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Q-DEGREES OF n-C.E. SETS

M. M. ARSLANOV AND R. SH. OMANADZE

ABSTRACT. In this paper we study Q-degrees of n-computably enumer-
able (n-c.e.) sets. It is proved that n-c.e. sets form a true hierarchy
in terms of Q-degrees, and that for any n > 1 there exists a 2n-c.e. Q-
degree which bounds no noncomputable c.e. Q-degree, but any (2n+1)-
c.e. non 2n-c.e. Q-degree bounds a c.e. noncomputable Q-degree.

Studying weak density properties of n-c.e. Q-degrees, we prove that
for any n > 1, properly n-c.e. Q-degrees are dense in the ordering of
c.e. Q-degrees, but there exist c.e. sets A and B such that A — B <g
A =@ 0/, and there are no c.e. sets for which the Q-degrees are strongly
between A — B and A.

1. Introduction

In this paper we study Q-degrees of n-computably enumerable (n-c.e.) sets.
Recall (Shoenfield [2]) that a set A is Q-reducible to a set B if there is a
computable function f such that for every » € w, z € A & Wy,) € B. In
this case we say that A <g B via f (or via a uniformly c.e. sequence of c.e.
sets U = {Us }rew, if for all 2 U, = Wy(,).

The relation of Q-reducibility is transitive and reflexive, so that it generates
a degree structure on 2¢. It is not hard to show that in general Q-reducibility
is incomparable with Turing (T-) reducibility, but in c.e. sets A <o B implies
A <7 B. Therefore, in c.e. sets the relation <g is strictly stronger than <r,
since if A <g B, then w — A is B-c.e.

A set A is n-c.e. if there is a computable function f(s,z) such that for
every x:

f(0,2) =0,
A(x) zligmf(s,azt)7
{s: f(s,2) # f(s+ 1, 2)} <n.

The 2-c.e. sets are also known as the d-c.e. sets as they are differences of c.e.
sets.
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A degree a is called n-c.e. degree for n > 1 if it contains an n-c.e. set, and
it is called a properly n-c.e. degree if it contains an n-c.e. set but no m-c.e.
set for any m < n.

We adopt the usual notational conventions, found, for instance, in Soare
[3]. In particular, we write [s] after functionals and formulas to indicate that
every functional or parameter therein is evaluated at stage s. In particular,
for an oracle X and a c.e. functional ®, ®(X;y, s) means only that at most s
steps are allowed for the computation from the oracle X to converge, whereas
®(X;y)[s] means also that the approximation X is used as the oracle, and
may mean as well that some function-value y(s) is being used as the argument
for the computation. As usual, (x1,xa,...,z,) means the 1-1 enumeration of
all n-tuples by integers.

2. Results

From our results it immediately follows that in n-c.e. sets (even for the
case n = 2) T-reducibility is incomparable with Q-reducibility. Therefore, the
development of the structural theory of Q-degrees of n-c.e. sets in comparison
with their T-degrees becomes one of the interesting directions in the study of
Q-degrees of n-c.e. sets.

We begin with some pathologies of the upper-semilattice of the n-c.e. Q-
degrees relative to the n-c.e. Turing degrees. It is well-known that for any
n-c.e. set (n > 1) A of properly n-c.e. degree there exists a (n — 1)-c.e. set
B such that B <7 A (this is called Lachlan’s Proposition). In Theorem 1 we
establish a similar result in Q-degrees, but in the opposite direction.

THEOREM 1. Let R1 O Ry 2 ... 2 Ropy1 be c.e. sets, Ry # w, and let
P, = U {Agifl—Agi}, k=1,2,...,2n+1,

1<i<[&]
where for all i, A; = R;, except when k is an odd number, in which case we
have A; = R; for 1 <i <k, but Ap11 =0. Then, for all k,k > 1,
(a) Po <@ Pop-1,
(b) P <@ Pagt1,
(€) Por < Poro.
In particular, for all c.e. sets A and B, A— B <g A.

The proof of this theorem immediately follows from the following proposi-
tion.

PRrROPOSITION 2. Let X C w be a set, let A, B be c.e. sets, A O B,
XNA=2 and X UA # @. Then

(1) XSQXU(A_B)f

(2) XU(A—-B)<g XUA.
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Proof. (1) Let f be a computable function such that for all x
{z} ifzdA,
Wi@) = {

{z,b} otherwise.

Here b is a fixed element from X U A.

If v € X, then v ¢ A and Wy, = {z} — W) € XU(A - B).

If z ¢ X, then either x € Aor x ¢ A. If x € A, then Wy, = {x,b} —
Wf(z) ZXU(A- B).

Ifz ¢ A, then Wy, = {z} — W) € XU(A—-B). Therefore, X <g XU
(A - B).

