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DIFFERENTIAL GEOMETRY OF PARTIAL ISOMETRIES
AND PARTIAL UNITARIES

ESTEBAN ANDRUCHOW AND GUSTAVO CORACH

ABSTRACT. Let A be a C*-algebra. In this paper the sets Z of partial
isometries and Zao C Z of partial unitaries (i.e., partial isometries which
commute with their adjoints) are studied from a differential geometric
point of view. These sets are complemented submanifolds of .A. Special
attention is paid to geodesic curves. The space Z is a homogeneous
reductive space of the group Uy X U4, where U4 denotes the unitary
group of A, and geodesics are computed in a standard fashion. Here we
study the problem of the existence and uniqueness of geodesics joining
two given endpoints. The space Za is not homogeneous, and therefore
a completely different treatment is given. A principal bundle with base
space Za is introduced, and a natural connection in it defined. Addi-
tional data, namely certain translating maps, enable one to produce a
linear connection in Za, whose geodesics are characterized.

1. Introduction

In their study of the problem of unitary equivalence of operators on a
Hilbert space H, Halmos and McLaughlin [22] proved that the problem can
be reduced to that of the unitary equivalence of partial isometries. In doing
so, they characterized the connected components of the set Z of all partial
isometries on H: the partial isometries x and y belong to the same component
if and only if they have the same nullity (i.e., dimension of the null-space), the
same rank (dimension of the image) and the same corank (dimension of the
orthogonal complement of the image). They also proved that if ||z — y|| < 1
then there exist unitary operators u and v on H such that y = uzv*. This
paper is devoted to the study of the differential geometry of the set Z. In order
to describe the results, we fix a unital C*-algebra A, and denote by G4 the
group of invertible elements of A, by U 4 the subgroup of unitary elements of A
and by P the set of all hermitian projections of A: P = {p € A:p? =p=p*}.
The set 7 of partial isometries of A is defined by 7 = {z € A: z*x,za* € P}.
The differential geometry of P is well known by now, and we often use this
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knowledge in order to obtain results on Z. The main link between Z and P is
provided by the mapping

IT—-PxP, x— (xz",2"x).

Recall that zz* (resp. x*z) is called the final (resp. initial) projection of .
We shall now reformulate the result of Halmos and McLaughlin in geomet-
rical terms. Observe that the map

UaxUyaxZIT—7Z, (u,v,2)— uzv®,

defines a left action of Uy xU 4 on Z. Their result says that the action is locally
transitive, i.e., two partial isometries which are close enough are conjugate by
a pair of unitaries. As a corollary, the connected component of x in Z is the
orbit of x by the action of Uy x U4. Moreover, it is a homogeneous space of
Uy x Uy and a C* submanifold of A = B(H). For a general C*-algebra A,
for which U4 is not necessarily connected, the same argument can be carried
out with U4 replaced by Uy, the connected component of 1 in Uy. The fact
that the connected components of Z are homogeneous spaces of U4 x U4 but
not of U4 depends on the map Z — P x P mentioned above. In fact, U4 has
a left action on P by (u,p) — upu*, and the action is locally transitive (see
B. Sz.-Nagy [38]): If p,q € P and |[p — ¢|| < 1 there exists u € U4 such that
q = upu*. (Originally proved for A = B(H), this holds for any C*-algebra,
where u can be chosen in Uy.) Hence the orbit of p by the action on Uy is the
connected component of p in P. Now, the motion of x € 7 is determined by
the motions of its initial and final projections (spaces) x*z and zz* in P, and
these projections are moved independently. Therefore it must be the group
U4 x Uy which provides the motions of x € Z (if one wants the action to be
locally transitive and to fill connected components).

For a fixed p € P, an important role is played by the space ZP of all
partial isometries with initial projection p: 7P = {v € A : v*v = p}. TP is a
submanifold of Z and naturally carries a left action of U4 which makes it a
homogeneous space of U 4.

The present paper is an addition to the existing literature on the differential
geometry of different sets and maps of operators (and their corresponding
abstract analogues). The reader is referred to [37], [13], [3], [28], [39], [11],
[23], [24] for projections; [12], [28], [29] for n-tuples of projections; [7] for
spectral measures; [8], [9] for nilpotent operators; [15] for selfadjoint invertible
operators; [16], [17], [19], [20] for positive (hermitian) operators; [2], [18] for
representations of groups and algebras, [10] for states; [34], [35] for partial
isometries; and [21], [14], [12] for elements which admit generalized inverses.

Let us describe now the contents of this paper. In Section 2 we introduce
a linear connection in Z, of which we compute the geodesic curves, and inves-
tigate how the geometry of P and ZP plays a role in the geometric properties
of Z. The general theory of reductive spaces guarantees the existence of a
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(uniform) radius R, with the property that if two elements lie at distance
(measured with the norm of A) less than R, then they can be joined by a
unique geodesic of this connection. For instance, for the space P of projec-
tions of A this radius Rp is 1 [37]. In Section 3 we estimate (very roughly) the
geodesic radius for the spaces ZP and for Z. This estimate relates the three
numbers Rp = 1, Rzr and Rz.

The second half of this paper (sections 4 and 5) is devoted to the study
of what we call partial unitaries (there might be another name for them in
the literature that we are unaware of): Partial unitaries are partial isometries
such that the initial and final spaces coincide, or, equivalently, elements v € 7
such that v commutes with v*. We denote the set of all such elements by Zx.
We show that Za is a complemented submanifold of Z (and of A). However,
Za does not admit a (locally transitive) action of a group of unitaries, as 7
does, and it is not a homogeneous space. Therefore, the differential geometric
study of Za is more complicated. First, note that if wy, ws € Za lie at a
distance less than 1, their initial (equivalently, final) projections are unitarily
equivalent. This motivates the study of the following map. For each fixed
peP,

7TpA AP = A= {(o, ) € Ua x Uyq : apa™ = fpB*} — Ia,
TrpA(aaﬁ) = Ofpﬁ*

If w; is in the range of this map and we € Za satisfies ||wg — w1|| < 1, then
wy also lies in the range of 7rpA. In other words, the range of this map fills
connected components.

