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ON A THEOREM OF AKHIEZER

EL1zABETH KOCHNEFF, YORAM SAGHER AND RuBY TaNn

1. Introduction

Akhiezer, [1], showed for f € LX(R), y = a + ib, b # 0, that

(= na( L)) = 170 - )

where H is the Hilbert transform and C(y, f) is a constant depending on f
and y.

If v is real and both f € L>(R) and (f(¢) — a)/(t — y) € L*(R), Akhiezer
showed

(1 —7)H(f(") %)ty = Br(t) - € ).

Akhiezer’s proof depends on calculations of Fourier transforms, using
complex methods, and therefore does not seem to generalize to p # 2. A
much simpler proof of Akhiezer’s theorem in the case a = 0 is given in [3].
We prove the theorem under the hypotheses

feLl'(R,dt/(1 +¢t*)) and (f(t) —a)/(t—1y) € Li,..

For y €R, if fe LY (R,dt/(1 + |t])) or if fe LXT), and if (f(¢) — @)/
(t — y) € L},,, we show that Hf(y) exists and equals C(y, f). Since we may
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assume a = f(y) we obtain

We further extend the theorem to calculate the commutators with (x — ).

Akhiezer’s theorem provides a useful tool to calculate the Hilbert trans-
forms of some interesting functions. We give some examples of such calcula-
tions.

2. Extensions of Akhiezer’s Theorem

Define k() = 1/¢ for |¢] > 1 and k(¢) = 0 for |¢]| < 1.
If fe L} (R)and it

lim lim L L(_x_) dx

Nowe—0 T lociox| <Nt~ %

exists, then this limit is defined to be the Hilbert transform of f and is
denoted Hf. This limit exists a.e. for f € L'(R,dt/(1 + |t|)) and for f €
LX(T) (see [5D.

If the above limit does not exist, but

1
t—x

lim lim 1 f(x)

Noweg—>0 T Joclt—x|<N

+ k(x)|dx

exists, then this limit is defined to be the Hilbert transform of f up to an
additive constant and is denoted Hf. The definition up to an additive
constant is necessary to ensure that the Hilbert transform commutes with
translations and dilations. This definition is valid for f € L'(R, dt/(1 + t?));
this space includes BMO(R) (see [4]).

We define

fx) —a

E.,f(x) = T2

(1)
Tueorem 1. If f € LR, dt/(1 + %)) and if E, . f € L., then
(t = y)H(E,,,f)(t) = Hf (¢) = C(a, 7, f) (2
where C(a, v, ) is a constant depending only on f, a, and 7.

For y €R, if fe LR, dt/(1 + |t])) or if f € LNT), then C(a,y, f) =
Hf ().
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Proof. Let us consider simultaneously the cases f € LY(R,dt/(1 + |t|))
and f € LY(T). We have

(t - Y)H(Ea.vf)(t) -Hf(t)

f(x) —a 1
1 1 t — . dx
Ngnwel—lﬂ)( 7) [<|t —xl<N * T t—x

— lim lim — 1 f(x) dx

Noowego0 T e<|t— x|<Nt

f(x) —a 1

= lim lim (7 — y)= :
Ngnooel—rﬂ)( Y ‘1Tf<|t x|<N X = t—xdx
— lim lim — ﬂudx

Nooweg—0 T e<|t—x|<N t—x

— lim lim — f(x)_“~(t_7—1)dx
Nowe—0 Tloclyi<y X x -y

= lim liml f(x)——adx

Nooweg—0 T e<|t—x|<N X -y

lim 1 _fifl___ﬂdx.

