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1. Introduction

This paper is essentially a continuation of [5] to which we refer for most of
our notation and terminology. In [5] we extended the theory of F-reducers
to any QS-closed subclass & of the class U introduced in [2] and studied
further in [6] and [7]. In this paper we consider certain invariants of f-
groups and their subgroups which arise naturally from the study of §-reducers.

As in [5], & will denote an arbitrary @S-closed subclass of U and § = F(f)
the saturated ®-formation defined by the ®-preformation function f on the
set of primes 7. Furthermore, fis assumed to be Ry-closed, i.e.,

(1.1) fnRf(z) = fp) forallpem.

It will be convenient to make two further assumptions which were not made
in [5], namely

1.2) m is the set of all primes,
and
(1.3) f(p) = Sf(p) for all primes p.

The majority of our results seem to require the presence of both these con-
ditions though a few do hold without either and some with the presence of
only one.

We shall also assume that all groups belong to the class 1, unless the
contrary is explicitly stated.

In section two we define two ‘“‘convergence processes’, similar to those
given in Sections 3, 4 of [3], from the sccond of which we obtain the first of
our invariants—the §-speed of a ®-group. The convergence processes give
ways of constructing an F-projector of an arbitrary f-group G as the limiting
term of a “‘converging’ series of subgroups of G. The first method is some-
what unsatisfactory in that at each stage one has to ‘“construct” an §-pro-
jector of some subgroup of (. The second approach, which consists of suc-
cessively taking §-normalizers and §-reducers, overcomes the previous
objection but is, more often than not, too cumbersome for the actual compu-
tation of F-projectors. The processes we shall describe generalize not only
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those in [3] but also similar constructions for Carter subgroups of finite
soluble groups due to Carter [1], Fischer (unpublished), Mann [10] and Rose
[12]. The F-speed of a f-group G is, roughly speaking, the number of steps
that have to be taken before the second convergence process becomes sta-
tionary, and is denoted by 43(G). The F-speed of G is easily seen to be an
invariant of @, and is always finite even though the groups we consider may
well be infinite. For each non-negative integer r the class r (R, §), of -groups
with §-speed at most 7, is a ®-formation (Theorem 2.9) containing the class
fn @WN)”F. We have been unable to decide whether 7 (®, §) is a saturated
f-formation (except in trivial cases) though we do have an example (2.13)
to show that it need not be subgroup-closed.

Suppose H < G efR. We say that a chain (A,, V,; ¢ Q) from H to G
(cf. [§4, 5)) is F-balanced if V, is either F-abnormal or §-serial in A, , for each
o €Q. Now a maximal subgroup of a f-group is either §-normal (and hence
¥-serial) or {-abnormal, soif (A, , V, ; o €Q) is a maximal chain from H to ¢
then it is §-balanced. Thus every subgroup can be joined to G by an §-
balanced chain. We shall be primarily interested in subgroups H of G which
can be joined to G by a finite §-balanced chain, i.e., a chain

H=H<H<--<H.=0@

such that H; is either §-abnormal or -serial in H;43 (0 £ 7 < n). When
such a chain exists we denote by a® (G:H) the minimal number of §-abnormal
links in a finite F-balanced chain from H to G. a®(G:H) is called the J-
abnormal depth of H in G. Tt seerns unlikely that every subgroup of G should
be joined to G by a finite F-balanced chain though we have no example to the
contrary. However if G ¢ ® n AF then every subgroup of G has §-abnormal
depth at most one in G (Theorem 3.2). More generally, every F-subgroup
of GeRn @N)'F (¢ > 0) has F-abnormal depth at most ¢ in G'; moreover if H
is an §-ascendabnormal §-subgroup of G (in the sense of [7]) then a®(G:H) <
t — 1 (provided ¢ > 2) (Theorems 3.1 and 3.3). The concepts §-balanced
chain and F-abnormal depth generalize similar concepts considered by Rose
[13] for finite soluble groups.

In Section 4 we consider (R, §)-chains which may be thought of as canonical
-balanced chains. They generalize the @-chains introduced by Mann in [11]
and lead to our third and final invariant which we denote by b%(G:H) (when
defined). It turns out that a¥(G:H) < b¥(G:H) when the latter is defined
and that the same bounds apply to b* (G:H) as apply to a®(G: H) in the cases
mentioned earlier. Finally we generalize another of Rose’s concepts and
consider F-contranormal subgroups; a subgroup being F-contranormal in a
f-group G if it is a subgroup of no proper F-serial subgroup of G. Using some
rather elementary results on these subgroups we sharpen Theorems 3.8 and
4.8 to obtain the fact that if H is an F-subgroup of G e® n LRN)'AF then
b%(G:H) is at most ¢. Here, as usual, % denotes the class of abelian groups.
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2. The convergence processes and §-speed
The first convergence process.

TraEorREM 2.1. Let D be an arbitrary F-subgroup of the f-group G and
define subgroups R; , D, of G inductively as follows:

Ro = G, Do = D,
and for ¢ > 0,
Riyn = Re(D:; §),

and Dy, any F-projector of Riiy .
Then this process yields an F-projector of G; more precisely, if

GeRn WN)'F (¢ >0)
then D1 s an §-projector of G.

Proof. Since every ®-group has finite 1L9i-length it is clearly sufficient to
prove the final statement which we do by induction on ¢.

If t = 0 then G e § so by [5, 3.12] G = Re(D; §), i.e.,, G = Ry. Thus D,
is an {-projector of G by construction, so the induction begins.

