LOCAL BOUNDARY BEHAVIOR OF HARMONIC FUNCTIONS

BY
GiLBERT WALTER

1. Introduction

The solution to the Dirichlet poblem on the unit disk, that is, the problem
of finding a harmonic function f(», 8) in the interior of the disk corresponding
to a given function f(6) on the boundary, has become part of the folk knowl-
edge of mathematics. It is common knowledge also that lim,.; f(r, 8) = f(8)
at each point of continuity of f. The solution to the converse problem, that
of finding a boundary function (or some generalization of function) corre-
sponding to a given harmonic function in the interior, is not so well known,
but nevertheless has been extensively studied in the last decade. A solution
always exists in the space of hyperfunctions H' on the boundary. In fact,
these hyperfunctions are exactly the objects giving a solution to the converse
problem. Moreover, the original Dirichlet problem has a unique solution
when f is a hyperfunction instead of a point function. However, the state-
ment about limits at points of continuity has no meaning for f in H'. It is
the purpose of this report to give it meaning and to prove this theorem for
fin H'.

Hyperfunctions have been characterized in a number of different ways.
Two of them are as equivalence classes of pairs of holomorphic functions and
as continuous linear functionals on a space of holomorphic test functions.
See e.g. Sato [1], Kothe [2], [3], Lions and Magenes [4], and Schapira [5]. The
former characterization enables one to consider them as types of generalized
boundary values of harmonie functions and the latter as generalized functions
in the sense of Gelfand-Shilov [6]. On the boundary T of the unit disk hyper-
functions correspond to exponential trigonometric series D Cne™ whose
coefficients satisfy

lim sup | C,, |""™ < 1.

Thus the space H' contains all distributions on I' (whose coefficients satisfy
C. = 0(]n|?)) and is contained in the space Z' of ultradistributions (since
every trigonometric series, no matter what its coefficients are, converges in
Z'). See [11].

In the case of distributions, there is an already available concept which
corresponds to continuity at a point of a continuous function. It is the con-
cept of point value introduced by Lojasiewicz [9]. A recent characterization
of the elements of H' by Johnson [7] as series of distributions allows this con-
cept to be extended in a natural way to hyperfunctions. It is then possible
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to ask whether f(r, 8) converges to f(6) at points at which f has a value. We
shall answer this by using Johnson’s characterization:

To each hyperfunciion f € H', there corresponds a sequence {g.} of functions
continuous on T which satisfy the condition

(1.1) liMpse (7! [ gn [|)"™ = 0

and such that the series of distributions D g\ converges to f in the sense of H'.
Amny such, series whose terms satisfy (1.1) converges in H' to some hyperfunction.

We shall also need certain non standard properties of the Poisson kernel.
These are derived in the Appendix.

Unfortunately there doesn’t seem to be a universally used notation for the
space of hyperfunctions. Since we use Johnson’s characterization we shall
also use his notation. In particular we will continue to denote by H' the
space of hyperfunctions on the boundary of the unit disk. This is consistent
with Schapira [5] since the only hyperfunctions on I' are analytic functionals.

2. Point Values

Lojasiewicz [9] has shown the following definitions of value of a distribution
at a point to be equivalent:

Let f be a distribution on R, Then f has a value at xo 4f and only if either

(1) limyso f(Ar + @0) exists in the sense of distributions, or
(ii) for each continuous function g such that f = g™ locally, there exists a
polynomial P of degree < n such that the point limat

lim n! (g__________(x) — P(x))

220 (x - xo)”
exists. The value v at xo of f is the common value of these two limats.

Of course this definition refers to distributions on R' and we are interested
in the boundary I' of the unit disk. However it is well known (and easy to
show) that the distributions on I' are algebraically and topologically iso-
morphic to periodic distributions on R'. As is customary we shall make no
distinction between the two.

Johnson’s characterization of a hyperfunction as a series of distributions
enables us, in a natural way, to extend the definition of value at a point to
hyperfunctions.

