ILLINOIS JOURNAL OF MATHEMATICS
Volume 38, Number 4, Winter 1994

ORTHOGONAL PROJECTIONS ON MARTINGALE H'
SPACES OF TWO PARAMETERS

PauL F. X. MULLER

1. Introduction

Given collections of pairwise disjoint dyadic rectangles 27, we wish to find
conditions which ensure that the natural orthogonal projection

Pf = %(ﬂd’k)(ﬁk

b= (ng%hlxj)/

defines a bounded operator on H'(62). (In the one dimensional case such
conditions where found by P. W. Jones in [J]).

More precisely we are interested in the special case where ¢, is equivalent
in H!(8%) to the Haar basis {h;,;: I,J dyadic}. The condition given in
Theorem 1 implies that the boundedness of P is determined by its action on
dyadic rectangles. Adjusting a construction of Michele Capon we then apply
this condition to prove that H'(82) is primary.

If the collections &7, are of product structure then the boundedness of the
projection P follows simply from the corresponding one-dimensional result.
It is therefore natural to ask under which conditions one finds sufficiently
rich collections of dyadic rectangles which are of product structure. Here a
geometric version of Ramsey’s theorem is proved.

The motivation for this study of H!(82) and its isomorphic structure comes
from the fact that H(82) is not isomorphic to the one-dimensional H!. This
was shown by Jean Bourgain in [B]. More precisely, it was shown there that
the vector valued Hardy space H'(I?) is not isomorphic to a complemented
subspace of H!. Therefore it may be noteworthy that a sequence of uni-
formly complemented subspaces of H! can be constructed which are uni-
formly isomorphic to H 1(1,2,), n € N. This sequence of examples was con-

structed during conversation of the present author with Przemyslaw Woj-
taszczyk.
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ORTHOGONAL PROJECTIONS 555
2. Notation and definitions

Given n €N and 1 <i <2" we will use (n,i) to denote the dyadic

interval
i-1 i
2" 9 2n .

2 denotes the collection of all dyadic intervals and 2" contains dyadic
intervals of length bigger than 27". Accordingly A, ;, denotes the L* normal-
ized Haar functions, supported on the interval (n,i). On the unit square
[0, 1] X [0, 1] we consider the tensor product of Haar functions

Bin, iyxim, iy (85 8) = hen i(8) i (1)

Rectangles of the form (n, i) X (m, j) are called dyadic rectangles. Given

!
F = 3 ¢n,iyxom, pln,iyxom, iy

on the square [0, 1] X [0, 1], the corresponding square function is

n1/2
S(F) = (Zc(zn,i)x(m,j)lh(n,i)x(m,j)l ) .

We use the square functions to define

H(8?) = {F e L'([0,1]%): f[o’l]zS(F) < oo}.

See [B], [Ch], [Ch-F], [G], [Ma, Ch V] and the references therein for results
which relate this space to analytic functions.

3. The main technical result

For a collection & of dyadic rectangles we denote by &/ the pointset
covered by . We consider &, ;x(m,j) Pairwise disjoint collections of
pairwise disjoint dyadic rectangles such that for m,n € N, 1 <i < 2" and
1 <j < 2™ the following conditions hold.

(3.1) Agnpxo.n * 9

A(n+1,2i-—1)><(m,j) ﬁ‘4(n+1,2i)><(m,j) = ¢
A(n+1,2i—1)><(m,j) v A(n+1,2i)><(m,j) = A(n,i)x(m,j)
A(n,i)x(m+1,2j—l) ﬁ"4(71,1')><(m—1,2]') = ¢
A(n,i)x(m+1,2j—1) U“l(rt,i)><(m+1,2j) C/l(n,i)x(m,j)

p=n-m

—— = 4enxem,pl £ 2777"C.
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The block basis over the Haar system induced by 4, ;yx(m,j) 18

Pn, jyxim, iy = )y hixy-

IXIEL, 1 im, )

The orthogonal projection P onto
span{i,, yxqm ;M1 €N, 1< <27, 1< <2}

is given by

~

h, . .
i (n,i)X(m, j)
Pf = > (f|h<n,i)><(m,f))—_—

= >
(n,)x(m, j) WA, iyscm, 2
And by our assumption on &, ;,xm,j, We have

= 172

> 2 MG iyxim, )
"Pf||H'(82)=f > (flh(n,i)X(m,i)) I‘lr“x"‘l“ dsdt.

