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ON A THEOREM OF AKHIEZER

ELIZABETH KOCHNEFF, YORAM SAGHER AND RUBY TAN

1. Introduction

Akhiezer, [1], showed for f L2(R), y a + ib, b 4: 0, that

f(x) )(t) Hf(t) C(y,f)(t- y)H
x-7

where H is the Hilbert transform and C(y, f) is a constant depending on f
and 7.

If 7 is real and both f L2(R) and (f(t) a)/(t 7) L2(R), Akhiezer
showed

x y (t) Hf(t) C(y,f).

Akhiezer’s proof depends on calculations of Fourier transforms, using
complex methods, and therefore does not seem to generalize to p = 2. A
much simpler proof of Akhiezer’s theorem in the case a 0 is given in [3].
We prove the theorem under the hypotheses

f Ll(R, dt/(1 + t2)) and (f(t) a)/(t 3/) Loc.

For 3’ R, if f LI(R, dt/(1 + Itl)) or if f LI(T), and if (f(t)- a)/
(t y) Lo, we show that Hf(y) exists and equals C(T, f). Since we may
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assume a f(3/) we obtain

H( f(x)
3/ )(t) Hf(t) THf(3/)

We further extend the theorem to calculate the commutators with (x y)k.
Akhiezer’s theorem provides a useful tool to calculate the Hilbert trans-

forms of some interesting functions. We give some examples of such calcula-
tions.

2. Extensions of Akhiezer’s Theorem

Define k(t)= lit for Itl >_ 1 and k(t)= 0 for Itl < 1.
If f Lo(R) and if

lim lim --1[ f(x) dr
N-+o e-+O Je < It-xl <N X

exists, then this limit is defined to be the Hilbert transform of f and is
denoted Hr. This limit exists a.e. for f LI(R, dt/(1 + Itl)) and for f
LI(T) (see [5]).

If the above limit does not exist, but

lim lim --1/c f(x)
No eO ’I7" Je <lt-xl<N

1 +t--x

exists, then this limit is defined to be the Hilbert transform of f up to an
additive constant and is denoted Hf. The definition up to an additive
constant is necessary to ensure that the Hilbert transform commutes with
translations and dilations. This definition is valid for f LI(R, dt/(1 + t2));
this space includes BMO(R) (see [4]).
We define

THEOREM 1.

E,,f(x) f(x) a
x -y (1)

Iff LI(R, dt/(1 + t2)) and if E,rf e Llloc, then

(t 3/)H(E,f)(t) Hf(t) C(a, 3/, f) (2)

where C(a, 3/, f) is a constant depending only on f, a, and y.
For 3/ R, if f LI(R, dt/(1 + Itl)) or if f LI(T), then C(a, y, f)=

Hf(3/).
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Proof. Let us consider simultaneously the cases f LI(R, dt/(1 + [t[))
and f LI(T). We have

(t y)H(E,f)(t) Hf(t)

lim lim(t-3,)N-oo e-O <[t-xl<N

f(x) a 1

lim lim --1 f f(x) dr
Noo eO 7r Ye <[t_xl<N X

lim lim (t 3,) -Noo0 <[t-x[<N

f(x) a
x-y

1
t--x

lim lim--1 f f(x)-a
N--.oo e--*O 7I" Je<[t,-x[<N x

lim lim--lf
N-oo eO "IT Je <lt-xl<N

lim lim--1 f
N O "IT J < x <N

f(x) a
x-y

lim --lf f(x)-a
N--.oo ’W J[t-xl<N X "y

We start by centering the integral at a Re y. Let/3 a, and assume
/3 > 0. We have

f f(x) --tl<N X T

-f-N+fl +a <x <N+fl +a
f(x) ,
x-y

-al<N+/3

f(x) -a fX / -N-<x-a<-N+fl

f(x)
x- 7

The second integral converges to 0 as N oo since

-N+ f(u + a) a

N- U ib du f(u +a)
u ib du + lair -N+I-N-/3 lul
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Thus we have shown

1
lim fix(t y)H(E,yf)(t) Hf(t)
Noo -al<N

f(x) a

X--y

Consider the case of y R. We have

lim /" f(x) a
dx

NooJlx_/l<N X T

f(x) --l x ),
dx+ lim f f( x) dx.