(2) In this case we define the function f as follows:

Wy = {{x} ifz ¢ B,

{z,b} otherwise.

Here again b is a fixed element from X U A.

Ifz € XU(A—-B), then Wy, = {2z} — Wy,) € XUA. Ifz ¢ XU(A-DB),
then either z € B or = ¢ B.

If z ¢ B, then Wf(z) = {.T} — Wf(x) Z XUA. If z € B, then Wf(z) =
{I7 b} — Wf(z) Z X UA.

Therefore, z € X U (A — B) & Wy, € X UA. O

It follows from Theorem 3 below that n-c.e. sets form a true hierarchy in
terms of Q-degrees. We prove the existence of a 3-c.e. set M = (A; —A3)UA;
of properly 3-c.e. Q-degree. The proof easily generalizes to prove the existence
of a properly n-c.e. Q-degrees for all n > 1.

THEOREM 3. There exists a 3-c.e. set M = (A1 — A2) U As of properly
3-c.e. Q-degree.

Proof. We construct c.e. sets Ay, Ay and Az, A; O As O Az such that the
Q-degree of M = (A; — A2) U Az does not contain d-c.e. sets.

To ensure that M is not of d-c.e. Q-degree, we meet for all e,i,j € w the
requirements

Re7¢7j:M$QWi—ijia®e \Y WiijﬁQMvia@e \/WZEW]

Here {(W;, W;,O¢, ®.,)}c; jew is some enumeration of all possible quadruples
of c.e. sets W;, W; and partial computable functionals © and ®.

The basic module for the requirement R.; ;. For a convenience we
again first rewrite the requirements R ; ; as follows:

Re,i,j : (3 (E)({E € M&W@e(z) - (WZ — WJ) Vaoe M&W@e(T) Z (WZ — Wj))
V(3z)(z & (W; — Wj)&Ws, (o) S MV a e (W; — W;)&Ws, () L M)
VW; 2 W;.



1192 M. M. ARSLANOV AND R. SH. OMANADZE

Now we proceeds as follows:

(1) Choose an unused candidate * = z.,; for R.,; greater than any
number mentioned in the construction thus far.

(2) Wait for a stage s such that O.(x) |, and for some (least) y = e ;
such that

Yy < W@e(m) — (VVz — Wj).

There are the following two possibilities:

Case 1. y € W;. Obviously, in this case the requirement R.; ; is satisfied
via the witness x.

Case 2. y & W;. In this case:

(3) Wait for a stage s’ and for some (least) z = z.; ; such that ®.(y) |
and

2 € We, (y) — M.

Again, there are the following two possibilities:

Case a. x # z. In this case:

4a) Put x into M.
5a) Force y to enter into W;.
7

Otherwise the requirement R, ; ; is satisfied.)

6a) Protect z from other strategies from now on.
a) Wait for y to enter into W;. (Now y is a permanent witness to the
success of R ; ; because

(
(
(
(
(

ye W, — WJ&Z € W‘be(ye) - M,

which means that W; — W; £o M via ®..)

Case b. x = z. In this case:

(4b) Put z into M.
(5b) Force y to enter into W.
(6b) Remove z(= z) from M.

Now there are following two possibilities:

Subcase (b1). y enters into W;. In this case:

(7b1) Enumerate = into M and stop.
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Subcase (b2). y € W; — W;. In this case the requirement R.; ; is satisfied
via the witness x.

The explicit construction and the remaining parts of the proof now straight-
forward, so we will not give them here. O

It is easy to see that if A is a c.e. noncomputable set, then w — A in Q-
degrees bounds no c.e. sets except computable sets. It immediately follows
that the partial orderings of T- and Q- degrees of d-c.e. sets are elementarily
non-equivalent, since by Lachlan’s proposition each noncomputable d-c.e. set
in T-degrees bounds some noncomputable c.e. set. Below in Proposition 4
we show that any (2n + 1)-c.e. non (2n)-c.e. set in Q-degrees also bounds a
noncomputable c.e. set for any n > 1.

PROPOSITION 4. Let M be a (2n+ 1)-c.e. set which is not (2n)-c.e., and
M= (A1 —A)U...UAsg,y1, where Ay D Ay... D Agyyy are c.e. sets. Then
there is a c.e. noncomputable set P which is Q-reducible to M.

Proof. Let Ay, = {f(x) : x € w} for some computable function f, and
let g be a computable function such that for any x, Wy, = {f(z)}. Define
P = f~1(A3,41). Then we have:

r€P— f(x) € Az — Wy € M.
x ¢ P— f(x) € Agp — Agpgr — Wy € M.
Therefore, P <q M.
If the set P is computable, then Ay, — Ag,41 is c.e., since
Agp — Az = {z: (Fy)((z = f(y) &y & P}

Therefore, M is a (2n)-c.e. set, since
(Agn—1 — A2p) U Agpyr = Agn1 — (Azn — Azni1).