If t > 11let B = p(G), the Hirsch-Plotkin radical of G. It is immediate,
from [5, 3.4] and the “homomorphism invariance” of §-projectors, that the
subgroups D, (G/R) = D:R/R and R;(G/R) = R; R/R are the ¢th terms in a
convergence process for G/ R, the first term in this series being the F-subgroup
DR/R of G/R. Now G/R e n IN)"'F so by induction D, R/R is an §-
projector of G/R. Since D, e by construction, there is an §-projector
E of D; R containing D, by [2, 5.12]. Moreover E is an {-projector of G by
Gaschiitz Lemma, [2, 5.3]. By 1.3 and [5,3.11(Gi)], E K ReD.; F) = Ry .
Thus ¥ is an §-projector of B;+1 and hence is conjugatein R;y; to Diya. In
particular therefore D,y is an -projector of @, as claimed. Notice that
Dy =D;=R;foreachs>t+ 1landj >t + 2 by [5, 3.18()] and 1.2.

The second convergence process.

Lemma 2.2. Let D be the F-normalizer associated with the Sylow basis S of
of the &-group of G. Then D 4s contained in the F-normalizer of Re(D; §)
associated with the Sylow basis S n Re(D; §).

Proof. By [2, 2.13(ii)], S reduces into D, so by [5, 8.3], S reduces into
every subgroup of @ containing R¢ (D). In particular, by [5, 3.1], S reduces
into B¢ (D; §). The result is now immediate from [2, 4.10].

The second convergence is defined in the following way. Let S be a Sylow
basis of the ®-group G and let D be the §-normalizer of G associated with S.
Put Dy = Dy = Dand Ry = G. Let D, be the F-normalizer of Ry = R¢(D; §)
associated with the Sylow basis Sn Ry. Then Dy = D; < D, by 2.2. The
same argument shows that D; < D;, the F-normalizer of Ry = Rz, (Ds; )
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associated with the Sylow basis (S n R;) n B = S n R;. Continuing in
this way we obtain two sequences of subgroups of @,

(1) D=Dy=Di<Dy<D;< -~
2) G=R >Ri>R >R >

where for each ¢ > 1, R; = Rg,_,(D; ; §) and D; is the §-normailzer of R, ,
associated with the Sylow basis S n R._1, i.e.

D; = Ny Ng,_ (Spr n Cp(Ria)).
Lemma 23 Foreach i > 0,D; < Dgpa < Rin < R;.

Proof. We certainly have D; < D;11 < D;ypand R;13 < R, for each ¢ > 0.
But by construction D,y is an §-normalizer of R, , so in particular D;4e <
R;;1. The result is now clear.

We therefore have

(3) D=D0=D1SD2SD3S"'SR3§R2SR1SR0=G

and, as in the proof of 2.2, S reduces into each D; and R;. Thus by [7, 5.8]
(cf. also [5, 2.9])

(4) S®strongly F-reduces into D; , R; for each ¢ > 0.

Remark. Where we want to specify the group @ in the above process we
shall write D; = D,;(G) and R; = R;(G). It is clear from the conjugacy of
Sylow bases that the series obtained above, in some sense, is an invariant of
G; for the corresponding series for the Sylow basis S%, of G is just the conju-
gate, by «, of the series (3).

As an immediate consequence of [5, 3.4] and the “homomorphism invari-
ance”’ of {-normalizers we have
LemMa 24. If N < G €8 then
D;(G/N) = D;(G)N/N and R;,(G/N) = R,(G)N/N for each © > 0.
LemMmA 2.5. The sequences (3) converges. More precisely:
1) fGeRn @R F (¢t > 0) then D; = D, = R, = R, for all 1 > ¢,
(2) if Ge®n WR)*MF (¢ > 0) then D; = Dy = Ripn = R, for
all e >t + 1.

Proof. Since every f-group has finite L9t-length it suffices to prove (1)
and (2) which we do by a simultaneous induction on ¢.

Case (a). t = 0. (1) In this case G ¢ so that D = G and R, = G.
Hence D; = Dy = G = Ry = R, for © > 0, as required.

(2) Here Ge® n WN)F so that D is an F-projector of G by [2, 5.1].
Therefore, by 1.2 and [5, 3.18(1)], R1 = D and hence D; = D, = R, = R;
for 7 > 1.
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Case (b). t > 0. (1) By [5, 5.6],
Ri = Re(D; §) e® n @) g.

Thus by induction, D;(R1) = D;1(R1) = RB.a(Ry) = R;(Ry) forj > ¢ — 1.
Now it is clear that, if we begin the construction for By with the Sylow basis
S n R, of R, then D;(R;:) = D;1(G) and B;(R;) = R4 (@) for each 7 > 0.
Therefore D; = D, = R, = R;for each 7 > ¢, as required.

(2) 1In this case Ry = Re(D; F) e® n @)’ M'F and a similar argu-
ment to that in case (1) gives D; = D1 = Ria = R;foreach ¢ > ¢ + 1,
which completes the induction argument.

Remark. We shall show later that the results in 2.5 are best possible in the
sense that there exists a QS-closed subclass & of U, a saturated ®-formation
& satisfying (1.1), (1.2), and (1.3), and groups Gz, , Gai41, in & such that

GoreR 0 WN)™F but D,y #= Ry,
Gy e® n @W)*MF but D, # R,,
for each ¢t > 1.
LemMA 2.6. For each integer © > 1, R; = Re(D;; §).

Proof . Weagain argue by induction on 7. If 7z = 1then Ry = Re¢(D1; §)
by definition so we may assume that ¢ > 1 and that, by induction, R, =
Rs(Di1;F). NowD; 1 <D;e§, s0by 1.3 and [5, 3.11(11)], Re(D:; §F) <
R:1. Now S reduces into B; ;1 and D, , so by [5, 2.6],

ReD:; F) = (xeG; ST N5 D)
Ri=Re,_,(Di,§) = WeRir; SnRit)”™ N\ §Ds).

If 2¢G and S™ N\ D; then, from above, z e Riy. Since S clearly §-
reduces into Ri_; to (S n R,)®® it follows, from [5, 2.16], that (S n R,_;)™®
&-reduces into D; . Thus z € R; and hence R¢(D, ; §) < R;. From [5, 3.10]
we now obtain the result.

