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DEFORMATIONS AND DIFFEOMORPHISM TYPES OF
HOPF MANIFOLDS

KEeizo Hasecawa

1. Introduction

A generalized Hopf manifold or simply a Hopf manifold of complex
dimension » is a compact complex manifold of which the universal covering
is C" — {0}, where n is a positive integer (n > 2).

The Hopf manifold, first introduced by H. Hopf, is well known as the first
example of a non-Kéhler manifold. In his essays [3] presented to R. Courant,
H. Hopf referred to a complex manifold diffeomorphic to S* X $2"~!, which
was originally called a Hopf manifold. The generalized definition above is
due to K. Kodaira [6].

Perhaps one of the first fundamental problems concerning the Hopf
manifold is to determine their diffeomorphism types. This was done for the
case of n =2 by M. Kato [4]. Later, in his paper [5], M. Kato studied
submanifolds of Hopf manifolds and obtained a result on diffeomorphism
types of Hopf manifolds (although the result is not fully stated as a theorem,
it may be inferred from the results in the paper).

In this paper we study deformations of Hopf manifolds and give a short
and direct proof of the theorem that a Hopf manifold of complex dimension
n is diffeomorphic to a fiber bundle over S! with fiber $2"~! /H, defined by a
representation p: m(S") = Ny, (H) such that p(1) is an element of finite
order in NU(,,)(H ), where H is a finite unitary and fixed-pint-free group, and
Nyx, is the nomalizer of H in U(n). This theorem determines explicitly the
diffeomorphism types of the Hopf manifolds.

We state here a conjecture that a compact complex manifold of which the
universal covering is C” is diffeomorphic to a manifold which has a torus or a
non-toral nilmanifold as a finite covering. The first case is clearly a Kéhler
manifold and the second case is a non-Kéhler manifold (cf. [2]).
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2. Fundamental properties of the covering transformation groups
of Hopf manifolds

In this section, we will review some results of K. Kodaira [6] and M. Kato
[4] on the basic properties of Hopf manifolds in the generalized form.

An analytic automorphism g over C" which fixes the origin is called a
contraction if the sequence {g”} converges uniformly to 0 on any compact
neighborhood of the origin as n approaches infinity, or equivalently, if for
any ry, r, € R, there exists an m € N such that

g"(B(ry)) ¢ Int(B(r;))

holds for any n € N (n > m), where R, is the set of positive real numbers, N
is the set of positive integers, B(r) = {(z,, z5,...,2,) € C*| Iz,|* + |z,I*
+ - 4+ lz,,I2 < r?}, and Int(B) is the interior of B. Note that we have
defined a contraction in a slightly stronger form than the original one in [6].

Now let M be a Hopf manifold and G its covering transformation group.
Then G is properly discontinuous and fixed-point-free. We regard M as the
quotient manifold W/G where W denotes C" — {0}. By Hartogs’ Lemma, we
can consider any element of G as an analytic automorphism over C" which
fixes the origin.

THEOREM 2.1. Let G be the covering transformation group of a Hopf
manifold. Then G contains an infinite cyclic subgroup, and any cyclic subgroup
of G is generated by a contraction.

Step 1. There exists a g € G such that g(B(1)) c Int(B(1)). Thus Z =
{g) is an infinite cyclic subgroup of G.

Proof. For simplicity, we write B in place of B(1). Since G is properly
discontinuous, g(3(B)) N d(B) = @ for all but finitely many g € G, where
d(B) is the boundary of B. Since G is obviously infinite, there existsa g € G
such that g(8(B)) N d(B) = @. As g fixes the origin, it follows that g(B) c
Int(B) or g~ (B) c Int(B).

Step 2. g obtained in step 1 is a contraction.