Let Af,, = As, — Aopy1. Then A iscee., A, C Ay, g and M = (A; — Ag)U
...U(Agp—1 — AL,), which contradicts to the assumption of the theorem. O

Therefore, any n-c.e. for some odd n > 2 set which is not an m-c.e. set for
some even m < n bounds in Q-degrees some noncomputable c.e. set. As noted
above, there are 2-c.e. sets which bound in Q-degrees no noncomputable c.e.
sets. Generalizing this observation, we now prove that for any even n > 2
there is a n-c.e. set of properly n-c.e. degree which in Q-degrees does not
bound any noncomputable c.e. sets.

THEOREM 5. For any n > 2 there is a (2n)-c.e. set M of properly (2n)-
c.e. @Q-degree such that for any c.e. set W, if W <o M, then W is com-
putable.
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Proof. For simplicity we will consider the case n = 2. The general case has
the same proof with obvious changes.

We construct c.e. sets Ay, As, A3 and Ay, A1 D Ay D A3 D Ay, such that
the Q-degree of M = (A; — A3) U (A3 — A4) does not contain 3-c.e. sets, and
for any c.e. set W, if W <g M, then W is computable.

To ensure that M is not of 3-c.e. Q-degree, we meet for all e € w the
requirements

Re: M Lo Ve via©, V Ve Lo M via @..
To ensure the last condition we meet for any e € w the following requirements:
Se:We £o M via ®., vV W, is computable.
Here {(We, ®.,)}ecw is some enumeration of all possible pairs c.e. sets W,

and partial computable functionals ®.

The basic module for the requirement R.. This is similar to the
appropriate module from Theorem 3. For a convenience again we first rewrite
the requirements R, as follows:

Re:(Fx)(zx ¢ M&W@e(x) CV.vaxe M&W@C(I) Z Ve)
V) (y & VekWa, () S M Vy € VolkiWe, () € M).
Now we proceed as follows:

(1) Choose an unused candidate z = z, for R, greater than any number
mentioned in the construction thus far.

(2) Wait for a stage s such that ©.(z) |, and for some (least) y = y. such
that

TES W@e(x) —Ve.
(3) Wait for a stage s’ and for some (least) z = z. such that ®.(y) | and
S W<I>.=,(ye) — M.

Again, there are the following two possibilities:

Case a. x # z. In this case:
(4a) Put z into M, protect z from other strategies from now on.
(5a) Wait for y to enter into V.

Now the requirement is satisfied since y € V, and 2 € Wy () — M. If
later y leaves V., then the requirement is again satisfied since z € M and
RS W(—)p(m) - Vre~

Case b. x = z. In this case:

(4b) Put x into M.
(5b) Force y to enter into V..
(6b) Remove z(= z) from M.

Now there are the following two possibilities:
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Subcase (b1). y leaves V. In this case:

(7b1) Enumerate x into M.
(8b1) Force y to enter into V.
(9b1) Remove z from M.

Now we have y € V. and 2z € Wg_(.) — M, and the requirement R, is
satisfied.

Subcase (bz). y remains in V. In this case we have z € Wg_(,,.) — M, and
again the requirement R, is satisfied.

The basic module for the requirement S.. We use an w-sequence of
“cycles”, where each cycle k proceeds as follows:

(1) While k ¢ W, wait either for k to enter into W, or for some y; €
Wée(k) - M.
(2) Restrain y;, (if any) from being enumerated into M and stop.

Now suppose that W, <g M via ®.. To prove that in this case W, is
computable, for any k£ € w go through the k-th cycle of the strategy until
a stage s is reached where either k£ enters into W, s or some y, & M, is
enumerated into W, ()[s]. Then k € W, iff k € W, ,. Indeed, if k € W, —
We,s, then we have k € W, and y, € Wo_(ry — M, which means that W, Lo M
via ®., a contradiction.

Interactions between the requirements. We only need to consider the
case when the S-strategies activity of higher priority interfere with the activity
of R-strategies of lower priority.

The only possible conflict in activities of these strategies is the following:
an S-strategy of higher priority restrains some integer y; against M (at step
2 of the S-module), but an R-strategy of lower priority needs to enumerate yy
into M (at steps 4a, 4b and Tby). The obvious solution of this conflict is the
following: enumerate y; into M for the R-strategy, wait for k to enter into
W, in the S-strategy (if this never happens, then obviously this is okay for
the S-strategy), then remove y; from M, satisfying the requirement S, and
possibly injuring the activity of the R-strategy. For the latter we now choose a
new witness and start the activity of the R-strategy from the beginning. The
crucial point here is that we construct a n-c.e. set M for an even n, and we
can always remove the element y; from M which was previously enumerated
into M by the R-strategy.

