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LORENTZ-IMPROVING MEASURES

RAYMOND J. GRINNELL AND KATHRYN E. HARE!

Introduction

Throughout this paper G will denote an infinite compact abelian group, A
its normalized Haar measure, and I" its discrete dual group. The space of
bounded regular Borel measures on G will be denoted by M(G). Measures,
which acting by convolution map L? to L?*¢ for some & = &(p) > 0 and
1 <p <o (or equivalently for all 1 <p < «), are called LP?-improving
measures and have been investigated in a number of recent papers (cf. [5]
and the papers cited therein). Examples of such measures include all LY(G)
functions for g > 1 (by Young’s inequality), Riesz products [15], and the
Cantor-Lebesgue measure [4].

In this paper we study measures which act by convolution on the Lorentz
spaces L(p, g).

DeriniTION. A measure u is called Lorentz-improving if there exists p, g
and r,where 1 <p <®and1 < g <r < o, such that u * L(p, r) € L(p, q).

The Lorentz spaces are function spaces intermediate to the L? spaces in
the sense that whenever 1 < g <p <r < o,

L»c UL cL(p,q) cL?cL(p,r) c (L cL" (1)

t>p s<p

We show that the class of Lorentz-improving measures properly contains the
class of LP-improving measures. In fact there are Lorentz-improving mea-
sures that are not even a limit, in the total variation norm, of L”-improving
measures. Lorentz-improving measures are characterized in terms of the size
of the sets {y € I": |i(y)| > &}. This characterization is analogous to a known
characterization of LP-improving measures [8] and requires the introduction
of a new type of “thin” set, which generalizes the notion of a A(p) set.
Further estimates of the size of Lorentz-improving measures are made in
Section 4. In particular we prove that all such measures are continuous. In
Sections 5 and 6 we focus on Lorentz-improving measures on the circle group
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T. These measures satisfy certain summability conditions, however, unlike
LP?-improving measures, they need not be Lipschitz. Lastly we study random
Lorentz-improving Cantor measures and characterize almost surely those
which are LP-improving. We also answer an open problem in [5].

1. Lorentz-spaces
We begin by briefly reviewing for the reader the definition and basic
properiies of the Lorentz spaces. Let f be a complex-valued measurable

function on G which is finite A a.e.. The distribution function of f is defined
by

A(y) =MxeG:|f(x)| >y} fory=0.
The non-increasing rearrangement of f is the function f* defined by
f*(¢t) =inf{y > 0: A;(y) <t} foreacht>0.

The Lorentz space L(p, q) is defined as the set of equivalence classes of
functions f as above such that ||f|l} , < », where

1/q9
4 (e adt i
(pfo(t PF*(1)) t) ifl1<p,g<o

sup tYPfE(t) ifl<p<ow,g=ox
te(0, )

If1l7.q =

Since f* and f have the same distribution function, it follows that ||} , =
lIfll,, so the Lorentz space L(p, p) is equal to L?.

The function || ||} , is a quasi-norm, but is not in general a norm. For this
reason it is useful to define the function f** by

FRE(1) = %[Otf*(s) ds, fort >0,

and then set

o 1/q9
(fo (t‘/”f**(t))qéf) forl <p,q<o

sup tYPfE¥(¢t) forl <p <w,qg=,
te(0,«)

“f“(p,q) =

If1<p,q<worif p=gq € ({1,x}then L(p, q) is a Banach space with the
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norm || ¢, 4. Hardy’s inequality can be used to prove that the quasi-norm
and norm are related by

1/9 1/9
(2) 11150 < Wl < 2'( 2 ) 105 )

(where (p/q)'/% = 1 if q = x). These facts can essentially be found in [11].
We have already mentioned that L(p,q) € L(p,r) if ¢ <p <r. In fact
this inclusion holds whenever g < r. Moreover (see [11] and [12])

I, < 1174 (3

and

—l_r—l)

o< (2)" 7 Wi 4

Notice also thatif 1 <p, <p, <®and 1 < g < » then

%k q q 2 % pl __pzl dt
(IF11%,4)" < ( pl)rsz)pl (/P2 f% (1)) j pacoit-pih
p —_ P (“f”l’z °°) (5)

It follows from this that if 1 < p, <p, < and 1 < q,, g, < «© then

L(p;,q2) € L(py,a1)- (6)

If we define a total ordering on (1, %) X [1,%] by (r,s) > (p,q) if r > p or
if r = p and s < g, then inclusions (1) and (6) can be combined as

L(r,s) €cL(p,q) if(r,s) > (p,q). @)
Moreover this inclusion is proper [21, 2.7].