4
10,17\ (n, ) (m, j) (n,i)><(m,i)||2
Our main theorem gives a criterion for the boundedness of P on H(5?).

THEOREM 1. If there exists C € N* so that for each ny € N, 1 < iy, j, <
2" and for any I X J € &4, ;ysm. 5, With (n,i) X (m, j) 2 (ny, i) X (ny, jo)
we have

1
(3'2) Z'-II X Jl = | IxJn A(no,io)X(no,io)|2n0-n2noum = CII X J' ’

then P extends to a bounded linear operator on HY(82) and the range of P is
isomorphic to H(8?).

Theorem 1 implies that the boundedness of P on H(§2) is determined by
a condition which involves only dyadic rectangles I X J and does not involve
arbitrary open sets of Q c[0,1] X [0,1]. This makes our condition quite
simple and easy to verify in specific situations (see Section 4).

The price we have to pay is that BM O-techniques—or atoms— are not at
our disposal. Instead we will exploit the fact that H!(52) is a sequence space
and carefully study how P and the embedding of H!(82) into L!(I?) interact.
The example which ultimately led to the proof given below is described at the
end of Section 5.

Proof. Let f € H'(8%). The product Haar system {h;,;: I,J € 9} is an
unconditional basis in H'(82). We therefore assume that f is a finite linear
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combination of the form

f Z arxrhixy

IxJes

where &= U, yxcm,j Therefore I ={IXJ: as,;+ 0} is a finite

collection of rectangles. Hence there exists n, € N so that forany I X J € 9~
any iy, jo and any Iy X Jo € . i)x(ne iy W€ have: Ig XJo NI X T #

implies I X J 2 I, X J,. S(f) can therefore be minorized pointwise by

2m0
> ) Z a%th%xJ)lloxJo.

fo,jo=11, XJOE'M("(), i9)X(ng, jo) IXT21yxJ

Consequently the norm of f in H(82) is minorized by

270 1/2
(3.3) Y T ( )y a%x,) Ly X T,

iorJo=1 IgXJo€ Xy i xmjor \ I¥T2I0% g
If Iy X Jy € & jyx(ng iy @0 I XJ € &, iy m,jy then (by (3.2)) I X J 2
I, X J, only if (n,1) X (m, j) 2 (ng, ig) X (ny, jo). Moreover for fixed n,m €
N and fixed iy, j, the condition (n, i) X (m, j) 2 (ng, iy) X (n,, j,) uniquely
determines 1 <i < 2" and 1 <j < 2™. Therefore (3.3) can be rewritten as

1/2
270 ng

(34) > > > > ajuy | o X Jol.

ig:Jo=1 IgXJo€ iy xing, iy | MR =1 IXTIEN , 1y im. )y
IXJ2IyXJ,

we may further rewrite (3.4) as

(3.5)
2n0 1/2

)» )y z X a4

ig,Jo=1 ToXJo €&y iy (o, oy \ (M, DX (m, N 2ng,ig)X(ng, jo) IXTEL, iyx(m, iy
IxJ2Iy%Jq

X|Iy X Jyl.

