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ENDOMORPHISMS OF CERTAIN IRRATIONAL
ROTATION C*-ALGEBRAS

BY

Kazunori Kopaka

1. Preliminaries for quadratic irrational numbers

First we will give definitions and well known facts on quadratic irrational
numbers. Let GL(2,Z) be the group of all 2 X 2-matrices over Z with
determinant +1. Let

g=[rlfl ’ll]eGL(2,Z)

and 0 be an irrational number. We define

0_m+n0
8Y=%¥To

and we call g a fractional transformation. Furthermore if

1 0] [-1 o0
g*[o 1]’ [0 —1)

then we say that g is non-trivial.

Let Q be the ring of rational numbers. We suppose that 6 is a quadratic
irrational number. If 0 = x + y\/?i where x,y € Q and d € N, then we
define ' = x — y\/g and we call 8’ the conjugate of 6. We say that 0 is
reduced if & > 1 and —1 < 0’ < 0 where @' is the conjugate of 6.

For any quadratic irrational number 6 there are a fractional transforma-
tion

g=[”;l ”1] € GL(2,Z)
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644 KAZUNORI KODAKA
and a reduced quadratic irrational number 6, such that

0 = 8. — m + nb,
=89 =% 5Ts, -

And for any reduced quadratic irrational number 6, there is a non-trivial

fractional transformation 4 € GL(2,Z) such that 6, = h6,. Hence since

6, = g~ !0, we can see that

0 =g0, = gh0, = ghg™'0.

Since & is non-trivial, neither is ghg™!. By the above arguments we see that
for any quadratic irrational number 0 there is a non-trivial fractional trans-
formation

g = [‘c‘ Z] € GL(2,Z)

such that

P de
T a+bo

Furthermore if a + b6 > 1 or a + b8 < 0, we can choose another non-trivial
fractional transformation

a; by
g = [01 dl] € GL(2,Z)
such that
_ ¢ +do
0—~————al+b10, 0<a,+b0<1,

by an easy computation. Therefore if 0 is a quadratic irrational number,
there is a non-trivial fractional transformation

g = [‘c‘ Z] € GL(2,Z)

such that

c+deé

0=a+b0’

0<a+bb<l1.
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Let @ be a quadratic irrational number and
_la b
g — [c d] € GL(2,Z)

be as above. We will show that 0 has its discriminant D = 5 if and only if 0
satisfies that there are integers s, ¢ such that

s+ t0

1—a -b _
[ t]eGL(Z,Z) and 0—-———~—-—-———(1_a)_b0.

N

LemMmAa 1. Let 0 be a quadratic irrational number and

a b
g = [C d] € GL(2,Z)
be a non-trivial fractional transformation such that

c+do

6"__a+b(9’

0<a-+bb<l1.

Then the following conditions are equivalent:
(i) There are integers s, t such that

s+ t0

1—a -b _
[ t]eGL(Z,Z) and O_M(l—a)—be'

N

Gi) If ad —bc =1, then a +d =1 or 3 and if ad —bc = —1, then
a+d= 1.

Proof. Suppose condition (i) holds. Then
€)) b6*— (1 —a—1)8 +s=0.
Since 6 = (¢ + d6)/(a + b#9),
(2) b6*+ (a —d)o —c=0.
By (1), (2) we obtain
3) (1-t-d)6—(s+c)=0.

Since 6 is irrational, by (3) we have t =1 — d and s = —c. Furthermore
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since

[l—a —b

e ] € GL(2,Z),

we have
(1-a)(1-4d)—bc= %1.

Thus we see that a + d = 1 + ad — bc + 1. Therefore we obtain condition
(ii).

Next, suppose condition (ii) holds. Then by easy computation we can see
that

—c+(1-4d)6

= —bs ~ % QED.

[l—a —b
—c 1—-d

] € GL(2,Z) and

The quadratic equation for 6 can be written in the form

k62 +10 +m=20

where k, [, m are relatively prime integers and k > 0. Let D = [?> — 4km > 0
be the discriminant of 6. Let

_|a b ;
g—[c d]eGL(Z,Z)

be a non-trivial fractional transformation such that

c+deo
0=m, 0<a+bo<1.
The [‘; Z] can be written in the form
t+Is
a b]_ 5 ks
c d _ t—1Is
ms 5

where s, ¢t are integers such that
t?—Ds>=4 ifad —bc =1
or

t2 - Ds>= —4 ifad —bc= —1.
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LEmMMA 2. Let 0 be a quadratic irrational number and k6% + 10 + m = 0
be its quadratic equation where k,l, m are relatively prime integers and k > 0.
Let

a b
g = [c d] € GL(2,Z)
be a non-trivial fractional transformation such that

c+db

0=a+b0’

0<a+b6<1.