Construction. We order the requirements R.,S, in an w type list (P,)
and at stage s we consider the requirement P,, s = (n, k), in our list.
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Case 1. P, = R, for some e.

If there is no witness associated with this requirement, we choose an integer
z. bigger than all integers so far mentioned during the construction as a wit-
ness associated with the requirement R and go to the next stage. Otherwise,
we check which step of the basic module for this requirement holds, and act
accordingly. If for an integer m in this stage we have M, (m) # Mq_1(m), then
we initialize all requirements of lower priority. (An S-requirement is initial-
ized by cancelling all its cycles. An R-requirement is initialized by cancelling
of its witness and, therefore, cancelling all its restraints.)

Case 2. P, = S, for some e.

(a) If for each k < s such that k ¢ W, s either there is an integer y; such
that gy is associated with k in a stage s’ < s or =3y(y € Wo ) —
M)[s], then go to stage s + 1.

(b) Otherwise, but for some (least) k < s we have k ¢ W, ,. Then let
yr = py(y € Wa, () — M)[s]. Associate y, with k, restrain gy from
other strategies from now on, and go to stage s + 1.

(c) If there is a (least) k € W, , such that an associated with k in a stage
s’ < s integer y is enumerated into M by a requirement R, e’ > e,
then remove y; from M, and initialize the requirement R./.

(d) Otherwise, go to stage s + 1.

This ends the construction.
Verification.
LEMMA 6. FEach requirement P, is satisfied.

Proof. Let P, be the first requirement which is not satisfied and let s be
the first stage after which no requirement initializes it. (It follows from the
choice of n that there is such a stage s.)

Case 1. P, = R, for some e. In this case the requirement P, is satisfied
with the first witness x. chosen after the stage s.

Case 2. P, = S, for some e. Suppose that W, <o M via ®.. To effectively
compute W, (k) for an (arbitrary) k, continue the construction until a stage
s’ > s such that either k € Wy, or an integer y; is associated with k at stage
s'. Then k € W, iff k € W, . Indeed, suppose that k € W, — W, . Since
W, <qg M, we have y;, € M, which means that a requirement R; of lower
priority enumerates yx into M. But since k enters into W, after the stage s,
by the construction we remove y; from M, a contradiction. O

The first significant result concerning the partial-ordering of the c.e. Q-
degrees was provided by Downey, LaForte and Nies [1]. They proved that
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the c.e. Q-degrees form a dense partial order, just as in the case of the c.e.
T-degrees.

For the n-c.e. degrees, the density problem has some variants. Namely,
studying so-called weak density properties one may investigate the existence
of n-c.e. degrees a < b such that there is no m-c.e. degree c between a and
b for any m < n.

We have mentioned already that it follows from Proposition 2 that, in
particular, for all c.e. sets A and B, we have A — B <o A. In Theorem 7 we
construct c.e. sets A and B such that the strong reducibility A — B <g¢ A
holds with several additional properties. Here we note that for c.e. sets A
and B the strong reducibility A — B <g A is the most prevailing case. First
note, as can easily be shown, that if A is computable and infinite, then for
any c.e. noncomputable subset B C A and any noncomputable c.e. set C
we have C' £o A — B. Further, let A be any infinite noncomputable c.e. set
and B its c.e. subset such that A — B is immune (obviously, for any such A
there exists such a B). Then A ﬁQ A — B. Indeed, if A <o A — B via some
computable function f, then the c.e. set {UWy,) : © € A} must be finite.
Let {ag,...,a,} be all its elements. Then for any z, © € w — A if and only if
Js,y(Vi < n)(y € Wy(a),s & y # a;). Therefore, w — A is a X9-set and A is
computable, a contradiction.

Below combining weak density questions with the above mentioned prop-
erty of n-c.e. sets we prove the following result:

THEOREM 7. There exists a d-c.e. set Ay — Ay such that Ay — Ay <g Ay,
and for every c.e. set W, if A1 — Ay <g W, then Ay <q W.

Proof. We construct c.e. sets A1, Az, Ao C Ay, such that A =A4; — Ay <g
Ay, the Q-degree of A does not contain c.e. sets, and (V c.e W)(A <o W —
A; < W). Obviously, this is enough to prove the theorem.

To ensure that A is not of c.e. Q-degree we meet for all e € w the following
requirements:

Re: ALg Wevia O, V W, £g A via ®..

