COVERING OF MANIFOLDS WITH OPEN CELLS
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1. Introduction

We prove a fundamental theorem for manifolds.

TaEOREM 1. A connected n-dimensional topological (piecewise linear, differ-
entiable) manifold without boundary can be covered with n + 1 open topological
(piecewsrse linear, differentiable ) cells.

It is well known that a manifold can be covered with » + 1 coordinate
systems [4].

Applying engulfing theorems, we can strengthen Theorem 1. If z is a real
number, let (z) denote the least integer greater than or equal to z.

ToeorEM 2. Let k < n — 3. A k-connected n-dimensional topological
(piecewise linear, differentiable) manifold without boundary can be covered with
{(n + 1)/(k + 1)) open topological (piecewise linear, differentiable) cells.

The statement of Theorem 2 for the casesn = 3,k = landn = 4,k = 21is
for closed manifolds equivalent to the topological (piecewise linear, differenti-
able) version of the Poincaré conjecture in dimensions n = 3 and n = 4 re-
spectively. The case n = 2, k = 1 is well known: A 1-connected 2-dimen-
sional topological (piecewise linear, differentiable) manifold without boundary
is homeomorphic (piecewise linearly homeomorphic, diffeomorphic) to the
2-sphere if it is compact, and to the 2-dimensional euclidean space if it is not
compact [7].

Theorem 1 and 2 hold also for analytic manifolds and coverings with open
analytic cells. This follows from Theorem B of [6].

The theorems are proved by a certain technique which was motivated by
the proof of the topological Poincaré conjecture in dimensions n > 5 in [5].
Our arguments apply simultaneously to topological, piecewise linear, and
differentiable manifolds. The differentiable version of the theorems can also
be obtained directly from the piecewise linear results in the fashion of [1],
introducing smooth triangulations and approximating piecewise linear homeo-
morphisms by diffeomorphisms.

Theorem 2 also improves a result in [10].

I would like to thank the referee for his comment and Mr. MacLean for a
remark.

2. Preliminaries

By an n-dimensional topological manifold M™ without boundary, we mean a
separable Hausdorff space such that each point of M" has an open neighbor-
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hood homeomorphic to an open subset of the n-dimensional euclidean space
R". An n-dimensional piecewise linear manifold without boundary is a
countable simplicial complex such that the link of each vertex is a piecewise
linear (n — 1)-sphere. And, an n-dimensional differentiable manifold with-
out boundary is an n-dimensional topological manifold without boundary with
a fixed differentiable structure.

The image f(R"™) of R", where f : R" — M™ is a homeomorphism (piecewise
linear homeomorphism, diffeomorphism) into the n-dimensional topological
(piecewise linear, differentiable) manifold M™, is called an open topological
(piecewise linear, differentiable) n-cell in M™.

A topological space X is said to be k-connected, & > 0, if it is path con-
nected and if the homotopy groups m:(X) = Ofor1 <7 < k.

For the proof of Theorem 1, the following lemma will be sufficient.

LeMMA 1. Let M™ be a connecied n-dimensional topological (piecewise linear,
differentiable) manifold without boundary. Let V.C M™ be an open subset, and
consider points py, ---, px € M". Then there is a homeomorphism (piecewise
linear homeomorphism, diffeomorphism) h of M™ onto itself with {py, - - -, px} C
h(V) and such that h is the identity on M™ — C for some compact subset C < M".

Proof. Not hard. For the differentiable case, compare for example [3].

To prove Theorem 2, the following special case of a more general engulfing
theorem will be needed. (See [5] for topological, [9] for piecewise linear, and
[1] for differentiable manifolds. Or, the engulfing theorem in [5] holds actually
in all three categories of topological, piecewise linear, and differentiable mani-
folds [2].)

Lemma 2. Let M™ be an n-dimensional topological (piecewise linear, differ-
entiable) manifold without boundary, let U C R" be an open subset, and let
g:U — M" be a homeomorphism (piecewise linear homeomorphism, diffeo-
morphism) into M". Suppose that P < U s an at most k-dimensional (not
necessartly finite!) polyhedron in R™ with g(P) closed in M". Let V.C M" be
an open subset with g(P) — V compact. Asswme that M" is k-connected, V s
(k — 1)-connected, and that k < n — 3. Then there is a homeomorphism (prece-
wise linear homeomorphism, diffeomorphism) h of M" onto itself with g(P) C
(V') and such that h is the identity on M" — C for some compact subset C  M™.

Finally, the following lemma will be applied. If K is a simplicial complex,
| K| denotes the underlying point set. The complementary complex of a sub-
complex of a simplicial complex is the set of all those simplexes of the sim-
plicial complex which do not have a face in the subcomplex.