A final inequality [11, 4.6] we mention is that if # € L! and if g € L(p, «)
then

In* llip < 52 llA N lgllcp, - (8)
The next fact will be useful later.

Lemma 1.1. If 1 <p <wandiff € L(p,r) forallr > 1 then ||fllp,r —
”f”(p,l) asr > 1.
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Proof. Let {r,);,_, be a sequence decreasing to 1 and let A = {z:
tV/Pf**(¢) > 1). Since

(1/ef (1)) "xa < (71 (0)) xa < 1 F)

and {(¢1/Pf**(¢))'"x 4} is an increasing sequence, it follows by the dominated
and monotone convergence theorems that

n dt

1/p £x% * D fFx¥ dt
f(t/f )" F = [T

as r, — 1. This clearly suffices to prove the lemma. O

As with the classical L? spaces, the simple functions, and hence the
trigonometric polynomials T(G), are dense in L(p,q) whenever 1 <p <
and 1 < g < . Moreover the dual of L(p, q) is L(p’,q') (where 1/p' + 1/p
=1,1/q' + 1/q = 1) [11, 2.4 and 2.7]. A duality argument [7, 11.6] proves
that u=* L(p;, q,) € L(p,, q,) precisely when u * L(p, q5) < L(p}, q}) if
1<p, py<»1<gq,,q, <>

A Riesz-Thorin like interpolation theorem applies to operators on Lorentz
spaces. As we make extensive use of this result, we will state it here for the
convenience of the reader.

Notation. For j € {0,1}, let p;, q;, r;, s; satisfy either 1 <p;,r;,q;, 5; <®
or pj=r;€{l,o}or g, =5; € {1, If 0 < © < 1, define p,q,r,s by

1_1-6.6 1_1-0 6
D Py py’ q o a
1_1-0,0 1_1-0 0
r ry’ s s 8

We use this notation in the theorem below.

TueorEM 1.2. [11, p. 266] For j € {0,1} let T: L(p;,q;) - L(r;, s;) be a
bounded linear operator satisfying I|Tf\I7, , < Mi|Ifl}, o, for all f € L( >4
Then

"Tf”Ts < C(l’j, 4;> O)M(}_GMlenf”;,q
for all f € L(p, q).

This theorem has an important consequence for measures acting by convo-
lution on the Lorentz spaces.



370 RAYMOND J. GRINNELL AND KATHRYN E. HARE

TueoreM 1.3.  If u € M(G) then u* L(p,q) € L(p, q) forall1 <p < o,
l1<g<o>

Proof. Since u* L' € L' and u * L™ L™ this follows from the interpola-
tion theorem. 0O

THeoreM 1.4. Let u be a Lorentz-improving measure.

(a) Forevery 1 < p < o there exist 1 < q, < g, < » (depending on p) such
that p* L(p, q,) € L(p, q).

(b) Forevery 1 <p < wand 1 < q < x there exists r < q such that

pm*L(p,q) SL(p,r).

(c) Forevery 1 <p <wand 1 <s <  there exists t > s such that

uxL(p,t) cL(p,s).

Proof. (a) Since u is Lorentz-improving there exist 1 <r <o and 1 <,
< s, < o satisfying

w*L(r,s,) € L(r,sy).

If p=r the result is proved. If p > r interpolate using the fact that
w* L* C L*, otherwise interpolate using the fact that u * L' c L1,
(b) and (c) These are similar but use (a) and Theorem 1.3. O

Remark. The ordering of the Lorentz spaces (7) might suggest calling a
measure u Lorentz-improving if for some (r, s) > (p, q) we have u * L(p, q)
c L(r, s). The inclusions show that this definition is actually the same as the
one we gave in the introduction. Moreover the set of measures u for which
there exists some p < r with u* L(p,q) € L(r,s) is easily seen by (6) to
coincide with the set of L”-improving measures.