To satisfy the second property we meet the following requirements for all
e € w:

Se:Al—Ag SQ W, via @, =
= (3 uniformly c.e. sequence of c.e. sets U.)(A1 <o W. via U.).
Here {(We, 0., P¢, ) }ecw is an effective enumeration of all possible triples

of c.e. sets W and partial computable functionals © and . O

The basic module for the requirement R.. This is similar to the
appropriate modules from Theorems 3 and 5. Again for a convenience we
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rewrite the requirements R. as follows:
Re: (3 x)(x & A&We, (o) S WeVa e A&We, (o) £ We)
V(3z)(x  WekiWo, (o) C AV z € WkiWs, (1) € A).
Now we proceed as follows:

(1) Choose an unused candidate z, for R, greater than any number men-
tioned in the construction thus far.

(2) Wait for a stage s such that O.(x.) |, and for some least y. such that
Ye € Wo, (2,) — We. (If this never happens, then . is a witness to the
success of R.).

(3) Wait for a stage s’ such that ®.(y.) |, and for some least z. such that
2e € Wa,(y,) — A. (Again, if this never happens, then y, is a witness
to the success of R..)

There are following two possibilities:

Case a. xo # z.. In this case:

(4a) Put z. into A;.

(5a) Force y, to enter into W,. (If this never happens, then z. is a witness
to the success of R..)

(6a) Protect z, from other strategies from now on. (Now y, is a permanent
witness to the success of R, because y. € Wedz, € W () —A, which
means that W, £¢o A via ®..)

Case b. . = z.. In this case:

(4b) Put z. into A;.

(4b) Force y. to enter into W,. (If this never happens, then z. is a witness
to the success of R.).

(6b) Put ze(= z.) into As. (Now again y. is a permanent witness to the
success of R, because y. € W&z, € Wy, (y.) — A, which means that
We Lo A via ©..)

The basic module for the requirement S.. Again, for convenience we
first rewrite the requirements S, as follows:

Se:(Fx)(x ¢ A&W@e(I) CW.vzxe A&W@e(m) Z We)
V(Vz)(x € Ay & Uer C We).
Now the strategy proceeds as follows: we use an w-sequence of “cycles”,

where each cycle k proceeds as follows:

(1) While k ¢ A; wait for ®.(k) | and some uy, € Wo_(y — We. (It is
clear that otherwise the requirement is satisfied via the cycle k.)
(2) Enumerate uy into U j, open cycle k + 1.



Q-DEGREES OF n-C.E. SETS 1199

(3) Wait for a stage s when k enters A;. (If between steps (2) and (3) ug
enters W, then close all cycles > k and go to step (1) for a new wy.)

(4) Close all cycles > k and wait for a stage s’ when wuy enters W,. (If
there is no such stage s’, then again the requirement S, satisfied via
the cycle k.)

(5) Open cycles > k and close the cycle k.

The module has the following possible outcomes:

(A) Some (least) cycle k eventually waits either at step (1), or at step (4)
forever. This means that we were successful in satisfying S, through
the cycle k since in this case A £g W, via ®..

(B) Some cycle k loops from step (3) to step (1) infinitely often. This
means that k ¢ A and Wy, () € We, and again we were successful in
satisfying S, through the cycle k.

(C) Otherwise, for each cycle k, either it eventually waits at step (3)
forever, or proceeds through step (5). This obviously means that for
all k, k € Ay < U, C We. Indeed, for each k there are following two
possibilities:

Case 1. k & Ay. Then cycle k eventually waits at step (3), which
means that £ ¢ A; and uy, € Ue , — We.

Case 2. k € A;. Then cycle k achieves step (5), which means that
Ue,k g We~

Interactions between the requirements. Note that we enumerate inte-
gers into A; and A only by the R-strategy. But nevertheless the S-strategies
activity interferes with the R-strategies. How do we get U C W, which is
needed in cycle k of the basic module for S., when k € Ay, if, by a R;-strategy,
we enumerate k into Ao, and if ug never enters W,7

There are following two possibilities:

Case 1. i < e. In this case the R;-requirements have higher priority, and
in the S.-strategy we simply close this cycle k. Since there are only finitely
many R-requirements of higher priority, this is enough for the S.-requirement
to be satisfied: if A <g W,, then k € A; < U, C W, for all except finitely
many k.

Case 2. e < i. First note that by the R;- strategy we may enumerate k into
As only in step (6b) of case b. This means that at step (3) of the R;-strategy
we first obtain z. = z.(= k) and then at step (6b) enumerate it into A,. This
lack of co-ordination between R- and S-strategies can be avoided by inserting
between steps (5b) and (6b) of R-strategy the following additional step.

(5.5b) Wait for a stage ¢ such that for all S;-strategies of higher priority for
which some k =z, = z, with k € Ay, Wy, ) € Wi[t].
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If there is no such stage t, then this means that a requirement S; of higher
priority is satisfied diagonalizing its left part (i.e., A £o W;). Since there are
only finitely many S-requirements of higher priority, then for the success of
the R-requirement it is now enough to choose a new witness z. and proceed.

Construction. We order the requirements R, Se in an w-type list (P, )new
and at stage s we consider the requirement P,, s = (n, k), in our list.