We show that this map is a smooth principal bundle, with structure group

Gp={(91,92) €Ua xUax : gip=pgi, i = 1,2 and g1p = gap}.

We introduce a connection on this principal bundle, and compute the hori-
zontal lifting differential equations. These enable one to perform the parallel
transport of elements in the fibres. However, our interest is in a connection
in the tangent bundle. Unfortunately, this cannot be established in the usual
manner in differential geometry because the structure group G, does not act
on the tangent spaces of Zo. We therefore introduce a linear connection
by means of a distribution of isomorphisms between the horizontal spaces.
Namely, if (o, 3), (d,¢) € A, and K4 gy, K(s,c) denote the corresponding hori-
zontal subspaces, we define a smooth distribution of (real) linear isomorphisms

d,€ .
T)p  Kiap) = Koo
with the following properties:

(1) T =id.

8,6 \ — a,
(2) (125) "t =130
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(3) The distribution is equivariant with respect to the action of Gp: If
(gl,gz) S Gp and (x17.'];‘2) € K:(a’g), then

3, dg1,
(Tys(x1,22)) - (91,92) = TR0t 52 (v191, T292).-

These maps, combined with the horizontal liftings, provide a parallel transport
of tangent vectors in TZx, and therefore a linear connection. The geodesics of
this connection are not explicitly computed, but we show that their (horizon-
tal) liftings satisfy a linear differential equation. This implies, in particular,
that geodesics of this connection in Za exist for all ¢ € R.

Throughout this paper, if p is a projection, we write p =1 —p. If g € G4
and z € A, we set 29 = grg'.

2. The reductive structure of 7
The group U4 x U4 acts on Z by means of
(u,w) - v =uvw*, u,w € Uy, veT.

The action is locally transitive, two partial isometries at distance less than
1/2 are conjugate by this action, with a pair of unitaries which can be chosen
by an explicit (and smooth) formula that gives local cross sections for the
action. Indeed, note that if vg,v € Z are such that |jvg — v|| < 1/2, then
[lvovg — vo*|| < 1 and |Jvgve — v*v|| < 1. Then [37],[36] there exist unitaries
v,0 € Uy, which are smooth functions of vy, v, such that vvjvor* = v*v and
ovgvio™® = vv*. Put v = vv*of + o (1 — vovy); then the pair of unitaries (v, v)
satisfies

v = v.
In other words, the map
frog :{v €L flu —wol| <1/2} = Ua X Ua, fivy(v) = (v,v),

is a C'*° cross section for the action.

Let us fix a partial isometry vyg. We will describe the isotropy subgroup
and the tangent spaces based on vg. The isotropy subgroup V,,, C Ua x Uy
is

Vvo = {(fvg) € U.A X UA : fUO = UOQ}'

Note that if (f, g) € Vi, then f commutes with the final projection py = vovg,
and ¢g commutes with the initial projection ¢y = v§vo.
Let m,, be the map (in fact, the C* fibre bundle [1])

Twg : Ua X Ug = I, Ty (u, w) = uvgw™.

The tangent space of Uy x Uy at (1,1) can be identified with Agn X Agp,
where A, is the real Banach space of antihermitian elements of A. Let
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dvo = d(Tuy) (1,1, 1€,
Ovg = Aah X Aah — TLy,, 6y (x,y) = 09 — VoY.
In particular, this implies that
TZ,, = {zvo —voy : T,y € Aan}-

The tangent space (and Lie algebra) (T'V,,)1,1) = Vu, is equal to the kernel
of §y,-

We shall introduce a reductive structure on Z, that is, a (real) closed linear
subspace H,, of Aun x Asn with the following properties:

(1) Hoy ® Vi = Aan X Aan.
(2> ad(f’ g)(Hvo) = HUO'

Here ad(f, g)(z,y) = (z/,y9).
Consider the linear map

Y t A= AXA,
Yoo (a) = (avd — voa™ + voa™vovy, a* vy — via + 2uiavivg).

The following result is a straightforward computation.
LEMMA 2.1. 0y, 0 Xy, 0 0yy = Oy -

Note that, in particular, the range of 3, 0 d,, lies in Ay X Agp. The map
Yo 0 0y, is therefore an idempotent in the Banach algebra Bg(Agn X Aqp) of
real linear bounded operators on the space Aqp, X Aqn, whose kernel is equal
to the kernel of 6,, = V,,. Therefore, its range is a complement of V,, in
Agn X Agpn. Let us define

Hy, = R(Zvo o 51}0) = R(Zvo|(TZ)UO)'
Explicitly, H,, C Aqn X Agp is given by
Hy, = {(xpo + Pox — Pozpo — voyvy, Yqo + GoY — 2qoyqo) : T,y € Aan}-

We claim that this space is an invariant complement of V.

LEMMA 2.2. If (f,9) € Vi, and (z,y) € Hy,, then
ad(f,9)(x,y) = (¢!, y9) € Hy,.
Proof. The element (x,y) is of the form X, (avg — vod) for a,b € Aup, ie.,
& = apo + poa — pobpo — voavy, and y = qob+ bgo — 2qobqo.
Then
wl = fapof* + fpoaf* — fpoapof* — fuobvs f*

= a’po + poa’ — poal py — vobu;,
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where in the last term we use the relation fvy = vgg. Analogously,
y? = qob? + b%q0 — 2q0b?qo.
Then (z/,y9) = ¥,, 0 8y, (af,b9), which lies in H,, because af,b9 € Ay, O

This reductive structure induces a linear connection in Z. We are interested
in the exponential map and the geodesic curves of this connection. These can
be computed in a standard fashion [26] (see [33] for a C*-algebraic framework).
For instance, if € TZ,,, then the unique geodesic v(t) € Z with (0) = wvg
and 4(0) = x is

y(t) = eSryge= 2,

where £ = (£1,&2) = Ey,(x). Geodesics starting at an arbitrary point v =
uvow* € T are transports of geodesics starting at vo: v(t) = wy(t)w* with
v as above. Note that the action defines linear isomorphisms between the
corresponding tangent spaces. As usual in the case of homogeneous spaces, it
follows that the local structure of Z can be studied on the neighbourhoods of
Vo.

