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HYPERFUNCTIONS AS BOUNDARY VALUES OF
GENERALIZED AXIALLY SYMMETRIC POTENTIALS

BY
AHMED 1. ZAYED

1. Introduction

In the classical Dirichlet problem on the unit disk, one starts with a given
function f'(6) on the unit circle and seeks a harmonic function f (r, ) in the open
unit disk that converges to f(6) as r goes to 1. The solution to this problem is
very well known. However, the solution to the converse problem i.e. finding a
boundary function to which a given harmonic function in the interior of the
disk converges, was found relatively recently by Gelfand [1], Johnson [4],
Kothe [5] and Sato [6]. It turns out that this solution always exists in the space
of hyperfunctions on the unit circle and is unique.

In [4] Johnson gives a characterization for the solutions of Laplace equation
in the unit disk, namely, f is harmonic on the unit disk if and only if there is a
sequence {g,} of continuous functions on the unit circle such that

lim (n!g, ..)1" = 0

n— oo

and
© 1 L 2n

=Y — ™6 — t)gn(t) dt
f.0) = % 50| P00 = a0
where |gnllw = SUPo<:<2x|gn(t)| and P™(0) is the nth derivative of Poisson
kernel for the unit disk. In addition to that, he shows that the space #* of
hyperfunctions on the unit circle is isomorphic to the space # of harmonic
functions on the unit disk. The correspondence f«fwhere fe & and fe H#* is
given by f,(0) = P, * f where * stands for the convolution, and f,(6) — fin #*
asr—1.

More recently, Staples and Kelingos [7] have characterized all solutions of a
perturbed Laplace equation in the unit disk by identifying their generalized
boundary values.

In this paper we prove similar results for the regular solutions to the partial
differential equation of Generalized Axially Symmetric Potentials (GASP):

0*¢ 0% 2udep
s+ ——+——=0 wh >0.
ax2+6y2+yay where u >0
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One is led naturally to consider this type of differential equations if one con-
siders those solutions of the n-dimensional Laplace equation

02 02 0?

,._;‘; + ,__(g + .o + ¢;

0x;  0x3 0x;
which depend solely on the variables x = x,, y = (x3 + - + x2)'/% In this case
2u=n-—2.

Throughout this report, a hyperfunction means a hyperfunction on [—1, 1]
or equivalently a hyperfunction on the unit circle with the points (1, ) and
(1, —6) identified and L denotes the Gegenbauer differential operator

d? d

=(1-x?)-— —(2 Dx— — u
L=(1=x) 1 = @u+ x4
Hence, LCi(x) = — (k + p)*Ck(x) where C%(x) is the Gegenbauer polynomial
of degree k. L, denotes the same operator with cos 6 as independent variable
and # denotes the linear space of analytic functions on [ —1, 1] provided with
the topology introduced in [5]. The strong dual #* of # is the space of
hyperfunctions.

In Section 2 we give a characterization for the GASP functions analogous to
the one given by Johnson for harmonic functions. In Section 3 the boundary
values of GASP functions and their relationship with the space of hyperfunc-
tions are investigated. Unlike Johnson, we reserve the term “generalized func-
tion” for “Schwartz distribution”, hence every generalized function is a
hyperfunction.

=0, n>2,

2. A characterization of GASP functions
In order to prove the characterization theorem we need the following lemma
whose main idea goes back to Johnson.

LemMA 2.1.  Let {a,}%, be a sequence of complex numbers satisfying
limk_;w Iakll/k S 1.
Then, there are sequences {a;,} and a finite-valued function B(e) such that
=Y k-0, and

B(8)82n+2[”]+2 n
lak,"lﬁmk forOSnSk,k—1,2,3,...,

all ¢ > 0 and fixed p > 0, where [u] is the greatest integer less or equal to p.