If 6 and g satisfy condition (ii) in Lemma 1, then the discriminant D of 6 is
equal to 5.

Proof. We have the following fact:
t+Is
[a b] |2 ks

—ms 3

where s, ¢t are integers such that

t2—Ds>=4 ifad —bc =1
or

t2—-Ds*= —4 ifad — bc = —1.

We suppose that ad — bc = 1and a + d = 1. Then ¢ = 1. Hence Ds? = —3.
This is a contradiction since D > 0. We suppose that ad — bc = 1 and
a +d=23. Then t = 3. Hence Ds* = 5. Since D > 0 and s is an integer,
s = +1and D = 5. We suppose that ad — bc = —1and a + d = +1. Then
t = +1. Hence Ds?= 5. Since D >0 and s is an integer, s = +1 and
D=5, QED.

LeEMMA 3. Let 0 be a quadratic irrational number and k6% +10 + m = 0
be its quadratic equation where k,l, m are relatively prime integers and k > 0.
If the discriminant D of 0 is equal to 5, then there is a non-trivial fractional
transformation

g = [‘c’ Z] € GL(2,Z)

satisfying

c+do

0=a+b0’

0<a+bo<l1

and condition (ii) in Lemma 1.
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Proof. Since k6> +10 + m =0and D = 5,0 = (=] + V5)/2k. Since D
is odd, so is I. Let I = 21, — 1 where [, is an integer. Then I} — I, — km =1
since D = 5. And

=2+ 1405

- 2k
We suppose that

2L+ 1445

- 2k )
Let

c d| | -m -L|

Then

ad — bc = (I, = 1)(=1,) +km = —(I} = I, — km) = -1

since I? — I, — km = 1. Hence

[‘; Z]EGL(Z,Z) and a+d=—1.

Since m = —160 — k#? and [ = 2/, — 1,

c+dg  -m-—10
a+bod I, —1+k6

I —1+k8
_ (=) +k6)0 _

Furthermore

2L, +1+V5  —1+45
2k B 2 :

a+bd=1—-1+k

Hence 0 < a + b@ < 1. We suppose that § = (=21, + 1 — V/5)/2k. Let

[Z Z]=[7nll 11—~k1]'
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Then

ad —bc = —1(l, = 1) +km = —(If = I, — km) = —-1

since I? — I, — km = 1. Hence

a b _
[C d]EGL(Z,Z) and a +d=—1.

Since m = —16 — k6% and [ = 21, — 1,

c+do
a+bo ~1, — k6 -1, — k6
Furthermore
—211+1_\/§ —1+\/§
a+bb=-1l,—-k K = > .

Hence 0 < a + b6 < 1. Therefore we obtain the conclusion. Q.E.D.

Remark 4. By the above proof we can take

g = [‘C‘ b] € GL(2,Z)

d
so that
%<a+b0=:—1;—‘/~5—<%,a+d=—1andad—bc=—1.

PROPOSITION 5. Let 0 be a quadratic irrational number and k0? + 10 + m
= 0 be its quadratic equation. Then the discriminant D of 0 is equal to 5 if and

only if there is a non-trivial fractional transformation g = |* Z e GLQ2,2)

satisfying

¢ +do
0=E—+—b—0*, 0<a+bo<l1

and condition (i) in Lemma 1.

Proof. This is immediate by Lemmas 1, 2, and 3. Q.E.D.
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2. Construction of endomorphisms of certain irrational rotation
C*-algebras

Let A be a unital C*-algebra and M,(A4) be the algebra of all n X n-
matrices over A for any n € N and we identify M,(A4) with 4 ® M,(C). Let
I, be the unit element in M,(C). For any unitary element x € M,(A4) we
denote by [x] the corresponding class in K,(A4).

Let § be an irrational number and A4, be the corresponding irrational
rotation C*-algebra. Let u and v be unitary elements in 4, with uv = eX™ 0y
which generate A,. Then it is well known that K,(A4,) = Z[u] & Z[v]. Let 7
be the unique tracial state on A,. We extend 7 to the unnormalized finite
trace on M,(A,). We also denote it by 7. Let m and [/ be integers which
generate Z with m + [0 + 0. We also assume [ # 0. Let V,(m,[: k) be the
standard module defined in Rieffel [7] where k € N. Since V,(m,[:k) is a
finitely generated projective right A,-module, it corresponds to a projection
in some M,(A,). We also denote it by V,(m,!: k). Moreover throughout this
paper we assume that endomorphisms of A4, are unital.