Noo T ly_yj<n XY

We start by centering the integral at a = Re y. Let B =t — a, and assume
B > 0. We have

f f(x) —a dx
lx—tl<n *¥ 77
— f(x) ~—a dx
—N+B+a<x<N+B+a * 7
_ f) —a - f() —e
|x—al<N+pB x - —N—-B<x—a<—-N+B x = Y

The second integral converges to 0 as N — o since

-N+gf(u+a) —a -N+B

(u+a)‘d 'l lf N+Bl
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Thus we have shown

1 f(x) —a
t—vy)H(E t Hf(t) = = dx.
(t = V) H(E,, f)(6) ~ Hf(5) = 7 lim [ EE0
Consider the case of y € R. We have
lim f(x)——adx
Now/ix—yl<N X 77
= f(x) —« 2 dx + lim I(x) dx
lx—yls1 ¥ 7Y Nowo/1<lx—yl<N* 7

It is well known that the above limit exists for f € L(T) (see [5]). Therefore,

(t - Y)H(Ea,yf)(t) - Hf(t)

Sl f@ay 1 [,
Tlx—yi<1 ¥ 7Y 1<lx—y|* 7Y
= lim lim — -I—(-ﬂdx
Nowes0 T Jogix—yj<n® — 7
= —Hf(y).

Therefore we have shown that if y is real, then Hf(y) exists and
Cla,y, f) = Hf(y).

We now return to the case y =a + ib, b # 0:

lim — f(x) @
Noow T |x—al<N X =
— lim £ f(x)dx o lim 1
N-ooo T Jjy_ a|<Nx N-ow T |x—a|<Nx -
= f (x) dx — a lim l (x__a);lb
mIRX T Y Noo Tjp_al<n (x — a)’ + b>

- ff(x) dx — ia(sgn b),
where sgn b = 1 for b > 0 and sgn b = —1 for b < 0. Therefore,
(t — y)H(Ea,Yf)(t) — Hf(t) = f f(x) dx —ia(sgnb) = —C(a,v,f).

This proves the theorem if f € LY(R, dt/(1 + |t])) or f € LXT).
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Finally, consider the case f € L'(R,dt/(1 + t?)). Since E, ,f € L},, W
have

E, fe LR, dt/(1+ lt])).

We have

(t = v)H(E,,,f)(¢) — Hf(¢)

f(x) —a 1
= lim 1 t — . dx
Nlinoo el—lf})( Nz f<lt —x]<N X T t—x
1
— lim lim = X +k x)| dx
N-oowe—0 T Jog)— x|<N( ) (x)

f(x)—-a. 1 dx

lim llm(t—y)ﬂ_ hren X7 =

N—-ow -0

R | 1
g m {00 ol k] e

+a k(x) dx)

e<|lx—tl<N
As N — « and ¢ — 0, the last integral converges to zero, so that
(t = Y)H(E,,f)(t) - Hf (1)
- lim lim — (f(x)—a)[x_l_y —k(x)]dx

N-oweg—>0 T Jocjt—x|<N

- 2@ - 0|55 ~ k)|
= —C(a,7,f).
This concludes the proof of Theorem 1.
In the proof of Theorem 1, we show that for y € R, if f € L\(R,dt/(1 +

leD) or if f € LNT), and if E,  f € L}, then Hf(y) exists. Since f is only
defined a.e., we may assume a = f(y). Define

B, = K1)
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In this case Theorem 1 shows that Ey commutes with the Hilbert transform

MECS NGRSO -
For a = (ag, a;, ..., a;_;) define
Ea’.y‘kf(t) - f(t) _Pa,k—l(t_‘)l) (4)

k
(t=v)
where P, ,_ () =g+ agt + -+ +a,_t* 7L

Tueorem 2. Iff € LNR,dt/(1 + t?) and E,, ., . f(t) € L}, then

a,v,k

(t = v) H(E, ., f)(t) = Hf(t) = Qe_s(t — v)

where Q, _((t) is a polynomial of degree k — 1 whose coefficients depend only
onf, a and v.

Proof. Define

fo(t) = f(¥)
and
£(t) = f(t) —ag— -+ "%}—1(’ - Y)j_l
(t—7)

for j =1,..., k. Observe that

fi(t) = %‘—’—— = Eop_y o fi-i(1)

and
fi(t) = Eq o 1 f(2)-
Since for j = 1,...,k — 1, f; € L'(R, dt/(1 + |¢|)), we have
(t = v) Hfj1(2) = Hfy(1) = C(a;,7, f;)- (%)

Iterating, we obtain the theorem.
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For y=a+ib, b>0, if f€ LYR,dt/(1 + |t])) or fe LNT), and if
a; = 0 for all j, we have

C0,y,f;)=——

Tlpx —y T

Q(_x__)_dx=___l_/—f(x) dx
R(

j+1
y)'”

Thus, letting

1 f
F(2) = gy [ L o

for z =1t + iy, y > 0, we have

(t—v)"H

2 )(t)—Hf(t)+2 ZO F2O (¢ .