N-oo J1 <lx-/l<Nx T

It is well known that the above limit exists for f LI(T) (see [5]). Therefore,

Therefore we have shown that if y is real, then Hf(y) exists and
C(a, % f) Hf(y).
We now return to the case y a + ib, b 4: 0:

lim --1/- f(x)-a
N "gi" J x a <N X ’y

dx

lim --1[ f(x) dx-a lim _1[ 1
Nooo 7r Jlx-al<Nx )’ Noo 7r Jlx-al<N x "Y

l far(X) dx a lim
1

fix (x-a) +ib
r x-,/ u--," -l<U(X--a)+b

dx

1f f(x) dx ia(sgn b)JR X--T

dx

where sgn b 1 for b > 0 and sgn b -1 for b < 0. Therefore,

1 fR f(x) dx ia(sgn b) -C(a y, f).(t y)H(E,rf)(t) nf(t) "- x y

This proves the theorem if f LI(R, dt/(1 + Itl)) or f LI(T).
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Finally, consider the case f LI(R, dt/(1 + t2)). Since E,rf Lo we
have

E,f LI(R, dt/(1 +

We have

(t 7)H(E,f)(t) Hf(t)

1 f f(x) -a 1
lira lira (t Y’r)--Y x ), xN--,oo e-O <[t-x[<N

dx

lim lim --1 f f(x)
N--o e-*O 7" Je <[t-xl<N

1 + k(x)] dx
t--x

1 f f(x) -alim lim(t-y)j x-3,N--,oo e--*O <[t-xl<N

1

l i/It (f(x) a)lim lim
N-oo eO 7r" \"e<lt-x[<N

1
+k(x)t--x dx

+af k(x) dx).<lx-tl<N

As N oo and e O, the last integral converges to zero, so that

(t y)H(Ea,f)(t ) Hf(t)

1
lim lim--1 (f(x)-a)

x-3,Noo eO <[t-xl<N k(x)] d

lfn [ 1 k(x)] dx=-# (f(x)-) x-
-C(a,y,f).

This concludes the proof of Theorem 1.

In the proof of Theorem 1, we show that for y R, if f LI(R, dt/(1 +
Itl)) or if f LI(T), and if E,,vf Loc, then Hf(y) exists. Since f is only
defined a.e., we may assume a f(y). Define

Erf(t) f(t) -f(y)



494 ELIZABETH KOCHNEFF, YORAM SAGHER AND RUBY TAN

In this case Theorem 1 shows that Ev commutes with the Hilbert transform

H( f(x)
7 )(t)= Hf(t) yHf(y) (3)

For a (ao, al,..., ak_ 1) define

E,,kf(t)
f(t) P,k_l(t 7)

(t_7)k (4)

where Pa, k-l(t) ao d- otlt q- q-ak_ltk-1.

THEOREM 2. Iff LI(R, dt/(1 + t2)) and E,r, kf(t) Loc then

(t 7)kH(E,,kf)(t) Hf(t) Qk_l(t 7)

where Qk-l(t) is a polynomial of degree k 1 whose coefficients depend only
on f, a and 7.

Proof Define

fo(t) =f(t)

and

f,.(t)
f(t) -ao ai_l(t 7)i-1

for j 1,..., k. Observe that

fi(t) gai_l,yfl- l(t)

and

fk(t) =E,,kf(t).