Let us mention that by hypothesis for fixed (n,i) X (m, j), (ny,iy) X (n,, j),
and I, X J, satisfying (n,i) X (m, ) 2 (ny,ig) X (ngy, j,) and I, X J, €
X, jorx(ngy iy OO one rectangle I X J € & iy(m,jy Can satisfy I XJ D
Iy X J,. Therefore the inner sum in (3.5) has at most one summand. To
handle this expression we need the next result.
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LemMma 2. There exists C > 0 so that for any ny, € N and (n,i) X (m, j)
satisfying (n,i) X (m, j) 2 (ng, i) X (my, j,) we have

(3.6) > [Ty X Ty > 1@zl
IgXJo € Xy, i) (n0r o) IXI€, iyxim, i)
IXT2Ip%J,
1 —no+nH—no+m
> = Y [I X J|@yy |2 motn2 notm,
IxJe s,

(n, )X (m, j)

Proof. Interchanging the order of summation in the LHS of (3.6) gives

h Y [y X Jol {lars,l-
IXI€ L iyxim, iy \ 10 XT0E Hny, iy (no, oy
IxJ2I,%J,

As .M(,,O‘ i) X (gy jo) consists of pairwise disjoint dyadic rectangles the above
expression coincides with

Z II xJn “1('lo,l'o)><("0yjo)IlaliI .
IXJ €A iyxim, iy

Condition (3.2) implies that this sum admits a minorization by

% Z |I X Jllalx1|2—n0+n2—n0+m

IXJ €y, jyx(m, i)
which proves the lemma. W

We return to the proof of Theorem 1. Applying triangle inequality (for the
vector space ¢2) to (3.5) gives

1l 152

2"

> ) Y P [Ty X Jol

igydo=1 | (n,dx(m, N2(ng,ig) X(ng, jo) \ ToXJo € K, ivyx(no, i)

1/2
X hM lazx,l

IXJ € iyxm, iy
IxJ oI %J,
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By Lemma 2, one minorizes the above expression by

(3.7)

Ly > ( > |1><J|a,x,)2

iosJo=1\ (n,d)x(m, )2(ng,ig) X (mq, jo) N IXTEX, nxim. iy

172
X 4—n0+n4—n0+m)

It remains to relate ||Pfllg1s2) to (3.7). But this is easy: We first have

(3.8) (f'ii(n,i)x(m,j)) = )» I X Jlayy,.

IXI€ Xy iy (m, iy

Next one observes that

~ 4 2
(3.9 Wi, yxcm, pllz = 1A, iy (m, 5]
and

_i2
(3.10) L oximp = P, iyxim, iy

Finally, (3.2) implies that there exists C, > 0 so that

1

(3.11) 2727 = < A ipxom. | < Co27127.

Combining (3.1) with (3.8)-(3.11) we see that the expression (3.7) >
CllPfllpisz.

4. Primarity of H'(86%)

In this section we give some applications to Banach space properties of
H'(8%). Adjusting an idea of Michele Capon we verify that for any collection
¢ of dyadic rectangles either € or its complement 9 X 9\ ¢ contains
collections &7, which satisfy the hypothesis of Theorem 1. This dichotomy is,
of course, the basis of our proof that H(82) is primary.

Covering lemmas for dyadic rectangles involve the Orlicz norm exp(L)
rather then the L. norm. See [Ch-F], p. 15. Therefore the mere fact that the
collections &7, consist of pairwise disjoint rectangles is not at all obvious.
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DeriNiTiON 3 (Michele Capon). Let
€={JXI:1€ DandJ € &}
where &, € 9. Then o(&;) == {t €10, 1]: ¢ lies in infinitely many J € &}

M, ={I€ D:t€a(&)}and B = {t €[0,1]: |o(#4)| > 3}

TueoreM 4. If |B| > O then there exist collections &4, ;yxm, j, © € which
satisfy the hypothesis of Theorem 1; consequently

span{h,,;: I X J € €}
contains a complemented copy of H(82).
Proof. We fix t € B and sequences ¢, > 0, ¢, > 0 of positive real num-
bers.

Part 1. Step (1). Define

(4.1) Ko, = (K€ HL:|KNna(M,)| = (1-¢)Kl}.
Fo.n. = {K € K 1y,,: K maximal}.

