‘i+1v vy
Aps Ayees Aim1)-
Cyclicity of the trace 7 ensures cyclicity of the measure my, g, v, that is,
(37) dmp’HO’V()\i7)\i+17...7)\1;7)\17...7)\2’71)
= dmp7H0)v()\1, ey )\i—l; )\i, /\i+1, ceey )\p)

Symmetry of the divided difference (see Proposition 2.2(1)) along with (3.6)
and (3.7) ensures the equality

(3:5) LA (D dmp v O )

:/RPA&Z?AQ, JApsAi (f)dmpHo, ()\17>\2,...,)\p),

It follows from (3.8) and Lemma 2.4 that

69 o[ AL D dmy (e )
_Z/ E\Zi),,\Q, o S dmp g v (A Az, Ap)

-1
= Agﬁ,_“gp(f')dmp,Ho,V(Al,...,Ap).
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Combination of (3.5) and (3.9) completes the proof of the theorem. O

As an application of Theorem 3.12, we obtain positivity of Koplienko’s
spectral shift function in the von Neumann algebra setting. In the B(H)
setting, positivity of n =1y was obtained in [7] and in the extended setting
for Ve £1(M,7) in [15].

COROLLARY 3.13. Let Hy = H{ be affiliated with M and V =V* € Lo(M,
7). Then n2 > 0.

Proof. Due to Koplienko’s trace formula (1.2), it is enough to show that
d

| ) - ste) -

J(Ho + xV)} >0

=0

for every f € C3(R) C W»(R), with f” > 0. We have the integral representa-
tion

d

(3.10) | ) - o) - g

. F(Hy + a:V)]

_ /01(1 —a)r {j—;f(Ho n xV)] dz

(see, e.g., [6, Theorem 11 and Lemma 3.11]). Further, by (3.3) of Theorem 3.12
with p =2, for every f € Ws(R),

d2
B0 1| ov)] = [ AL () dma sy (o),

It is easy to derive that the measure mg g +ov,v is nonnegative, for every
z €10,1] (see, e.g., [6, Lemma 4.7]). If f” >0, then f’ is increasing and
Ag\lo)y)\l(f’) >0 for all A\g,A1. (The latter follows, for instance, from Propo-
sition 2.7.) Thus, if f” >0, then the expressions in (3.11) and (3.10) are

nonnegative, which completes the proof. O

COROLLARY 3.14. Assume Hypothesis 3.11. Assume, in addition, that Hy
is bounded. Let [a,b] be a segment containing o(Ho)Uo(Hy+ V). Then for
f € Wp(R) NCPTH(R),

dp
T [%

f(Hy + m} —7(V?) f%)(a)

=0

b
G12) = [ 0 /[ oo S (OOl O Ay

b
(3.13) :/ P . AT 057 dmy gy v (M-, Ay .
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Proof. First, note that the measure my g, v is supported in [a,b]’. Ex-
panding the integrands in (3.2) and (3.3) according to (2.5) of Lemma 2.10
and then using Fubini’s theorem (the functions f®+1(.), AE\I?) A (A=9)8),
and Ag\ﬁj})’)\p((x\ - -)ﬁ_l) are bounded and the measures mg}{‘),v and mp H, v
are finite) provide the representations (3.12) and (3.13). Here we used the fact
that my, gy, o (R7F) =y, 1, v (R?) = 7(V7). O

The order of an operator derivative inside a trace can be decreased by
means of increasing the order of a scalar derivative.

p—1

COROLLARY 3.15. Assume Hypothesis 3.11. Then for f € W,(R),
dr d
T|:dajp _Of(H0+xV):| T|:dep—1
Proof. By Lemma 3.8(3) and Proposition 3.10,
—1 / Ap 1) )dm%Ho,V()‘l?"'?/\p)

dar—t
1
dxP=t|

which along with Theorem 3.12 completes the proof. U

f(Hy +$V):|.

=0

:T[v

f'(HoerV)}

REMARK 3.16. The assertions of Corollaries 3.14 and 3.15 remain true if
p=1, provided V € L1 (M, 7).

4. Properties of the spectral shift measure

In this section, we prove existence of the higher order spectral shift func-
tions and derive some of their properties by implementing a multiple operator
integral approach.

THEOREM 4.1. Assume Hypothesis 3.11. Assume, in addition, that Hy is
bounded.

(1) There exists a unique finite real-valued absolutely continuous measure v,
such that the trace formula

(4.1) / F® (t) du, (1)

holds for f € W,(R) UR, where R denotes the set of rational functions
on R with nonreal poles.
(2) The density of v, is given by the formulas

i) = o5t~ v ((—oe.t)

1 _ _
42— [ AL (=0T A, )
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_ (v
(-1
1 - _
(43) - M/R _1A(A’1,.%%Ap_1((k—t)€r ) dmp—1.110.v (s s Ap—1)-
(3) The measure v, is supported in the convexr hull of the set o(Hy)Uo(Hy +
V) and v,(R) = v,

p!

