STRUCTURE AND TERMINALITY OF THE MAXIMAL UNIPOTENT
SUBGROUPS OF STEINBERG GROUPS'

BY
EpwaArp L. SPITZNAGEL, JR.

In [2] we proved that, with possible exceptions in the case of low rank or
characteristic 2, the maximal unipotent subgroups of Chevalley groups are
terminal nilpotent groups. In the present paper we shall investigate the struc-
ture of the maximal unipotent subgroups of the Steinberg groups in order to
show that they also are usually terminal.

Notation in this paper derives largely from Steinberg’s original paper [3].
In particular, let U" be a maximal unipotent subgroup of a Steinberg group of
type A;', D/}, or Es', and let =, «', S, U, Us, and Us be defined as in [3] (with
the change from German to Roman U). Let I'" be the set of all S e IT'
which consist of positive roots.

The proof of terminality in [2] used to good advantage the structure of the
system of positive roots of the associated Lie algebra. In this case the Stein-
berg group has associated with it no sets S of type (3), then the set II'" can
be given the structure of a system of positive roots of a Lie algebra, which
proves very useful in the arguments to follow.

Therefore, we shall first consider the cases where there are no sets S of
type (3). That is, if the Steinberg group in question is of type A, we assume
Ito be odd. Define S + 8§’ to be the set of all roots of the form r + ', where
reS, eS8, and S, 8’ eII'". We note that either S + &’ is empty or
S 4 8’ ¢ II'". Then there is a 1-1 map = such that:

(i) in A}, 1 odd,  maps II'" onto the set of positive roots of Cyys,

(ii) in D}, = maps II'" onto the set of positive roots of By,

(iii) in E§, r maps II'" onto the set of positive roots of Fy, and in each
case 7(8 + 8) = 7(8) + (8 for all 8, S’ e II'".  We shall call r a “root
system isomorphism.” Given S, 8’ ¢ II'*, there may exist an S” e 't such
that S + 8” = §’. If such an §” exists, it is uniquely determined by S
and &', and so we shall denote it by 8’ — S.

In U* we have the central series defined by Uy, = U' N U, , where U, is as
defined in [1]. From Corollary 4.5 and Lemma 4.6 of [3], it follows that
Un = (Us| itz (8) > m).

We now investigate, in the Lie ring associated with this central series, the
commutator relations between Us and Uj , for S, 8’ e II'".
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If 8 = {r} and 8’ = {+'} are both of type (1), we have
[2.(8), zw(v)] = O if S 4+ 8’ is empty
= T (N t0)  if S + 8 e I

I

where N, ,» = +£1. B
If S = {r} is of type (1) and 8’ = {r/, ¥}, " < v, is of type (2), we have
[z,(2), zr (v)27 ()] = 0 if § 4 8’ is empty

= Ly (N 0)Zpi77 (N 15) if S 4 8 et
where N, ,» = =1.

IfS = {r,7},r <#and S = {,7'},+ < ¢, are both of type (2), we have
[z ()23 (2), @ (v) 27 (D)]
=0 if § 4+ 8§ is empty
= Tpprr (Nyp o 0)05457 (N o ) i S+ 8 eI and » + 7" e I
= 277 (N, 7 0) @i (No 7 ) iS4+ 8 eI andr + ¢ e I
where Nr,' , N, 7 = =+1. _
In this last case, it may happen that » + " = 7 4 +/, so that
Tps? (N 77 0) iy (Np 7 ) = 2,47 (2N, 77 Re (1)),

where Re () is defined to be (¢ + £)/2, so that § + &' is of type (1).
Now, for S = {r}, write z,(¢) = xs(¢), and for S = {r, 7}, write z,(t)z;({)
= zg(¢). Then we always have

(%) [as(2), xs (v)]

=0 if S 4 8 is empty
= 219 (Ng,s» 2 Re ()) if § 4 8 ¢I't and 8, 8 are of type
(2) while S + S’ is not

= Zgrg (Ng,s ) if S + 8 e ' otherwise.
where Ng,s» = 1.

TureoreMm 1. Let U be a maximal unipotent subgroup of a Steinberg group
of type A} for odd 1, D, or Eg, and let the characteristic of the field be different
from 2. Then

(i) U"is generated by the Us, , for { S} a fundamental system of sets of TI';

(ii) the U}, form the lower central series of U'.

In particular, the class of U' is the height of the highest root in the system iso-
morphic to TI'™,

Proof. By Corollary 4.5 and Lemma 4.6 of [3], it suffices to show that in
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the Lie ring associated with the central series U,,, every one of the graded
summands Up/Unsi is generated by m-fold simple commutators of the
elements xs,(¢). To show this, it suffices to show that every zs(t), as an
element of the Lie ring, is such an m-fold commutator for m = ht r, where
r = 7(8).