The projections py and gg enable one to regard the elements of A as 2 x 2
matrices. Let us describe the matrices of horizontal elements £ € H,,. If £ =
(€1,82) = (zpo +Ppox — poxpo — VoyYVs, QoY +Yqo — 2qoYqo), ¥* = —y, =¥ = —x,
then it is straightforward that & is of the form

£ = ( T11 3312) € = ( 0 y12)
—ziy 0 o ’ —Yia 0 %

with x7; = —z11. The subscripts pp and g here indicate that the matrices
are regarded with respect to these projections.

We conclude this section by recalling the connections of the homogeneous
spaces P [13] and Z% (denoted by Sy, (A) in [6]). This will make apparent
the close relationship between these geometries.

THEOREM 2.3. The geodesics of P, starting at qo, are of the form p(t) =
etz qoe 2 where & is the second coordinate of € above.

The geodesics of T%, starting at vo, are of the form o(t) = e*€1vy. where
&1 is the first coordinate of & above.

3. Existence of geodesics joining two given endpoints

In [13] (see also [36]) it is shown that two projections p,go € P such that
lp — qo|] < 1 can be joined by a unique geodesic. In [4] there is no estimation
of the geodesic radius of Z%. The general theory shows the existence of a
number 1 > R > 0 with the property that two elements v’,v” € 7% such that
|lv" —v”|| < R can be joined by a unique geodesic. In this section we relate
this constant R with the geodesic radius of Z, and also give a rough estimate
for R.
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Let v,v9 € Z be two partial isometries. We want to establish the existence
of a geodesic curve joining v and vy.

Let us denote by H;, ,H, the subspaces of the first and second coordinates
of elements of H,,, i.e.,

gl "
Hoy = Hyy X Hoy, -

PROPOSITION 3.1.  Suppose that ||v — vo|| < min{1/2, R/4}. Then there
exists a unique £ = (£1,&2) € Hy, such that v = eStvge™%2, with ||&1]] < R and
[1€al| <.

Proof. First, note that |[v*v—go|| < |[[v*v—v*qol|+|[v* go—vgvoll < ||v*|]]v—
voll + [[v* — vl < 2||v —wo|| < 1. It is known [13] that two projections at
(norm) distance strictly less that 1 are joined by a unique geodesic of the space
of projections. Therefore there exists a unique & € A,p, with ||&f <
£ € My, such that v*v = es2qoe €. Let © = ve?. Then it is clear that
"0 = qq, i.e., 0 € 9. We compute

19— voll = [lve* —voll < [lve® — vl + [Jv = wol| < [l = 1| + [Jv — woll-

Let us estimate ||e$? — 1||. This norm is equal to r(e$? — 1) (where r is the

spectral radius), which is bounded by 1/2(1 — cos(||&2]])). In [36] (see also [5])

the norm ||€2]| is computed in terms of the projections gg and v*v, namely,
I€2|| = arcsin(]|go — v™v]|) < arcsin(2||v — vol|)-
Therefore,
¢ . (1 .
les? — 1| < 2sin 3 arcsin(2||v — vg]|) | -
Note that if 0 < ¢ < 1/2, then arcsin(t) < 3¢. It follows that [e%2 — 1 <
3|lv — vol|, and therefore
[0 —voll < 4flv—woll < R.

Hence there exists a unique & € H,, with ||£;]| < R such that e $vg = 0. In
other words, we have found & = (&1,&2) € H,, such that

eSlyge 82 = pe 8 = v, O

Let us now give a rough estimate for R.

Let V = {z € Aun : wpo = 0}. Note that V is a complement for H;, in
Agp. (In fact, it is the Lie algebra of vertical elements of the homogeneous
space Z% [4].)

Our estimate will be based on the map

v:Au — Aan, v(z) =log(e®"e™),
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where
r =y +Ty

is the decomposition of x with x4, € H;,, and 2y € V, and log is the analytic
inverse of the usual exponential of antihermitian elements, on a neighbourhood
of 1 € Uy, ie., log is defined on {u € Uy : |Ju — 1|| < 1} as the series

_1\n+1
log(u) = Z %(u —-1™

Note that since zy = qoxango, (Where x4, is the antihermitian part of x), we
have ||zy| < ||zan]] < ||z]]. On the other hand, we have the obvious estimate
|zl < 2|jz||. Clearly dvg = I. Therefore v is a local diffeomorphism around
the origin. Let B,.(0) denote the ball with centre 0 and radius r in Agp.

LEMMA 3.2. v : B,(0) — B,/2(0) is a diffeomorphism for r = 0.036.

Proof. Recall the usual proof of the Inverse Function Theorem in the con-
text of Banach spaces (see, e.g., [30]). Let v = id —v. We need to estimate
the norm of the differential of v at a € Ay,

dve(x) = & — dvg(z).