DeriNiTioN. The hyperfunction f on I' has a value at z, if there exists a
representation Y g\ of f satisfying (1.1), a sequence of polynomials {P.}
with P, of degree <n, and a sequence of complex numbers {y.}, such that for
each ¢ > 0, there exists a é such that

gﬂ(x) - Pn(x) _ I < £n+1

(x — zo)" nl| — n!

for 0< |z —a| <dn=12--+,

and go(2o) = 7o . The value of f at x,is given by vy = Z:—o Yo o
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Briefly, this definition says that each distribution gi® has a value v, at 2o

under Lojasiewicz’s definition (ii) and that the limits in this definition con-
verge to v, faster for larger n.

In order to assure that this definition makes sense we must check that the

series 2 v, converges and that the limit is independent of the representation

2 g of f.

ProprosiTiON 1. Let {4} be the sequence of complex numbers in the definition.
Then Z Y CONVErges.

Since v, is the value of the distribution g\ at z, , it follows from Lojasie-

wicz’s definition (i) that limy.o g5 (M + %) = 7= in the sense of distribu-
tions, i.e. that lima.o (o, g5~ (M + o)) — Fale, 1) for each ¢ € D(R'). Since
gn is periodic and hence bounded, g4 is in " (the space of tempered distribu-
tions) and since D(R') is dense in S, we have this convergence holding for
each ¢ ¢ S as well. In particular it holds for o(z) = e(—x/2), for which we
get

[ (e, 957 (A2 + 20)) | - "
= @™, N'ga(Ax + 20)) | <IN @™ [l1 ]l gn lleo -

Now || ¢ < Cn! where C is a constant, whence by using (1.1) we see
that corresponding to each sequence {e,} of positive numbers and ¢ > 0,
there is a sequence {\}, | A\n | < 1, such that

lva| < Kea + | M |"(1/n1)e"B(e)nICK

where K = | (o, 1) |™". Therefore if for example, &, = 1/n’ the series D va
easily converges absolutely.

(n) “1

ProposITION 2. Let f have two representations D gs™ and 2 G both of
which satisfy the conditions of the definition. Then the value of f calculated with
either 18 the same.

Since both representation converge to f the difference of the two, say
> k™ converges to 0 in H'. Since the test function space H, composed of
holomorphic functions on T, is dense in D(T), > hL” converges to 0 in
D'(T) as well.  Also each AS™ has a value, say v, , at zo and hence

RV (\e 4 @) — v
in the sense of D'(R') as A — 0. Since 2 hi™ converges to 0 in D'(T), there

exists an m such that hy"™™ is a continuous function and Y AS™™(z)
converges to 0 uniformly (see [8, p. 87]). Thus > A ™ (M + 20) con-

verges to 0 uniformly for all £ and A and

2™ BT O + 30))
converges to 0 uniformly in A for any ¢ e D(R'). Hence

2on o, P (O + o))
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converges to 0 uniformly in A. Corresponding to any ¢ > 0, one can choose
an N first and then a \ such that
| 2h=0vall{e, 1)

= | Xm0 (evn) |
< le—ol (o, BV (e + o) — ‘Y:;> |+ | N (e, hE.”)(M + o) >|
< e/2+ ¢/2

E.

A

From this it follows that =0 'y:. = 0, and hence that the value of f at x, is
well defined.

Now we are at the stage where we can derive some of the properties of
these values. The first is given by

ProrosiTioN 3. Let f have value vy at xo. Then

Z 1 g»(x) P.(z)

=" (x — zo)®

converges to a continuous function F(x) in some deleted neighborhood of xy and
limg.e, F(z) = 7.

If g5 has a value at xo, so does ¢S j = 1,2, .-+, n (see [9, p. 15]).
Moreover, denoting by v% the value of ¢*™” at #,, we can show that 7/
satisfies an inequality similar to the one above fory, . In fact we have

lval < &+ N gnllo [l 0”77 [ls
< K((n — j)!/n!) B(e)e™
Now the polynomial P, must be given by

(2.1)

(2.2) Pa(z) = 2050 v i(x — m0)’/j!
whence .