Proof. Suppose that g is not a contraction. Then there are B, = B(r,)
and B, = B(r,) (r, r, € R,) such that g"(B,) ¢ Int(B,) for infinitely many
n € N. Hence there exists a subsequence {k,} of N such that g*«(B)) ¢
Int(B,) for all n € N. Since g fixes the origin and B, is connected, it follows
that g%(B,) N d(B,) # @ for all n € N. Therefore, we can take z, € B,
(z, # 0) such that g*~(z,) € d(B,) for each n € N. We will show that
lim, _,,z, = 0. Suppose that lim,, _, .z, = a(a # 0). Then K ={a} N {z,} is a
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compact subset of W and g*«(K) N d(B,) # @ for all n € N. This contra-
dicts the fact that z = {g) is properly dlscontlnuous, and thus lim, _, .z, = 0.
Now, since g"(B) c Int(B) for all n € N, {g*} (n € N) is uniformly bounded
over B. And thus we can see by Cauchy’s estimate that {g*~} is equi-continu-
ous at the origin. Therefore lim, _, g k"(zn) = 0, which contradicts the fact
that G*» € 4(B,) for all n € N.

Step 3. Let Z be any infinite cyclic subgroup of G. Then Z is generated
by a contraction.

Proof. Since Z = (g) is properly discontinuous, in the same manner as
in step 1, there exists a k € N such that g“(B) c Int(B) or g~*(B) c Int(B);
thus g* or g7* is a contraction. Take g~! as a generator of Z in the latter
case. We will show that g is a contraction. Suppose that g is not a
contraction. Then there exists B; and B, as in the proof of step 2 such that
g"(B,) c Int(B,) for infinitely many n € N. But then there exists r € N
(0 < r < k) such that

gkn+r(Bl) = gk"(gr(B1)) ¢ Int(B,)

for infinitely many n € N. Since g’(B;) is a compact neighborhood of the
origin, this contradicts that g* is a contraction.

COROLLARY 2.2. Let Z be an infinite cyclic subgroup of G. Then [G; Z] is
finite.

Proof. We may assume by Theorem 1 that g, the generator of Z, is a
contraction, and thus for arbitrarily large » € R, there exists an m € N such
that g"(B(r)) c Int(B) for all n € N (n > m). We can also see that

B {0} = U (5(5) - 6+ (1n 5)

since N%_,g* (Int B) = {0}. Hence, the compact subset B — g(Int B) of W
contains a fundamental domain for Z. Therefore, M= W/Z is compact, and
thus the induced covering map from M to M is finite. It follows that [G; Z]
is finite.

TaeoreMm 2.3. Let G be the covering transformation group of a Hopf
manifold. Then G can be expressed as a semi-direct product of an infinite cyclic
subgroup Z generated by a contraction and a finite normal subgroup H.

Proof. Let u be a homomorphism from G to R, defined by u(x) =
|det d(x)(0)| where d(x)X0) is the Jacobian matrix of x at the origin. Since G
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contains a contraction g and clearly u(g) < 1, u is discrete. Hence, u(G) is
generated by an a € R, (a # 0). Take a g € G such that u(g) = a, and let
Z = {g) be an infinite cyclic subgroup generated by g. By theorem 1, we may
assume that g is a contraction. Clearly u: Z — u(G) is an isomorphism. Let
H be Keru. Then H is a normal subgroup of G and Z € H = (I).
Therefore, by the corollary to Theorem 1, H is finite. Since u(G) = u(H), G
is the semi-direct product of Z and H.

CoroLLARY 2.4. Let Z and H be the subgroups of G in T heorem 2. Then
there exists an m € N such that g™ belongs to the center of G. Thus Z={(gm
and N = Z X H are normal subgroup of G.

Proof. Let us consider the action of Z on H by conjugation. Since H is
finite, it is clear that there exists an m € N such that g="hg™ = h for any
h € H. Therefore, it follows that g” belongs to the center of G.

3. Deformations and diffeomorphism types of Hopf manifolds

Let x be an analytic automorphism over C”" which fixes the origin. Then x
can be expressed in the power series

X= (X5 %5,..0,%,),

where
x;=ajz, +abz, + -+ +alz, + (higher powers) (i = 1,2,...,n).