For y € R, if f€ LXR,dt/(1 + |t])) or f € L'(T) we have
(t =) H(E, . f)(t)
= Hf(t) = Hf (y) = (t = v) Hf\(v) = =+ = (t = v) T Hfe_o(%)-

Clearly, for y € R, the coefficients of P, ,_,(¢) in the expression E,, ., , f(¢)
act as generalized derivatives of f at y. This can also be expressed by the
boundary values of the derivatives of the various extensions of f.

THEOREM 3. Let ¢(t) € C* N LY(R) be such that [ $(x)dx = 1 and

(1 + 1) ¥ 1¢®(1)] < M < .
Let
1 t
b.(0) = +4(5).

If feLXR,dt/(1 +1¢%), if y is real, and if E,  ,f €L}, for a=
(@g, @yy...,a5_1), then forj =0,1,...,k — 1 we have

jla; = lim (¢, )" (),

where (¢, * f)Nt) is the jth derivative of ¢, * f(t) with respect to the vari-
able t.



496 ELIZABETH KOCHNEFF, YORAM SAGHER AND RUBY TAN

Proof. We may assume y = 0. It is easy to see that for j =0,...,k — 1
there exists a constant M; such that

1+ 1)’ 1p9(2) < M
Next, observe that [z x'¢"(—x)dx =0 for 1 =0,1,...,j— 1 and

[r X16V(—x) dx = jl.
Recall the notation

fo(1) =£(1)

and, for j =1,...,k,

f(t) —ag— o —ay gt

fi(1) =

We have

(¢, % £)(0) = jlay]

B e

|2 [ 269 Z2) 50 - ap - - ] ]

€

“[E) () e

() e )

|fj+1(x)|
SMffR1 T+ x/el &

Since for j = 1,...,k, f; € LYR,dt/(1 + |t])), the last integral converges to
zero as € — 0 by the dominated convergence theorem. This concludes the
proof of the theorem.

IA

Ifj1(2)] dx

Note that the Poisson and Gaussian kernels satisfy the conditions of the
theorem.

Observe that for 1 < p < », Theorem 2 proves that the class of functions f
so that both f &€ LP(R) and E, , ,f € LP(R) is preserved by the Hilbert
transform. Thus, Theorems 2 and 3 together give us the values of the
coefficients of Q,_,(¢) in Theorem 2 for y € R. If Q,_,(t) = LB;/, then
J'B; = lim, _, (H$P) = f(y).
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3. Calculations of Hilbert transforms of some functions

The results of the previous section provide a useful method for calculating
the Hilbert transforms of some important functions. We illustrate this method
by calculating the Hilbert transform, along an individual coordinate axis, of
the n-dimensional Poisson kernel; we also calculate the Hilbert transform of
the Gaussian. We have some intermediate results below which may be
of independent interest.

Lemma 4. If f € LN(R, dt/(1 + |t])) or f € LNT) we have

1+ tz)H(Tf%%)(t) = Hf(t) + %fR(x + ) f(x) de

1+x2

Proof. From Theorem 1 we have

f
(e = u( L)) - mrey + 1 [ L2
For f(x) = f(x)/(x — i) we have

fi(x) ()

Heo = aro) + 5 [ 25 ax

(t+i)H(

Therefore:

a+eya( L)@ - (- na( Lo + L [ L9, o

r1 +x2

ey + A [£G) 4 SDG=D ]dx

x—i  (x—i)(x+i)

X+t
1+ x2

= Bf(t) + 7 [ 555 () a

THEOREM 5. For a > 0,

)()— o) 1

A+ 1+

v
L+
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where

_ 2o, du
C(a) = p L(1+u2)a+1‘

Proof. From Theorem 1, we have

1 X

H(W)(t) = tH o™ (t) + H(m)m)

| —L  fny -l
=tH (1 +x2)a+1 (t) 7,-'/;?(1 4 uz)a+1
=tH (1—+i:—23'm (t) - C(a) .

