AN APPLICATION OF PROHORQOV’S THEOREM TO PROBABILISTIC
NUMBER THEORY

BY
PaTrick BroLingsLey!

The purpose of this paper is to give a probabilistic proof of a theorem which
contains as special cases certain results about the natural densities of arith-
metically interesting sets of integers, results usually conjectured on proba-
bilistic grounds but proved by nonprobabilistic methods. The principal tool
is Prohorov’s theorem on the weak compactness of probability measures [8].
Results similar to those of this paper, but for logarithmic density rather than
natural density, have been proved, by very different methods, by Paul [7]
(see the end of the paper for a comparison).

1. Introduction

Let uy be the probability measure on the space of positive integers that
places mass 1/N at each of the points 1, 2, ---, N. To ask if a set A of
integers has a natural density is to ask if the limit limy ux(A) exists. Thus
we are lead to ask whether the measures uy converge in some sense. In
order to obtain a satisfactory answer, we must first complete the space of
integers in some way. The following completion is useful for problems of
multiplicative number theory.

Let X be the space of sequences x = (&1, 22, - -+ ) of nonnegative integers.
For each n > 1 let a(n) = (a1(n), az(n), - --), where a;(n) is the exponent
of the ¢t prime p; in the factorization of n = [[; p#*™. The mapping o
provides a one-to-one correspondence between the set of positive integers and
the subset X, of X consisting of those z that have only finitely many nonzero
coordinates. The completion that we will use is a space X, , between X, and
X (X, € X, C X), defined as follows. For each component z; of z, let
z: be z; or 0 according as x; < lor z; > 1, and let zi be z; or 0 according as
;> lorz; < 1. Forafixed sequence N = (A1, Az, -+ +) of positive constants,
let X, consist of those points z of X for which each of the sums D \; z; and
> iai is finite. (Of course the second sum is finite if and only if at most
finitely many of the x; exceed 1.) TUnder the metric

d(z,y) = ZaNilwi — yi| + 2l ai — o7,
X, is a complete, separable metrix space. (To see this, identify x with

(2, 2"), where ' and z” have coordinates z; and z7, respectively. With
this identification, X, is the topological product of two sets, the first [second]
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being a closed subset of the Banach space of real sequences z [z”] with
2| = 2Zinslai| [ 2" || = 2| af [] finite.)

Let %\ be the o-field of Borel sets in X, i.e., the o-field generated by the
open sets. We now redefine uy to be that probability measure on X, corre-
sponding to a mass of 1/N at each of the points a(1), a(2), -+, a(N), and
we ask whether uy converges weakly to some probability measure u on X, .
Weak convergence (denoted uy = u) here means that fg duy — f g du for
all bounded, continuous functions g on X, or, equivalently, that uy(A4) — u(4)
for all u-continuity sets 4, a u-continuity set being an element A of 9\ whose
boundary A~ satisfies u(A~) = 0 (see [1] or [8]). If uy = pand if 4 is a
w-continuity set then clearly

(1.1) Di{n: a(n)eA} = u(4),

where D denotes natural density. (For an account of density, see [4], for
example.) The main result will be that uy does converge weakly to an
appropriate limit if

(12) S Np < o,

where

’

MNo=MN i NS

1.3)
( =1 i N> 1.

As we will see, this result enables us to compute the natural densities of
various number-theoretically interesting sets.

2. Weak convergence in X,

In this section we consider arbitrary probability measures vy and » on X, .
Prohorov [8] has generalized the classical Helly theorem by showing that
{vn} contains a subsequence that converges weakly (to some ») if it is feght
in the sense that for every positive ¢ there is a compact set K such that
vw(K) > 1 — eforall N. (Prohorov’s theorem is valid in any metric space;
the converse also holds if the space is separable and complete.) A routine
application of this theorem yields a useful convergence criterion for measures
on X .