Since for j 1,..., k 1, fl LI(R, dt/(1 + [t[)), we have

(t 7)Hfi+l(t ) Hfi(t ) C(oti, 7, fi)"

Iterating, we obtain the theorem.
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Cj

For y a + ib, b > 0, if f Ll(R, dt/(1 + Itl))or f LI(T), and if
0 for all j, we have

c(o L.) = x-v (x-v

Thus, letting

ff(x) dxF(z)=- x-z

forz=t+iy, y >0, wehave

(t T)nn f(x) (t) Hf(t) + 2i j, (t 3,)
(x 3,)n j=o

For 3’ R, if f LI(R, dt/(1 + Itl)) or f LI(T)we have

(t 3,)kH(E,e, kf)(t)
Hf(t) Hf(3,) (t 3,)Hfl(3,) (t 3,)k-lHfk_l(3,).

Clearly, for 3’ R, the coefficients of Pa, k-l(t) in the expression E,,kf(t)
act as generalized derivatives of f at 3,. This can also be expressed by the
boundary values of the derivatives of the various extensions of f.

THEOREM 3. Let dp(t) Ck 0 LI(R) be such that fg d(x) dx 1 and

(1 + Itl) k*e. Ib()(t)l _< M < o.

Let

1

If f Ll(R, dt/(1 + t2)), if 3, is real, and if E,,kf Loc for
(ao, al, ak_X), then for j 0, 1,..., k 1 we have

j!% lim (b,
e 0

where (
able t.

. f)(i)(t) is the jth derivative of qb * f(t) with respect to the vari-
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Proof We may assume 3’ O. It is easy to see that for j 0,..., k 1
there exists a constant M such that

(1 + Itl) y+2. I)(t)l My,

Next, observe that

fn xYd(Y)(-x) dx
Recall the notation

fR xl(j)(-X) d 0 for /= O, 1,...,j- 1 and

fo(t) =f(t)

and, for j 1,..., k,

f (t)
f(t) ao aj_ltj-1

We have

I(b * f)J)(o) jlajl _[fg_711 o)( --x )f( x) dx j[ay

1 1 o)(-x x)

l(X) dx

If.+l(X)lfMYJR i / Ix/l

Since for j 1,..., k, fj LI(R, dt/(1 + [t[)), the last integral converges to
zero as e 0 by the dominated convergence theorem. This concludes the
proof of the theorem.

Note that the Poisson and Gaussian kernels satisfy the conditions of the
theorem.

Observe that for 1 < p < 0% Theorem 2 proves that the class of functions f
so that both f LP(R) and E,,,kf LP(R) is preserved by the Hilbert
transform. Thus, Theorems 2 and 3 together give us the values of the
coefficients of Qk_l(t) in Theorem 2 for y R. If Qk_l(t)= Z,fljt i, then

J!flJ lime 0"tHh(J)*’ee f(Y).
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3. Calculations of Hiibert transforms of some functions

The results of the previous section provide a useful method for calculating
the Hilbert transforms of some important functions. We illustrate this method
by calculating the Hilbert transform, along an individual coordinate axis, of
the n-dimensional Poisson kernel; we also calculate the Hilbert transform of
the Gaussian. We have some intermediate results below which may be
of independent interest.

LEMMA 4. Iff LI(R, dt/(1 + Itl)) or f LI(T) we have

f(x) )(1 +t2)H
1 +x2 (

1 fn (X + t)f(x) dxt) Hf(t) + -# + x

Proof From Theorem 1 we have

(t i)H( f(x)" ) Hf(t)
1 fRf(x ) dx+ x’i

For fl(x) f(x)/(x i) we have

fl(x) )(t + i)H x + (t) Hfl(t ) + - f(x)
x+i dx.

Therefore:

f(x) )( +t)n i +x ( t)=(t-i)H(f(X)x_t.)(t) t fn f( x) dx
7"I" 1 + X 2

Hf(t) + - X-i
f(x)(t -i)

( x i)( x + i)
dx

l fnx+tHf(t) + - 1 + x2f(x) dx.