—Vp_1 ((—oo, t))

REMARK 4.2. Theorem 4.1, except for the representation (4.2), was origi-
nally proved in [6, Theorem 5.1, Theorem 5.2, and Theorem 5.6]. We provide
a shorter proof.

Proof of Theorem 4.1. The proof can be accomplished by induction. The
result is known to hold for p =2 (see [6], [7]). Assume that the theorem holds
when p is replaced with p — 1. Let [a,b] be a segment containing o(Hy) U
o(Ho+ V). Then n,_; is supported in [a,d]. Clearly,

1 dar—1

(4.4) 7[Rp(f)] =7[Rp-1(f)] — MT[W -

Let f € W,(R). By the induction hypothesis and the representation (3.12)
of Corollary 3.14, the expression in (4.4) equals

f(Ho erV)}

b —1
1% ,
@) [ 0@t d— ) 0w
a (p - 1)'
ot
(p—1)!
b
</ f@(t)/[ o SN0, (O = ) dm (A
Integrating by parts in the first integral in (4.5) gives
(4.6) FED Wympa (1) dt
[a,0]

(W”of%um)b/ﬂwmfwmwﬁﬁ
_ -1 /f(,,) (/ npl(s)ds> dt.

Combining (4.4)7(4.6) 1mphes
T [Rp(f)]
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x [MPA%TQM«A—tﬂfﬁdmﬁhﬂvah“wAgdt

b p—1

_ [ (T
[ 1w ( T @)
1 _ _
P /Rp A(ﬂl)xp (A =7) dm;121,H0,v(A17 . -7>\p)> dt,
from what the trace formula (4.1) follows for f € W,(R), with
(VP
Mp(t) = CES vp-1((a,t))
1 —1 — 1
oo /Rp A(ﬂ,.‘jxp(@ R N dmY | g ().

Let [e¢,d] denote the convex hull of o(Hp) Uo(Hy+ V). By the induction

hypothesis, v,_1((—o00,¢)) = vp-1((d,00)) =0 and v,_1([c,d]) = T((;/_p;)!). By

Proposition 2.9,

—1 _ 1
/ Ag‘li"")v/\P ((Ait)]-n‘r 1) dm;—)l,HmV()‘la-Ha)‘P)
1 r(vr—t .
= mz(ﬂf)l,Ho,V (RP) = ﬁ if t <e,
0 if ¢ > d.

Therefore, (4.2) holds and the measure v, is supported in [¢,d]. To extend the
trace formula (4.1) to f a polynomial, we apply (4.1) to a function g € W,(R),
which coincides with f on a segment containing Uxe[_1 1] o(Hy + zV), and
get

T[Rp(f)] = T[Rp(g)] :/Rg(p) de(t)
=Aﬂmwmaw

To obtain the equality v,(R) = T(;/!p), we apply (4.1) to f(t) =tP. The mea-
sure v, is finite since it is compactly supported and its density is bounded.
The proof of (4.3) is completely analogous to the proof of (4.2), where the
only difference consists in applying (3.13) (instead of (3.12)) to the second
summand in (4.4). O

The techniques used in the proof of Theorem 4.1 also work in the case of
an unbounded operator Hy, provided f®) e L'(R) and v, is known to be
finite.

THEOREM 4.3. Let Hy = H{ be an operator affiliated with M, V =V* an
operator in Lo(M,T) and p=3. Then for f € CP(R)URy, where Ry is the
subset of bounded functions in R, the representations (4.1)—(4.3) hold.



MULTIPLE OPERATOR INTEGRALS AND SPECTRAL SHIFT 321

Proof. The proof is very similar to the one of Theorem 4.1, so we provide
only a brief sketch. Clearly,

(4.7) 0= lim (f® D) - P Y(a)

a— —00,b—00

_ () (Ve
_/Rf g

By letting a — —oo and b — oo in (4.6), we obtain

O e (/ -1 (s)ds ).

By letting ¢ — —oo0 and b — oo in (2.5), we obtain

(VP
(p—1)!

AL ) = gy L IO 0L, (=0 a
and, subsequently,
dr=t
T{W B f(H0+$V):|

(49) = /]R £ () /R ALY (A=Y dm D ey A dt

(4.10) = / FO@ [ AT (=7 dmy oy v (s Ao dE
R Rp—1

(see the proof of Corollary 3.14).
We note that the integral ffoo Np—1(s) ds is well defined since n,_1 =12 is
integrable (see, e.g., discussion in the introductory section of [16]). Combining

(4.7)—(4.10), as it was done in the case of a bounded Hy, completes the proof.
O

REMARK 4.4. The trace formula (4.1) for f € C°(R) (in fact, f € CPT1(R)
also works) was obtained in [6, Theorem 5.2], without establishing the absolute
continuity of the measure v3 when Hj is unbounded. The trace formula