Case 1. P, = R, for some e.

If there is no witness associated with this requirement, we choose an inte-
ger x, bigger than all integers so far mentioned during the construction as a
witness associated with the requirement Ry and go to the next stage. Other-
wise, for each witness z. of this requirement we check which step of the basic
module for this requirement holds, and act accordingly. For step (5.5b), if for
each witness z. there is an S-requirement of higher priority S;,7 < e, such
that z. = k € Ay, but ug &€ W;, then for the requirement R, we choose a new
witness ., and go to the next stage. Otherwise, we enumerate k into As and
go to the next step.

If in this stage for an integer m we have Ag(m) # As_1(m), then we
initialize all R-requirements of lower priority. (An R-requirement is initialized
by cancelling its witness and, therefore, cancelling all its restraints.)

Case 2. P, = S, for some e.

(a) Let ko < s be the greatest integer such that for any k < ko, ®. (k)
is defined. (If there is no such ko, then go to stage s + 1.)

(b) For each k < ko such that k & Ay s and U, s C W, s, if there is an
(least) integer uz, € Wo, (x),s —We,s, then enumerate uy, into Ue g s11-

(¢) Go to stage s+ 1.

This ends the construction.

Verification. Let U, = (U,c,, Ue,k,s- It is clear that there is a computable
function f such that Uer = Wy p)-

The proof that the Q-degree of A; — A5 does not contain c.e. sets is similar
to the appropriate claim of Theorem 5: For the sake of contradiction suppose
that P, is the first requirement which is not satisfied and P,, = R, for some
e. Let s be the least stage after which no R-requirement of higher priority
enumerates elements into A; or A,. Let z. be the first witness chosen for the
Re-requirement after stage s.

If . € Aj, then it follows immediately from the construction that R.
is satisfied by the witness z.. Now let ., € A;. We assumed that all S-
requirements of higher priority are also satisfied. This means that there is a
stage s’ > s such that for each requirement S;,¢ < e, if there is k € A but
up € Wo, (1) — Wi, then for some such k£ we have uy € Wq%@,(k) — Wi;.s. Now
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by the construction the first witness x, which is chosen at stage s’ or later,
satisfies the requirement R..

Further, it follows from Theorem 1 that A; — Ay <g A;. Therefore, we
have A; — Ay <Q Aj.

Now suppose that P,, = S, for some e. To prove that S, is satisfied we
assume that A — Ay <o W, via @, ie., ®. is total and for any k, k €
Ay — Ay if and only if We ) € We. Let s be the least stage such that the
R-requirements of higher priority after stage s do not enumerate elements
into A1 or Ag.

We prove that for each k, k enters into A; after stage s if and only if
Ue o = Wiier) € We.

If k ¢ Ay, then by construction Ue j contains an element ux € We_r) —
W, (otherwise we have k ¢ A and Wy _x) C We, which contradicts to our
assumption Ay — Ay <g W, via ®.). Therefore, U, j, € We.

Now suppose that k enters into A; at a stage so > s. By construction
we have Uep, © Wo_ (). If Uep € We, then there is an element uy such
that uy € Uer — We. By construction this means that uy € We ) — We.
But we have k ¢ As since we enumerate k into Ay only if all such uy are
enumerated already into We. Therefore, k € A; — Ay and We ) € We, a
contradiction. U

Now in Theorem 8 below we prove that adding to the construction of
Theorem 7 a variant of a permitting argument for Q-reducibility, we can
achieve that the Q-degree of A; coincides with the Q-degree of the creating
set K.

THEOREM 8. There exists a d-c.e. set Ay — Ag such that Ay — Az <g K,
and for every c.e. set W, if Ay — Ay <q W, then K <qg W.

Proof. We describe the modifications needed in the construction of the
previous theorem. We have to ensure K <g A; through a variant of per-
mitting argument for Q-reducibility. For this we construct (let us denote
this strategy by P) a uniformly c.e. sequence of c.e. sets V. such that
(Vk)(k € K « V, C Ay).

First let us agree that in the previous theorem witnesses for R-requirements
we choose only among even numbers. Now for any k € w, we have:

The basic module for the requirement P.

e Choose a big (bigger than all numbers mentioned so far) odd number
v as a witness for k, enumerate vy into V.

e Keep it out of A; until k enters K.

e Enumerate v, into A; and stop.