LemMa 3. Let H be the simplicial complex determined by a simplicial sub-
division of R", let K be a finite subcomplex of a subdivision H' of H, and let
A C R" be a closed subset with A n | K | is empty. Let L be a full subcomplex
of K and let L’ be the complementary complex of L in K. Suppose that U and
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V are open subsets of R" with | L | € U and | L°| V. Then there exists a
piecewise linear “stretching” homeomorphism (“stretching” diffeomorphism) s of
R" onto 1tself such that

(1) |K|lcs(U)uV,
(2) s moves each point of R only within a stimplex of H, and
(3) s s the identity on A.

Proof. We omit the proof of the differentiable version. It can be found
in [2]. If dim (L) = O—which is used to prove Theorem 1-—the proof sim-
plifies essentially.

First, we consider the simplicial complex K. Since L is full in K, each
point z of | K| — (| L | u|L°]) lies in a uniquely determined segment [a, b]
contained in a simplex of K, where ae | L | and be|L°|. Thereis a stretch-
ing homeomorphism s’ of | K | onto itself defined by mapping each segment
piecewise linearly onto itself such that | K | = ¢'(Un|K|)u (Va |K]|).

Next, we extend s’ to a homeomorphism s of R” onto itself such that the
required properties hold. Consider the mth, m > 1, barycentric subdivision
Bx(H') of H' relative to K such that for all simplexes A of 8x(H’) with An | K |
is not empty, then A n A is empty. We note that K is full in Sz(H’). The
extension s of &' is defined as follows. Let xeR". We distinguish three
cases:

(a) IfxeA, AeBx(H') with An | K | is empty, then s(z) = z.

(b) IfzxeA, Ae K, then s(x) = §'(x).

(¢) IfzeA, AeBx(H') with A = Ajo A, where Ave K, Aze 8x(H') with
A n | K | is empty, ¢ A1, and ¢ Ay, then z has the unique representation
z=Aoa+ (1 —AN)ob,ael;,beAy,and 0 < XA < 1. We define s(x) =
Aos'(a) + (1 — N)ob.

It is easily verified that s is well defined. By construction, s has the required
properties.

3. Proof of Theorems 1 and 2

For convenience of notation, we state the proof for topological manifolds
only. Clearly, the arguments hold also in the piecewise linear and in the
differentiable case.

We may assume in the following that dimension n > 2.
Tet CF = {o = (21, -+, 2.) e R" with |z;]| < p,¢ = 1, ---, n} be the
cube in R" with side length 2p and with the origin as centre, and let

int C7 ={z= (£1,---,2:,) eR" with |z:i| <p, ¢=1,---,n}.

(A) Let M" be a k-connected n-dimensional topological manifold without
boundary and let ¥ < n — 3 if kK > 0. Suppose that g; : R" — M",
t=1,---,mwherem = {(n + 1)/(k + 1)), and ¢ : R" — M" are homeo-
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morphisms into the manifold M". Leta, 8, and v be such that o > 0 and v >
B > 0. Then there are homeomorphisms hi; of M™ onto itself, 7 = 1, ---, m,
such that

(1) ¢(C2) C Uit hi o gi(CY), and

(2) hiis the identity on g:(Cg), 1 =1, --- , m.

Proof. We choose a A with 8 < A < y. Let H be the simplicial complex
determined by a simplicial subdivision of R™ such that

(a) Cg forms the set of points of a subcomplex K of H, and

(b) if g(A) ngi(Cg) is not empty for a simplex A of H, then g(A) C g:(CY),
i=1-,m.
Let

Ko = {AeK:g(A) n g:(Cg)is empty for each?z = 1, --- |, m}.

If K,is not n-dimensional, then ¢(C%) C ui=; ¢:(C%) by property (b) of the
simplicial complex H, and we define h; to be the identity on M*, 7 =1, -- -,
m, in this case. We assume now that K, is an n-dimensional simplicial com-
plex. We construct inductively sequences Ky, -+« , Kmyand Ly, -+, Ly
of simplicial complexes asfollows. Suppose that K;_1, 7 > 1, isdefined. Let
L; be the first barycentric subdivision of the k-skeleton of K; ;, and let K;
be the complementary complex of L; in the first barycentric subdivision of
Kii,2=1,---,m — 1. It follows that

dim (K:) = n — i (k + 1).

Hence dim(K;;) < kif n — (# — 1)o(k + 1) < k, or if
> (n+1)/(k+1). Thusdim (Kni) < k.