Then choose N((0,1),¢) € N so that

(4.2) Y {Kl: K| 227NOD0) > (1)) U K
KeFo . Ke Fy 1y,
Let

. . —N(O, 1),
To = (K € Fo .t Kl 2 27NOD0)
h(o, 1, = E hg.

Ke T4 1,
Step (n + 1). Having constructed ,, ; , and A, ; , we let
E*={s:hy ; (s) =1} and E":={s:h, , (s) = —1}.
Now define

(4.3) Ji/(n+1,2i—1),t = {K EA:KCE" |IKNo(A) = (1- 8n+1)|K”
HKnrr,2i = (KEA:KCET, KN o(A) 2 (1 - ¢,,)KI}.
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Fix 6 € {—1, 0} and define
Fns1,2i48),8 = {Ke Kn+1,2i+8) 1" K maximal}.

Next we determine a natural number N = N((n + 1,2i + 6)¢t) so that for
eachJ € 7, ;,

(4.4) Y {Kl: KcJ, Kl > 27"} 2 (1 = g,,1)
Ke 'Zn+1,2i+s),p
and we let
T n+1,2i48),t = {K € Fns1,2i48), Kl > 2_N}
and

h(n+1,2i+s),z = Z hg.
ke Zn+1,2i+6),t

Having completed the construction of part 1, we now collect six important
consequences thereof:
1. Let

Eu, iy, = supp{h, iy, i}
then for every (m, j) 2 (n,i) and J € ,,, ;,, we have by (4.1)-(4.4).
(4.5) Dm’n2M—n|J| <|Un E(n,i),z' < Cm,nzm—nl'”

where
- 2
Dm,n = |E(1,1),t| ll_[ (1 + 2¢;)
=m

n
Cm,n = lEu,n,tlll_I (1 - 251)2~
=m

2. E,, ;  forms a tree of sets in the sense that
1
\Eq, 1.l > %

Ei1,2i-1,c Y Eqir,20,0 C Enyiy, e

E(n+1,2i—1),t N E(n+1,2i),t = ¢

|E iy, el
2(1 = £y41) S 22— < 2(1 + £,44),

IE(n+1,2i+8),t| n

where 8§ € {—1,0)}.
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3. During this process, for t € B we inductively selected integers
N((n, i), t). Looking back at the construction we observe that the dependence

t > N((n,i),t), t€B,

can be chosen to be measurable. Hence a repeated application of Egorov’s
theorem implies the existence of B’ € B so that for any (n,i) there exists
N((n, i) satisfying

1Bl _ 1

(4.6)  sup{N((n,i),t):t €B'} <N((n,i)) and B 22

4. Let neN, 1 <i <2” and let % be a finite collection of intervals.
Then

Iy=(teB:9,,, =%}
is a measurable set and for any J € % we have the importanct inclusion
4.7 I,co(&).

Let us emphasize that (4.7) is systematically exploited in the construction
given below. Moreover by (4.6) the cardinality of {¥": I, # @} is finite.

5. Given 8y, 8,,8; > 0 and J € 2. By Lebesgue’s theorem on differentia-
tion of integrals we may select a finite collection of pairwise disjoint dyadic
intervals -4, C &, so that for any K € &,

(4.8) IKNo(&)l > (1-68)K
(4.9) K| <8,

Moreover for G; == U g 4 K we have
(4.10) |G, Aa (&) < 8;.

6. Before going on with the proof the reader is advised to have a look at
[C], page 91, line 3. There M. Capon states that |B| > 0 implies the existence
of blockbasis

Zin iyxm, jy € span{h, ;i I X J € €}
so that

1Z, iyseim, (B> V) = Ufin, s () NPy, (D)

where{lf,,, ,|(¢)} is the characteristic functions of a tree {B, ;} in [0,1]. A
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moments reflection shows that this is already very close to (3.2). And in fact,
all we have to do is, to adjust the sets B, ; properly to obtain (3.2). m

We continue now with our proof of Theorem 4.
Part 2. Step (1). Here we shall construct &7 ), 1) The main ingredi-

ents of this construction are (4.7)—(4.10) and will reappear several times
during the induction argument.