The non-singular #» X n matrix (aj) is called the linear part of x, and is
denoted by L(x). Note that L(x) = d(xX0) is the Jacobian matrix of x at the
origin. Then the map L: G — GL(n,C) is a homomorphism, but not neces-
sarily one-to-one. However, concerning the covering transformation groups of
Hopf manifolds, we have the following result.

LemmMa 3.1. Let G be the covering transformation group of a Hopf mani-
fold. Then the homomorphism L: G — L(G) from G onto L(G) € GL(n,C) is
a group isomorphism.

Proof. 1t is sufficient to prove that L is one-to-one. By Theorem 2, G is
the semi-direct product of an infinite cyclic subgroup Z which is generated by
a contraction g and a finite normal subgroup H. Now let x = g*¥h(h € H)
and L(x) = L(g¥)L(h) = I. Then since det(L(g)) < 1 and det(L(h)) = 1, k
must be 0 and thus L(4) = I. But k is of finite order, it follows from Cartan’s
uniqueness theorem that 4 = I, and thus x = I. Therefore, L is one-to-one.
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Lemma 3.2. L(G), being a group of analytic automorphisms over W, is
properly discontinuous and fixed-point-free.

Proof. 1t is easily seen that 1(Z) is properly discontinuous and fixed-
point-free. Since [ L(G); L(Z)] is finite, it follows that L(G) is also properly
discontinuous. We will show that L(G) is fixed-point-free. If L(x) (x € G) is
of infinite order, then there is a k € N such that L(x)* # I and L(x)*
belongs to L(Z). Since L(Z) is fixed-point-free, L(x) has no fixed point over
W. If L(x) (x € G) is of finite order, then so is x by Lemma 1. According to
the generalized result of Cartan’s uniqueness theorem [1], there exists an
analytic coordinate transformation 7 on a neighborhood U of the origin such
that 7~ 'xT = L(x) on U. Suppose that L(x) has a fixed point p € W. Since
L(x) is a linear map, we may assume that p € U. But then T(p) is a fixed
point of x, which is a contradiction. This completes the proof of the lemma.

THEOREM 3.3. There exists a deformation which transforms M = W/G to
W/L(G). And thus M is diffeomorphic to W/L(G).

Proof. For x€ G and t€C (t#0), let x,=7,'xT, and G() =
{x,|Ix € G} where T, is an analytic automorphism over W of the following
form:

T,: (21, 25,-.452,) = (124, t2,,...,12,).

G(t) (t # 0) is obviously group isomorphic to G, and properly discontinuous
and fixed-point-free. And thus so is G(0) = L(G) by the above lemmas. We
will show that

{Mtht = W/G(t) (t = C)}

forms a complex analytic family. Then it follows from a theorem of deforma-
tion theory (cf. [7]), M = W /G is diffeomorphic to W/G(0) = W/L(G).

Now we define for x € G an analytic automorphism % over W X C as
follows:

E:(z,t) = (x,(2),1)

where z = (2,,2,,...,2,) €EWand t € C.Let G = {f|x € G}. Then éjsa
group of analytic automorphisms over W X C, and G = Z - H where Z =
(g), g is a contraction which generates Z, and H = {1|h € H}.

We first prove that G is properly discontinuous and fixed-point-free. It is
clear from the above argument that G is fixed-point-free. By the definition of
a contraction we see that for a given compact set K of W and a given point
T € C, there exists an ¢ (¢ > 0) such that g”™(K) N K =@ holds for ¢t €
C(|t — 7| < &) and for all but finitely many integers m. It follows that for
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a given compact set K of W and a given compact set I of C, §™(K X I) N
(KXI)=¢ for all but finitely many integers m. Hence Z is properly
discontinuous. Since [G: Z_ 1 is finite, (} is also properly discontinuous.

