RESTRICTED PRODUCT OF THE CHARACTERISTIC POLYNOMIALS
OF MATRICES OVER A FINITE FIELD

BY
L. Carvirz!

1. Put & = (F(q), the finite field of order ¢ and let ®,, denote the set of
m X m matrices M with elements in ®. We separate ®,, into similarity classes
and let ®;, denote a set of representatives of the similarity classes. Now put

Un = HM@,,,*f(M),
where the product is extended over the elements of ®,, and

f(M) = det (I — M).
It is known [1] that
F, = HdegA=mA(x)»

the product of the monic polynomials of degree m in GFlg, z], satisfies

F, = o(a? — 2™,
We shall show that
(1) Un = [Tt Fie™,
where
(2) ul(m) = 2 o1 s{B(m — st) — gB(m — s(t + 1))]
and B(m) is defined by
(3) Blm) = 3 g,
the summation extending over all nonnegative ¢i, - -+, ¢ such that

¢+ 2¢o 4+ -0 A+ men = m.

It is known [2] that B(m) is equal to the number of similarity classes of m X m
matrices over ®.

2. let A:, Ay, -+, A,, denote the invariant factors of I — M, so that
the A; are monic polynomials in GF[q, z] that satisfy
AiIAJ+1 (j=17"'$7n);
moreover

F(M) = det (ol — M) = Ay Ay -+ A,
and
m = deg A; + deg As + --- 4 deg A
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If we put

A1=B1, Af=Aj—1Bj=Ble"'Bj (j___l’,..’m)
then

f(M) = BYBy™ -+ Bn;

also if
(4) b; = deg B; G=1,--,m)
then
(5) m = mby + (m — )by + +++ + bp.

Except for this condition the B; are arbitrary monic polynomials. It there-
fore follows from the definition of U,, that
(6) Un= [IBYBy™" -+ Bn,

where the product extends over all monic polynomials By, :-+, B, that
satisfy (4) and (5). Making use of the definition of F,, it is clear that (6)
reduces to

(7) U, H thlqb‘blFl();n—l)q”‘bz - Fg:’_bm,
where b = by + by + -+ 4+ bn and the product extends over all nonnegative

integers by, by, - - -, b, that satisfy (5).
It is convenient to change the notation slightly. If we put

¢; = bm—jn G=1-+,m)
then (7) becomes
(8) Un = [ F& F™™ o FOE,
where ¢ = ¢; + ¢ + -+ + ¢ and the product now is over all non-negative
€1, C2, +*+ , Cnsuch that
(9) e+ 2¢ 4 -+ 4 mem = m.
Clearly (8) implies
(10) Up = [Tra 7™,
where
(11) u(m) = 2xem D=t dg T,
where the outer sum is over all partitions
(12) m = ky + 2y + 3ks + -+ .

Then by (11) and (12)
Z:FO ut(m)g;m = Z:=0 " Zr(m) ij=t jqkl+...+km_kj

0 UTE ) T N o Qeytkotee)—ky
= Zkbkz,...=ox 1 2 ij=t ]q e J,
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so that
=1 Z:,—_o ut(m)xm?/t = le,kz,--wo xk'+2k2+mqkl+k2+m . Z;Ll;kpojq‘k"ykj
= Z;Llj Zlocol gy e =030 55k1+2k2+'“qk1+k2+m(l_kjyk"
= I (1= @)™ 2552 7y(1 — 2?) /(1 = 2y).

Now
Z:F—“O ,B(m)xm = Z:=0 xm ch+262+"'=m qc‘+c2+-~~

= H:=1(1 - qx”)'l
2o daiy(l — @) /(1 — a'y) = 2 i je’y' (1 — ga?),
so that

te1 Dm0 we(m)z™y" = D mco B(m)a™ D7 § Do 27y (1 — ga).
This implies

and

Z::FO u(m)a™ = Z:=o B(m)z" 23;1 jx”(l - q:vj)
and therefore
wi(m) = 2z j{B(m — jt) — ¢8(m — j(t + 1))},

This completes the proof of (2).
In particular we have

um(m) = p(0) =1,

Un-(m) = B(1) — ¢B(0) =0 (m > 2).
Note that
um—s(m) = B(2) — ¢B(1) = ¢ (m > 4)
um—s(m) = B(3) — ¢B(2) = ¢ (m > 6)
Un-a(m) = B(4) — ¢8(3) = ¢ + ¢ (m > 8).