LeEmMMA 6. With the above notations let f be a projection in M,(A,) where n
is a positive integer. Then T(Vy(m,1:k)) = 7(f) if and only if V,(m,l:k) is
isomorphic to fA} as a module.

Proof. 1t is clear that 7(Vy(m,1: k)) = 7(f) if Vy(m,1: k) is isomorphic
to fAj,. Suppose that 7(V,(m,[:k)) = 7(f). Then by Rieffel [7, Corollary
2.5], Vy(m, 1 : k) is isomorphic to f4;, Q.E.D.

From now on we suppose that # is a quadratic irrational number with its
discriminant D = 5. Then by Proposition 5 there is a non-trivial fractional
transformation

g= [z Z] e GL(2,Z)

such that

c+de

0=a+b0’

0<a+bo<l1

and there are integers s, ¢ such that

1-a -b _ s+t
[ s t]eGL(Z,Z) and 0_——_(1——a)—b0'
Moreover by Rieffel [6, Theorem 1] there is a projection g € 4, such that
7(q) = a + bé.
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LemMma 7.  With the above notations, qAgq is isomorphic to A,.

Proof. Since gA,q is a full corner of A,, it is strongly Morita equivalent
to A, and gA, is the gA,q — Ay equivalence bimodule. By Rieffel [7,
Theorem 1.4],

(Vy(a,b:1)) = a + be.

On the other hand by the assumption 7(q) = a + b8. Hence by Lemma 6,
gA, is isomorphic to Vy(a, b : 1) as a module. Thus by Rieffel [7, Theorem 1.1
and Corollary 2.6], g4,q is isomorphic to A4, where n = (¢ + df/a + b6).
However by the assumptions, 6 = (¢ + d8)/(a + b@). Therefore gA,q is
isomorphic to 4,, Q.E.D.

Lemma 8. With the above notations q* Ayq ™ is isomorphic to A, where
qgt=1-gq

Proof. In the same way as in the above lemma, g - A,q * is isomorphic to
A, where

_ s+ t0
T~ T =a) -bo"

However by the assumptions,

9 — s+ t0
T (1-a)—-bo°
Therefore g+ Ayq* is isomorphic to 4,, Q.E.D.

We denote by ¢; an isomorphism of A, onto g4,9 and by ¢, an
isomorphism of 4, onto g+ A,q"*. Let ¢ be an endomorphism defined by
d(x) = ¢(x) + ¢,(x) for any x € A,. We consider an endomorphism ¢> =
dodod of 4, We denote it by ®. Then by an easy computation we can see
that there are an orthogonal family {p;}?_, of projections in A, with £5_, p;
=1 and isomorphisms x; (j = 1,2,...,8) of A4, onto p;A,p; such that
®=1X%, x

For j = 1,2,...,8 let ¢; be the isomorphism of K,(p;A,p;) onto K,(A4,)
defined by

g([x]) =[x+ (1 -p) ®1,]

for any unitary element x € M,(p; A,p,).
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LEMMA 9. With the above notations, ®, = L3_; ¢ x; on K{(A).

Proof.
9001 = | £x00] = [[T000 + 0 -2)
- % [y + (-5
- £ () = X (e )(lu)).
Similarly

8
[CIJ(U)] = Z (¢j°Xj*)([U])-
j=1
Therefore we obtain the conclusion. Q.E.D.

Let SL(2,Z) be the group of 2 X 2-matrices over Z with determinant 1.
For any

h= [r’; rll] e SL(2,Z)
let «, be the automorphism of A, defined by
a,(v) =uko™, a,(v) =u'v".
Furthermore for any & € GL(2, Z) let det(h) be its determinant.

THeOREM 10. With the above notations there is an endomorphism ®, of A,
with ® , an arbitrary endomorphism of K(A,).

Proof. By Lemma 9 there is an endomorphism ® = T3_; x; of A4, such
that
8

o, = Z‘/fj°Xj* on K,(A,).
j=1

Since @; ° x; is an automorphism of K(A4,) for j =1,2,...,8, there is an
element

J

k. I
h; = [m" n’j] € GL(2,Z)
such that
(l/fj°Xj*)([u]) = kj[u] + mj[U]’
(W2 x;+)([v]) = Llu] +nfv].
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For g, 8;,...,8 € SL(2,Z) let &, .