For each k, the equation m(x) = (z1, ---, 2x) defines a mapping m;, from
X, to the space I* of k-tuples of nonnegative integers; for any k and », vz is
a purely atomic probability measure defined for all subsets of I*. It is easy
to show that if vy = » then vy 75 = vm;" for each &, where here the weak
convergence in I* refers to the discrete topology (i.e., there is convergence for
every subset of I*). Although the reverse implication does not hold in
general, it does if one adds the hypothesis that {ry} is tight, which is the con-
tent of the following result.

LemMA 2.1, If vy m = vmi " for each k and if {vx} is tight then vy = .
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Proof. Tt is enough to show that any subsequence {vx+} contains a further
subsequence {vy~} converging weakly to ». But, since {vx+} is tight, it follows
by Prohorov’s theorem that it contains a subsequence {vx»} converging weakly
to some »,. To see that », must coincide with », note first that, since

-1 -1 ~1 -1
vyr . = vm, and  wvyr T, = v T,

v and »o must agree on the field 9(3)\ of sets of the form =z "M (k >1, M < I*).
Hence it suffices to show that % generates % , which follows from the separ-
ability of X, , together with the fact that the closed sphere of radius § about
y is the limit of the sets

{SCI ZLlMIwg - yil + Zk_1 xi — yi | < 5}
which all lie in oy .
To use Lemma 2.1, we need a condition that implies {ry} is tight.

LemMA 2.2.  The sequence {vx} is tight if (i) for each k the sequence {vy %'}
18 tight and (i1) for any positive € and § there exists an integer k such that

vz s D N + Dl > 8} < e
for oll N.

Proof. Given a positive &, we must produce a compact set K such that
vw(K) > 1 — e for all N. It will be convenient to write

(2.1) re(x) = Z,,.k N+ Z..‘k x; .
There is by (ii) an increasing sequence (k;, ks, ) of integers such that
iz 2 () > 1/5) < e/2™
for all N andj. And there is by (i) a number ¢ such that
VN{a: sy R N+ Zpl i } < /2
for all N. Let A be the set of & for which
(2:2) me;(x) < 177, J=12 -,

and

z—l )\1 Z; + Z’l"l wz

take K to be the closure of A. Clearly »w(K) > 1 — e¢forall N. Since only
finitely many distinct nonnegative integers can appear in any given coordinate
of the members of A, it is possible, by the diagonal method, to select from any
sequence in A a subsequence that is in each coordinate eventually constant;
(2.2) now implies there is convergence in the sense of the topology of X, .
Hence K is compact.

3. Weak convergence of the uy

Consider again the particular measures uy defined in Section 1.
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TueoreM 3.1. If (1.2) holds then uy = u, where the measure u on X s
uniquely determined by the relation

k Vg
(3.1) u{x:xi=v¢,i=1,-~-,k}=H(—1—> (1—l),
=1 \DPs P:
valid for any finite sequence (v;, -+ - , vx) of nonnegative integers.

Proof. The main thing is to show that {ux} is tight by verifying that
it satisfies conditions (i) and (ii) of Lemma 2.2. We must estimate
uniz 2 m(z) > 8}, with r(z) defined by (2.1.). Let > [>.'][D."] denote
summation over those indices 7 for which ¢ > k[¢ > kand \; < 1] [¢ > k and
A; > 1]; then

pniz  r(z) > 8 < pafx: 20 Noai > 6}
+ wwfz s 2" Niwi > 0} + wwfa: 20 a7 > 0.
Using Chebyshev’s inequality, we obtain

(3.2)

prfz i) Nz > 8 <8N f i pn(dz);

since
1|N 1
fwiun(dx) =izt =1} Swizia > 1} = N[E] SE”
we have
paie s D2 Newi >0} < 670 N/pa
Moreover
prie s 227 Nwi > 0} < X uafr i > 0 < X7 1/p:

and

N

Applying the last three inequalities to (3.2) and using the definition (1.3)
of \i , we arrive at

pviz i m(x) > 8} < (870 4 )i Ni/pi + i 1/pt.