If G ¢ ® we let E(S) be the limit of the sequence (3), i.e.if G ¢ ® n LN)*F
then E(S) = R, = D,andif Gisa f n @N)* " F-group then E (S) = Ry =
D1 . Since each subgroup D; belongs to § we have, from 2.6,

6)) E(S) = Re(E(S); T) €.
Thus, by [5, 3.18(ii)], we have
TuroreM 2.7. E(S) s a F-projector of G.

CoroLLARY 2.8. E(S) is the unique §-projector of G into which S reduces
and into which S® F-reduces. Moreover S® strongly §-reduces into E (S).

Proof. By construction S reduces and S¥ strongly §-reduces into each D
and R;. In particular therefore S reduces and S* strongly §-reduces into
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E(S). If z ¢ G and S® F-reduces into E(S)” then z e R¢(E(S); §) = E(S),
so that E(S)” = E(S). Thus E(S) is the unique F-projector of G into
which S¥ §-reduces. Finally, by [5, 2.6(iii)], E (S) is the unique F-pro-
jector of @ into which S reduces.

If Gis a R-group we define the F-speed of G to be the least integer ¢ = 43 (Q)
such that R;(G) = E(S). It is immediate from the conjugacy of Sylow
bases, that 75 (@) is an invariant of G.

If r is a non-negative integer we define r(®, §) to be the class of all &-
groups with -speed at most 7, i.e.,

TR, ) = {GeR;5(G) <1}
TueoreM 2.9. r(®, §) s a K-formation for each non-negative integer r.

Proof. Suppose S is a Sylow basis and N a normal subgroup of a &-group
G. Then, by 24,

(6) E(SN/N) = E(S)N/N.

Since the sequence (3) becomes stationary when it reaches E(S), it is
clear that the &-group @ belongs to r (R, §) if and only if R,(G) = E(S).

We show first that r (R, §) is Q-closed. Indeed let N be a normal subgroup
of the r (R, §)-group G. Then R.(G) = E(S) so, by 2.4 and (6), R,(G/N) =
E(SN/N). Thus by our previous remarks, G/N er(K, §). This shows
that r (R, §) is @-closed.

IFG@eRnR(Er(®, §)) then there exist normal subgroups Ny of G(A ¢ A)
such that G/Ny er (R, §) for each A e A and Ma Ny = 1. Thus, by 2.4 and
(6) we have R,(G)Ny = E(S)N, for each A eA. Hence, by [2, 3.6(i)],
R.(@) < M (E(S)N,) = E(S). But E(S) < R.(@) by construction, so
we must have B, (G) = E(S). ThusG er(®, §) andhence R n R (r(®, F)) =
r(R, ). This shows that r (R, F) is a R-formation, as claimed.

Thus for every saturated f-formation § satisfying (1.1), (1.2) and (1.3)
we obtain a series of f-formations

@) 0w, F <1(®, ) <2(®, ) < -+~

and it is immediate, from Lemma 2.5, that for each ¢ > 0,

(®) £ @F<IRF), Ko @)*TF L+ 1QR, F).
Since every f-group has finite L-length we also have

) £ = Uimn(®, §)

Lemma 2.10. (1) O®R, %) = §

(2) 1R, &) contains the class of K-groups in which the F-normalizer and
F-projectors coincide.

(B) &n @WRHR,F) <t+ 1R, F) for each t > 0.

Proof. (1) Ge0(®R, ) © G = Ry = E(S). Therefore 0(R, §) = .
(2) If the F-normalizers and F-projectors of the K-group G coincide,
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then with the usual notation, D = E(S). Thus B,(G) = Re(D; §) =
D = E(S) by [5,3.18()]. Hence Gel(R, ).

(3) Suppose G eR n @WN)*% (R, §F) and let F denote the (LN)>-radical of
G, ie., F/p(G) = p(G/p(G)). Then G/F ¢t(R, §F) since this class is Q-
closed by 2.9. Thus, by 2.4 and (6), R,(G)F = E(S)F. Hence

R.(G) e® n @N)’F.
Now D 41(@) is an F-normalizer of R, (G) so, by [5, Theorem 5.2],
Ri1(G) = Reyo) D1 (G); )

is an §-projector of R:(@). Since E (S) is an §-projector of R, (G) contained
in B.11(G) we must have R;11(G) = E(S). ThusGet+ 1(R, §) as required.

CororrARY 2.11. Ift > O then t(®, §F) < t + LR, §) o and only #f
t®, F) < K.

Proof. It is clear that we need only show that t (R, ) is a proper subclass
of t + 1(R, §) if it is a proper subclass of . Suppose that this is not the
case. Then, by 2.10(3), we have

R @R, F <t +1®,F) = t® F)
whence
K0 @MLR, F) = LK, F).
An easy induction argument now shows that for each n > 0,
Ko @M®R,F) =&, F).

Since every ®-group has finite 1N-length it follows that & < t(R, §) contra-
dicting the hypothesis that ¢(®, §) is a proper subclass of . This contra-
diction completes the proof.

From 2.10 and 2.11 we see that the ascending sequence (7) commences at
& and becomes stationary only when it reaches f.

CoroLLARY 2.12. G el (R, §) if and only if E (S) is the strong F-serializer
of D in G.

Proof. Suppose firstly that G ¢ 1(®, F). Then Re(D; §) = B = E(S).
Now D §-ser E(S) by 1.2 and [5, 5.9(1)], so in this case D is {-serial in
Re(D; §). Thus, by [5,41.7], E(S) is the strong §-serializer of D in G.

If on the other hand E(S) is the strong §-serializer of D in G then
E(S) = Re¢(D; ¥) by definition (cf. [5, §4]). Thus Ry = E(S) and
G el (R, §) as required.

From 1.2 and 2.10 we see that 0(R, §) is both subgroup-closed and satu-
rated. We have been unable to decide whether (R, §) is saturated for
t > 1. However, we now give an example to show that the classes {(®, &)
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are in general not subgroup-closed. This example also shows that the se-
quence (7) can be strictly ascending and that (1), (2) in Lemma 2.5 are best
possible.