(4.11) T[Rs(f)] :/Rf”’(t)n (t)dt

for an unbounded Hy, with 13 given by (4.3), was proved in [16, Theorem 4.1]
only for f € Ry. The results of Theorem 3.12 have allowed to obtain (4.11)
for both f € CP(R) and f € MR;,. The same approach proves existence of the
spectral shift function of order p > 3 for an unbounded Hy, when M = B(H)
(the original proofs in [6], [16] were based on the analysis of the Cauchy
transform of the measure v,). A substantial obstacle in establishing (4.1)
for 7(|V|P) < oo, with p > 2 (unless 7(|V]?) < 00), is nonextendibility of the
set function mp g, v to a finite countably additive measure on RP (see a
counterexample in [6, Section 4]). An analogous problem has caused a delay
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in establishing (4.11) in the von Neumann algebra setting; the set function
ms, H,,v can fail to extend to a finite measure even if 7 is finite (and dim(H) =
00) [6, Section 4]. That is why the approach of [6], [16] working for every
Hilbert-Schmidt V = V* € M = B(H) was not so successful in the general
von Neumann algebra setting.

Below we provide an example, which demonstrates that the density 7,
with p > 3, reflects information about the shift of the spectrum of an operator
Hjy under a perturbation V', similarly to the known case of p = 2.

EXAMPLE. Assume that 7 is finite. Let Hy = H§ and V = V* be commut-
ing operators in M. Then we have the trace formula (4.1) with an absolutely
continuous measure v, = v, g, v, whose density is given by

412 aplt) = el +V — ) (B () B ()
=t [(Ho+ V — 1P (g () By (1)
(4.13) (p—1)!
— Eny () Emyyv(1))].

Here Ep,(t) denotes the spectral projection Eg, ((—o0,t)). If Hy and Hy+V
are two commuting finite dimensional matrices with the eigenvalues ¢} and ¢y,
respectively, and 7 is the standard trace, then (4.13) computes the net sum
of signed powers of distances from ¢ to those eigenvalues ¢, which happen to
be on the opposite side of ¢ with the eigenvalues t7; the precise formula is

np(t) = ' Z (sign(ty, —t)) (tx — )P~

Tke{k: (t2—t)(tk—1)<0}

The representation (4.13) follows directly from (4.12) (see [15, Lemma 2.6]).
One can prove existence of an absolutely continuous measure v, satisfying
(4.1), with the density given by (4.12), by induction on p. In the case of
p=1 and M the algebra of matrices on a finite dimensional Hilbert space,
the formula (4.12) is well-known and goes back to [9] and, in the case of a
general finite M, it is discussed in [2]. The formula in the case of p =2 is due
to [15, Lemma 5.2]. To prove (4.1) and (4.12) for p > 3, firstly we note that
for ¢ representable in the form (3.1),

DA A2, -, Aps Apt1) dEE, (M) V dE g, (A2)V -+

Rp+1

dEHp (Ap)v dEHp+1 ()‘[H-l)

V7 [ ar(tys)as(Ha,) - ap(Hyyapia(Hyi ) dos).
S
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Therefore, the formula (3.2) for the trace of an operator derivative rewrites

T{ddpp F(Ho +IV)} - / PPN dr [VPEgy (V)] = 7 [VP 9 (H)),
TP | z=0 R

for f € W,(R) UR, and hence,

(4.14) [Roa(0)] = 7 [Rl(D)] = 7 [V7 P ().

We suppose that (4.1) holds with dv,(¢) = n,(t) dt, where n, is given by (4.12),
and derive

T [RP-‘rl(fﬂ = /Rf(erl)(t)ﬁp.g.l(t) dt.
Let H = Hy+ V. By the binomial theorem we obtain

(4.15) ]%T[vp FP (Hy)]

% [(H — Ho)? f»)(Ho) — (H — H)? f®)(H)]
p,Z() T[HPFHG £ (Ho) — HP~FH* f)(H)],

which by the spectral theorem can be written as

@) o Z ( )0kt [ 690 d(E, () - Ea(0)
= Ly~ (Z) (—1)’“/Rt’“f(”)(t) dr [HP=* (B, (1) — Eu(t)].
k=0

Integrating by parts in (4.16) gives

(4.17) %i ( ) (~1)Fk / 1P ()7 [HY (B, (1) — En(1))] dt

’f 1 kr(o+1) () [HP—F .
p;ZO : /Rt SR Or[H T (B (1) — Ba ()] dt,

which by the binomial theorem can be written as

(4.18) / 1),
/f(pﬂ) dr[(H = tD)? (En,(t) - En(t))] dt.

By the induction hypothesis, the first summand in (4.18) equals 7[R,(f)].
Thus, combining (4.14)—(4.18) completes the proof of (4.12).

gy [ =1 (B (1) — B (1))
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