Let r; = 7(8:). By [1, p. 20], we can write r as a sum

r=ry +ry,+ -+,

where every partial sum r;, + r;, + --- 4+ 7, is a root. Then by repeated
application of (), we have

25(t) = [l - [, (1), @5, (D], -+ -1, @, (D], @5, (¢/0)]

where ¢ = -£27 for some j. Since we are assuming the field characteristic is
#2, we have ¢ £ 0. Since r;, + r;, + -+ 4 7; is a root, the set

is always nonempty.

TuEOREM 2. Let U' be a maximal unipotent subgroup of a Steinberg group
over a field of characteristic # 2 of any of the following types:

A} for 1> 7, lodd; Djforl>5; Ei.
Then U is terminal.

Proof. Let A be the class of U'. We assume by way of contradiction that
there is a nilpotent J' such that U'/Thu(U") = U and Te(T') = 1.

We form the Lie rings associated with the lower central series of U" and U".
The homomorphism of U' onto U' induces a homomorphism of the Lie ring
of U onto the Lie ring of U" with kernel I, (7).

In this homomorphism, let ys(¢) be the element of T'p(T*)/Tma(T")
mapping onto the element z5(#) in the Lie ring of U', m being the height of
7(8). Since the ys,(f) generate the first summand T'/Ty(T") of the Lie
ring of U, if we show that each ys,(t) commutes with ys«(») for the set S *
such that ht 7(S*) = &, since ys+(v) is an arbitrary element of T',(T")/
Ty (T, it will follow that T'h1(T") = 0, a contradiction.

Now suppose we can find an 8 such that r(S8*) — (8’) is a positive root
and such that neither of 7(.8;) + 7(8"), 7(S:) + r(S*) — #(S) is a root.

On account of the y5(#) being uniquely determined by the zs(¢), the com-
mutator formula () holds with = replaced by y and “= 0” replaced by
“e Ty (0")”. Then, using the fact that v = 7 and the Jacobi identity, we
have
[ys: (1), lys (1/¢), ysr—s (0)]]

—lys (1/¢), [yss—s (v), ys; (D]
- [ys*—S’(v)y [yéw(t)y yS'(l/c)]]y

Il

[ys: (1), ys=(0)]

It

where ¢ = =1 or &2,
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By our assumptions on 8’, each of the interior commutators in the last two
lines belongs to T's1(T"), and so each of the last two lines is 0, implying that
ys;(t) commutes with ys«(v).

It therefore suffices to give examples of S’ for each of A7, D;, Es. We do
this by finding »’ in the root system isomorphic to IT'* such that if »* is the root
of highest height, »* — ¢ is a root and 7; + , r* 4 r; — #/ are not roots.

For the case A}, I odd, the root system isomorphic to II'" is that of C,,
n = (I + 1)/2. Examples of # for C,,, n > 4, were given in [2]. Thus, U’
will be terminal when [ > 7.

For the case Es, the root system isomorphic to II'* is that of F,. Again,
examples of ¢ for F were given in [2].

For the case D}, the root system isomorphic to II'* is that of B, ,n = I — 1.
In the case B,, n > 4, examples of » were given in [2] for all r; except ;.
To show that ys,(¢) commutes with ys+(v), we show that

(%) [Ys:(8), ys+(v)] = —lys,(2), ys+(v)]
which implies that
[ysl(t)? yS‘(zv)] = 0,

and since we assume the field characteristic is not 2, this shows that ys, (¢)
commutes with an arbitrary yg«(v).

The computation to prove (*x) is practically the same as the one appearing
in [2], but since the commutator relation (%) here is more complicated than
the one in that paper, we give the argument again, to show it indeed does follow
from the relation (*). Note that any S for which ht +(S8) > A — 2 is of
type (1). Thus, the second alternative of (%) does not arise in what is to
follow:

[yS1(t); [ys2(1), yS*—Sz(v/NSz:S*—Sz)H
_[ysz(1)7 [yS*—Sz(v/stvs'—sz)7 ysl(t)]]

- [yS*——Sz(U/NSZyS*—Sz)) [yS1(t)7 ysz(l)]]

The first of the last two terms is 0, since S; + (8* — 8) is empty. We
proceed with the second term:

[ys,(2), ys+(v)]
= [ys,(8), ys,(1)], [ys,(£), Yeso—sp—s,(0/{tN sy, 505, Ny, is2—s0)—5,})]]
= —[ys,(8), [Wisr—sp—s5,(0/{tN sy, 505, Ns; (s2-s9—s,} ), [Ys:(£), ys, (V]I

— [Yisr—sp—s,(v/{tN sy,50—5, N5y (s0—s—s1} )5 [[¥5,(2), ys,(1)], ys, ()]
Here the last term is 0, since (S; 4+ Sz2) + S:is empty. Now
[Ycsr—sy)—5, (0/{tN s, 505, N's; (s2—s9—81} )5 [45,(£), ys,(1)]]