Example 2.13. We take ® = &* the class of finite soluble groups and
& = N* the class of finite nilpotent groups. Certainly these satisfy (1.1),
(1.2) and (1.3) and in this case the N*-reducers are exactly the reducers.

If Gis an A-group (that is a finite soluble group with abelian Sylow p-sub-
groups for each prime p) then the basis (i.e. system) normalizers of G are
pronormalin G [12,2.4]. Thus if D is a basis normalizer of @, then by [5,3.22],
Re(D) = Ng(D). Inspection now shows, using [1, Theorem 6] that for
A-groups our second convergence process reduces to that defined by Carter
1, §4].

In [1], Carter constructs an A-group G; for each j > 1, in the following way.
Let p1, p2, ps, - - - be a sequence of distinet primes and inductively define

G=0Cp,G=ChlGa (k>1)

where C,,; denotes a cyclic group of order p; . Carter shows [1, Theorem 12],
that, for each n > 1, Gs, is an A-group of nilpotent length 2n in which F,—
# E (i.e. in our notation B,_y  E(S)) and Gz,41 is an A-group of nilpotent
length 2n + 1 in which D, # E (i.e. in our notation D, # E(S)). In the
latter case R,_1 ¥ E (S) since D, is a basis normalizer of R, . Thus, by
(8), we have

(10) Gonize " 0 (&%, NY) — n — 1(&*,NY)),
Goniz e )™ 0 (n + 1", N) — n(&S", N)).

Hence equations (1), (2), in 2.5 are best possible. Also the sequence (7)
is strictly ascending in this case, i.e.,

N* = 0", N*) < 1(&*,N*) <2@*N") < ---.

For each ¢ > 1, the &*-formation ¢(&*, N*) is not subgroup closed. For,
by 2.10(2), 1(&*, N*) contains all SC-groups, i.e., finite soluble groups in
which the basis normalizers and Carter subgroups coincide. Now the Alperin-
Thompson Theorem [9, page 747] states that every finite soluble group can
be embedded in an SC-group. Thus if ¢(&*, N*) were subgroup-closed for
some ¢ > 1 then we would have to have t(&*, ") = &* contradicting (10)
above. Thus (&%, N*) is not subgroup-closed for each ¢ > 1.

Suppose f; (¢ = 1, 2) is a -preformation function on the set of all primes
satisfying (1.1) and (1.3), and §; is the saturated ®-formation defined by f; .
We close this section with examples that show that

(a) §1 < §. doesnot imply ¢(R, F) < ¢, F2) (¢ > 0),
() §i < F. does not imply (R, F) < t(R, F1) ¢ > 0).
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In fact (b) follows easily from our previous example. For if we take
f = § = S* and § = N* then, by (10), t(S*, N*) < t(S*, &%) = &* for
all¢ > 0.

Our example for (a) is somewhat more complex.

Example 2.14. We in fact consider the group G which Hawkes [8] con-
structed as follows:

Let Q = (a,b;a* = 1,a> = b* = [a, b]) be a quaternion group of order 8
and S a subgroup of the automorphism group of  isomorphic to the sym-
metric group of degree 3. S is chosen so as to contain an involution x whose
action on Q is defined by ¢ = b, b = a. Let R = QS be the semidirect
product of @ by 8. We write z = [a, b] and Z = (2); Z is the centre of both
Q and B. Welet T denote the normal subgroup of index 2 in S.

Now set K = ((12)(35), (12345)), a dihedral group of order 10 considered
as a subgroup of the alternating group of degree 5, and let H = ((12345)) be
the normal subgroup of index 2in K. Let G = R ! K, the wreath product of
R by K according to this permutation representation. Let o;: B — R;
denote an isomorphism (¢ = 1, -, 5) andlet D = R; X _ X R; be the base
group of G. Using the suffix ¢ to denote images under o; Hawkes sets

T = miXala®aks, 2 = 212023225 and k = (12) (35).
He also defines the following subgroups of G:
A=@); A=2Z;X- - XZs;
B=(: X - X@Qs; C =BT X XTs);
D=0C@&); S=8X-X58;
B = (@)X @ X &E; F=(4XS8)Ek).

Hawkes also considers the saturated &*-formation § defined by the &*-
formation function

flp) = {1} for p =3
f(8) = &5, the class of finite 2-groups.

It is easy to see that the upper nilpotent series of Gis1 < B < C < D <
Dﬁi < @ so that G has nilpotent length 5 and belongs to M*)“E but not to
M.

Hawkes showed in his paper that FE; is both an §-normalizer and basis
normalizer of G and that F is an §-projector of G.

Let Sz = B(<x1> X e X <$5>)<k>, Sa =Ty X -+ X T5, Sy = H. Then
S = {S:, S;, Ss} is a Sylow basis of G which reduces into both E; and F.
Thus in our usual terminology F = E(S). The p-complement system of ¢
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associated with S is {Sy/ , s/ , S5} where
Sy = (Th X — X Ts)H,
Sy = B({z) X -+ X (z5))K,
Ssr = D(k).

We calculate the F-reducer of E; in G. Since S reduces into E; we have
Re(Br;F) = (eG; S® N\ 5 Ey) by [5, 2.6]. Now the f(p)-residual Ef of
Eyis E;forp £ 3and 1if p = 3. Also C,(G) = G for p # 3. Thus

S® N\ s By & 8% n Ey e Syl (By) for each p = 3
< 8% reduces into E; (since E; is a 2-group)
= By < (DK))”
< DY = (D))’ (since D < @)
<y eNa(D(k)) = D¢k).

Thus Re(E1; §) = D{k). Since D(k) is not an F-projector of G we therefore
have G ¢ 1(S*, §).
We now calculate the reducer of E;in G. Since

Re(E:) < Re(Br; §) = D(k)

by [5, 3.1], we have Rs(E1) = Rpwy (B1). Now S reduces into D(k) so that
Rp@y (B1) is generated by those elements y e D(k) such that (S n D{k))”
reduces into £, . But E, is a 2-group so it follows that

Ro(E1) = Rppy(E1) = (y e D{k); S§ reduces into Ei).

