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FINITE GROUPS THAT ACT ON SPHERES
IN WHICH A CENTRAL ELEMENT ACTS FREELY

BY
LARRY W. Cusick

Introduction

It is known that if a finite group, G, acts freely on a homotopy (2N — 1)-
sphere then H*(G; Z) has period 2N. In this paper we show that if G is a
finite group with a central element T of order p (p a prime) and if G acts on
a homotopy (2N — 1)-sphere in such a way that T acts freely then this puts
certain restrictions on the Hochschild—Serre spectral sequence for computing
H*(G; Z,), and in particular we obtain an element

¢ e H*™G; Z,) where u(N) = max {i: p'| N},

such that ¢ is a non-zero divisor in the ring H*(G; Z,). We can use this to
prove that H*(G; Z,) has period 2p*™ in the case that G acts freely.

In Section 1 we establish some relevant homological algebra. In Section 2
we describe a splitting lemma: namely if K acts on a homotopy lense space L
then H¥EK x ¢ L; Z,) is a H%K; Z,) direct summand of H*(G; Z,) where G
and K are related by an extension 1— Z,— G— K— 1. In Section 3 we
prove the main theorems of the paper and discuss the example of extra-
special 2-groups acting on a homotopy sphere in which the central element
of order 2 acts freely.

1. Homological algebra

Let K be a field and A a finitely generated augmented K-algebra, assumed
to be commutative. Let C, always denote a A-chain complex such that each
C, is a finitely generated free A-module. Let H, C, be the usual homology
groups of C,, .

We will let CIM denote the free A-chain complex constructed by killing off
the cycles of C, in dimensions N + 1 and larger [1]. Then C comes
equipped with a chain map

ji €, — CY

and satisfies the following properties.
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FINITE GROUPS THAT ACT ON SPHERES 685

(1.1) (@ H,CM=0fori> N.

(b) j,: H;C,— H;C{ is an isomorphism for i < N.

(¢) j:C,— C™ satisfies the following universal mapping property:
Suppose D, is a A-chain complex and H;D, =0 for i > N and ¢: C,— D,
is a A-chain map, then there is a factorization, ¢,

Cp ——s Ct
¢ ¢
D *
such that @ o j = ¢. Furthermore if ¢': CM— D, is any other chain map
with ¢'j ~ ¢ then ¢’ ~ ¢ |

Spectral Sequences. For C,, K and A as above let H*C, (resp. HXC,)
denote the cohomology of the cochain complex Homy (C,,, K) (resp. Hom,
(Cy, K) = Homg (K ®, C,., K)). Then, by [2], there is a spectral sequence of
Ext} (K, K)-modules

(12) E%* = Ext (K, H*C,)= H%C, .

Furthermore this spectral sequence is natural with respect to maps of
A-chain complexes.

If X is a CW-complex endowed with a free cellular action by a finite
group G and C,(X; K) is the CW-chain complex of X, A = K[G] the group
ring, then we may identify

K ®xie) Co(X; K) = C(X/G; K) and X/G ~EG xX.

Then the spectral sequence (1.2) coincides with the Serre spectral sequence
associated to the fibration

X

EG x X — BG.

To establish notation we recall the mod p cohomology rings of the cyclic
groups.

(1.3) ProposITION [2]. (a) Ifp =2 then
HYZ,; Z)) = Ext},12,)(Z;, Z,) = Z,[x,]

where x, € H\(Z,; Z,).
(b) If pis an odd prime then

H¥Z,: Z,) = Bxt} 5, (Z,, Z,) = Z,[x;] ® A(x,;)

where x; € H(Z,; Z,) and Px, = x, where B is the Bockstein operator.
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2. A splitting lemma

Fix a natural number N and a prime p. Let L be a finite CW-complex
with 7, X =~ Z, and

Z,[x, 1)) ifp=2,
Z,[x,1/(x3) ® Alxy) if pis odd

and Bx; = x, in the latter case. Assume that K is a finite group and that K
acts cellularly on L in such a way that the induced K action on =,L is
trivial. K acts diagonally on EK x L and it is a free action. Let w € HX(K;
Z,) be the k-invariant [1] associated to the above free action. Let K(Z,, 1,
) be the K-Eilenberg-MacLane space with k-invariant . Then there is an
equivariant map

2.1) ftEK x L K(Z,, 1, w)

that induces an isomorphism on fundamental groups. It follows that the
induced map f* on (non-equivariant) mod p cohomology is an epimorphism
with kernel (x3¥) for p = 2 and (x}) for odd primes.