Now let M =W X C/G and m: M — C be the canonical map induced
from the projection Pr,: W X C — C. Then M is a complex manifold,  is
hplomorphic, and clearly the rank of the Jacobian of = is 1 at each point of
M. Since 7w~ 1(t) = M, for each ¢t € C, {M,|t € C} forms a complex analytic
family. This completes the proof of Theorem 3.3.

LemmMma 3.4.  Suppose that A € GL(n,C) is of the form
A =A4(a,ny) +Ay(ay,n,) + - +A(ar, ny)
where A(a;, n;) is a n; X n; lower triangular matrix with eigenvalue a;, n, +
ny,+ -+ +n, =n, a; # 0, and a; are mutually distinct. Let B be any n X n
matrix which commutes with A. Then B is of the same form as A:
B = By(n,) + By(n,) + -+ +B(n,)
where B(n;) is a n; X n; matrix.
Proof. Let V = C" (an n-dimensional vector space over C). Then
V=Vi+V,+ - +V,
where

V,= {v € VI(A — a;I)°v = 0 for some s € N].

Since 4 and B commute, V; is B-invariant, B being a linear endomorphism
over V, for i = 1,2,...,n. Hence it follows that B has the above form.

THEOREM 3.5. Suppose that G is the direct product of Z and H, then
M = W/G is diffeomorphic to S' X $*"~1/U, where U is a finite subgroup of
U(n, C) which is conjugate to L(H) in GL(n,C).

Proof. We have proved that W/G is diffeomorphic to W/L(G). For
simplicity, we write G, Z, H in place of L(G), L(Z), L(H). Now since G is a
subgorup of GL(n,C), we may assume by Lemma 3 that g is of the Jordan
form and h € H is of the same form as g. Let

g =tg, tg, +ig+(1—-1t)g,

where g, is the nilpotent part of g and g, is the semi-simple part of g. Then
since g and h (h € H) commute, g, (¢ € C) and A also commute. Therefore,
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g, 1nduces an analytic automorphism g, over W where W denotes W/H. Let
M, = W/Z(t) where Z(t) = { g,) Then {M,|t € C} forms a complex analytlc
famlly Accordingly, M = W /G is diffeomorphic to W/G, where G, = Z; X
H, Z, = (g,), and g, is of the form

80: (21,235, 2,) = (a12y,a125,...,a,2,) (0<lal <1).

Now, consider a diffeomorphism F from R X $2"~! to W defined as
follows:

F:(t,2y,25,...,2,) = (ai2,,0}2,,...,0a;2,).

Since H is a finite subgorup of GL(n,C), taking a suitable linear coordinate
transformation, we can assume that H c U(n,C) while g is the same as
before. The corresponding automorphisms to g and 4 over R X $2"~! are of
the form

g8:(t,z1,25,...,2,) 2 (t+1,2,25,...,2,)

and

h:(t,zy,20,...,2,) = (8, h(2y, 25,5, 23)),

respectively. Therefore, M is diffeomorphic to S! X $2"~1/H. In our first
notation, M is diffeomorphic to S! X $2"~1/U where U is a unitary group
conjugate to L(H) in GL(n, C).

LemMma 3.6. Let J(a, k) be a Jordan form of order k with eigenvalue a and
A = (a;;) be any m X n matrix. Then, J(a,m)A = Al(a,n) if and only if
a,.j=a,+1,+l, =0 fori(l<i<m—1),anda;;=0 forjQ2 <n).