Let By ;, == B’ and for a finite collection of dyadic intervals % let

1‘1/:= {t (S B(O,l): ZO,I),! = .%/}.

Then {I_: #'C 2 finite} is a sequence of pairwise disjoint, measurable
subsets of B, ;, so that

Bop= U Ix.
J finite

Using Remark 3 we then find Ne€ N and J%,..., %), collections of
pairwise disjoint dyadic intervals so that

N
B(O,l) = UII‘%.
j=

Next fix J € %], j < N. By (4.7)-(4.10) we find finite collections of pairwise
disjoint intervals & C &; so that with G; == U 5 o 4K,

(4.11) K € & implies|K N [ | > |KI(1 - &)
(4.12) G, ALyl <.

For k + I, k,l < N we may obtain moreover that

(4.13) UGn UG-=9,

JeXk, JeX,

because for % # %) we have [, N1, = g.
Finally we define

N
Fo,pxon= U U FHXxJ
j=1JeX%

which is a collection of pairwise disjoint dyadic rectangles.
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Having constructed &, jyxmw,jy for m,m' <n,1<j<2"and1<j <
2™ we define now the collections & of level n + 1:
Let

n am  om

gn:r.{Le_@:ElJe_@Lxle U Uu

) U U Ao, jyxom,in| -
m,m=1j=1j=1

4, is then a finite collection of dyadic intervals. The induction step is divided
into three steps. In the first step we shall define

0, yx(n+1,2i+8)
where 8 € {+1, 0}. The second step describes the construction of
“Q{(n+1,2i+8)><(0,1)'
We then complete the induction in the third step where
D m, jyx(n+1,2i+8)
and
'M(n+l,2i+8)x(m,j)
are constructed for2 <m <n+1land 1 <j < 2™
Step (n + 1,a). Fix 8§ € {—1,0} and ¥ C 9 finite. Let
Iys={t€By 1y Tnir2ir8) = ¥}
Then
{Iy s: X C 2 finite}
is a sequence of pairwise disjoint measurable subsets of B,y so that

4.14 I, s=B; -
( ) JZ/LfiJnite X,8 (1,1)

Using Remark 3 we next choose N € N and %7,..., %}, finite collections
of pairwise disjoint dyadic intervals, so that

N
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Now fix j <N and J € ¥ By (4.7)-(4.10) there exists a collection of
pairwise disjoint dyadic intervals &, ; € &; so that

(4.16) K € &, , implies IK N I, | = [KI(1 - ¢,).
(4.17) G, 5 ALy 5| <.

For k + l,k,] < N we may obtain

(4.18) UG:sn U Gs= @.
Je X%, JeJ,
Having done this construction for § = —1 we repeat the same construction

for & = 0 and using (4.9) we may do this in such a way that

N N
Kel U & _,impliessKe& |J U F,-
1=1jex; I=1Jex;
Finally, for 6 € {—1, 0}, we put
N
Ko yxm+r2i+ey = U U Fs X T
I=1JeX%,

Step(n + 1,b). We consider the following finite set of intervals.
Cor1= B, V(I € D:3] € DIXJE Ly pyxnsnran Y Y, iyxn+1,2i-1)

Choose now two disjoint measurable subsets B, .1 5;_1y, Biy+1,2:) Of By, ;) 80
that for every I € €, ,, 6 € {—1,0},

(4.19) 3By N1 = |Bis1,2i45 N
(4-20) B(n,i) = B(n+1,2i—1) U B(n+1,2i)'

Let now ¥ C Z be finite and define

Iy s = {t € Byi1,2i45) T = ¥}
Then
{Iy st X< 2,finite; 6 € {—1,0}}
is a measurable partition of B, .1 5;_1y U B, 1,2:)- We next choose N € N,