We will let Z(w)=CyK(Z,, 1, w); Z,), regarded as a free Z,[K]-chain
complex. ™) is the construction described in Section 1.

We define a map 6 by the commutative diagram

0

HXL; Z,) = {

C.EK x L; Z,) PN~ 1@

S 4 J

CuK(Z,, 1, w); Z))

where j is defined in Section 1.
(2.2) PropOSITION. 0 is a Z [ K]-chain homotopy equivalence.

Proof. Since both chain complexes are free Z,[K]-complexes it is enough
to show that 0 induces an isomorphism on non-equivariant cohomology. We
have already seen that f* is an isomorphism in the range where H*(L; Z ) is
non-zero. Furthermore in this range j* is the dual to an isomorphism (1.1).
This proves the proposition. ||

For a free Z,[K]-chain complex C, let E/(C,) be the spectral sequence
(1.2) for computing H*(Z, ® 7,1, C,,)- For convenience let C, = C,(EK x L;
Z ). By naturality we have maps of spectral sequences

f#

E(Z(w)

E(£N" Yw)) E(C,)
L 1

0*
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that commute with the action of H*(K; Z,) and where 0* is an isomorphism
forall r > 2.

(23) CoOROLLARY (SPLITTING LEMMA). For each rz=2, f*:
E(Z(w)— E/(C,) is a split epimorphic map of bigraded H*(K; Z ,)-chain
complexes. ||

The orbit space K(Z,, 1, w)/K is an Eilenberg-MacLane space of type
(G, 1) where G is the group given by the extension
1 »Z > G K > 1
classified by w € H(K; Z,).

p

(2.4) CorOLLARY. f*: H¥G; Z,)— H¥EK x xL; Z,) is a split epimorphic
map of HX(K; Z,)-modules. |

3. Periodicity

We assume that =¥~ ! is a finite CW-complex, the homotopy type of a
(2N — 1)-sphere, and endowed with a cellular action by a finite group, G,
containing an element, T, of order p (p a prime) and such that

(a) T is in the center of G and
(b) T:X2N-1 32N-1 s fixed point free.

T generates a normal subgroup Z,<]G. Let L denote the orbit space
zZN -1 /Zp'

(3.1) ProposITION. (a) For p=2, HXL; Z,) = Z,[z,1/(z3"), (b) For p
odd,
HX(L; Z,) = Z,[2,)/(23) ® Alz,)
where Bz, = z, and z; € H(L; Z,).

Proof. This is routine from the Serre spectral sequence associated to the
fibration

zZN—l

EZ, x, 2?1 BZ

p
and (1.3). |
Let {E,} be the spectral sequence for the group extension
1 ~Z, > G » K 1

where Z, is generated by T. We recall that the transgression operator, 7,
commutes with the action of the Steenrod algebra.
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Since
x}'=8q*'(x}"") forp=2
and
x8' = PP (x2"") for p odd

in H%Z,; Z,), an inductive argument establishes that x?' (resp. x&) is trans-
gressive in the above group extension spectral sequence.

(3.2) PrOPOSITION. (@) If p=2 and t > 0 then the map induced by cup
product

x¥ U —: E%*, ——— E%*%
is a first quadrant chain complex isomorphism.
(b) Ifpisodd and t > O then

i . % %, % + 2 pi
X8 U —: EX¥, EXx20

2pi—t

is a first quadrant chain complex isomorphism.