B(e)s K" i B(e)e"K
(2.3) |P.(2)] < JE [z — m

for |z — x| < 1. Since g, satisfies the same sort of inequality, the series
defining F(z) converges uniformly on

To — 1/2, o — 25] U [xo + 26, o + 1/2].

Since 6 is arbitrary the function F(x) is continuous on [z, — 1/2,
2o + 1/2] — [x0]. However, we see immediately that

P@) — ] = | Sme@ ZBE) 5, | S on

(x xo)" n=0
Finally, we have the relation between the value of f at #, and the radial
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limit of the harmonic function corresponding to f inside the unit disk. (See
[10] for a similar result for distributions.)

TurorEM. Let f have a valuey at xo. Then
lim,_,l (P, *f) (1?0) = 7.

Here P, denotes the Poisson kernel as usual and the limit is the pointwise
limit. We have

25 (P, * f) (o) = g, 25 (P, * g) ()
= 'g 2r(P™ * g,) (x0)

=3 [ PP — 0ga0) d
n=0 T

= [ [*7? 4 ()
(2.4) - go{ [ + f oﬂ} P (0 — t)ga(t) dt
o~ [P P (w0 — 1)t — 20)" | ga(t) — Palt)
+nz-:o 2g—3 nl " @t — zo)» dt
0 zo+6
+ 3 [ P (e — 0Pu) dt
n=0 Jzo—3

= ZO gh(n, T, 6) + 20 92(7% r, 6) + nz_:o q3(n; 7y 6)'

We shall show that the first and last series approach zero as r — 1.
Let us first examine ¢q; . After n integrations by parts the integral becomes

gs(n, 7, 8) = {P{" ™ (mo — )Pa(t)— - = Po(mo — )P0 (1)} [2953

since P, is a polynomial degree < n. Here we have assumed that 2, is in
the interior of (—m, 7). If it were not we would merely take a different
interval of length 2.

Now by differentiating (2.2) we find that

n—1 . ) (x -2 )f—k
PP(z) = L —L -
@ =27 GT;m

= nil ik (z ;! @)’
=
whence
IP(k)(m)l < n_z:k—l K (j + k) B(n)n" |z — wolJ
" - = nl J!
(2.5) !
!
< KB(q)n" ot ! for |z — x| < 1.

nl (1 — [z — 2o+
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Thus we see that
| S (0)PP (20 £ 9) | » .
12" 1 NN | !
SA-n S oo KB (m)
by Theorem 26 of the appendix and therefore that
l Zl?:ol P(n—-k—-l) (5)P(k) (xo + a) ( - 1)h+l I

(1 — r)KB(n) (7,12>" = k! o 1
nl o) Sm—Fk—1)I 121 (1 — s)++

(1 — r)KB(n) (912 12 12(1 — 9)
= n (—> (1 —5) 12 — 135’

n = 1’2’...

whence it follows that

]

— )KB(1)288 _ .. _
Sl 8)| < g = EBWRE (o — oy,),

0<6<1/2,0<n<d/12

(2.6)

We now turn to the first series of integrals

29—3 T
Soatnr,) = Tio{ [T+ [P0 - 000
4 zg

which similarly can be shown by Theorem a6 (iv) again, to be dominated
by a constant similar to that on the right side of (2.6). We denote by
(1 — r)Ci(4, n) this constant.

We need now show that the remaining series of integrals ¢s(n, r, §) con-
verges to 2ry. We write the integral as

[P = e ””")"{ 10al8) = Balt) _ w}"’"

x9—0 n! (t - & )”
o P (30 — £) (8 — 30)"
+ ";0—6 n! Tn dt
=Ii + L.

Let us look at I, first; we find that
zo +é
f P(”)(x ) (t xo) dt
]

- [P("’(t) —t)" dt
@n - Lljé'i%(:&"dt_{f + [‘}P‘"’a)( 0" 4

o — { f T4 [5} P.(t) dt

[: P.(t) dt
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by Theorem a6 of the appendix. Thus

I, = 2T'Yn"'Yn{j;'+_[_:‘}P

As for I, , given any ¢ such that 0 < ¢ < 1/3, we choose § such that

(28) !gn(t) - P (t)

| <o -l <a

n

Then we have, if 6 < 7/4, by Theorem a6,

] (n) n
Pr tt
PPN

(29) <2 fru

< 4(3¢)".