Define L,, = K,1. We consider the simplicial complexes Ly, - -+, Ln
in R". Let M7 = M" — ¢;(CY). The n-dimensional topological manifold
M7 without boundary is again k-connected. (Namely, if £ > 0 it is simply
connected by van Kampen’s Theorem for example, the singular homology
groups are trivial in dimensions 7 = 1, - - , k, and therefore =;(M") = 0 for
j = 1,---, k by the Hurewicz Isomorphism Theorem. Alternatively, a
direct proof can be given by ‘“pushing out”” homotopies from the cell g;(Cx ).)
The open subset V; = ¢; (int Cy — Cx) of M7 is obviously (k — 1)-con-
nected. Let P; = |Li| — ¢ '(g:(Cx)). Then P; is an open subset of
| L; | and therefore a k-dimensional polyhedron in the open subset U; =
R" — g (g:(CY)) of R™, g(P;) is closed in M7} , and g(P ) — V;is compact.
Lemma 2 (or 1 respectively) can be applied. There is a homeomorphism
hi of M? onto itself with g(P;) C hi (V.) and such that h; is the 1dent1ty on
M"™ — C; for some compact subset C’ c M7 . The homeomorphlsm hi can
be extended to a homeomorphism hi of M™ onto itself by defining h: to be the
identity on ¢g:(Cx). We conclude that

9(| L |) € hiog: (int C7), i=1--,m
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Now let Wi = g 7(h, o gi (int C3)),5 = 1, ---, m. Then W; is an open
subset of R" with | L; | € W;,4 =1, ---, m. Applying Lemma 3, we con-
svruct induetively a sequence of stretching homeomorphisms s,_; of R" onto
itself, 2 = 1, - -+, m — 1, such that

(1) ! Km—2 l c Sm—l(I/Vm—l) u Wm;
I Km«—3 l C sm-Q(Wm~2) U Sm—l(Wm-l) u Wm’

Ko | © si(W) U+ U Sma( W) U W,

(2)  s,._; moves each point of R" only within a simplex of H, and
(3)  Sm_i is the identity on (R” — int Chi1) u g (g:(C3)).

We llift the homeomorphisms s; onto the man,ifold M™ defining si : M" — M"
by si(p) = gosi(¢” (p)) for p e g(R") and si(p) = pforp e U™ —g(R"),i =
1, ---.m — 1. It follows that

g(| Kol) C s1ohiogi(C2) U U sn10hn10Gni(C) U hmogn(Ch).
We claim further that
g(C2) C s10h1ogi(CPYU -+ U sm_g0 by © gms(C2) U by o gm(C2).

Namely, consider z e C; = | K|. If z €| Ko |, then g(z) is a point of the set
at the right side by the preceding. If z¢|Ko|, then zeA, AeH, and
g(A) n giy(Cg) is not empty for some 7, by definition of Ko. Consequently,
g(A) C gi,(Cx) by property (b) of the simplicial complex H It follows from
property (2) of s;, tha,t slo(A) A. Hence g(z) € s,o o hiy o gm(C")

Finally, let ks = siohi, 5 = 1, ---,m — 1, and let hn = B . Properties
(1) and (2) are satisfied.

(B) 1If M™ is compact, Theorems 1 and 2 follow immediately from (A);
one simply chooses finitely many homeomorphisms g; : R* — M™ such that
{g;(CT)} covers M", and applies (A) a finite number of times to make the
first m of these cubes engulf the remaining ones. If M™ is not compact, the
same method still works.

Consider homeomorphisms ¢; : R* — M", 7 = 1, 2, ---, such that
{g;(CT )} covers M". We construct inductively m sequences {fi,;}i=o,
i =1, .-, m, of homeomorphisms f; ; : R" — M" into M™ with fi, = ¢:,
2 =1, ---,m, such that

(1) Ui ¢i(C7) C U= £1,i(Cr), and
(2) chICm = fi,j—lfo;b 71: = 17 et 7m;j2 1.

Suppose that fi,; 1,7 = 1,---, m, j > 1, are constructed. We apply (A).
There are homeomorphisms A; of M ™ onto itself, 7 = 1, - - - , m, such that

Im+i(CT) C Uim hio fij1(Ci)
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and
hi is the identity on i ;_1(C7), i=1---,m.

Then fi,; = hiofi,j1,1 =1, - - - , m, satisfy the required properties.

Finally, we pass to the limit and define mapsf; : R" > M", ¢ =1, --- , m,
by fi(z) = limjsw fi,;(z). It follows from property (2) that each map f:
is well defined and a homeomorphism onto an open subset of M". The
images of fi(R"), - -+, fu(R") are open n-cells in M" and cover M" by con-
struction.

4, Some consequences of Theorem 2

If « is a real number, let [x] denote the greatest integer less than or equal to .

CoroLrLARY 1. If m > 5 every [n/2]-connected n-dimensional topological
(piecewise linear, differentiable) manifold without boundary can be covered with
two open topological (piecewise linear, differentiable) cells.

CorOLLARY 2. A simply connected 4-dimensional topological (piecewise
linear, differentiable) manifold without boundary can be covered with three open
topological (piecewrse linear, differentiable) cells.
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