Proof. Let A; denote the i-th row vector of 4 and A’ the j-th column
vector of A. We define the inner product (A4, B)) = A;B} and (4, B’) =
A"BI. Let J(k) =J(0, k) for simplicity. It is clearly sufﬁc1ent to show the
assertion for a = 0. Now if J(m)A = AJ(n), then

a,; = (E', AE') = (E', AI(n)E'~Y) = (E', J(m) AE'™Y)
= (J(m)'E', AE'™") = (E/"Y E'"Y) = a,_y ;_4,
and a,; = J(m)YE', AE’"") =0 for j (2 <

<jJ
(E;A, E ) =(E,,,J(m)A, E,) = (E,+1AJ(n) E,)
for i (1 <i <m — 1). The converse is obvious.

n). Similarly, a;, =
(E, 1A, E,J(n)) =0

<
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THEOREM 3.7. Let M be a Hopf manifold and G its covering transforma-
tion group. Then M is diffeomorphic to a fiber bundle over S' with fiber
§2r=1/U, which has a certain explicit bundle structure (as described in the
proof ), where U is a finite subgroup of U(n,C).

Proof. We may assume as in the proof of Theorem 3.5 that G is a
subgroup of GL(n,C) which is the semi-direct product of an infinite cyclic
subgroup Z which is generated by a contraction g and a finite normal
subgroup H. According to Corollary 2.4, there exists a minimal positive
integer m such that § = g belongs to the center of G. Since ¢ and h € H
commute, we may assume that g is of the Jordan form and 4 has the same
form as g. We will show that M = W/G is diffeomorphic to W/Z - H where
Z = (g (g is a diagonal matrix). Since § and 4 have the same forms, it is
sufficient to consider the case that ¢ has only one eigenvalue a, that is,
g =Ja, k) +J(a, k) + -+ +J(a, k). We will show the assertion for s = 2.
It is then easily proved for the general case. Now, for each x € G and ¢ € C,
let x, = T, 'xT, where T, is an analytic automorphism over W defined as
follows:

T,: (21, 255.-452,) = (t"l‘lzl, 722, 2T 2 zk1+k2).
It follows from Lemma 4 that x, is well defined. Thus
{M,\M, = W/G(1)},G(t) = {x,lx € G}

forms a complex analytic family. Therefore M is diffeomorphic to W/Z, - H,
where Z, = (g,»> and &, = g{' is a diagonal matrix. Then, taking a suitable
linear coordinate transformation, g, is diagonalizable.

We have shown so far that M is diffeomorphic to W/G where G =
Z - H, Z is generated by a diagonal matrix g, and H is a finite subgroup of
GL(n,C), all of which elements are of the same form as g™. Therefore, g
and h € H are of the following form:

g=ac

where a = A(a;,ny) + A(a,,n,) + -+ +A4,(ay,ny), Ala;, n;) is a diago-
nal matrix with eigenvalue a; (0 < |g;| < 1, 4, are mutually distinct, and
n,+n,+ - +n, =n), and ¢ is a diagonal matrix belonging to
N(H; GL(n, C)), all of whose entries are m-th roots of 1; and

h: non-singular n X n matrix of the same form as a.

Since H is a finite subgroup of GL(n,C) and ¢ € N(H; GL(n, C)), we can
construct a semi-direct product {c) - H which is also a finite subgroup of
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GL(n, C). Therefore, taking a suitable linear coordinate transformation, we
can assume that {¢) - H ¢ U(n, C) while a is the same as before.
Now consider the diffeomorphism F in the proof of Theorem 4:

F:(t,2y,2,,...,2,) = (aizy,052,,...,a}).

The corresponding automorphisms over R X $2"~! to g, g™ and h € H are
of the form

g8:(t,21,25,...,2,) = (t+ 1,¢(2y, 255044, 2,))s
8Mi(t,24,255...,2,) > (t+m,2(,25,...,2,),

Z:(t,2,25,.00,2,) = (8, h(2y, 25,...,2,)),
respectively. Therefore, M is diffeomorphic to the fiber bundle
Sl XZ/mZ S2n—1/H,

where the action of Z/mZ on S! is given by s - k = exp(27i/m) - s and the
action of Z/mZ on S$*"~'/H is given by u -k = é(u), where s € S,
uesS'/H, k€ Z/mZ, and ¢ is an automorphism over $"~!/H of
order m induced by c. This is our expected result.
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