As k — oo, the right-hand member of this inequality goes to 0, because of the
assumption (1.2); hence condition (ii) of Lemma 2.1 is satisfied. Condition
(1) is easily verified.

By Prohorov’s theorem, there is a subsequence {uy'} converging weakly to
some p. Since uys mp . = umr, it is not hard to show that u satisfies (3.1).
(That p is then uniquely determined by (3.1) follows from the fact, noted in
Section 2, that ) is generated by the field ay.) Having established the
existence of u, one can show without difficulty that uym;' = wm;'. Since
{ﬂN} iS tight, MN = M.

Remark. Theorem 3.1 remains true if p;, pe, -+ is some subsequence of

pviz i 2@l >0} < 2 uwfwial >0} = Zl[%] < Zg@.
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the primes, rather than the entire sequence. Suppose the subsequence satisfies
> il/p: < o;if A, is identically 1, then Theorem 3.1 applies. In this case,
X, is a closed subset of X, , the distance between any two elements of X,
isatleast 1, and u(X,) = 1. If A is any set in X , and if B is the set of points
within distance 3 of A n X,, then

(n:a(n)ed} = {n:a(m)eB}, uw(B~) =0, and u(d) = u(B).

Thus D{n : a(n) e A} = u(A) for any A in X, in this special case. This fact
can be restated as a known result: D is a (completely additive) probability
measure on the o-field generated by the class of sets {n : p* | n} with peC
and u > 1, provided D _,.c1/p < .
The relation
Din: a(n) e A} = u(4) (u(47) = 0)

implies a number of corollary results. Let & be a continuous function from
X, to the line, say; if the linear Borel set, M is a uh~-continuity set then A ™M
is a u-continuity set and hence

(3.3) Din : h(a(n)) e M} = uh™(M).

(This result also follows if we only assume that A(z) is continuous on a set of
w-measure 1.) Now an additive arithmetic function f(n) has the form

f(n) = 2 f(@¥®™),
where the numbers f(p?) are arbitrary, except that f(pi) = f(1) = 0. If
(34) W) = 2:f(p¥)

then f(n) = h(a(n)). If we impose on the function f(n) conditions that
ensure h(z) is well defined and continuous on X, then it will follow by (3.3)
that

(3.5) Din: f(n) eM} = ufa: Xif(pl) e M}
holds for any linear Borel set M such that
(3.6) wlz: Sef(p¥) e M) = o0,
Put
F(p) = f(ps) it [f(p)| <1

=1 if [f(ps)| > L

If > i |f(ps) |/pi < = then there is a sequence A = (Ay, Az, - - - ) of positive
constants such that | f(p:;) | < A\;and D :\i/p; < «. Since (3.4) is then
continuous in the topology of X, , we may state the following result.

TuroreM 3.2. If f(n) is an additive arithmetic function such that
(3.7) 21 () |/pi < =,
then (3.5) holds for any linear Borel set M satisfying (3.6).
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This theorem was proved by Erdés in Part IT of [2]. If w is a continuity
point of the distribution function

F(w) = plz: 2:(p¥) < w)
then it follows upon taking M = (— «, w] in (3.5) that

(3.8) Din : f(n) < w} = F(w).
Erdos stated his result in this form, but he proved it for all w. If the series
(3.9) 2 rwos 1/ps

diverges then it follows from a probability theorem of Lévy’s that F(w) is
everywhere continuous (see [3]); thus (3.8) holds for all w in this case. On
the other hand, if (3.9) converges then it follows by the remark after the proof
of Theorem 3.1 that (3.5) holds for all linear Borel sets M and hence that
(3.8) holds for all w.

The above proofs depend strongly on Prohorov’s theorem. It is perhaps
interesting to note that the use of Prohorov’s theorem (presumably to be
regarded as nonelementary) enables one to bypass all the sieve arguments
(usually regarded as elementary) used in [2]. Another nonelementary ap-
proach to these problems is via Fourier analysis (see [4]).