Proof. Letd, =sup,s,|a|"" v=1,2, ... Then d, is a monotone decreas-
ing sequence with limit less or equal to one. Therefore, we can write d, < 1 + ¢,
where ¢, | 0. Hence, for k > 1

k k [k/2] k
o] <di<(1+8) =Y (n)s;szz ( n)szn 1)

n=0
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Inequality (1) follows from the inequality

L WAy e e ] .
—g) = " — "> <e< 1.
(1—¢) ngo (Zn)e ”go (2n+ 1)8 0 for0O<e
Because of (1) we can write, for k even, a, = a; 0 + *** + ay 42 With

2n

k k
|ainl SZ(Zn)Sf"Szzn.Sf”, n=0,1, ..., k/2. 2)

For the sake of symmetry, we add k/2 terms (possibly zeros) without violat-
ing inequality (2) so that a;, = a, o + a, ; + ** + a,, Clearly this decomposi-
tion is not unique. The case k is odd is treated exactly the same way except the
number of terms added is (k + 1)/2. Therefore, we have

2n

k
laul =25,

e2" O0<n<kandk=123 ..., (3)

and for the sake of completeness we set ay = ag o-
For & > 0, we choose k(g) such that ¢, < ¢/e for all k > k(e). Define A by

Cn+1)2n+2)-- 2n+ 2[u] + 2)).

e2n

A=max(

A is finite and depends only on u because the function

2 2 2)--- (2
folx) = (2x + 1)2x +2x) (2x + p)’ p a positive integer,
e

is bounded in [0, oo) and goes to zero as x — .
Thus, 2n+1)2n+2) -+ (2n+2[u] +2)e " < A for all n, and con-
sequently we have

82n < 8Zne— 2n < Aaz'l
ke “@n+ 1) 2n+2[p] +2)

for all n and all k > k(e). But there are only finitely many k’s and n’s such that
0 <n < k < k(e), hence we let

2n+ 1) - (2n+ 2[pu] + 2) (& )"
B,(e) = Osupk ( ) 82([u]+2 ;" < o0,
LSk <k()

A
By(e) = peimES!

and

B(e) = 2 max (B(e), B(e))- “4)
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Using (3) and (4), we immediately obtain

B(s)&z" +2[u]+2

2n —
lak’”lgmk forOSnSk,andk—l,Z,....Q.E.D.

let H(t, x, r) denote the kernel of Abel summability of Gegenbauer expansions:

Ht x, )= 3 (1= 2y V2CH0) ()"

u
n=0 hn

(1=r?
(1 —2rcosy+r2p+t

1
_H - 12(] _ 21
=) =epira -y

(%)
where cos y = xt + u /(1 — £2)(1 — x?), —1<t,x<1,0<r<1,and

1
| (1= 2y 2CUCa) de = hidm.

-1

For short, when x = cos 0, we write H(t, 0, r) instead of H(t, cos 6, r).

THEOREM 2.2. A function f (r, 0) is a GASP function regular in the open unit
disk {z: |z| < 1} if and only if there exists a sequence of continuous functions {g ,}
on the interval [ —1, 1] such that

lim(2n!|g,||)'" =0
and
© 1
f(r,6)= Y L; J gu()H(t, 0, 7) dt, 0< |0] <.
n=0 -1

Proof. Sufficiency. Let {g,} be given as in the hypothesis of the theorem.
Then, for n =0, 1, 2, ..., we have

gn(t) ~ Z Qi Cﬁ(t),
k=0
Set f,(r, 0) = Ly [~ g,(t)H(t, 0, r) dt. Then it can be easily verified that
1 ©
| g0H( 0,7) di = ¥ &, Cilcos )%, 0<r<1
-1 k=0
and hence

L, 0)=(=1Y (k+ p)*"a,,Ci(cos O)r*, 0< |8] <m.
k=0
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To show that Y2, f,(r, 0) converges for 0 <r <1, we invoke Gilbert-
Bergman integral operator (cf. Gilbert [2]) which maps the holomorphic func-
tion given by the series

< F(k +2p)

)

Qo
K=o k!'I'(2p)
into a GASP function element given by

|o| <1, 0 =x+iycosa,

Zakr"C" (cos9), 0<r<l1.