Let b,y € A, and let E be the usual exponential, E(y) = e¥. Then dEy(y) =
LebTtv| _ . This derivative is equal to the series

1 1
Y+ §(yb+by)+ g(yb2+byb+b2y) + -

Analogously, if u € U with |Ju — 1|| < 1, dlog,(x) is given by

1 1
CE*5((’U,*l)l’#’l’(ﬂ*1))+§((U71)2I+(U71)1’(U71)+I(U71)2)7' .
A straightforward estimate yields

1
[dlog, || < s——7-
1= flu—1]

Let us set exp(a) = e®™e®. Then dv,(z) = = — d10geyp (o) (dexp,(z)), and

||d’}/a($)H < ||.’IJ - dlogexp(a) ((E)H + ||dlogexp(a) [l’ - dexpa(x)]H
[exp(a) — 1 1
— llexp(a) = 1|}~ 1 = exp(a)

< —d .
SER gy lle — desp, ()]

Let us estimate ||z — dexp,(x)]|. As above,

d i d e
dexp,(z) = eI et et eIy |

dt t=0
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Note that e Hten ’fzoe“" is equal to

1 1
<x71 + §(GH$H + xpan) + +6(CL${$H + anrran + Trad) + . ) e

= (#n + Rya5 (23)) (1 + (* = 1))
=an +ax(e® — 1)+ Ro g, (Tr)e™.

Analogously,

d
ﬁeaxﬂrtzv't:o =y + (eaﬁ _ 1)55\) + eaHRZ,a\; (l’v)

Therefore ||z — dexp,(x)]|| is bounded by
[za/[le® = U + [ R2,an (22| + v l[€®* = 1| + [ Ra,a0 (2)]]-

Note that ||Rap(y)| < |lyll(elll — 1). Recall the estimates |e* — 1| <
2sin(]|2]|/2), ||zv|| < ||z]| and ||z2|| < 22| for z € Aup. Therefore

|2 — dexp, (z)|| < 2[|ax|sin((lav][/2) + 2[|lzy | sin([lax]|/2)
+ lzwll (el — 1) + [y | (el — 1)
< |lz||{4sin(]|a]|/2) + 2sin(]|a]]) + 2¢2llell 4 ellall — 3}.

e

We also need to estimate ||exp(a) — 1|| in terms of ||a||:
lexp(a) — 1| = [le®™e™ —1[| < [le*e™ —e™ || + [le* —1]]
< 2sin(||a||) + 2sin(||al|/2).
It follows that ||dv,|| is bounded by
1
1 —2sin(/[al|) — 2sin(||al|/2)

Therefore, if ||a]] < 0.036, then ||dvy(a)| < 1/2. As in the proof of the Inverse
Function Theorem [30], this implies that v : B,.(0) — B, /2(0) is a diffeomor-
phism. O

{6sinlall/2) + 4sinlal)) + 2¢21°0 + el — 3}

For z € A, with small norm, as in our case, we have in fact the equality
le* =1 = 2sin(]|z]|/2).
Therefore z € B,./5(0) if and only if |[e* —1|| < 2sin(r/4). In other words, the
above lemma states that the map
exp: Br(0) = {ue€ Uy :|Ju—1] < 2sin(r/4)}

is an analytic diffeomorphism for » = 0.036.
For the uniqueness part we shall need the following result:

LEMMA 3.3. Let £ & € H,, be such that eSvy = ef vy with ||€]],||€]] <
d=1n(5/4). Then § =¢'.
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Proof. Let u: A — A be the (real) linear map
w(x) = zv§ — vox™ Po.
Clearly [|p(x)] < 2||z||. If z € A, let = xp, + x4p be the decomposition of
into its hermitian and antihermitian parts. Let
0: A— A,
0(x) = 1(E (Tah — PoTahP0) Vo) + PoTanPo + Th — Vo,
where F is the usual exponential. Clearly this map is C*°. The differential
of 6 at the origin is the identity. Indeed,
do(z) = p(dEo(Tah — PoTanPo)Vo) + PoTanPo + Th
= (Zanvo) + PoZanPo + Tn
= TahP0 — P0TqP0 + PoTanPo + Th
= TahPo t TahPo + Th = T.
It follows that 6 is a local diffeomorphism with 6(0) = 0. We proceed as
in the previous lemma, considering the auxiliary map v(z) = = — 6(z) and
estimating ||dv,|. Now
dva(x) = @ — d0o(2) = Zapn — PoTanPo — H(dEa,, (Tan)vo)
= u(xahvo —dE,,, (a:ah)vo).
Therefore

ldva(@)]| < 2l|zan — dEa,, (wan)| < 2]l (!N —1).

Thus ||dv.]| < 1/2 if ||a|| < In(5/4). As above, this implies that 6 : B;(0) —
Bg/2(0) is a diffeomorphism for d = In(5/4). Note that the map 6 + vo
restricted to H;, N Bq(0),

0+ vo : Hl,, N Ba(0) — p(E(H, v0)), &+ e vo,

is bijective. Therefore, if £,&" € H;, with [|€]],[[{']| < d = In(5/4) satisfy
efvg = et v, then p(efvg) = p(ef vy), that is, (€) = 0(¢'), and therefore
E=¢. U

Note that In(5/4) ~ 0.223, which is larger than the value of r that we
estimated. We can summarize both lemmas as follows:

COROLLARY 3.4. Letr > 0 be such that exp is a diffeomorphism on B,.(0)
(with v < d). If a partial isometry v € T% satisfies that ||[v — vgl] < € =

%sin(r/ll), then there exists a unique & € H, such that v = eSvg with

1€]] < 2r.
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Proof. Suppose that ||v — vg|| < e. This implies that ||[vv* — vov|| < 2e <
1. It follows [6] [36] that there exists a unitary element w € Uy such that
woguiw* = vu* and |w — 1|| < |lov* —veud| < 2e. Let s = vod + (1 — vv*)w.
It is clear that this element is also a unitary of A and verifies

SVUgp = V.
Note that 1 — s = v(v* —v§) + (1 —vv*)(1 — w). Suppose that A is faithfully
represented in H. Since v and 1 — vv* have orthogonal ranges, if n € H,
(s = Dll* = [lo(o™ = vi)nll* + 11 = vo*) (1 — w)n]*.
It follows that
s — 1]| < V3e = 2sin(r/4).
Hence there exists a unique a € B,.(0), with a = ay + ay as above, such that
s = exp(a) = e*e™. Note that ayvg = 0. Therefore
v = svg = e™Me™yy = e My,

with |lax]|| < 2||a|| < 2r. Take £ = ay; then £ is clearly unique. O

The above result shows that the value R in Proposition 3.1 satisfies R >

0.0034.
We combine these facts in our main result, which is as follows:

THEOREM 3.5. Let r > 0 be such that exp is a diffeomorphism on B,.(0)
(r <d). Ifv,vy € T satisfy |[v—wvp|| < r’ = min{1/2, 4% sin(r/4)}, then there
exists a unique geodesic with velocity vector &€ = (&1,&) such that ||&1|| <
l€2]| < 7, which joins v and vg.