2. Examples of Lorentz-improving measures
Our first result yields numerous examples of Lorentz-improving measures.

THEOREM 2.1. If w is LP-improving then u* L(p,») C L(p,1) for all
1<p<oo,

Proof. Fix p>1 and choose 1 <r <p. As u is LP-improving there
exists some g > r such that ux L" c L9 By setting ¢ =p(q —r)/(q +r)
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and noting that u * L*” € L, we interpolate and conclude that pu* L?7° ¢
LP*¢, By (1), L(p,©) c L?~¢ and L(p,1) 2 L?*¢ so we obtain u * L(p,x)
cL(p,Dforall p. O

The main objective of this section is to construct, on any infinite compact
abelian group, an example of a non-L”-improving measure which maps
L(p,») to L(p,1) for all 1 < p < «. First we need some easy results on
convolution powers of . These were motivated by [8].

Notation. u" will denote the convolution of u with itself n times.

ProposiTION 2.2. Let u € M(G) and suppose there are indices 1 <p < »
and 1 < q; < q, < o such that u*L(p, q,) € L(p, q,). Then forany 1 <r < »
there is some positive integer m such that W™ L(p, r) < L(p, q,).

Proof. There is nothing to prove unless g, < r < . For each positive

integer n set q,,, = 9,(q,/q,)" " ". Since u* L(p,®) € L(p,®), if one as-
sumes inductively that

p*L(Pp,q,+1) SL(P,4,),

then by interpolation we obtain w * L(p,q,,,) € L(p, q,,). It is now easy
to see that

w'*L(p,q,.,) SL(p,q,) foralln,

and as g, — % as n — o, the proof is complete. O

CorOLLARY 2.3. Let u € M(G) and suppose u * L(p, q,) < L(p, q,) for
some 1 <p <wand 1<q,<q, <». Then given any 1 <r < x there is
some positive integer m such that u™ = L(p, q,) € L(p, r).

Proof. By duality u * L(p’, q7) < L(p', g¢5). Since 1 < r’' < », by Proposi-
tion 2.2 there exists a positive integer m such that u” * L(p', r') € L(p/, @5).
Dualizing again gives the result. O

ProrosiTiON 2.4. Let u € M(G) and suppose for some 1 <p <  and
1 < g < o we have u* L(p,») C L(p, q). Then there exists a positive integer
m such that u™ * L(p,») € L(p, 1).

Proof. By duality u* L(p',q') € L(p',1), thus if p =2, u*xLQ2,q") C
L(2,1).If p #+ 2 then taking s = 1if p < 2or s = 2p if p > 2 and using the
fact that w* L(s,1) € L(s, 1), interpolating yields w* L(p,t) < L(p,1) for
some ¢ > 1. Thus, in either case, applying Proposition 2.2 with g, = ¢, q; = 1



372 RAYMOND J. GRINNELL AND KATHRYN E. HARE

and r = g we can choose m satisfying u™ * L(p, q) < L(p, 1). Hence
p" e L(p,») cu™*L(p,q) SL(p,q). O

CoROLLARY 2.5. Let u € M(G) and suppose u* L(p,q) < L(p,1) for
some 1 <p <o and 1 < q < x. Then there exists a positive integer m such
that u" = L(p,») c L(p,1).

Notation. For a linear operator T: L(p,,q;) = L(p,,q,) denote the
operator quasi-norm of T by

* _ T
”T”(m,ql;pz,qz) = SUP{”Tf”pz,qz : ”f”m,m = 1}-

(When p, = g, and p, = g, we will simply write || T, »,.)
LemMA 2.6. Ifp <qgand T:L? — L9 is a bounded linear operator then
a
”Tlr(kp,p;p,l) = H“T”?p,p;q,q)-

Proof. If f € L? then inequalities (5) and (3) yield

q q
NTFIG 1 < —q—_'E"Tf”Zco < 2 _p”Tf”:q- D

We are now ready for our construction of a Lorentz-improving measure
which is not LP-improving.

THEOREM 2.7. Let G be an infinite compact abelian group. There is an
absolutely continuous measure . on G for which u = L(p,) C L(p, 1) for all
1 < p < o, but u is not LP-improving.