Thus,
Julr, 0) = (=1)" ¥ (k + p)*a;., Ci(cos O)r*
k=0
= i, | F,(x + iy cos «)(2i)*~!(sin o)~ do
0
where
_ aw Tk +2p) K
F,,(O') - ( 1) k;O k'F( ) (k ”) ak,no s (6)
. 4I'(2u)
X =r cos 0, =rsinf, o, = 5o—>s.
Y * 7 (@) [T ()
Clearly, || = |x + iy cos a| <r and
| fu(r, 0)| < max |F,(0)]. (7)
O<a<n
Now
1! 2\u—1/2
Ghn = | 9001 = 27 12CHe) dis
therefore

ool < Wl [* (1= 2y o) an

Using the estimates (cf. [8])
070k~ 1), ck<0<m/2,
Cll(cos 0) = {0(k2"‘ 1) 0<0<ck

we obtain
1

[ (= e2y=12|cue)| de = okt
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from which we get

g" [ - —
janal < Poelziomr — g, oo ®)

since
21 - 2uk2u— 27'[
TP

Upon using the inequality (k + u)*"/k*" < (1 + p)*"; k = 1,2, ... and substitut-
ing (8) in (6) we obtain

hi ~

IFAo)] = C Lk, |k | o

a0
< Cllgnllo 2. k"7 |0"|
k=0

@

< C”gn ”00 Z k2n+[u+ l]lo,kl

k=0
< Clgnllo{(@n + [1 + 1])Ja?" ¥ 0 < |o| <r <1,

for a suitable constant a > 0 depending on r (see Johnson [4, Proposition 1]).
Therefore, the series ) »2 o | f,(r, 0)| is majorized by the series

Yo o2n + [+ 1])! gull o @® ™ * 1+ 1 which converges since

fim {(2n + [ + 1])!ga]l a2 #0110

n—o

- H}{az"+["+“+l}”"{(2n + [ﬂ + 1])!”g"“w}1/n

= A lim {2n!]g, | o (2n)** U}
= ALim{2n!|g,]|}'" =0 by hypothesis.

Necessity. Let f(r, 0) be a GASP function in {z: |z| < 1}. Then
f(r,0)= Y a,r*Cl(cos 0), |r| <1, lim|q,|'* < 1.
k=0 k— o

Let {a, ,} be the decomposition sequence of {a,} given by Lemma (2.1) and let

[

(0= ¥ (—1)"‘("‘" i Cileos O, > [u] + 1.
k=n—[u]—1
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Each g,(r, 0) defines a continuous function on the closed unit disk {z: |z| < 1}
since (except for a trivial modification when n = [u] + 1) we have

o

|21
w(r, 0)] < L | C(cos 6
Ig( )l k=”_z[:u]_l (k+ “)2 l ;:( )I

@ B(6)82nk2n— 2[u]—2k2u—- 1

< 2n
k=n=Tul- 1 2ni(k + p)

B(s)sz" © k2n k2 —1uD
2"! k=n—[u]~1 (k + [l)zn k3 ’
The last series converges since 2(u — [u]) < 2 and hence the series defining

ga(r, 0) converges uniformly on [ |z| < 1]. We denote by g,(t), for —1 <t < 1,

the function g,(t) = g.(1, 0), t = cos 0 and n > [u] + 1.
The sequence {g,} satisfies the hypothesis of the theorem since

0<r<1. (9

1
J ga(t)H(t, 0, r) dt = g,(r, 0)
-1
and by relation (9),

lim (21! g, || )" <&? for all ¢ > 0.

Finally,
pn(r,0)= Y @p-(q-1Ck(cos O)r*, 0 < |0 <m,
k=n—[u]-1
and
Z ngn(ra 0) = z Z ak,n—[u]‘ 1 C;:(COS o)rk’
n={ul+1 n=[ul+1 k=n—[u]-1
Y a,Ci(cos O)* =f(r, 0). QE.D.
k=0

3. Hyperfunctions as boundary values of GASP functions

Throughout the rest of this section, u will be restricted such that u — $isa
non-negative integer, hence (1 — t2)*~ /2 is a holomorphic function in some
neighborhood of [ — 1, 1]. It should be pointed out that under this restriction f
is a hyperfunction on [—1, 1] if and only if (1 — t?)*~'/?f is. The next three

theorems have counterparts in [4] but the proofs require slightly different
techniques.