= —[ys,(£), [¥s,(1), Yss—s0)—5,(0/{tN 5, 50—, N5y (sv—sp—s,} )]
— [ys,(1), [Yisr—sn—s,(v/{tN s, 505, Nsy s—sp—s1} )5 ¥s, (D],

[ysl(t)’ yS*(U)]

Il
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of which the first term is 0, since S* — S is empty. The second term is
[y52(1>: [y31(t)y Y(s*—89)—81 (v/{thz:S"*'Sz N31v(s“—52)—"5'1} )]]

= [ysz(l): yS*—Sz(v/NSz,S*—Sz)] = yss(v).

Thus (**) is established, and the proof is complete.

We now turn our attention to the case A3, . Here matters are complicated
by the fact that II'" consists of sets of types (2) and (3), and an attempt to
define S + & yields sets which can be non-empty and yet not elements of II'*.
As before, in U" define the central series whose mth termis U' n U,,. Welet
71, - -+, T, now denote a fundamental system of roots of Ay (as opposed to a
fundamental system in the root system isomorphic to II'*. No confusion will
result, as we no longer have a root system isomorphism.)

We define

(a) zi(t) = &, ()Try_; 1, (&) forie=1,---,k—1
(b) () = x"k(t)xrk+1(z)xrk+7’k+l(N7'lcv7'k+l tf/2)

LemMA. Let U be a maximal unipotent subgroup of a group of type A,
and let the characteristic of the field be different from 2. Then
(i) U" is generated by all elements of the forms (a) and (b);
(ii)  the Uy, form the lower ceniral series of U'.
In particular, the class of U* is 2k.

Proof. Again, we show that in the Lie ring associated with the central
series UL, every one of the summands Un/Uny is generated by m-fold
simple commutators of the elements of forms (a) and (b).

In case m is even, Un/Unyy is generated by elements of the forms
(e) Tri— mi2y 41t s (mrzy (£) t= —I
() Trjreevtrjim (B Tropj_pprteetran_jea (8),  Where
i<k—1, j<2k—j—m+1, and j+m=k
(&) @rjpoor (D Tyt tran_jor (DTrjioeras_j i (w),  where

w = NTj+'"+7’k’7'k+1+"‘+"2k—j+1 tt/2

In case m is odd, U,/ Uny is generated by elements of the forms (d) and (e)-
Now any element of the form (¢) is the m-fold left-normed commutator

[2:(1), 2e(3), ea(1), e (3), -+, Tep41(1), Teeupa(£1/2)].

If j + m < k, an element of the form (d) is the m-fold left-normed com-
mutator
[2;(1), 22 (1), -+, Tipma (1), Tipm ()]
If j + m > k, an element of the form (d) is the m-fold left-normed com-
mutator
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[ox (1), 2(3), Teo1(1), 2ea(3), -+ - 5 Tobejomia (1), Daejm1(3),
x2k—i—m(1)7 ka—-i—m—l(l)y ] xi+1(1)y x](:tt)]'

An element of the form (e) modulo Uk, is the m-fold left-normed com-
mutator

[2;(1), zjya(1), -+ -, 2 (1), (L))

TuroreMm 3. Let U' be a maximal unipotent subgroup of a group of type
Ay , k > 4, and let the characteristic of the field be different from 2. Then U" is
terminal.

Proof. Let h and U be as described in the first two paragraphs of the proof
of Theorem 2. In the Lie ring homomorphism, we let y:(¢) be the element of
U'/T2(U") mapping onto the element of U'/Ty(U') which corresponds to
z:(t), and let y(¢) be the element of I'y(T"')/T4ua(T") mapping onto the
element ,,y...4r,, (v) of TH(UY).

Let ' (1) = [y(1), 4e(3), - -+, 42(1), %2(3), »1(1)]. Then we have
[y«(t), y()] = [y(t), [y’ (1), pr(Fv/2)]]
= — [y'(1), [y (£0/2), (D] — [y (£0/2), [y:(8), y'(1)]].

Each of the interior commutators in the last two lines is an element of I'y1(T*)>
unlessZz = 1 or 2, soif ¢ % 1, 2, we have that y;(¢) commutes with y(v), and so
with all of T (T).

For the cases 7 = 1, 2, let y”(1) be

(1), 9e(3), -+, wa(1), ya(F), ¥s(3), %(3), ().
Then we have

[yi(t), y(v)]

It

lya(t), ly” (1), [ys(1), 32(1), ya(F0)]]]
—[y” (1), [ys(1), 92(1), m(F0)], ya(D)]]
— [lys(1), 92(1), s(E0)], [yu(t), v (D],

and so again y.(¢) commutes with y(v), which completes the proof.

It
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