Now we are able to estimate the difference and obtain

| q2(n’r’8) - 2T’Yn| = | I, - 2myn + Ill
L3 -8
n+l

Sl (@- T) + 4(3e)"".

+1
8”

P(n)(t)tn

n+l

By combining all the inequalities we have made so far, we finally get
| (Pexf)(m0) — 7| = (1/27) | 25=0qa(n, 7, 8) + 2o qa(m, 1, 8)
+ o igs(n, 1, 8) — 27va} |
(2.11) < (1/2m)(1 = r)Ciu(3, n)
+ (1/27)(1 — r)Cs(3, n)
+ (1= r)(7/8") Znmo|va | + 2¢/(1 — 3¢).

Thus if we first choose § < 1/2 such that (2.8) is satisfied, then choose
n = /20, and finally choose r sufficiently close to 1, we can make the left side
of (2.11) less than some multiple of . This proves the theorem.

This theorem of course includes the case when f is a distribution with a
value at 2o, since then the series representing f has only a finite number of
terms. However it does include other hyperfunctions. In particular, if
f 18 a hyperfunction with point support, it is easy to show that f has the form
> =180 where | nla, ['™ — 0 and hence that it has a value everywhere
except at 0.

The converse to the theorem is clearly not true. Any function with a
jump discontinuity has a Fourier Series which is Abel-summable to the
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average of the left and right hand values at that point. (See [12].) How-
ever it doesn’t have a value at that point in the sense of distributions.

We could have assumed that all the values of g\ at o except go were equal
to 0. Indeed we could have subtracted y.e"® ™ from ¢$® and then in-
corporated this in g .

Other properties of values are similar to the corresponding properties for
distributions. We summarize in

ProrositioN 4. (i) If fi and f: have values vi and v, at z, respectively,
then aify + asfs has value ayy, + axys at o .

(i) If f vs equal to a continuous funciion g in some neighborhood of x,
then f has a value at o equal to g(x).

(iii) If f has o value at xo so does f.

The proofs of these assertions follow easily from similar statements for
distributions and will be omitted.

3. Appendix

We collect here some of the properties of the Poisson kernel P.(x) and its
derivatives which we have used above. It is given by the formula

1 -4

(al) P.(z) = s ———— zel,re(0,1).
By the Cauchy formula we have

) n' _P(2)
(a2) P, (z) = f & — 2)™ x)n+1

where C is any contour enclosing # and not enclosing the points at which cos
= 1/2r 4+ r/2. Taking C to be a circular contour of radius p and center z,
we obtain

(a3) PR =1 [T R g

In order to obtain the necessary bounds on P{™ we shall need the following:
LemMma al. The set
(@) lyl <2/2,2€(0,7/2,2€(0, 7/2)}
is a subset of { (x, y) | sinh’ y < sin’c, z € (0, ©/2)}.

The curve sinh ¥ = sin z is monotonically increasing and convex from
= 0tox = w/2 and agrees with y = z/2 at x = 0 and is above y = x/2
atx = 7/2.

LemMA a2. The set of complex numbers {z | | cos 2| < 1} contains the set
{z]z = x + (x/3)e”, x € (0, 7/2), 0 €0, 27)}.
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Let 2 satisfy z = 2 + 2/3¢”. Then we have
|Imz| = |(2/3)sin 6| < 1/2 |2 4+ (x/3) cos 6| = } | Re 2|

since |sin 6 — % cos 8| < §. But by Lemma al, sinh® Im 2z < sin® Re 2,
which implies that

1> 1 — sin’ Re 2 + sinh® Im 2
= cos’ Re 2 cosh® Im 2 + sin® Re 2 sinh® Im 2
= |cosz |’

Lemma a3. Forz = x + (x/3)e”, |cos 2| < cos (z — 2/3), z € (0, 7/4),
0 €[0, 27).