THEOREM 5. For a > 0,

H
(1 +x2)

(t)
(1 + 2) (1 + S2 )

lmt
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where

du

Proof. From Theorem 1, we have

H
(1 + x2) a+l

(t) tH (t) + H
(1 + x2) a+l (

x )1 + x2)’+
(0)

tH ( 1 ) 1

(1 + x2) a+l
(t)

du

(1 + U2) a+l

tH
(1 -[- X2) a+l

(t) c(.)
2a

From Lemma 4, we have

(1 -b X2) a+l
(t) 1(1)1 + tH (t)

( 1 + x2)
1 fR du+

1 + 2 " (1 + u2) ’+1

1(1)1 +t2H (
(1 +x2)

t) + C(a)
2a l+t2"

Let

Then

(1 +x2)
(t).

f’( ) H( 2ax )(1 + x2) a+l
(t)

-2a t
1 + t2H (t) +

(1 + x2) 2a 1 - t

-2at C(a)
1 + t

2f(t) +
1 +------$"

2o
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Hence,

2at
(1 + 2) f’(t) + _f(t)

( + ) (1 + 2)

so that

d C(.)d-7[(1 + t2)"f(t)]
(1 + t2)-

Thus,

f(t)-"
(1 q-t2) (1 q-$2) 1-a

ds+D

Since f(t) is odd, D 0 and the theorem is proved.

Note for a 7 we get

H 1 ) 2 ln(t+ V/1 +t2)
V/1 + X 2

(t) - V/1 -t-t 2

COROLLARY 6. For a > 0,

.( x )(1 + X2) a+l
(t) tc( + l

(1 + ) -1 (1 + s) c()
20l

Proof

H
(1 +X2) a+l (t)=tH

(l+x2)a+
(t) 20/

tC(a+ 1) f/( 2

(1 + 2) a+
1 + s ) 2

The Poisson kernel in n-dimensions is defined by

Pn(X)
(1 4-Ixl2)(n+1)/2 2)(n+ 1)/2(1 + x "]- +Xn

where

Tr-(n + 1)/2"
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COROLLARY 7. For j 1,..., n, let

:y V/1 + Xl
2 + +x_ + xf+ --.’.-X2n

and let H:f(x) be the Hilbert transform off with respect to x:. Then

Cn C( n + l

fx:/:(l + s2)(n-X)/2 ds"1-1yen( x )
(1 + IX[2)(n+1,/2"0

Proof

H

For a > 0 and any constant A,

( A2+u )
(t) A2

1+ (-)
1 C(a) ft/4 ds

o (1 if- $2)
1-a

C( ol ) f /A ds

(A + t)’o (1 + s)
Let a (n + 1)/2, x:, and A . This completes the proof.

THEOREM 8. Assume that f(z) is analytic in a strip = {z x + iy:
a < y < b} and that f(. + iy) LP(R) for a < y < b. Then the Hilbert trans-

form H(f(. + iy))(x) Hf(z) is analytic in -.
Proof. Let C be any rectifiable closed curve in -. We have:

fcI-If( z ) dz fcP’v"fR f( x iy ) dt dz

:: :(x t + iy) f(x + iy) dtdz
I<1

+ fcf, i>_

f(x t + iY)

[ [f(x-t+ iy) -f(x + iy) dzdt
I<Jc

@fitI>1fc f(x
t + iy)

since f is analytic. This proves the theorem.
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THEOREM 9. Let (Z) e-Z2 be the complex Gaussian. Then

H( z )
1 _z2/2f0--e eu /2 du. (6)

Proof For z R, this is known (see [2]). However, using the results
obtained above we can give a new proof. Let x R and let ,,’(z) H’(z).
Since ’(x) -x(x), we have

Thus,

,_a’( x ) H( u._( u) ) ( x )
-[xH,_(x) + H(u._(u))(O)]

[ lfRC(u) dux’(x)- -1-x(x) + -.

1 eX2/2x:/,,( x) + xeX/e,Z( x)

so that

Therefore

d 1 /2_ex2
dx (ex2/:’( x ) ) r

.af( x )
1 2/2 fo u2/2 C _x2/2--e -x e du + --e

Since the Hilbert transform of an even function is an odd function, we have
C 0. This proves (6) for z R.

Since, by Theorem 8, ’(z) is an entire function which for real z
coincides with ’(z), we have (z) ’(z) for all z.
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