Hence S; < Rpw) (E1).
Suppose y e D{k) and S} reduces into E;. Now

D{ky = 8:(T1 X-X Ts)

sothat y = uv wherew e Spand v e Ty X -+ X T5. Thus S; = S} reduces
into ;. Therefore E; < 83 and, since £ normalizes Ty X --- X Ts,

[Z,v]eSon (Th X -+ X Ts) = 1.

Now the centralizer of z; in T'; is the identity, so it follows that the centralizer
of £in Ty X -+ X Ts is also the identity. Thus v = land y = ueS;.
Hence Rp@y (E1) < 8Se and from our previous inequality we have Rg(Ey) = S, .

It follows, for example from [5, 3.9 and 3.19], that S. is a Carter subgroup
of G. Therefore the M*-convergence process for G takes one step, i.e.,
G el1(&*, N").

Now it is clear that #* < § so we have an example to show (a) since
Gel(@*,N) — 1(S* §).



656 C. J. GRADDON

3. §-abnormal depth

We recall that, when defined, the §-abnormal depth, a¥(G:H), of a subgroup
H in a R-group G is the minimal number of F-abnormal links in a finite
F-balanced chain from H to G, i.e., a chain

H=H <Hi<H, < ---<H.,=@

in which H; is either -abnormal or F-serial in H;; (0 < ¢ < n).

If we take & = & and § = N* then the concepts “F-balanced chain”,
“F-abnormal depth” reduce to the concepts “balanced chain”, “abnormal
depth” defined by Rose [13]. If H is a subgroup of a finite soluble group G
then the abnormal depth of H in G is, as in [13], denoted a (G:H). The first
three theorems in this section generalize similar results of Rose [13].

TaroreM 3.1. Suppose H is an F-subgroup of the & n @N)‘F-group
G (t>0). Thena®(G:H) < t.

Proof. Since G e n (LN)'F there is a series
1=U, U L0,L - LU LS Uin=@

of normal subgroups U of G such that U,;,/U; 1 erftfor1 <7 <tand G/U; €.
Set H; = HU;. Then

H=Hy<Hi<--<H <Huuu=0G

Let 7 ¢ {O, eyt — 1}. Then Hi+1/Ui = U¢+1/U¢ . Hi/Uz and Hq,/U1 € %,
so, by [2, 5.12], there is an F-projector F';/U; of H;,1/U; containing H,/U; .
Now F,/U; is §-abnormal in H;./U; by [7, 3.5], and H;/U, is -serial in
F./U;by 1.3 and [5, 5.9(1)]. Thus

H.; %—ser I’t;)qg HH-I )
and we have

(1) H = H, %-S@TFO )(]3H1 %—serFl )43]{2"' NgHtS G

Now G/U; €%, so, by [5, 59], H,/U, §-ser G/U,. Thus H, F-ser G and the
chain (1) is §-balanced. Since there are (at most) ¢ F-abnormal links in this
chain we have a®(G:H) < {, as required.

TupoREM 3.2. If G € & n AF and H is any subgroup of G then ¥ (G:H) < 1.

Proof. Let A = G¥, the F-residual of G. Then 4 is abelian by hypothesis
and it is clear that

2) d®(G:H) < d®(G:AH) + d*(AH:H).

Now G/A € so, by [5,5.9 ()], AH F-ser . Thus a®(G:AH) = 0. Since
A is an abelian normal subgroup of G, A n H is a normal subgroup of AH.
It follows that

o (AH:H) = ¢*(AH/AnH:AH/A n H).
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Since § is a subgroup-closed and H/A n H= AH/A,wehave H/A n H €.
Thus by Theorem 3.1, a®(A4H/A n H:H/A n H) < 1. From (2) and our
previous remarks we now deduce a¥(G:H) < 1, as required.

Remark. In his paper, [13], Rose shows that for each integer n > 1 there
is a finite supersoluble group G with a subgroup H such that a (G:H) = n.
Such a group G is necessarily metanilpotent so Theorem 3.2 cannot be ex-
tended to the case where G e & n (LN)F.

TueoreMm 3.3. Suppose H is an F-ascendabnormal §-subgroup of the
R0 @R Fgroup G (¢ > 2). Thena®(G:H) <t — 1.

Proof. Asin the proof of 3.1 we have a series
1= UOS U, < UzS“'S UtS Ut+1=G

of normal subgroups of G such that U;/U;yetRforl <7<t andG/U, €.
Now HU,; ¢ ® n R)"*F so, by Theorem 3.1, we have o®(HU,, : H) <
t — 2. Since

a®(G:H) < a*(G:HU ) + o (HU -2 :H)
it suffices to prove that a¥(G:HU,_,) < 1.

By [7, 4.1], H contains an F-normalizer of G, so HU,_5/ U, contains some
&-normalizer D/ U, of G/U,». Since H ¢,

HUt_z/Ut_z _<. RG/U;—z(D/Ut—2 5 %) = Xp/l]t—2

by [5, 3.11]. Now G/U,» e ® n @N)’F so, by [5, 5.2], X/U,_, is an F-pro-
jector of G/U,_» . In particular therefore

X/U;s X5 G/ U .
Also HU, /U, §-ser X/U. 2 by [5, 5.9(i)]. Thus

HU, , §-ser X Mg G
and we have a®(G:HU,_;) < 1, as required.

Remarks 1. Theorem 3.3 does not hold if ¢t = 1. For if H is an §-ascend-
abnormal §-subgroup of e K n (LN)§ then, by [7, 4.1], H contains an
§-normalizer D of G which, by [2, 5.1], is also an -projector of . Since
H ¢ § we must then have H = D, an §-abnormal subgroup of G by [7, 3.5].
Thus a®(G:H) = 1 and 3.3 does not hold.