Proof. For n >3 letr,=1+n"! and define s, by 1/s, = 1/r, — 1/2.
Note that s, decreases to 2 as n tends to infinity.

Using the sharp form of Young’s inequality [13] it is possible to choose a
sequence of positive functions {¢,);_; having the following properties:

W ¢, € L'(G);
Gi) llg,lls = 1;

(iii) There exists some k, € L? such that ¢, * h, & L**" .
By Young’s inequality ¢, * L? c L*» and of course ¢, L” C L™

For m > 2, set ©,, = 2/m and g, ,, = ms, /2. Since

1 e, 1-6, 1 e, 1-0,
—n;—-—2—+—°g“—- and qn’m—-—g;—+ = s
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by the Riesz-Thorin interpolation theorem we see that ¢, * L™ — L7~ and

2) 1-©
Inlim, g, < DMz 1Bl ™ < Ml ll2, s,
Lastly, set

sn
D, = max{g_—z, ||¢,,||2,s,,>-

Consider the function

y &

n=3 n2D3 '
Since
= ¢, |
< — < o,
||W||1 n§3 n2D,f < nz=:3 2
w € LY(G).

Fix p > 2 and choose n, so that s, + n=! < p for all n > n,. Since the
functions ¢, are positive

”W”2,p = ”w”2,sn+n'l = I|¢n||2,s,,+n'1~

However, by (iii), the final operator norm in the inequality above is infinite
and so w does not map L? into L?. As p > 2 was arbitrary w is not
LP-improving.

The operator quasi-norms we are working with do not satisfy the triangle
inequality, however, because || |l¢, 4 is @ norm and the relationship (4)
holds, one can see that for m > 2,

o

m Z ”d)n“?m,m;m,l) )

”er(km,m;m,l)

n=3 n’D}
By Lemma 2.6 and the fact that
dnm __ _ _5n
dpm—m S, —2°
we see that
Wl sy m, 1y < mn§3 S,,s: - ||¢,r,l|l$5n,m

o gyl
nl12,s,
sz—————nan < o

n=3
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He‘:nce wx L(m, m) € L(m, 1) for all positive integers m and by interpolating
this holds for all 1 < m < «. By duality 4 = w *w maps L(m, ) to L(m, 1)
for all 1 <m < . Furthermore u is not LP-improving since w is not [15].

(]

Remark. This measure was constructed as a norm limit of L?-improving
measures. In Section 6 we study random Cantor measures and prove that
there is a Lorentz-improving measure on 7 which is not a norm limit of
LP-improving measures.

3. A characterization theorem

LP-improving measures have been characterized in terms of the size of
their Fourier transform: a measure wu is LP-improving if and only if the sets

E(w,e) = {y:|a(y)] > ¢}

are A(p) sets for some p > 2, with A(p) constant 0(¢ 1) [8]. We will give a
similar theorem for Lorentz-improving measures, but first it is necessary to
generalize the notion of a A(p) set to the Lorentz space setting.

_ Notation. For a function space X and E c T, X will denote {f € X:
f(y) =0 for all y & E}.

DEerFINITION [16]. Let 0 < p < . A subset E of T is called a A(p) set if
L2 = L’ for some r < p (or equivalently, for all r < p).

This definition and the twofold inclusion structure for Lorentz spaces
suggests the following.

DerFiNITION. Let ECT,1 <p <®,and1 <q <. Wecall Ea A (p, q)
set if there exists some 1 <s < p such that L (p, q) = Lg(s, q). The set E
is called a A ,(p, q) set if there is some r > g such that L (p,q) = L (p,r).

The group T is not a A (p,q) set or a A ,(p, q) set for any p, g since
L(p,q) # L(r,s) if (p,q) + (r,s). If E is a finite set then E is both a
A (p,q) setand a A ,(p,q)setforalll <p <wand1l <gq <.

ProrosiTioN 3.1. (a) If E is a A(p) set then E is a A (p, p) set and a
A (g,1) set forall 1 < q <p.

() IfEisa A{(p,q) set then E is a A ,(p,q) set. Moreover E is a A(r)
set for all r < p, and it is a N(p) set if ¢ < p.