., be an endomorphism of A4,
defined by

,,,,, 14

Then, as in Lemma 9,

on K(A,). Since K(A,) = Z?, we can consider a, , and §;°x;5 (j =
1,2,...,8) as elements in GL(2,Z). Then since Agx =8 € SL(2,Z) and

d’jOXj* =h]EGL(2,Z) (j= 1,2,---78)7

we can easily see that

For any r,, r,, r; and r, € Z we can find elements g, &,,..., 85 € SL(2,Z)
satisfying

] T

;1 g if det(h,h,) = 1
(1) hygy + hy8, = Er 2:

_01 N if det(h,h,) = —1,

g ’g if det(hsh,) = 1
(2) hags + hu8s = :0 r2:

2

0

0
o1 .
2
0

3
(3) hsgs + hege = :0 ;

Lg 2 if det(hohg) = 1
(4) h7g7+h8g8= '0 0:
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Hence we can see that for any z € M,(Z) there are g, 4, 850,--->880 €
SL(2,Z) such that (D, . gs)* =2 on K (A4,) by (1), 2), 3) and (4)

,,,,,

where M,(Z) is the set of all 2 X J-matrices over Z. Let Do =Dy e
Then we obtain the conclusion. Q.E.D. T '

3. The minimizing index for a C*-subalgebra

Let 6 and g = [2’ Z] € GL(2,Z) be as in Section 2. Then by Remark 4 we
can assume that

1 -1+v5 2
7<a+b0=—2-——<§,

a+d= —1and ad — bc = —1. Let q be a projection in 4, with 7(qg) = a
+ b0 and let ¢, (resp. ¢,) be the isomorphism of A, onto gA,q (resp.
q*tAyq*) as in Section 2. Let ¢ be the endomorphism of A, defined by
¢(x) = ¢ (x) + ¢,(x) for any x € A4,.

Let E, be the linear map of A4, onto ¢(A4,) defined by

E\(x) = qxq + ¢(d1 '(axq))
for any x € A, and let E, be the linear map of A, onto ¢(A,) defined by
Ey(x) = éy(b; (g xq ")) +a*xg*
for any x € A,. By an easy computation we can see that E, and E, are
conditional expectations of A4, onto ¢(A4,). Furthermore let E = 3(E, + E,).
Then by an easy computation we see that E is a faithful conditional
expectation of 4, onto ¢(A,).

Lemma 11.  There is a unitary element w € A, such that g > w*q*w.

Proof. Let 7, be the unique tracial state on g4,q. Then by Rieffel [6,
Theorem 1],

7,(Proj(gAsq)) = Z + Z6N[0,1]
since gA,q is isomorphic to 4, where Proj(g4,q) is the set of all projections

in g4,q. On the other hand since g4,q is a C*-subalgebra of A4,, by the
uniqueness of the tracial state,

T = T(q)—lT = mT.
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Hence

PR bOT(PI'OJ(quq)) =Z+120n[0,1].

We claim that there is a projection § € gA,q such that 7(¢§) = 7(¢*) =1 —
a — b@. In fact it is sufficient to show that there are m, n € Z such that

(a +bO)(m+nd)=1—a—-5b0, 0<m+nd<1.
By the assumption on 6,6 = (¢ + d6)/(a + b0). Thus
0%>=(d—a)d +c.

Let m = —(d + 1) and n = b. Then by the above equation

(a + b0)(m +nd) = (a +b0)(—(d + 1) + bo)

= —ad —a + (ab — bd — b)6 + b*6*
=bc —ad —a — be.

Since ad — bc = —1,(a + bOXm + nb) = 1 — a — b6. Moreover
m+nb=—(d+1)+bb=a+bb

since a + d = —1. Hence 0 < m + n@ < 1. Thus there is a projection § €
qA,q such that

7(q) =1—a — be.

By Rieffel [7, Corollary 2.5] there is a unitary element w € 4, such that
g = wgw*. Hence w*q*w =34 <q. Q.E.D.

LemMmA 12. There are a projection g € A, and a unitary element z € A,
such that zgz* = q — w*q*wand g < q*

Proof. Let Proj(g+Ayq ") be the set of all projections in g+ 4,9+ . We
will find a projection g € g+ A,q* such that 7(g) = (g — w*q* w). In the
same way as in Lemma 11, we can see that

jTl_mT(Proj(qleql)) =7+ ZoNJ[o,1].