2. If H is a subgroup of an {-projector E of the f-group G then, by
[5, 5.9(i)] and [7, 3.5], H F-ser E X5 G whence o®(G:H) < 1. In particular
if D is an F-normalizer of G then a® (G:D) < 1.

Lemma 3.4. Suppose D is an §-normalizer of the &-group G. Then
o®(G:H) = 04f and only if G e F. Hence a®(G:D) = 1 4f and only f G ¢ §.
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Proof. Suppose a®(G:D) = 0. Then there is a series
D=D<D;<---<D,=¢G

with D; §-ser Dy for 0 < 4 < n — 1. Clearly this implies that D §-ser G.
It now follows, from [5, 4.10], that G@ = Re(D; §). From [5, 5.6] we now
deduce that G belongs either to Forto & n WN)F. If G e n WN)F then,
by [2, 5.1] and [5, 3.18(i)], @ = D e¢§. Thus in either case we have G €,
as required.

If conversely G ¢J then G = D and clearly ¢®(G:D) = 0. We have
therefore shown that a®(G:D) = 0if and only if G ¢ §. The last part of the
lemma now follows from the second remark prior to the statement of the
result.

4. (R, )-chains

Lemma 4.1. Suppose H is a subgroup of the R-group G. Then there is a
unique smallest §-serial subgroup of G containing H.

Proof. Let B be the collection of all §-serial subgroups of G containing H;
B is non-empty since G e B. From [5, 2.21 and 4.10] it follows that inter-
section B of all the members of B is also J-serial in (. Clearly B is the
unique smallest §-serial subgroup of G containing H.

If H is a subgroup of a -group G we denote by S¥(G: H) the unique smallest
&-serial subgroup of G containing H.

LemMA 4.2. Suppose H < GeR and N | G. Then
S*(G/N:HN/N) = S*(G:H)N/N.
Proof. Let S*(G/N:HN/N) = X/N. Then HN/N < X/N §-ser G/N
so that H < X F-ser G. Thus S¥(G:H) < X by definition and hence
S¥(G:H)N/N < X/N.

But S¥(G:H)N/N §F-ser G/N by [5, 4.11], so we must have S*(G:H)N/N =
X/N, as claimed.

Suppose H is a subgroup of the ®-group ¢. We define subgroups S, =
S:(G:H:§F) and R; = R;(G:H:§) of G containing H inductively as follows:

Sy = 8%(G:H); Ri= Rs,(H;);

Siy1 = S*(Ri:H); Riy1 = Rs,, (H; §) (> 1).
In this way we obtain a chain
®) G>82Ri>8>R >

of subgroups of G containing H. It seems possible that in the most general
cases the series (3) may not reach H after a finite number of steps, though
we have no example to verify this. However, by [5, 3.8 and 3.13(ii)] we do
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have
4) H < -+ Ry X Sy F-ser Ry X S F-ser G

Thus when the chain (4) is finite and reaches H it is an §-balanced chain
from H to G. We call (3) the (R, §)-chain of H in G, and when it reaches
H after a finite number of steps we denote by b°(G:H) the number of F-
abnormal links in it. It is clear that a®(G:H) < b¥%(Q:H) when defined. Tt is
immediate that if ¢ > 0 then b*(G:H) = tif and only if S, (G:H:§) = H.
Our (R, ¥)-chains generalize Mann’s Q-chains [11] and our first aim is to
show that at least in finite f-groups they have some meaning, i.e. if H is a
subgroup of a finite ®-group G then the (R, §)-chain of H in G reaches H
(after a finite number of steps). To do this we require two lemmas.

Lemma 4.3. Suppose H is a subgroup of the finite R-group G and
H < RG(H; %) = (.
Then H lies in an §-normal maximal subgroup of G. Hence SS(G:H) < G.

Proof. We argue by induction on the order of (/. Since H is a proper sub-
group of G, G is nontrivial. Let N be a minimal normal subgroup of G;
then Rg/x (HN/N; ) = G/N by [5,3.4]. I1f HN/N is a proper subgroup of
G/N then, by induction, HN /N lies in an §-normal maximal subgroup M/N
of G/N. Thus H is contained in the F-normal maximal subgroup M of G.
If HN = G then H is a maximal subgroup of G and, by [5, 3.13 (i)], must be
F-normal in G. Thus in either case H lies in an §-normal maximal subgroup
M of G. By definition, S*(G:H) < M so the final statement of the lemma
is immediate.

LemMa 44, If HL Gef® and X = Re(H; §) then Rx(H; §) = X.

Progf. Let S be a Sylow basis of ¢ which reduces into both H and X.
Then, by [5, 2.6 (iii)],

X = Re(H; §) = (@eG; 87 Ny H),
Rx(H;§) = (yeX; (SnX)”® \gH).

Suppose z € G and S™ F-reduces into H. Then z ¢ X and, since S™ clearly
F-reduces into X to (S n X)®™, we have (S n X)® F-reduces into H, by
[5, 2.16]. Thus X < Rx(H:¥) and the result now follows.

Suppose now that H is a subgroup of the finite 8-group G. Then, by 4.3
and 4.4, every containment in the chain (3) is strict (except possibly G > S;)
until H is reached. Thus the (R, §)-chain of H in G reaches H and b* (G: H)
is defined.

We have been unable to decide whether Lemma 4.3 holds in general.

Our aim now is to improve Theorems 3.1, 3.2 and 3.3 by showing that
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b%(G:H) may replace o (G:H) in each of the statements. Techniques simi-
lar to those employed by Mann [11] can be used to prove these extensions
but we give here alternative proofs which use our work on §-reducers [5].

We shall require the following

Lemma 4.5. Suppose H is an §-ascendabnormal subgroup of the &-group
G. Then S*(G:H) = G.