4. Partial unitaries

Let us call partial unitary a partial isometry w such that the initial and
final spaces coincide. Equivalently, w*w = ww* = ¢, or w is a unitary element
of the reduced algebra qAq. Let

In={weT : ww' =ww}= U Ugag-
qEP

In [1] it is shown that this set Za, or rather its connected components, are
C°° submanifolds of Z (and of A). In this section we study the properties of
this set.
First let us describe the tangent space of Za at w. Differentiating ww* =
w¥w, we get
(TZA)w ={72€TZy : 2w+ w'z = zw" + wz"}.
An alternative description is

(TZIA)w ={2z € TZ, : w*2q = wz* G},
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where ¢ = w*w = ww*. Indeed, suppose first that z € TZ,, satisfies w*zq =
wz*q. We have z = zw — wy for some x,y € Ay, Then wz* 4+ zw* =
xq — qr and w*z + z*w = yq — qy, and so wz*q = —qxq and w*zq = —qyq.
Our assumption w*zq = wz*q then implies qzg = qyg. Since x and y are
antihermitian, this implies that xq—qx = yqg—qy, i.e., wz*+2w* = w*z+z*w.
On the other hand, multiplying this relation on the right by ¢ yields wz*q =
w*2q.

We now construct a natural principal bundle over Za (which is not a ho-
mogeneous space). Fix a projection p in A. Let

A=AP={(a,B) €Uy x Uy :p®=p°}

First note that A is not a subgroup of U4 x U4. It inherits a right action
from the group U4 N {p} x Ua N {p}. In fact, we shall be interested in a
subgroup of this group and its right action on A. Consider the map

WIJA tA —>IAa WI)A(Oé,ﬁ) = O‘pﬁ*7

given by the restriction to A of the map m, defined in Section 2. Note that
this map is indeed well defined, i.e., takes values in Za: If w = apB* with
(o, ) € A, then ww* = p® = p? = w*w. Clearly this map is C*. Let us
examine the fibre of 7rpA over p. If apf* = p, then elementary computations
show that a and 8 commute with p and ap = Bp. Let us set

Gp ={(91,92) € A: g1p = pga}-

It is clear that G, is a (Banach-Lie) subgroup of U4 N {p}’ x U4 N {p}’, and
therefore acts on A by right multiplication. Also, it is clear that this action
is free.

The range of 7rpA consists of all partial unitaries w such that their unit
ww* = w*w is unitarily equivalent to p. This set fills connected components

(see [1]).
THEOREM 4.1.  The set A is a C° submanifold of A x A, and the map
7rpA A — Th, ﬂﬁ(a,ﬁ) = apf”
is a C* principal bundle with structure group Gp.

Proof. Themap 7 :Uyg — P, w(u) = p* is a C* submersion [13]. Therefore
the map # x 7 : Ug x Ugq — P X P, (u,v) — (p*,p¥) is also a submersion.
The subset D = {(q,q) : ¢ € P} C P x P is clearly a submanifold of P x P.
It follows that A = (7 x 7)~(D) is a submanifold of U4 x Uy.

To prove that the map 7rpA is a principal bundle, it will suffice to construct
smooth local cross sections. Fix wg = aopf;. Let w € Za be such that
|lw — wo|| < 1/2. Then there exists a unitary u = u(wp,w) € Uy, which
is a C* function on the parameter w such that uagwiwoaiu* = p [1]. Let
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w' = uopwagu*. Clearly w’ is a unitary of pAp. Put
o =w?+1—p, B =uw+1-p.
Then o', 3" are unitaries in A which verify o/ps’™* = w’. Finally, put
a=ajud, B=ajuf.
A straightforward computation shows that apB* = w. Also note that
p* = aju*a’pa’ uag = apu*puay = wiwo,

and analogously p® = wiwy. It follows that (a, 3) € A. In other words, we
have found a C* cross section o, (w) = (o, 8) = (o, Byw) for 7TpA, defined on
the neighbourhood U,,, = {w € Za : |Jlw — wo|| < 1/2} of wy in Za. These
cross sections provide equivariant trivializations for 7TpA in a standard fashion
[25]. O

Next, we shall introduce a connection in this principal bundle. To do so,
we must first compute the tangent spaces of A and the fibres (ﬂﬁ)*l({w}).
Let (a(t), 5(t)) be a smooth curve in A with «(0) = «, 5(0) = 3, &(0) = a,
ﬁ(O) = b. First note that since «(t),S(t) are unitaries, a*a,aa™,3*b, b3*
belong to Agp. Next, differentiating a(t)pa™(t) = B(t)ps*(t) at ¢ = 0 shows
that apa™ + apa™ = bpB* + Bpb*. Note that

apa” + apa” = (aa”)p® +p®(aa®) = (aa”)p® + p*(—aa”) = [ac”, p®],
and analogously bps* + Bpb* = [b3*, BpB*]. Since apa™ = BpB*, we have
(TA)(a,p) = {(a,b) € Ax A:aa”,bF" € Aap, [ac™ — bB™, apa™] = 0}.