Proof. Since part (a) is similar to (b) we prove only (b). Since x%' is trans-
gressive it follows that x' U — is a chain map in the stated range by the
derivation property of the differentials. It is clearly an isomorphism because
X, U — is an isomorphism. This completes the proof. |

(3.3) COROLLARY. (a) Forp =2,
x}' U —: Epyy — Egigy
is a first quadrant vector space isomorphism.
(b) For p odd,
x5 U —: Eypivy — Ejpivy

is a first quadrant vector space isomorphism. |}

Let p,(k) = max {i: p'|k}. Recall that we are assuming that G acts on
X2N-1 a5 described above and 7 is the transgression operator in the group
extension spectral sequence.

(3.4) ProOPOSITION. (a) If p = 2 then 1(x32™M*1) = (,
(b) If p is odd then t(x3?™) = 0.
Proof. We prove part (b); part (a) is similar. Write u,(N)= w(N), and

N = p*™m. Thus m is relatively prime to p. Then d,,.m+, is defined on x}
and

dapu+ 1 (OB = m - XG0 O (),
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Let {E,(L)} be the spectral sequence for the fibration
L EK x gL BK.

Then according to the splitting lemma (2.3) the map f*: E,— E,(L) is a split
epimorphism, with splitting map o: E(L)— E,.

Now, f*(x)) = 0 for dimension reasons. Thus letting y = 7(x2"") we have
(in Ezpu<~)+ (L)

0= dzpu<N)+ f *(xlzv)
=4 - xg™e U y)
=m- zgﬂ(N)(m_‘) U 7,

since f* is a map of H¥(K; Z,)-modules and y is represented by an element
of H¥(K; Z,). Since (m, p) = 1, we have

0= Z‘z’"(m""' vy y.

Now, o is a map of H*K; Z,)-modules and a(zh) = x4 for i < N. Thus we
have (in Ezpu(~)+1)

N) (g —
0 = a(z8"Mm-0 y y) = xVem-1 () 4,

Now proposition (3.3) implies y = 0, proving the proposition. |

(3.5) COROLLARY. (a) Ifp =2 then
xMM+l . E — > E,
is a first quadrant chain complex isomorphism for all r.
(b) For p odd,
xgwe ™ . E —  E,

is the first quadrant chain complex isomorphism for all r. |
Now choose ¢ € H2P™MYG; Z ) that is represented by the infinite cycle
x32@MIif p = 2 or xg#2MI if p is odd.

(3.6) CoROLLARY (Periodicity). (a) Multiplication by ¢ in H¥G; Z)) is an
injection.

(b) If the G action on L*N~! is free then multiplication by ¢ is an iso-
morphism.

Proof. (a) According to (3.5) there is a filtration on H*(G; Z,) such that
multiplication by ¢ is filtration preserving and induces an injection on the
associated graded groups

¢u—:gr H¥G; Z,) >—— gr H¥G; Z,).

It follows that £ U — must be an injection on H¥(G; Z,).
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(b) It is known that if G acts freely then H*(G; Z,) has period 2N. Thus
&m U — injects the finite dimensional vector space HY(G; Z,) into a vector
space of the same dimension. It follows that ™ U — is an isomorphism.
Consequently £ U — is an isomorphism. ||

Extra special 2-groups. Suppose G is a group containing a central
element, T, of order 2 and such that G/{T) = Z,. These are the extra-
special 2-groups studied in [4]. Pairs (G, T) are classified by the elements of
H*(ZY,; Z,), the vector space of Z,-quadratic forms, Q, in I variables.

A subspace of Z) is called Q-isotropic if Q restricted to that subspace is
identically zero. Let h be the codimension in Z% of a Q-isotropic subspace of
maximum dimension. The possible values for h are computed in [4].

(3.7) CorOLLARY. If (G, T) is an extra special 2-group that acts on L*N~1
such that T is fixed point free then h < u,(2N).

Proof. Under the hypothesis 7(x3#2™)) = 0 in the group extension spec-
tral sequence. But in [4] it is shown that ©(x,), 7(x3), ..., ©(x?*"") are non-

zero and 1(x2") = 0. Consequently u,(2N) > h. |
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