THEOREM 3.1. Let {a,} be a sequence of complex numbers, then the series
Yo a C¢ converges to a hyperfunction f on [—1,1] if and only if
limk_,w Iakll/k S 1-
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Proof. Suppose that the series Y i, a, C} converges to a hyperfunction f.
Then for any ¢(z) € # (the space of analytic functions on [ —1, 1] we have

o(z) = Z b, Ci(z) with lim |b,|'* < 1 (10)

k— o0

(cf. Szego [8]) and the series converges to ¢ in the sense of .
Let ¢y(z) = Y k=0 by Ci(2); then

(f, =2 2¢y(z)) = (s (1 — 2y~ 12¢(z)) as N — oo,
That is

b.a,hi as N— (11)

1]

™M=
S
M8

k=0

Suppose lim, ., |a,|'/* = p > 1; then for all ¢ > 0 such that 1 < p — 2, there
exists a subsequence {g, } so that (p — ¢) < |a, | forv=0,1,2,.... Since (11)
is true for all {b,};>, satisfying (10), then we can choose ¢(z) € # for which

1
—— < lim | b |V* < 1.
p_2 k—>ao| l

By passing to a subsequence {b, }, we obtain

boa, |t PTE
| by, ay, | >p_2“2 > 1.

Therefore, since lim,_, ,, | i4|'/* = 1, the series in (11) diverges which is a contra-
diction. Thus lim,, , |a,|"*=p < 1.

Conversely, let {a,}, be a sequence such that lim,_, ,, |a,|"* < 1. Set
n
= Z akCﬁ.
k=0

We want to show that {f,}>, converges in #* as n — co. Since both # and
#'* are Fréchet-Montel spaces and every Montel space is reflexive, hence weak
and strong sequential convergence coincide in #°¥, it suffices to show that
lim, , ,, (f,, ¢) exists for all ¢ € 5. First, we show that

lim (1 — 2y~ Y%, ¢) (12)

n— oo

exists, from which we deduce that lim,_, , f, is a hyperfunction on (— 1, 1). Itis
evident that (12) holds since for all ¢(z) € #°, we have

d(z) = Y b, Ci(z) with lim |b,|'* =a <1,
k=0

k— o
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and also limy, ,, |hf

lim((1 — 2~ Y2f, ¢) = lim Y abhi= Y ab.h.
k=0

n— o n>wo k=0

|'’* =1 and consequently

But the last series converges since lim,_, ,, | b, a, hi|'* < 1. Q.E.D.

Using the characterization given above for # and #*, we can define a direct
product ®: #* x A* - #'* as follows:

(f®g)(x) = Z a by Ci(x)

where f, ge #* and f=Y20 a, Ci, g = Y %0 bi Ch.
This operation is well defined since lim,, ,, |a, b, |'/* < 1 if
lim |q,)"* <1 and lim |b,|'* < 1.
k— o0 k— o
This direct product plays a role similar to that of convolution for hyperfunc-
tions on the unit circle.
It is easy to see that (#'* +, ®) is a commutative ring with identity
x) =Y 2o Ci(x). In fact, (#, +, ®) is an ideal of (#*, +, ®). We will
denote by e,(x) that element of # given by

i 1
= kcu = - < 1.
e,(x) kZ_:or Cii(x) 0= 2w 3 2 0<r<
By the same argument we used in Theorem (3.1) we can easily show that
e,(x) > e(x) in the sense of #* as r — 1. With no difficulty, one can show that
the representation of Dirac delta function is given by

5(x) - i (_ll)_ﬁ('ﬁ)'” ‘im(x) = H(0, x, 1)

where H(t, x, r) is the kernel given by equation (5). We should keep in mind
that for trigonometric series the Poisson kernel
P(t,x,r)= Y r*exp ik(x — 1)
k= — o0
has the property that P(0, x, 1) is the identity for the operation of convolution.
Now we are able to show that the class of hyperfunction on [ -1, 1] can be
considered as “boundary values” for GASP functions in the unit disk.