The tangent space of the fibre of 7rpA over apf* can be computed in a similar

way. Let (w1(t),wa(t)) be a curve in A such that wq (¢)pw3(t) = apf*, with
W1(0) = z,W2(0) = y. This implies that (a*wi(t), 5*wa(t)) € Gp. Therefore,
denoting by €2, ) the “vertical” space over apB*, that is, the tangent space
at (a, 3) of the fibre of 7rpA, we get

Qap) = {(z,y) € Ax Aoz, By € Aup N {p}', and o’ zp = B yp}.

Equivalently, Q4 6y = {(7,y) : (a2, 3%y) € G,}, where G, denotes the Lie
algebra of Gp.
A connection in the principal bundle consists of a distribution

(@, 8) = K(a,p)
of subspaces of (T'A)(,,3) with the following properties:

(1) Ka,p) ®Lap) = (TA)(a,p)-

(2) The distribution is smooth, i.e., if (4, B) is a smooth tangent vector
field on a neighbourhood of («, 3) in A, then the vector (Ax, Bx),
which is the (pointwise) projection of (A, B) onto K, is also smooth.
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(3) The distribution is equivariant under the action of G,. Note that
because the right action of G, on A is in fact the restriction of a linear
action, this property is equivalent to K(ag, 8g.) = K(a,8) - (91,92) for
any (g1,92) € Gp.

An element o*x commutes with p if and only if za* commutes with p®, and
analogously for 3*y. Therefore it is clear that Q, g) C (T'A)(4,3). Moreover,

Qa,p) C 2 C(TA)(ap):
where
Z:={(z1,22) : 10", 220" € Aqp, and commute with p®}.

In order to find a complement for €, g) in (T'A),, g) we shall construct a
complement for 2 in Z and add it to a complement of Z in (T'A), g)-

Observe that (z1,22) € Z if and only if a*z; and %z are antihermitian
elements of A which commute with p. Therefore a natural complement for
Q(a,p) in Z consists of all pairs of matrices (in terms of p) of the form

c 0 —c 0
O‘((l)1 0> ’5< 011 0)'

Next, we find a complement for Z inside (T'A)(q4,4), or, equivalently, a comple-
ment for Z-(a*, 3*) inside (T'A) (4,5 - (@*, 8*). These subspaces of Aun x Aan
are, respectively,

{(v1,v2) : v, p*] =0,i = 1,2} and {(x1,22) : [v1 — x2,p"] = 0}.
The condition [z1 — 22, p*] = 0 means that in the decomposition (in terms of
p®) into diagonal and codiagonal matrices, the elements x; and xo have the
same codiagonal part. A natural complement for Z in (T'A)(,, ) is the set
{(a,a) : a € Aup, is codiagonal with respect to p®} - (a, B).

Instead of describing explicitly the complement K, gy, let us write down
the projection P, 5 = Pk, that corresponds to this decomposition of
(TA)(a,p)- After routine calculations we get

Piag (2, y) = (Z,7),

where
~ 1 (0% * (0% (0%
(4.1) T = 5(1) xr —apfry)p +p*z(l —p) + (1 - p“)zp,
.1 N
(4.2) j= i(pﬁy — Bparz)p + pPy(1 —p) + (1 — p°)yp.

It is clear that the map (a,3) — P,5), as a map from A to Br(A), is
C®°. Thus the smoothness requirement is fulfilled. Moreover, if (g1, g2) € Gy,

then (ag1)p(Bg2)" = apB*, Bgap(agr)” = ((agip(Bg2)*)* = (apB*)* = Bpa*
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and agip(agi)* = Bgap(Bg2)* = apa*. Therefore, if 2,y € (T'A)(,,3 and
P, s(x,y) = (Z,7) are as above, then

(#,9) - (91, 92) = Pag, pg.(791,Y92)

(where (zg1,y92) € (T'A)(ag:,8g0))s 1-€., the distribution (o, 3) — K4 g is
Gp-invariant. Therefore we have the following result:

PROPOSITION 4.2.  Let Ko 3) = R(P(a,3)). Then the distribution
(avﬁ) = ’C(a,ﬂ)

A
7Tp.

defines a connection in the principal bundle
The differential of 7TPA at («, ) is the map
0ot (TA)(a,8) = (TZa)w; ba.p(a,b) = apB™ + apb”,
where w = ap3*. Note that (), g is the kernel of J, 5. It follows that
bapli, ,  Kap = (TZa)w

is a (real) linear isomorphism. A useful description for the connection is the
distribution of the inverses x4 g := (5a1g’K 5)71, given by

ka8t (TZa)w = Koy Ka,p(2) = (2,9),

where

-, 1 (0% (0% *
=5 2f0p + (1 — p®)zBp — Bpa™za(l — p),

g = f%ﬁpa*wp — Bpa*zB(1 —p) + (1 — p)zap.

Let us conclude this section by computing the horizontal lifting differen-
tial equation of this connection. Fix w = apB* and a piecewise C' curve
Y(t) € Ia, t € [0,1], with (0) = w. We seek a piecewise C* curve I'(t) =
(T'1(t), To(t)) € A such that T lifts  and I is horizontal, i.e.,

72 (D(t) = T1(t)pls(t) = (1)
and
I'(t) € Kr, t € [0,1].

Differentiating the first condition, we get 5p(t)(f(t)) = 4(t), and since I'(t) €
Kr(t), applying p(;) we obtain the differential equation

(4.3) D(t) = ke (3(1),
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or explicitly (omitting the parameter t)

Iy = STipliilap + (1 =T1pI'})4T2p — Topl' 1AL (1 — p),

: 1 . . -
Ty = —5TaopliiTap + (1 —=T1pl'})3T1p — Topl'iAT2(1 — p).