Obviously K <g Ay via V = {Vi}kew. Since in Theorem 7 we choose
witnesses for R-strategies only among even numbers, and S-strategies involve
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only numbers enumerated into A; or As by R-strategies, this new modified
strategy does not interfere with the activity of R- and S-strategies, except for
the following possibility: we first choose some odd number vy, as a witness for k
(in the P-strategy), then at step (3) of its basic module an R-strategy obtains
vy as some 2, € Wy, () — A, and later at step (6a) restrains it from other
strategies (to keep it out of A; — Ap), finally this new P-strategy (having
k € K) enumerates v into A;. To avoid this conflict between strategies
we could enumerate vy = z. simultaneously into A; and As, but some S-
strategy in its (K’ = vg)-cycle may wait (having also an appropriate integer
ug, see step 3 of the basic module of S-strategy) for k' to enter into A;. Now
enumerating vy simultaneously into A; and A means that k' = v &€ A, and
if ug & W, this action kills the S-strategy. This difficulty can be avoided
by a priority ordering of the R- and S-requirements (the P-requirement is
the global requirement and does not participate in this priority ordering of
requirements). Then:

e If R has higher priority, then we enumerate vy into A; and A, and
meet the R-requirement and initialize the S-requirement.

e If S has higher priority, then we enumerate v, = k' into Ay, wait for
ugs to enter into W, (if this never happens, then the S-requirement is
satisfied), and then enumerate vy into As.

Obviously this refinement of the P-strategy solves this problem. O

THEOREM 9. LetV be a c.e. set such that V <g K. Then there exist c.e.
sets A and B such that V <g A — B <g K and the Q-degree of A — B does
not contain c.e. sets.

Proof. We will construct c.e. sets A and B so that A O B and the Q-degree
of V@& (A— B) have the desired property. For convenience we suppose without
loss of generality that V' contains only even numbers and will construct A and
B as subsets of the set of odd numbers. Then obviously V @& (4 — B) =q
VU(A-B).

This is ensured by the following requirements. Let n = (e, 1, j).

Rp: A—B Lo W, via ®; or W, £ V & (A — B) via ®;.

We rewrite the requirement R,, as follows:

dr g A—B & Wy, () €W, or
HxEAfB&W@i(x) ZWe, or
JygWe & Wy, () CVU(A-B), or
Jye W, & Wq;].(y) ZVU(A- B).

Basic module for the R, -strategy in isolation. We use an w-sequence
of “cycles”, where each cycle k proceeds as follows:
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Pick an unused odd witness x which is larger than all integers men-
tioned so far and keep it out of A.

Wait for ®;(x) |.

Wait for some y € Wy, () — We.

Wait for ®,(y) |.

Wait for some z € Wy, () —{V U(A - B)}.

If z is an odd number, then enumerate x into A, restrain z from being
enumerated into A and B by the requirements of lower priority. Force
y to enter into W, (otherwise the requirement is satisfied). If z = z,
then enumerate z into B, otherwise (if x # z) keep z out of A and B.

(Now the requirement R,, is satisfied, since y € W, and z € W () —{V' U
(A-B)}.)

(6b)
(7)

If z is an even number, then start cycle k + 1 to run simultaneously.
Wait for £\, K.

(If before step (7) y enters into We, then go to step (3) for a new y. If y
does not enter into We, but between steps (6) and (7) z enters into V, then
return to step (5) for a new z. In both cases stop all cycles > k and remove
all restraints of cycle k.)

(8)

3)

Enumerate = into A, stop all cycles > k.
Wait for y \, We.

Wait for z \[/ V.

Open cycles > k.

Wait for some 2’ € Wy, (,) N A.
Enumerate 2’ into B and stop.

The module has the following possible outcomes:

(A)

(B)

Some (least) cycle k eventually waits either at steps (2)—(5) or at steps
(9)—(10) forever. This means that we were successful in satisfying R,
through the cycle k since in this case either A — B £go W, via ®; or
We £oV @ (A— B) via ;.

Otherwise, some (least) cycle k comes to step (3) infinitely often. This
means that © ¢ A— B, but Wy, () € We. Therefore we are successful
in satisfying R. through the cycle k.

Otherwise, some (least) cycle k comes to step (5) infinitely often.
This means that Jy ¢ W, & Wy, (») €V U (A~ B), and again we are
successful in satisfying R. through the cycle k.

Some cycle k reaches the step (13). This means that we were successful
in satisfying R, through the cycle k since in this case we have y € W,
but 2’ € Wq,].(y) — {V (@] (A — B)}

Otherwise, for each cycle k, either it eventually waits at step (7)
forever, or proceeds through step (7) but then (the only remaining
possibility) it also proceeds through step (11) and never comes to
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step (12). Obviously this means that
FEK = Way )~V £0
(since it contains z),
ke K—Wg,,) CV

(since all elements of W () enter also into V). Since for any given k
the integer ®;(y) is computed effectively before step (7), this means
that K <o V via the computable function f(k) = ®;(y), contrary to
hypothesis.

Interactions between the requirements R, and R,, for n # m. The
only conflict between the requirements R,, and R, for n # m is the following:
R, wants to enumerate some x into A at step (8) which is restrained by R,
at step (1), or R,, wants to enumerate some x into B which is restrained by
R, at step (8).