H1 ..., Ky so that for 6 € {—1,0},

N
(4-21) Bn+1,2i+8 = kL_JII.x/k,a
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and obviously for I € €, ., we have, by (4.20),

N
(4.22) Iﬂ U I‘Xk,s =Ian+1,2k—8'

Next we fix kK <N, J € %. By (4.7)-(4.10) there exists a collection of
pairwise disjoint dyadic intervals &, 5 C &; so that

(4.23) K e &, 5 implies [K N I, 5| = |KI(1 - ¢;).
And for G; 5 = Uge g, K,

(4.24) |Gy s ALy, sl <&y

For k +1, k,l < N and §,8' € {—1, 0} we may obtain

4.25 G, 5N G, y=90.
(4.25) Jy% 7,8 JGU%( 7,8

By (4.9) we may achieve that

N
(n+1,2i+8)X(0,1) jL=Jl Jy% 7,
satisfies (3.1).

Step (n + 1,c). Here we complete the induction step and shall first
construct

A om, yxn+1,2i45) orm<n+1,1<j<2™
Then we shall define
K r1,2i+8yx(m,jy form <n,1 <j<2m.

Fix(m,j)m <n+ 1,1 <j <2™and é € {—1,0} and consider the follow-
ing procedure: In step (n + 1, a) we defined collections of dyadic intervals
K to build g 1)xnr1,2i45 WE use those #j’s now to construct
K n, yxn+1,2i+5): 1ake J € X, and consider the collection & ; which was
defined in step (n + 1, a) as well. By (4.7)—(4.10) for I € &, ; there exists
£} C &, so that

(4.26) K € 7, implies |K N B, ;| = (1 = &,.,.8,)IK|.
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FOI’ LI = UKE_/}K’
(4.27) IL; AT N B, j| <é&r&,41.

Then we define

N

M X 1,2i+8 = ./}XJ.
(o DX+ 1,2i%0) kL——-Jl JeL.J]i’k IGL%,S

We start this construction at (m,j) = (1,1) and continue until (m,j) =
(n + 1,2"*1Y). By (49) we can guarantee that the resulting collections
. iyxn+1,2i+5) ar€ pairwise disjoint and satisfy conditions (3.1). Now fix
(m,j), m <n,1 <j<2™ & €{—1,0} and consider the following procedure.
Fix %' C Z finite and define

Iy, = {te Bii1,2i+8) Tim, iyt = XY

{Iy,: X finite} is a measurable partition of B, ;5. We choose N € N
and % ,,..., ¥ y, finite collections of pairwise disjoint dyadic intervals, so
that

N
(4.28)

A IIJKM = B(n+1,2i+§).

By (4.7)-(4.10) for every k < N and J € ¥, we find &, C & so that
(4.29) K € &, implies|K N B, .1 55| = (1 + &,,,)IK].

For G; == Uie 4 K we have

(4.30) 1G; ALy, 5| < &,.16;.

Then we define

N

X n 1,204 8)x(m, ) = & xJ.
(n+1,2i+8)x(m, J) kL=Jl JEU%

Again we start this construction with (m, j) = (1,1) and stop at (m,j) =
(n,2"). By (4.9) the resulting collections &4, 2;+s5)x(m,j, €an be chosen to
be disjoint. This completes the induction step and Part 2 of the proof of
Theorem 4.

It remains to observe that the resulting families 97, ;)x(n,j, satisfy (3.2).
To do so we simply have to trace back the construction. Suppose (3.2) holds
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for n, € N with constant C,. We then show that (3.2) holds for n, + 1 and
constant Co(1 + £, ). Indeed, this follows from (4.29), (4.30), (4. 26) 4.27),
(4.21), (4.22), (4. 19) '(4.20) and (4.5) provided ¢; > 0 and ¢, > 0 are chosen
small enough. ®

It is easily observed that for any collection ¢ of dyadic rectangles, either €
or 9 X 9\ ¢ satisfies the hypothesis of theorem (see [C]). Using this
stability property, it is now clear that:

THEOREM 5. HY(82) is primary.