Proof. Let 8 = S*(G:H). Since H is J-ascendabnormal in G there is
an ordinal ¢ and a chain (Hjs ; 8 < o) of subgroups of G such that H = H,,
Hg Xz Hgyy for B8 < o, Hy = Usey Hp for limit ordinals A < ¢, and Ho =
G. We prove by transfinite induction that Hg < S for each 8 < 0. This
will show that G@ = H, < 8, proving the result.

If 3 = 0 then H = Hy < 8 by definition; therefore the induction begins.

Suppose 8 = o+ 1forsomea < cand Hy, < S. Then H, £ Sn Hoqa .
Now H, Xg Hat1 s0 that Sn Hyqy Xg Heqr . Also

Sn Hyyy F-ser Hopn by [5, 4.33)].

A proper subgroup of a f-group cannot be both {-abnormal and §-serial so
we must have Sn Hey1 = Hypn. Thus Hg = H,yi < S and the induction
goes through in this case.

If A < ¢is a limit ordinal and Hs < S for each 8 < X then certainly H) =
Ugar Hg < S. This completes the induction argument and the proof.

As an immediate consequence of 4.5 and [7, 4.1] we have
COROLLARY 4.6. If D is an F-normalizer of a R-group G then S*(G:D) = G.

Lemma 4.7.  Suppose H is an §-subgroup of the & n WN)F-group G. Then
b¥(G:H) <L 1.

Proof. Let R = p(G), the Hirsch-Plotkin radical of G. Then G/R ¢
so, by [5, 5.9(G1)], HR §-ser G. Therefore

S = 81(G:H:F) = S*(G:H) < HR.
Since H < 8; the modular law gives S; = H(S;n R). Now H ¢ so, by
[5, 4.21], H $-ser Rs, (H; §) = Ry(G:H:§). Thus

H = S*Ri:H) = S;(G:H:§).
Hence

H = 8, §-ser Ry Xg S1 F-ser G
and b5(G:H) < 1.

TeEEOREM 4.8. Suppose H is an F-subgroup of the & n (LN)'F-group
G (t >0). Thenb®(G:H) < t.

Proof. We argue by induction on ¢. If ¢ = 0 then G e{ and, by [5,
59(3)], H F-ser G. Thus S;(G:H:F) = H and b*(G:H) = 0.
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Ift>0set R = p(G). Then HR/R is an §-subgroup of G/R so by in-
duction b*(G/R:HR/R) <t — 1 and hence
S:(G/R:HR/R:§) = HR/R.
Now it is clear, from [5, 3.4] and 4.2, that
S:(G/R:HR/R:§) = S:(G:H:§)R/R,
R;,(G/R:HR/R:§) = R,(G:H:F)R/R

for each ¢z > 1, i.e. that the (R, §)-chain of HR/R in G/R is the image in
G/R of the (R, §)-chain of H in G. Thus

S, = 8;(G:H:¥) < HR

and in particular
S;e®n @ON)F.

Therefore, by 4.7, b%(S,:H) < 1. Now it is clear from the definitions that
Si(Si:H:F) = S, Bi(S;:H:F) = R,, S:(S;:H:F) = 8S.41. Since
b¥(S;:H) <1 we have H = So(S;:H:F) = Si1 and hence b¥(G:H) < ¢,
as claimed.

TrHEOREM 4.9. If G e® n AF and H < G then b° (G:H) < 1.

Proof. Let A = G the F-residual of G; A is abelian by hypothesis.
Therefore H n A is a normal subgroup of AH and, as in the proof of 4.8,

W(AH/HnA:H/AnH) = b(AH:H).
Now H/A n H is isomorphic to a subgroup of the F-group G/A so, by 1.3,
H/AnHeE. Thus, by 4.8, V*(AH/Hn A:H/An H) < 1. Hence
W(AH:H) < 1.
Now G/A € so, by [5, 59(G)], AH F-ser G. Therefore S*(G:H) < AH

and it follows that S¥(G:H) = S*(AH:H). Thus the (R, §)-chain of H
in @ coincides with the (R, §)-chain of H in AH, so that

b (G:H) = V¥(AH:H) < 1,
as required.
Remark. Since ¥ (G:H) < b*(G:H) when the latter is defined, it follows,

from the remark after the proof of 3.2, that we cannot hope to extend 4.9 to
the case where Gis a & n (LN) F-group.

Levma 4.10. Suppose H is an F-ascendabnormal §-subgroup of

Ge®n @R,
Then b*(G:H) < 1.

Proof. By [7, 4.1], H contains an §-normalizer D of G, and since H e §
we have Re(H; §) < Re(D; ) by [5, 3.11(ii)]. Now F is subgroup-closed



662 C. J. GRADDON

and Rq¢(D; §) is an §-projector of G by [5, 5.2]. Therefore Re(H; §) ¢ §
and, by [5, 59(1)], H §-ser Re(H; §F). Now Si(G:H:F) = G since H is
F-ascendabnormal in G by (4.5), so Ri(G:H:§) = Re(H; §). Therefore

S (GH:F) = SS(Re(H:F):H) = H.
Thus b¥(G:H) < 1, as required.
THEOREM 4.11. Suppose H is an §-ascendabnormal §-subgroup of the

K n @N) 'F-group G t > 2).
Then b*(G:H) <t — 1.

Proof. We argue by induction on ¢, the case t = 2 being covered by 4.10.
If t > 2 and R = p(@) then HR/R is an {-ascendabnormal §-subgroup of
G/R by [7, 4.5] so by induction b°(G/R:HR/R) <t — 2. In particular
therefore S, 1(G/R:HR/R:§) = HR/R. As in the proof of 4.8 we now
obtain S; 1(G:H:F) < HR and in particular

S (G:H:F) e n @N)T.

The argument used to complete the proof of 4.8 now shows that S, (G:H:§) =
H. Thus b%(G:H) < t — 1, as claimed.

To show the difference between the invariants ¥ (G:H) and b*(G:H) we
have

TueoreM 4.12. Suppose D is an F-normalizer of the K-group G. Then
a®(G:D) = b%(G:D) if and only if D has a strong F-serializer in G.