Hence it is sufficient to show that there are m, n € Z such that

(1 —a—bo)(m +nb) =1(q —w*q*w)

(2a — 1) +2b6, 0<m+né <1.
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By the assumption on 8,0 = (¢ + d6)/(a + b6). Thus
b8 = (d — a)b + c.
Let m = —(d + 1) and n = b. Then by the above equation

(1 —a —bo)(m + no)

(1—a—-b0)(—(d+1)+0bo)
= —(1—a)(d+1)+(d—a+2)bz‘)—b202
=ad —bc+a—-d—-1+ 2b6.

Since ad —bc= —-1and a+d=—-1,(1—a—b8)m +n6)=2a—-1+
2b6. Moreover

m+nd=—(d+1)+bb=a+bb
since a + d = —1. Hence 0 < m + nf < 1. Thus there is a projection g €
qtAy,q* such that 7(g) = 2a — 1) + 2b6. By Rieffel [7, Corollary 2.5]
there is a unitary element z € A, such that zgz* = g — w*q * w. Therefore
we obtain the conclusion. Q.E.D.
THeoreM 13. Letq,q* ,q and w, z be as in Lemmas 11 and 12. A family

{2a,9),(2a* ,a*),(2a* wq, qw*), 2w*q* ,q* w), (223, g * z*)}

is a quasi-basis for E where E is the conditional expectation defined in the
beginning of this section.

Proof. We will show that for any x € A4,,

x =2qgE(qx) + 2q*E(q*x) + 2q* wqE(gw*x)
+2w*q T E(q* wx) + 22gE(q * z*x)
=2E(xq)q + 2E(xq*)q* +2E(xq* wq)gw*
+ 2E(xw*q*)q*w + 2E(xzg)q * z*.

For any x € A, we see by an easy computation that
1
9E(qx) = »qxq,
1
q E(q*x) = 59" xq",

g~ wgE(qw*x) = %q‘qu*xq = %—quq
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since g > w*q*w by Lemma 11. And we see that
* . L L 1 % ., L 4
w*q* E(q wx)=—2-wq wxg*t,
_ 1, _ _ _
zgE(q*z*x) = -f(zqcl)l(rbz Y(q*z*xq™t)) + zqq*z*qu).
Since § < g* by Lemma 12, gg* = g and gg = 0. Thus we obtain
= 1% 1 = K 1 1 * L 1
2gE(q*z*x) = 52qz*xq " = j(q —w*qtw)xq
since zgz* = q — w*q* w by Lemma 12. Therefore
qE(qx) + ¢ E(q*x) + q* wgE(qw*x)
_ 1
+w*qtE(qtwx) + 2gE(q*z*x) = 7X.
Next for any x € 4,,
1
E(xq)q = 54qxq,
E(xq*)g*= %q*qu,
E(x JLw)w*=lx J‘ww*=lx +
q q)q 2q q q 2‘1 q
since g > w*q*w by Lemma 11. And we see that
E(xw*q*)q*w = lqlxw*qlw
2 b
- 1 oo 1 1 = L % 1 1 =k
E(xzg)g*z* = 54 %249 2" = »q > xzqz
since § < q* by Lemma 12. Thus since zgz* = g — w*q*w by Lemma 12,
= 4L % 1 4 %, L
E(xzg)q*z* = 54 x(q — w*q*w).
Therefore
E(xq)q + E(xq*)q* +E(xq*wq)gqw* + E(xw*q*)q*w

+ E(xzq)q*z* = %x, Q.E.D.
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CoroLLARY 14. Let E be the conditional expectation in the beginning of
this section. Then Index E = 4.

Proof.

Index E = 2q + 2q* +2qt wgw* + 2w*q*w + 2zqq * z*
=2+ 2q* +2w*q*tw + 2zgz*
=2+ 2g"* +2w*q*tw + 2(q — w*q*w)
-4

by Lemmas 11 and 12, Q.E.D.
Let £4(A,, $(A4)) be the set of all expectations of 4, onto ¢(A,) of
index-finite type. We define the minimizing index [ A, : $(A4,)], by

[A4g: d(Ay)], = min{Index FIF € ey( Ay, d(A,))}-

CorOLLARY 15.  With the above notations, [ A, : $(Ay)], = 4.

Proof. This is immediate by Corollary 14 and Watatani [8, Theorem 2,
12.3].
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