5. Examples and remarks

In this section we discuss several observations which relate results concern-
ing the 1-dimensional dyadic H' to the construction given above.
For a collection & of dyadic intervals its “Carleson constant” is given by

J
CC{Z) =sup Y. :—I:—
Ied (Jes: Jcl}

This quantity, which is of great importance to questions of classical function
theory (see [Ga]), determines the relation of the subspace span {h;: I € &/}
of H! to the spaces /! and H! (see [M)).

The next observation which may be considered as a geometric version of
Ramsey’s theorem shows that Carleson’s condition is also relevant to detect
copies of H! ® H! in € or 2 X 9\ €.

LEmMMA 6. For ny € N there exists n € N so that for any collection € C
9" X D", one finds o, B C D" such that
() either X BC € or IXBCD"X D"\ €,

(ll) Sup,eyﬁwe‘%,c,ﬂll/l]l > 27 and Sup,egZ{Jeg:JC1)|I|/|J| =
270,

Remark. The one dimensional results of [M, Main Lemma 2] imply now
that for any n, € N and any collection € C 9" X 2" (with n big enough) of
dyadic rectangles either

span{h;,;: I X J € €}
or
span{h,,;: I XJ € €\ 9" X 9"}

contains well complemented copies of H, ® H, .
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Proof. For n, given, we choose k € N so that 2¥~! > n, and select
n € N so that 2" > n,2%". Let I, - -+ I,»+1 be enumeration of the intervals in
2". Now we define collections

&= {JE 9”:11><J€E9}
F={Je 9" I, xJe ¢}.

We use them to define a function

0 if CC{&} = CC{&F}
1 otherwise.

s - {
We put
o - {é’ if CC{&€)} > CC{F)
! & otherwise.
Having defined

fCL)se s f(Lno1)
Ly, &,

m—1
we let
c={Jed,_ 11, xXJ] &€}
F=JeL,_:I,xJ e ¢}

£(L) = {0 if CC{&} > CC{F)
" 1 otherwise.

Finally we let

g = & if CC{&} = CC{F}
" F otherwise.
Having completed the construction of f for I,,..., I, we set

Tr'={le2* fJ) =1}

T ={Je D" f(J) =0}
Then

T'uT'=9*

TI'X Gpc€

TOX Gy 9% x 9F\ €
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and

n

2
CC{fzk} = '2_2,:.

Finally we let

I %  otherwise.
.@ = jzk.

o {91 if cC{J'} > cCc{J?)

Our initial choice of & and n gives now the result. ®

The examples constructed below should be compared with a result of J.
Bourgain [B] which says that H'(/?) is not isomorphic to a complemented
subspace of H'.

THEOREM 7. There exists a sequence of uniformly complemented isometric
copies of H'(12) in H'.

Proof. Fix n € N. We pick a subsequence {s; € N} of natural numbers,
and a sequence of subsets R; so that for each i € N, the cardinality of R;
equals n and

sy <infR; <supR; <s,< *++ <s,_,<infR, <supR,, <s, < *

We use the sequence {s;; i €N} in the _usual way to construct “Haar”
functions Ay g, = r,,- Having constructed h,jy for k <m, and j < 2% we
let

h(m+1,2j) = l(i'(m,/)=1)r5m+l
h(m+1,2j+l) = l(ﬁ(m,j)=_1)rsm+1

To build the components of /2 we use Rademacher functions associated to
R": We denote the k-th element of R,, by m,. The linear extension of the
map

Bim,iy ® ex = hopn iy,

gives us an isometric embedding of H'(/2) into H!. Indeed given vectors
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Uiy = (@4 (m k=1 In I} we obtain

12
_ 2 2
’ hM h(m 'mRrm, z)“ = f( Y |h(m,i)|ak(m,i)rmk) dt
m,l,k ! (mi), k

- f( > m, ,)I( Y a2 ,)))1/2 )

(mi)

(Sl W o)

= " thﬁ(m,i) "H‘(IZ)

The span {h(m D M E N, i <2™,m, €R,)} is complemented in H!,
because the orthogonal projection onto this subspace is bounded. (The best
way to see this is to observe that the criterion in [Jo] is satisfied.)