We may calculate that
| cos 2 |* = cos® (Re z) + sinh® (Imz)
= cos’ (z + (z/3) cos 6) + sinh® ((x/3) sin 6)
= f(6).
Taking the derivative with respect to § we obtain

(x/3) 2 cos (z + (2/3) cos 8) sin (z + (x/3) cos 6) sin 8
+ (2/3) 2 sinh ((x/3) sin 8) cosh ((x/3) sin 8) cos

= (x/3) {sin (2x + (2x/3) cos ) sin @ + sinh ((2z/3) sin 8) cos 6}

=1(8).

This expression is non-negative for 6 € [0, =/2]; for 6 € (r/2, *) we use the
fact that sinh ¢ < (6/5) ¢ for ¢ € [0, /3] to obtain

1'(8) > (x/3) {sin (22 + (2/3) cos ) sin 8 + (22/3) sin 0 cos 6}

Thus f(8) is increasing in (0, ) and since f(6) = f(—0) it must have its
27
1 P, (a: + ’-; e‘”)
|P.(2) | = (1 —7)/(1 — 2rcosz + ) |

> (x/3) sin 6 {sin 42/3 — 4x/5}
> (z/3) sin 6 {(2/7)(4x/3) — 42/5} > 0.
maximum at 6 = .
LemMma a4, Let x € (0, w/4); then
2
2w do “SRGQ
Let z = 2 + (2/3) ¢”; then by Lemma a2, and Lemma a3
<A =7/ —2r|cosz|+ )
= P,(2z/3).



500 GILBERT WALTER

For z ¢ (0, w/4) our calculation is much easier. Indeed we have
LEmMA ab. Letz e[n/4, 7],0 < p < 7/12; then

1 fZT i (T)
a_ r < r\a]"
57 o | P(z + pe”) | do < P, 5
We observe that
1/|P.2) P = (1 + ) — 2r(1 + *)(2 Re cos z) + 4r* |cos z |*
= (14 7)" — 4r(1 + 7*) cos (x + p cos 6) cosh (p sin )
+ 47 {cos’ (z + p cos 6) + sinh® (p sin 6}.

The derivative with respect to 2 is non-negative whence the function is
non-decreasing in z in the interval [x/4, 117/12]. The values it attains in
(117/12, ] also are attained in this interval. Therefore its minimum is at
z = m/4 and the maximum of | P,(z + pe”) | is at the same point. Then
by Lemma a4 we reach our conclusion.

We now have all the inequalities we need to derive the properties of P{™
which we summarize in

THEOREM 86. The function z"P{™ (z)/n! satisfies the following conditions
fory <r<1.

T npn)
i) fo 1’—5;-‘—'9""—) dzr < 5-12"7,
GO I,
(i) [ . M dz < 2.3
0 n! = ’
(iv) | 2"P™(z)/nt | < 3%12(1 — r)/2°, 0 <z < n/4,
(v) | 2"PM(z)/mt | < 1221 = 1), w/4 <2< ™

To prove (i) and (iii) we use formula (a3) and Lemmas (a4) and (a5).
In formula (a3) we first take p = /3. Then we find

L‘r _12%{?—) d <fw/43nfr

<3 fo P.(20/3) do

n+1

P,<x+§e“’>.dodx

j;t P.(z) dx

< 2.3 < 612"
Taking p = 7/12 we find

[P g < [7 L oaymy [

x/4

P, (x +T”§e“’ 8 dx
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< f 12°P,(x/6) da
/4

< 3-12°P,(x/6)
But as is well known (see [12, p. 96]),
Py(z) < (7*/2)(1 = r)/(a* + (1 — 1)?)

(ad)
for 0<z<m $<r<i,

80 that P,(w/6) < 18 whence we obtain
j; | 2"PM () /n! | dz < (6 + 54)12".

To prove (ii) we integrate by parts n times. All the integrated terms are 0
gince z*P¥*(z) in an odd function for all positives integers k. What

remains is
1 [’ _
§1_I' ”Pr = l.

Parts (iv) and (v) are straightforward calculations applying Lemmas (a4)
and (a5) together with formula (a4) to the expression for P{™ given by
formula (a3).
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