As usual, we settle this conflict by a priority ordering of the requirements:
if n < m, then we simply close the appropriate cycles of the R,,-strategy,
by cancelling all its restraints. If m < n, then we close the cycle k of the
R -strategy, cancelling all its restraints.

Construction. At stage s we consider the requirement R,, where s =
(n,t) for some t > 0. Let n = (e, 4, j) and k = (t)o.

If there is no number which is R,-associated with k& and for each e < k
some number z7 is R,-associated with e, then R,-associate with k£ the least
number x} which is greater than all numbers so far mentioned during the
construction, and go to stage s + 1. If some e < k have no R,-associated
number, then directly go to stage s + 1.

Otherwise, suppose x} is associated with £.

Case 1. z ¢ A,. Consider following two subcases:

Subcase 1.1. There is a y such that
(a) (v € Wo,(ap) — We)ls],
(b) @;(y) | [s],
(¢) there is an integer z which is greater than all higher priority restraints
such that z € Wy () —{V U (A — B)}[s].

Let y} be the least such y, and 2} be the least z from c) for this yj.

If 27 is an even number and k ¢ K, then set As1 = As, Bsy1 = B..
Otherwise (i.e., if 2} is an odd number or if 2} is an even number and k € K)
set Asp1 = AsU{z}}, Bsy1 = Bs. Initialize all requirements of lower priority.
(An R-requirement is initialized by cancelling its associated numbers and
cancelling all its restraints.)

Go to stage s + 1.
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Subcase 1.2. Otherwise. Set A;41 = As, Bsy1 = B, and go to stage s+ 1.

Case 2. z}} € As;. It follows from the construction that we enumerate
integers into A only in case 1. Therefore, in this case integers y;' and 2} are
already defined.

If yp € Wes, v = 2 and 2} is an odd number, then set A, = A,
Bsi1 = Bs U {z!'} and initialize all requirements of lower priority. If 2 is
an odd number and either yi & W, or a2} # 2z, then set A,y = A,
B.+1 = B, and restrain z;; by priority R, from being enumerated into A
and B by requirements of lower priority. If z¥ is an even number, yr € We s,
zp € Vs, and there is 2’ € Wy () N (A — B)[s], then set A;y1 = A, Boy1 =
B, U {z'}. If 2} is an even number and either y;' & W, or 2z & V;, or
Wa, ) N (A— B)[s] =0, then set A,y = A, Boy1 = B,. Go to stage s + 1.

This ends the construction.

Verification: Let A =]
have the desired properties.

As and B =, Bs. We prove that A — B

SEw SEw

LEMMA 10. FEach R-requirement restrains only finitely many odd numbers.

Proof. Let R, (i jy be the first requirement which restrains infinitely
many odd numbers and let s be the first stage after which no requirement
of higher priority restrains new odd numbers. By construction, only odd
numbers z;', which correspond to an associated with some & number z}, can
be restrained.

After stage s the requirement R, restrains at most one number 27'. Indeed,
if R, restrains an integer z;', then by case 1 of the construction this means
that at a stage s’ > s we enumerated z into A having (y; € Wa, (ap)—We)[5'],
®;(y) L [s'], and 23 € Wo () —{VU(A—B)}s']. lfyi € W, (ap) — We, then
the requirement is satisfied since 2} € A and Wy, (,n) € We. If later yj enters
into W,, then by case 2 of the construction at a stage > s’ we enumerate
zj' into B and again the requirement is satisfied, since in this case we have
yr € W, and W<I>j(y) ZVU(A-B)[s]. O

LEMMA 11. Fach requirement R,, is satisfied.

Proof. Let Ry—(c,i ;) be the first requirement which is not satisfied and let
s be the first stage after which no requirement of higher priority restrains any
new number. (It follows from Lemma 10 that there is a such stage s.) If ng
and lel are two numbers which are associated with kg and k; according to
the R,,- and R,,-requirements, then by the construction we have ng # zpl.
This means that any restraint of 7} does not hinder our work with z;*. (By
construction any requirement R,, of lower priority enumerates into A only
associated with some k numbers 2" which are not equal to :chl, and R,, may
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enumerate into B an integer z;* only if z;* = x}*. Therefore, we again have
.,L.no 7& $n1 )
ko k1°
This means that either for some % the first integer x}! which is associated
with k after stage s satisfies the requirement R,,, diagonalizing A — B against
W, or diagonalizing W, against V @ (A — B), or for each k, either k ¢ K and
there are integers y and z such that z € We () =V, ork € K and Wg () C V.
Since in this case for each k the integer y = y(k) is computed effectively, and
the function ®;(y(k)) is total, we have K < V, a contradiction. O
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