If we make the (a posteriori) assumption that I" lifts 7, these equations may
be rewritten, using the relations I'ypI'5 = v and I'1pI'] = 7"y = yy* = T'apl's,
in the form

(4.4) F1={57 o e € e ) o s A e T ' v)}Fl,
(4.5) Iy = {—57 Y7y + (L =y ) gy — v (1 — v 7)}F2~

We shall use the latter equations, and prove that their solutions lift v hor-
izontally. Note that these equations are linear, and therefore existence and
uniqueness under initial conditions are guaranteed.
We need the following result (see [32]): If Q = ¥Q is a linear differential
equation in A such that Q(tg) € U4 and X € Ay, then Q(t) € Uy for all ¢.
To apply this result, we require the following lemma.

LEMMA 4.3. Let 7y be a piecewise C* curve in In. Then both

el + (L =" )" =1 = 7"y)

and

=57+ A=Y = (L =)

lie in Agp.

Proof. Note that both terms share the last two summands. To prove the
lemma, it suffices to show that

37 =57ty and 1=y =91 =~"y)

lie in A,p. We first deal with the last term. Differentiating (1 — v*y)y = 0,
we get

(L= v+ T ="y =0.
Multiplying by v* on the right (note that v and v* commute), we obtain
(Y)Y =-1=7") " =0 =777
Analogously, we have

=¥ (YY) = =y (1 = ).
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Therefore,

=D =790 =) = (V)™ =" ()
which is antihermitian because (y*7)" is selfadjoint, since it is the derivative
of a curve of selfadjoints. Next, note that v = vy*vy implies

(4.6) Y= VY -
Multiplying this relation by +* on the right yields
= Y
ie.,
VYAV = =y = = ()"
Analogously, we obtain Y*4y*y € Aqgp. O

THEOREM 4.4. Let be a piecewise O curve in Ia with y(to) = w = apf3.
Let T'y, 'y be the unique solutions of, respectively,

3 1 * s % * < x * + *
I = {57 YV A+ L=y )3 = (1 = 7)}F1
and
P2 = =57 17" 7+ A =797 =791 =) ¢ T2,
with initial conditions T'1(tg) = a and Ta(te) = 8. Then T' = (I'1,Ts) is the
horizontal lifting of v with T'(to) = (a, B).
Proof. Set

1 * s % * sk B *
Ev=57 T+ L=y = = 9™)

and

Dy = =57 Y+ A=)y =1 =)

The above lemmas show that I'1, ' lie in U4. Let us prove that I' lifts v, i.e.,
that I'1pI's = ~, or, equivalently, I'}yI's = p. Differentiating the right hand
side of this relation, we obtain

(DfAT2) = T§ATs + TTAT + DTy = T (=S1y + 4 + 45T,
If we set ¢ = v*y = 7", then

. 1. . .1 C
—Ey 08 = —5aie - e+ - 54— a¥a = 49d

Note that vg = (1 — v*y) = 0, and similarly gy = 0. Therefore

d _ _ e
0= a{qvq} =—qYq+q7q — qvq4 = q7q.
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Hence (1“1‘"71"2) = 0 and T} (t0)v(t0)T2(to) = p, and thus T';pl's = 7. Note
that this implies, in particular, that I' € A: Indeed, we have

Lipl'] = Lipl5(Papl'y) = vy = v*y = Dapl's.

Finally, we check that I" is horizontal. Since we know that I' lifts ~, we
can reverse the argument leading to the equations (4.4) and (4.5), and obtain
that these equations are equivalent to the condition

I'=«kr (7) S ’CF,
i.e., that I" is horizontal. O

5. A linear connection in Zx

In this section we introduce a linear connection in Zn. We shall use the
horizontal lifting equation in order to define a parallel transport in the tangent
bundle of Za. To do this, one piece of data is still missing: We need a way
to move elements from one horizontal space to another, i.e., we need a map
K(a,p) = Ks,e), defined for any (o, 5), (d,€) € A, which is equivariant under
the action of G),. We construct this map through an intermediate coordinate
space. Consider the set

C ={(a,b) € Aup, X Agn : pap = pbp = 0, pap + pbp = 0 and [a — b, p] = 0} .
LEmMMA 5.1.  Let (o, B) € A. Then the map
Cap:C— (", 0) Kiap),
ca.p(a,b) = (a, pbp + (pbp + pbp)”"*)
is an isomorphism with inverse
¢ l5(@,y) = (x,pyp + (pyp + Pyp)* "),

Proof. That the maps above are inverses of each other is clear, in light of the
fact that a* 3 commutes with p. The fact that c, g maps C onto (a*, 5*)-K (4, g
requires a proof. Note that, by (4.1) and (4.2), (a*, 3*) - K(a,3) consists of
pairs (a*Z, *g) with

1 * (0% (0%
= §(p%—apﬂ y)p+pz(l—p) + (1 —-p*)xp

ISH

and

1 .

j= §(p5y — Bpa*z)p + pBy(1 — p) + (1 — p°)yp.
Then we have

o= %p(a*w)p - %p(ﬂ*y)p +p(a’z)(1 = p) + (1 = p)(a*z)p,
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where a*x, 8*y € A,n, and an analogous relation holds for 3*. Given this de-
scription, observe that (a*, 3*) - K(4,) consists of pairs (r, s) of antihermitian
matrices (in terms of p) satisfying the following relations:

(1) 711 + S11 = 0.

(2) T92 = S22 = 0

(3) r — a*Bsf*a commutes with p.
Consider c;’lﬁ(r, s) = (a,b). Clearly the first two relations are preserved.
There is an alternate description for ¢, g (and for cglﬁ), namely

. l5(r,s) = (r, %P + psp — ps* Fp).