Remark. 1t is also natural to ask if one can find a sequence of uniformly
complemented copies of H! ® H! in H'. A related problem is to prove that
BMO(8?) is isomorphic to BMO.

The following discussion is included to isolate the idea of the proof of
Theorem 1 in a very special, simple and one dimensional setting: Given real
numbers a,, b,,...,b, and c,,..., c,s and consider the matrix

a a4 4 a a 4 4 4 g 4 a4 @ a a4 4@ 4
A=(b by by by by b, b, by by by by by by by by b,
Ci € C3 €4 Cs Cg C7 Cg C9 Cip C11 C12 €13 €14 C15 Cip

Then we form the following sums:

a, a, 4 a, 4

byl + by +|bs| +[bs]| = (by +b3)/2 4=u,

2 €3 Co cu (c1+ec3+cotey)/4

a, a, a a a,

by| + |by| +|[bs|+|bs]|= (by +b3)/2 4=u0,
23 €4 10 C12 (cp+cy+cegtep)/4

a, a a, a, a

byl + |ba| + | bs|+|bs]| = (b, +b,)/2 4 =,
Cs Cq 13 C1s (cs+cg+c3teys)/4

ay a, a, a, 4

by |+ {bo| + b |+ |bs]| = (by +b,)/2 4=uv,
Cs Cg C1a C16 (es+cq+cy3+cys)/4
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For c;, j < 16, A(c;) denotes the j-th column of the matrix 4. 12 denotes
the three dimensional Hilbert space. Triangle inequality implies that

Z l4(c)Hll 2 = Z_‘, loell 2.

Jj=1

To relate the above considerations with orthogonal projections consider

S

1= h(o, 0)

byl

2=hoy t hes

S

3= h(z,z) + h(2,4)

S

a=ha 1t ha st haot+ e
hs =ha o+ ha e+ ha it he
he = ha sy + hi7y + ha s + ha s

hy =ha.6 + has T haa T ho, e

Now consider

~

hy
IA,lI3”

Pf= Z(fl)

Obviously Ifll s can be realized as £},1/16l4(c))ll ;2, where A is of the
form considered above, such that

4

1
”PfHH‘(S) = Z 1—6||Uk||z32-
k=1

REFERENCES

[B] J. Bourgain, The non-isomorphism of H' spaces in one and several variables, J. Funct.
Anal. 46 (1982), 45-57.

[Ch] S.Y.A. CuaNG, Two remarks on H' and BMO on the bidisc, Conference on Harmonic
Analysis in honor of A. Zygmund, vol II, pp. 373-393.

[Ch-F] S.Y.A. Cuanc and R. FEFFERMAN, Some recent developments in Fourier Analysis and HP
theory on product domains, Bull. Amer, Math. Soc. 12 (1985), 1-41.



ORTHOGONAL PROJECTIONS 573

[C] M. Capon, Primarite de LP(L"), 1 < p,q < =, Israel J. Math. 42 (1982), 87-98.

[G] R. Gundy, Inégalités pour martingales a un et deux undices—L’espace HP, L’ecole d’ete
de St. Flour. SLM 774 (1978).

[Ga] 1.B. GArNETT, Bounded analytic functions, Academic Press, San Diego, Calif., 1981.

3] P.W. Jones, BMO and the Banach space approximation problem, Amer. J. Math. 107
(1985), 853-893.

[Ma] B. MAUREY, Isomorphismes entre espaces H', Acta Math. 145 (1980), 79-120.

[M]  P.F.X. Miiller, On projection in H' and BMO, Studia Math. 89 (1988), 145-158.

J. KepLER UNIVERSITAT LiNz
LiNz, AUSTRIA