Theorem 3.1 can be used to analyse further the fluctuations of arithmetic
functions. For example, take f(n) to be additive, as before, and put

h(z) = supe 2 (f(PF) — ms),

W=i%Q-iy%>

=0 7

where

is assumed finite. Then (under the hypothesis of Theorem 3.2) h(z) is
continuous on X, , from which it follows that

Dfn : supr D e (F(pF*™) — ms) e M} = plw : h(z) e M}

for uh~'-continuity sets M. The idea is to see how far the partial sums of the
components f(p*™) of f(n) deviate from their “average” values. To
specialize further, if f(p;) = log (1 — 1/p;) forv > 1, then f(n) = loge(n)/n,
where ¢(n) is Euler’s function. In this case supy D im1 (f(pI*™) — m.)
reduces to the logarithm of

oo e L G-3)/B0-)

which thus has a distribution. The numerator in (3.10) is the fraction of
integers less than n having in common with n no prime factor not exceeding 6.

Moreover, one could in principle find the joint distributions of arithmetic
functions by taking h to be an appropriate mapping into R*. Thus the present
method gives information beyond that contained it Theorem 3.2. On the
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other hand, in Part IT of [2] Erdés proved (3.8) under a hypothesis weaker
than (3.7), namely, the hypothesis that the two series Y :f (p:)/p: and
> i (f (p:))?/ps; converge. Whether a result analogous to Theorem 3.1 holds
in this case is unknown to me. The difficulty is that X, must be replaced by a
space of conditionally convergent series and the Chebyshev inequality used in
the proof of Theorem 3.1 must be replaced by an inequality of the Kolmogorov
type.

4. Comparison with Paul’s results

Theorem 3.1 has an interesting connection with the results of Paul [7].
We first reformulate his results; the reformulation will only be sketched, since
nothing really new is involved.

With each subset A of the space X introduced in Section 1 associate the set
A~ consisting of the elements of A together with those z in X for which

(1, ,%%,0,0, ---) lies in A for infinitely many values of k. This defines
a closure operator which determines a topology 3; if V,(x) consists of x
together with the points (z1, -+, 2,0,0, ---) for k > n, then

{Va(z) :m > 1, 2 e X}

is a base for 3. With this topology, X is a locally compact, completely dis-
connected, completely regular Hausdorff space; it is first countable but not
second countable (or even Lindel6f); any compact subset of X is countable;
the countable set X, is dense in X and is discrete in the relative topology.
The o-field ® of Baire sets (the ¢-field generated by the continuous functions)
coincides with that generated by the cylinders, or sets of the form

{x:xi=vi,i=1,---,k}

with (v1, -+, v) a finite sequence of nonnegative integers. The class ® is
properly contained in the o-field 8 of Borel sets; 8 contain all subsets of X
(in fact, any subset of X is a G;).

Let ux denote the measure (on ® this time) corresponding to a mass of 1/N
at the point a(n), n = 1,2, ---, N; let uy denote the measure on ® cor-
responding to a mass of '/ _s— k™ at the point a(n), n = 1,2, ---, N.
Since ® coincides with the o-field generated by the cylinders, it follows by
Kolmogorov’s existence theorem [5] that there exists a unique probability
measure y on ® satisfying (3.1). (It is interesting to note that uis not tight,
or even r-smooth; see [6] or [9].) Paul has shown in effect that if A C X,
then the upper and lower logarithmic densities of {n : a(n) ¢ A} lie between
the p-measure of the set A~ and that of its interior (A7)°; this fact can be
restated:

(41) p((A7)") < liminfy uy(A) < lim supy p ¥(A) < w(47) (4 C Xo).

Paul’s result is analogous to Theorem 3.1 because it can be shown that (4.1)
is equivalent to uy = u. (We are here dealing with weak convergence in a
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general topological space; see [6] or [9].) Paul’s result is in a sense stronger
than Theorem 3.1, since the topology 3, relativized to X, , is much finer than
the topology introduced into X, in Section 1. On the other hand, his result
fails if logarithmic density is replaced by natural density: it can be shown that
ux does not converge weakly to u in ®.
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