Hence a — b = r — s* P 4 psp — ps® Pp, where r — s* P commutes with p
by the above description, and the other summands lie in pAp. This proves
that c;’lﬁ((a*, B*)-K(a,p)) C C. An analogous argument shows that c, g(C) C

(o, 8%) - K(a,p)- O
We can now introduce the transport map

Tg’,; Ko — Ks,e
(5.1)

Lo = . Cars ot ow lis.e
K(a,8) “ (0,8 ) K -5 C 2 (0%€) Ko & Ks,e)-

Explicitly, we have

Ti’%(x, y) = (da™z, da*yB ade — dpa*yB*ad*ep + epB*yp).
Note that this map has the following properties:
T =id and (T25) " =T5".

av

We now show that it is equivariant:

PROPOSITION 5.2.  Let (o, 3),(6,€) € A and (g1,92) € Gp. Then, if v €
(TZA)w, where w = apf*, we have

d,€ 091 ,€¢
(Ta,ﬁ(ﬁ;a’ﬁ(v))) : (91792) = Ta;i,ﬁ?ng (K/agl,ﬁgz (’U))

Proof. Let (z,y) = Ka,g(v). Then kag, gg,(v) = (2g1,yg2) by Proposition
4.2. The proof consists of checking what happens if, in the above explicit
version of T', (a, ), (0,¢€) and (z,y) are replaced by (ag1,392), (6g1,€92) and
(2g1,yg2), respectively. It is clear that

891, S,
Ta;‘ji,;ggi (z91,y92) = (Ta’;(ﬂﬁ,y)) (91, 92)- U

This property enables one to define the parallel transport of tangent vectors
along piecewise smooth curves of Za. Let v(t) be a piecewise C! curve of Za,
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t € [0,1], with v(0) = w = apf*. Let I'(t) be the horizontal lifting of ~(t),
with I'(0) = («, ). Then we define

(5.2) Ty (TZa)w — (TTa)s(r)s Toiey (V) = Orge) (Th 8 (Kas ().

THEOREM 5.3.  The map T above is well defined (i.e., does not depend on
the choice of (o, B) in the fibre of w), and is a linear isomorphism.

Proof. 1t is clear that 7 is an isomorphism. Let us prove that it is well
defined. Let (g1, Bg2) be another element in the fibre of w (where (g1, g2) €
Gp). Then it is clear that I'(¢) - (g1, g2) is the solution of the horizontal lifting
equations (4.4) and (4.5) with initial conditions I'(0) - (g1, g2) = (g1, Bg=2). If
we compute 7, (;) using these data, we get

r(t)-(g1,
6F(t)'(91792)(Tag(1),ﬂ(§2 92)(’@191,65]2 (v))),

which, by Proposition 5.2, is equal to
I(t
51 (0)-(g1.99) (T s (K3 (0)) - (91,92)).
Recall that d(y, u,) (71, 22) = T1puj + uiprs, and therefore
5(u1g1,u2g2)($1g1, T2g2) = T1G1Pg5Us + U191PG5 T = 5(u1,u2)(1’1, x2).

Then the above expression is equal to

Or(t) (Ta 5 (e, 6(0))- D
The covariant derivative of a vector field X = X ;) that is tangent along
a curve y(t) € Za, t € [0,1], with v(0) = w = apf*, is given by
DX d

dt |t:t0 = ET;(t) (X’Y(t))|t:to'
If T is the horizontal lifting of v with I'(0) = («, ), then
75 M (X) = San (T k(X))

In particular, we have the following result.

PROPOSITION 5.4. Let v € (TZ)y,, with w = apf*. Then the unique
geodesic w(t), t € R, of this connection, with w(0) = w and w(0) = v, is given
by

w(t) = U @)pQ(t), t eR,
where Q = (Qq, Q) is characterized by

Ot) = TY (Ka,5(0)), Q(0) = (a, §),

where apfF* = w.
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Proof. The geodesic w satisfies Dw/dt = 0, i.e.,

4 (G0 (T3 (r2@)) =0,

where Q is the horizontal lifting of w with initial condition Q(0) = (o, 3).

Recall (see (4.3)) that kq(w) = €, so

d B¢ d 0B
0 = E((S(a’ﬁ) o TQ (Q)) = §(a,ﬁ) (E(TQ (Q))) .

This derivative is taken in the Banach space K(, g), on which (4 gy is an
isomorphism. It follows that

d_0g, -
ETQ7B(Q) = 07

ie., Tg’ﬁ(ﬂ) is constant and equals

T2 (0)) = T2 5y (G(0)) = o (1)
Hence, using the fact that (TS’B)_l = Téz’ﬁ, it follows that
Q=T 5K (0,5 (V). O

REMARK 5.5. The above proposition asserts that geodesics exist for all
times ¢ € R. This is clear if one makes the above equations explicit. Set
(x1,22) = Ka,3(v). Then Q = Toszﬂ(xl,@) gives

Ql = Qla*xl with Q(O) = Q,
and
0y = Qa8 Qg — Qpa™ 28" a Qop + QopBFxep with Q5(0) = .

Note that Q7Qs commutes with p, because Q = (Q1,2) € A. Therefore the
second summand on the right hand side can be written as

— Qpa*ze f*apiQs.
The first equation has solution
Q4 (t) = e,

Substituting this into the second equation gives (with the modification pointed
out above)

. * %
QQ — aeta Ila*mgﬂ*ae ta IIOZ*QQ

— e’ P pat ze B ape Tt T 0 Qg + Qop Bt ap.
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Using the fact that et T1g* = 12" the first two terms on the right hand
side are equal to

* _ * * _ *

6ta zll’gﬁ*e tria Q2 _ 6ta xlpazgﬂ*po‘e tria QQ
ta*x * « * |  —tria”

=" "{za8" — pTaafTpT e Q.

Since (x1,22) = Ka,3(v) € K(q,8), it follows (see Lemma 4.3) that ;0" and
28" have the same codiagonal entries in their matrices in terms of p®. There-
fore

z2f8" — pPw2f7p® = 10" — pr10”P”.
Hence the second equation is
Oy = 210"Qy — etmla*paxlpa*e*tzla*ﬁg + QopB*zap.

This is a linear differential equation, with solutions defined for all ¢ € R.
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