Proof. This is evident from the inclusions in (1) and (6). O
There are many natural questions concerning A ,(p, q) and A ,(p, gq) sets
which should be pursued. A number of these are obviously implied by the
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theory of A(p) sets. Our purpose for introducing A ,(p, g) sets in this paper
is to use them to prove a characterization theorem for Lorentz-improving
measures (Theorem 3.4 below). In order to do this, we shall need the next
two results which give properties of a set which are equivalent to the
definition of a A ,(p, q) set.

THEOREM 3.2. Let ECT,1<p <o, and 1 <q < ». The following are
equivalent:
() Eisa A,(p,q) set;
(i) There is a constant k such that ||f|l(p,q) < klfll(p,« for all f € Tg(G);
(ii) Lg(p,q) = Lg(p, ).

Proof. (i = ii) From the definition of a A ,(p, q) set and the closed graph
theorem we know there exists some r >gq and constant k,; such that
Ifllep,ay < k1lifllep,ry for all f & Te(G).

Now

< sup (2/27=%() ™ ["(/or=(0))"F

te(0,»)

= ”f"E;,qW)“f”‘(Ip,q)-

Combining these inequalities and simplifying gives (ii).

(ii = iii) We need to prove Ly(p,) € Lg(p,q), solet f € Ly(p,»). Let
{K,} be a bounded approximate identity in T(G).

First assume g # 1. Then

ki

1K o % Fll o,y < KIK G * fll oo < 5 Ifllcp, 00

D
and as L(p,q) has a weak * topology, a subnet of {K, * f} converges

weak *. But I' ¢ L(p/,q’) and so K, * f converges weak * to f. Thus
f = LE(p’ Q), indeeda

. k]
1Alp, 00 < lim inf 1K, * fllp.a < 52 Ifll -

To handle the case ¢ = 1 we note that for s > 1 inequalities (4) and (7)
and assumption (ii) yield

1 1/5 1 1/s
1Kt flens < () 1Ke* Moy < (5 ) 1K

1/s'
p 1
< kp——f (3) NNl p, e
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As in the first case we can conclude that f € L(p, s) and that

kp (1)
i < 527 (3] W6l

Letting s — 1 and applying Lemma 1.1 completes the proof.
(iii = i) is obvious. O

THEOREM 3.3. Let E C T and let 1 < g < 2. The following are equivalent:
(@) Eisa A,2,q) set;
(i) There exists a_constant k such that for each g € L(2,q') there is some
h e Lz with §|g = hlE and ||kllz < kliglle,
(iii) There exists a constant k such that for all g € L(2,q')

12
( h |§(7)|2) < kligle,q)-

yE€E

Proof. (i = ii) Applying the previous theorem (iii) it follows that L% =
L(2, q). Thus the inclusion map I: L% — L(2, q) is bounded and hence so is
its adjoint, the quotient map Q: L(2, ¢') — L%. Define h by h = §l.

(ii = iii). Obvious.

(iii = i) Property (iii) can be restated as saying the quotient map
Q:L(2,q") - L% is bounded.

Assume first that g # 1. Taking adjoints it follows that the inclusion map
I: L% — L(2, q) is bounded, which proves (i).

Suppose g = 1. For 2 < p < o consider the quotient map Q,: L(2, p) —
L%. By (ii) and (4),

1/2
"Qp(g) "2 = (ygElgA('Y) lz) < kligllz,«

< k(2) el .

Hence its adjoint I,: L% — L(2, p') has norm at most k(p/2)!/?. Thus for
all fe L2

il = tim Wl < timsup k(%) Il < =
-1

which proves E is a A ,(2,1) set. O

Of course, similar results could be obtained for A (p, q) sets.
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Notation. For ECT and 1 <g <2let Ay2,q;E) =suplliflieq: f€
LZE’ ”f”Z < 1}-

THEOREM 3.4. For u € M(G) the following are equivalent:
(i) w is Lorentz-improving;
(ii) There exists 1 < q <2 and a > 1 such that for each € > 0 the sets
E(e) are A ,(2,q) sets and A ,(2, q; E(¢)) = O(e™%);