3. Comparing degrees on both sides of (1) and using the fact that the num-
ber of factors in the product (6) is 8(m), we get

(13) mB(m) = Dt tg'um).
This can be verified directly, thus affording a partial check of (1). It follows

from
2m—oB(m)z" = JIT (1 — @)™
by differentiating with respect to = that

(14) o mB(m)a” = [[f (1 — g2*)™ > 7 ngx™/(1 — g2™).
On the other hand
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2omm1 & 200 tg ui(m)
= D a” 2ty D emr s{B(m — st) — g8(m — s(t + 1))}
= Do 8lg'z" Do B(m)a™ — ¢ 2 eim stg'zs" Y Yoo B(m)a”
= Y o B(m)x™ {D a1 stq'z™ — X wi 8(t — 1)g'z""}
= Dm0 Bm)™ > i 892"
= > o B(m)a™ D emy s5qz°/ (1 — ga).

Comparing this with (14) it is evident that we have proved (13).
Incidentally it follows from (14) that

(15) mB(m) = 2 F10(j)B(m — 7),

where
o(n) = 2 otn g
Note that, for ¢ = 1, 8 (m) reduces to p(m), the number of unrestricted

partitions of m.

4. U, can also be exhibited in the form
(16) Un = [Im (2% — z)='™,
Indeed by (1)
Un = ;n=1 Ftu‘(m) = ?=1 {Hl€=1 (qu - x)qt_k}u‘(m)
= Hkm———l H?;k (qu - x)qt_ku‘(m)
= [ @ —
so that
ur(m) = 2t g Fu(m)
= 2k g ™ L slB(m — st) — ¢-B(m — s(t + 1))}
= Dteguzn 8¢ TB(M — 8t) — D Teprnucn 8¢ B(m — st)
= D sk<m B(m — sk).

Thus
(17) ullc(m) = Zlgsgm/k Sﬁ(m — Sk).

Since ur(m) — quea(m) = u(m), it is evident that (17) and (2) are
equivalent.

5. It would be of interest to evaluate
Va = [Iundet (2 — M),



132 L. CARLITZ

where now the product is over all ®,,. We can show that

(18) Vi = 15 Ft™
or equivalently
(19) Vi =H1tn=1 (xq‘ _ x)“’(m).

However it seems difficult to evaluate v,(m) or vy(m).

To prove (18) let xI — M have ki elementary divisors P!, where
deg P; = d;. An exact formula for the number of nonsingular matrices that
commute with M is known [3, pp. 229-236]. This number depends only on
the elementary divisors but is very complicated. ILet e(ki;, di) represent
this number and let g(m) be the total number of nonsingular m X m matrices.
Then

N(kij, di) = g(m)/e(ks;, ds)
is the number of matrices similar to M. It follows that
(20) Vo = JI PE&2
the product extending over all irreducible P; of degree d; such that
m o= 25 diki.
TLacgrea P = Tlrema (27 — 2)*@,

it is evident that (20) implies (19) which in turn implies (18). Unfortunately
the value of »,,(¢) obtained in this way is very complicated.
To illustrate we compute V. by a direct method. Take

a b
w= (0 3)

el — M =2 — (a + d)x + ad — be.

Since

so that
Then
Vo = [lapea (2* — (a + d)x + ad — be),
the product extending over all a, b, ¢, de GF(q). Now
1L (v — be) = 4" [Tomo I1c (v — Be)
=y L. &y — o)
=1y — )L
If we takey = (¢ — a)(xz — d) it is clear that
Vo= Ilaa(@ — o)z — &) Jlaa (& — 2* — (a + d)(a" — )"

= (2" — )" [l (2™ — 2* — a (2* — )"
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(2% — 2)’7{(2™ — 2" — @ — )TN (2™ — )}
(xq _ x)2q2(xq — x)tﬂ(q _ 1){($q + x)q . (xq ‘I“ x)}q(q—l)

— (T Pt 0 NaleD
= (x x) (z x) .

Thus
(21) Ve = (2" — 2)® (" — 2)”" = Fi” F§C
6. We can compute vn.(m) = ovn(m) in the following way. If

det (¢I — M) = P, where P is an irreducible polynomial of degree m, then
M is nonderogatory. Thus the matrices that commute with M are given by
f(M), where f(x) is an arbitrary polynomial of degree <m. To get the
nonsingular matrices that commute with M we take f(x) ¢ 0. Thus the
number of nonsingular matrices that commute with M is equal to ¢" — 1.
Therefore the number of matrices similar to M is g(m)/(¢" — 1), where g(m)
is the number of nonsingular m X m matrices. It follows at once that

va(m) = vu(m) = g(m)/(¢" — 1)
= ("= " =) (" =g
It is also not difficult to compute v:,,_l(m) form > 2. Putdet (e — M) =
(z + a)P, where P is irreducible of degree m — 1. As before M is non-
derogatory and we find that the number of nonsingular matrices that com-
mute with M is equal to (¢ — 1)(¢"™" — 1). Then the number of matrices

similar to M is equal to
(¢ = 17" = D7g(m).

(22)

m—l).

It follows that

(23) vma(m) = (g — D" = 1)7g(m) (m > 2).
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