Proof. If Ge§ then D = G and ¢*(G:D) = b%(G:D) = 0, so there is
nothing to prove. We may therefore suppose that G ¢ §. Then d®(G:D) =
1 by 3.4.

By 4.6, Si(G:D:F) = G so that

Ri(G:D:F) = Re(D:F) and S, (G:D:F) = S*(Re(D:F):D).
Thus
a®(G:D) = b¥(G:D) & b*(G:D) =1
= 8;(G:D:F) =D
< D F-ser Re(D; §)
< D has a strong §-serializer in G [5, 4.17]

Suppose D is the F-normalizer of the &-group G associated with the Sylow
basis S of G. The (R, )-chain of D in G is, in some respects, similar to the
second convergence process of G for the Sylow basis S. We consider briefly
the question of whether there is any relation between b (G:D) and 4 (G).

Firstly 45(G) is not bounded in terms of b¥(G:D). For take & = &*
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and § = M*. If D is a basis normalizer of an A-group G then D is pronormal
in G by [12, 2.4] so, by [5, 3.22], R¢(D) = Ng¢(D). Thus, by 4.6,

Si(G:D:N*) = G, Ri(G:D:N*) = Re(D),
8 (G:D:N*) = 8™ (R¢(D):D) = D

as D <\ Rg(D). Hence b* (G:D) < 1. Now the groups G;, in Example
2.13, are A-groups and for each n > 0, i+ (Gony1) = n. Thus if D, is a
basis normalizer of G; then we have b™ (G; :D;) < 1 for all ¢ but the RN*-
speeds igs(G;) are unbounded. Thus 7% (G) is in general not bounded by
some function of b¥(G:D). We leave open the question of whether b°(G:D)
is bounded in terms of 73 (G).

We close this section by considering briefly a generalization of another of
Rose’s concepts [14].

If H< GefR wesay H is F-contranormal in G if S¥(G:H) = G, ie. if H
is a subgroup of no proper §-serial subgroup of G.

By 4.5 every §-ascendabnormal subgroup is §-contranormal.

LemMma 4.13. If H is an F-contranormal F-subgroup of the & n N)F-
group G then H lies in some §-projector of G.

Proof. Let R = p(G). Then G/R ¢ T so, by [5, 59@1)], HR T-ser G.
Since H is §-contranormal in G we must have HR = G. The result is now
immediate from [2, 5.10].

LevMa 4.14. If G ¢ ® n AT then the F-contranormal F-subgroups of G are
precisely the F-projectors of Q.

Proof. The F-projectors of G are F-contranormal §-subgroups of G' by
[7, 3.5] and 4.5. On the other hand suppose H is an {-contranormal -
subgroup of G. Let A = G¥, the F-residual of G; by hypothesis A4 is abelian.
Now G/A € § so, by [5, 59(@)], HA §-ser G. Since H is F-contranormal in
G we must therefore have G = HA. Now H is contained in some {-projec-
tor E of G by 4.13, so by the modular law E = H(E n A). But E comple-
ments A in G by [2, 4.12 and 5.1]. Therefore E = H, and the proof is com-
plete.

Remark. If G is a finite soluble group then a subgroup H of G is 9t*-
contranormal in G if and only if H lies in no proper normal subgroup of G,
i.e. if and only if the normal closure H® of H in G is G. Thus for &*-groups
the concepts “N*-contranormal” and “contranormal” (as defined in [14])
coincide.

In his paper, [14], Rose gives an example to show that (W*)>-groups may
have nilpotent contranormal subgroups which are not Carter subgroups.
We cannot therefore hope to improve 4.14 to the case where G e ® n (LN)F.
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Using Lemma 4.14 we can sharpen 4.13 to give

LemMa 4.15. If H is an §-contranormal §-subgroup of the & n @N)AF-
group G then H lies in some F-projector of G.

Proof. Let R = p(@). Then HR/R is an {-contranormal §-subgroup
of G/R by 4.2. Thus, by 4.14, HR/R is an §-projector of G/R. By [2,
5.10], H lies in an §-projector E of HR, and since E is an F-projector of G by
[2, 5.3] we have the desired result.

Our final result sharpens 3.1 and 4.8.

THEOREM 4.16. If H is an F-subgroup of the & n (LN) ' AF-group G > 1)
then b°(G:H) < t.

Proof. We argue by induction on ¢.
If t =1, then H is an §-contranormal §-subgroup of the

fn @N)AF-group Sy = S, (G:H:F) = S*(G:H).

Thus, by 4.15, H lies in an -projector E of S;. Let R be the Hirsch-Plotkin
radical of S;. Then, by 4.2, HR/R is an {-contranormal {-subgroup of
Si/R so, by 4.14, HR = ER. Hence E = H(En R). Now applying
[5, 2.17 (iii)] we have Rs, (H; §) < Rs, (E; §). From [5, 3.18 ()] we obtain
Rs,(H; §) < E. Now E ¢§ so, by [5, 3.11()], E < Rs,(H; §F). Thus

Ry = Ri(G:H:§) = Rs,(H; §) = E.

But H §-ser E by [5,5.9(1)], so we have Sy (G: H:F) = H, whence b®(G:H) <
1 and the induction begins.
If ¢t >1and Y = p(@) then HY/Y is an §-subgroup of the

K n @N) 7 AF-group G/7Y,
so by induction b*(G/Y:HY/Y) < t — 1. Thus
S.(G/Y:HY/Y:§) = HY/Y.

The argument at the end of the proof of 4.8 now shows that Si1 (G:H:§) =
H. Thus b°(G:H) < t, which completes the proof.

The material in this paper forms part of a thesis submitted to the Univer-
sity of Warwick in 1971 for the degree of Doctor of Philosophy. I would
like to thank my supervisor Dr. B. Hartley for all his help and encourage-
ment.
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