From Lemma 4, we have

1 1
Ao - mimrl o

+ Py ———r————
1 +t2 77'/;((1 +u2)a+1

! 1 Cla) ¢

Let
1
10 = o
Then
ey = gl ——2ax
f(t) H((1+x2)a+1)(t)

1 C t C
- —Za{t el b +x2)a)(t) + 2(3) |- 2(2)
_ —2at C(a)
"1 Ot T
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Hence,
2N 2at __ C(a)
A+ )P0 + () =
so that
d a _ C(a)
gg[(l + 1) f(1)] = RS
Thus,

__C(o) t 1
(1) (Lua4ﬁm+gyw“+D-

Since f(¢) is odd, D = 0 and the theorem is proved.

Note for @ = 3 we get

H(;)(t)=zln(t+ 1+t2)'

V1 + x? V1 + 2

COROLLARY 6. For a > 0,

- *x _tC(at1) 2% Jg —
H((1+ )"‘”)() (1 +t2)““/o(1+s) Sl 7

Proof.

—* Vn=ml—1 - C(a)
H((l +x2)““)(t) tH((1 )““)( )
_ tClatl) 2% gs = C(@)
(1+t)a+1f(1 )dS 2

The Poisson kernel in n-dimensions is defined by

C, G,

P(x) = ~ =
1+ |x|2)( +0/2 (1+x3+-

1/2
+x,2,)(n+ )/

where

¢, -1(%5 L )11"(”“)/2.

Ca)
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CoRrROLLARY 7. Forj=1,...,n, let

- PR 2 4 112
G=yl+xl+ o 4xl, +xk, 4 +x

n

and let H;f(x) be the Hilbert transform of f with respect to x;. Then

o C(n + 1)
i 2 x;/&; (n-1/2
HP(x) = i |x|2)("“’/2/0 (1 +52) ds.

Proof. For a > 0 and any constant A,

A v uZ)“)(t) " (1+ (%))
_ 1 C(a) ft/A ds
)0

__C(a) ft/A ds
(A2+)" 0 1+

Let a = (n + 1)/2, t = x;, and A = ¢;. This completes the proof.
THEOREM 8. Assume that f(z) is analytic in a strip I ={z=x +iy:
a <y < b} and that f(- + iy) € LP(R) for a <y < b. Then the Hilbert trans-
form H(f(- + iy))Xx) = Hf(z) is analytic in .
Proof. Let C be any rectifiable closed curve in . We have:
fo(z) dz = fp.v.f ﬂ—x?:—+l—)’l dtdz
c c R

=ff f(x_t+iy)—f(x+i)’)dtdz
ltl<1 t

+fft f(x — t+zy)dtd

ltl1=1

ff(x—t+ty) f(x+ly)ddt

lti<1’C

f(x—1t+1iy) _
+j|;l21f Lo— =22 dzdr=0,

since f is analytic. This proves the theorem.
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TueoREM 9. Let H(z) = e™**/2/ 21 be the complex Gaussian. Then

HS(z) = e 5/ [/ du. (6)
0

Proof. For z € R, this is known (see [2]). However, using the results
obtained above we can give a new proof. Let x € R and let A(z) = HZ(z).
Since Z'(x) = —xZ(x), we have

S(x) = —H(uF(u))(x)

—[xHZ(x) + H(uZ(u))(0)]

—[x/(x) - %fRf(u) du]

= —xA(x) + =
Thus,
€2/ (x) + xe* 2 (x) = %e"z/z
so that
%(e"z/zf(x)) = %e"z/z.
Therefore

A(x) = %e—"z/z fxe"z/zdu + g_—e"‘z/z.
0

Since the Hilbert transform of an even function is an odd function, we have
C = 0. This proves (6) for z € R.

Since, by Theorem 8, ##(z) is an entire function which for real z
coincides with .#(z), we have #Z(z) = #(z) for all z.
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