THEOREM 3.2. A function fis a GASP on{z: |z| < 1} if and only if there is a
hyperfunction f on [— 1, 1] such that f(r, 0) = (e,® f)(6) 0 < r < 1. Moreover,
f(r, 0) > fin #* as r - 1 and hence [ is uniquely determined on (— 1, 1).

Proof. Let fbe a GASP function. Then

f(r,0) = ¥ a,r*Ci(cos ) and lim |a,|'* < 1.
k=0

k— ©
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Define f'= Y, a, Cl(cos 6). Then fe #* and
(e, ®7)0) = ¥ axr*Ci(cos 0) =£(r, 6).
k=0

That f(r, 6) > f in #* as r > 1 was shown in the proof of Theorem (3.1).
Conversely, if fe #*, then

f= Y acCt with lim|q['* <1
k=0 k—
and it is evident that (f® e,)(0) is a GASP function and (f® e,)(0) - fin #*
asr—1.

Remarks. (i) By using standard arguments it can be shown that fe #*isa
generalized function “Schwartz distribution” if and only if f= Y32 ; a, C} with
a, = O(kP) for some integer p.

(i) In virtue of Theorem (2.2) and Theorem (3.2) one would expect to have
a theorem similar to (2.2) for hyperfunctions. Indeed, this is the case and that is
what we will show next.

THEOREM 3.3. fis a hyperfunction if and only if there exists a sequence of

continuous functions {g,} on [ —1, 1] such that
lim [2n!]g,||]'" =0
n— oo

and f=Y2 0 Lg,on(—1,1).

Proof. Observe that since g, is continuous and Lg, is just a finite linear
combination of some derivatives of g, up to order 2n and multiplication by C*®
functions, then I'g, is a generalized function and so is any finite sum of the
series.

Now let f be a hyperfunction, then define f(r, 0) = (e, ® f)(0). By Theorem
(2.2) there exists a sequence of continuous functions {g,} on [—1, 1] such that

lim [2n!]g,]|o])"" =0 and  f(r,0) = Z Lig,(r, 0

n—ao

Then

0) = 3 Lille,®4,)0)

I
itMs

(e, ® Lig,)(6)

e 2 egn)
)(6).

AA
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Therefore, by the uniqueness part of Theorem (3.2), it follows that
F=YroL"g,0on(—1,1). ‘

Conversely, let fy = ZLO Lyg,, where {g,} satisfy the hypothesis of the
theorem. Since g,(x) is continuous on [—1, 1], then

gn(x) ~ kg‘,oank C’,:(X) and Ugn = kio(— 1)"(k + “)Z”ankcﬁ(x)

where the series converges on (—1, 1) in the sense of generalized functions.
Hence

N

fv= 2 byCi where by, = Y (—1)"(k + p)*"ay.
k=0

n=0

Using the estimate given in the proof of Theorem (2.2) equation (8) for a,,, we
obtain

N
el = C 3 (k+ g ok

(the case k = 0 is trivial). But since

lim (2n!] g, )" = 0,

n—0
then there is a finite valued decreasing function B(e) such that 2n!||g, | , <
B(g)e?" for all n and all ¢ > 0. Hence

C Y (k+p*"B(e) C
|bai| < o n;) (k+ ;n!——(—) < @ B(e) exp (k + p)e

for all k, N and & > 0. For each fixed k, the sequence {by,}% - has a limit since it
is the sequence of partial sums of a dominated series. Taking the limit as
N — oo and setting by, = limy_, , by;, We get f=Y 2 ob, Ci which is in #*
since

e~ — (1 1k
:Lr2|b,(|”" < :1:2 (E‘I B(e) exp (k + ,u)a) =exp ¢
for all ¢ > 0 and consequently

lim | b, |V* < 1.

k—

COROLLARY. fis a generalized function on [—1, 1] if and only if there is a
finite number of continuous functions {g, ..., gy} on [—1, 1] such that f =Y ~_,
Lg,on (-1, 1)
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