(iii) There exists 1 <q <2 and a positive integer n such that u"=*
LQ2,q') — L2

Proof. The proof of this theorem is very similar to the equivalence of (1)
and (2) in the analogous characterization of LP”-improving measures [8].
There it was observed that if w" is LP-improving for some n then so is u.
This was derived in [15] as a consequence of Stein’s analytic interpolation
theorem. The same type of arguments, but using the Lorentz space analogue
[17] of Stein’s analytic interpolation theorem, proves that if u” is Lorentz
improving then so is u. We leave the details to the reader. O

An interesting application of this theorem is to prove a sufficient sum-
mability condition for Lorentz-improving measures.

COROLLARY 3.5. Suppose u € M(G) and for some s <

Y (explﬁ,(y)l_s)_1 =C <,

yel

Then pt1*1x L(2,0) — L? and w is Lorentz-improving.
In order to prove this we first need to compute an upper bound for
A 52, g; E) when E is a finite set.

Lemma 3.6. If ECT has cardinality n>3 and 1 <q <2 then
A )2, q; E) < 4e(log n)'/.

Proof. Let1 <gq <2,and let f € T(G). Define r > 2 by

Since |Ifll, < n'/271/7|Ifll, it follows that
2\ 1/q
Moo <2(3) (72) W,
-1/

N1 o1yl
= = - = /2=1/
<2(z) " (z-3) WA

< 4e(log n)4Ifl,. O



378 RAYMOND J. GRINNELL AND KATHRYN E. HARE
Proof of Corollary 3.5. Observe that

Card E(¢) -5y 1
“ape S L (exlu(n)]) <C<e.
CXp & 'yGE(e)( )

Thus E(e) is a set of cardinality at most Cexp ¢~ *, and so by the lemma
A X(2,1; E(¢)) < 4elog(C exp e 7*) = O(e~*). Now apply the theorem. O

4. The size of Lorentz-improving measures

Recall that a measure u on G is called strongly continuous if for all closed
subgroups H of infinite order in G, and for all x € G, |u|(x + H) = 0.
Obviously strongly continuous measures are continuous. LP-improving mea-
sures are always strongly continuous [5, 3.2]. Although the same result is true
for Lorentz-improving measures, a different method of proof is needed. Our
method could also give a new proof for LP-improving measures.

Lemma 4.1. Let {v,},; be a net in M(G) and let 1 <p <,1<gq, <
g, < . Suppose forall a € I, v, * L(p, q,) < L(p, q,) with uniformly bounded
operator norm and suppose lim, 9,(y) = ¢(y) exists for all y € T'. Then the
operator M defined by M f(y) = ¢(y)f(y) maps L(p, q,) to L(p, q,).

Proof. Let f € T(G) and choose a € I so that for all y € supp f,

1

12.(v) — &(y)| < W-

For this choice of a,

Ve £ = My(F) [0 <llvar f = Mo()].,
< Y 15.(v) = eI

p
I LA
Together with the triangle inequality this gives

1My o <P (Ve £ = My(F g + I FI5.0)

p
<0/ ( 5T + Wl 110
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Since lv, |7, a5 p.qy) €an be bounded independently of the choice of a, and
T(G) is dense in L(p, g,), it follows that M, maps L(p, g,) to L(p,q,). O

Notation. Let yu be the measure given by yu(E) = [gy du.

ProposiTioN 4.2. Let u* L(p,q,) € L(p,q,) for some 1 <p <, 1 <
a4, < q; < ». Assume ¢ belongs to the weak closure in I*(T") of the convex hull
of {yu: vy €T}. Then M, maps L(p, q,) to L(p, g,).

Proof. To see this we just need to remark that if v = LN ,a,y,u where
0<a;<1,XVa;=1and vy, €T, then

* *
I, a0 0 a0 < N ICo, a1 0,20

and that evaluation at y € T' is a continuous linear functional on /*(I'). O
TueoreM 4.3. If w is a Lorentz-improving measure then u is continuous.

Proof. If u is not continuous then the unique constant function ¢ in the
weak closure of the convex hull of {yu*j:y € T’} is not the zero function
[14]. Being constant, ¢ = c8 for some c # 0. (Here 8, is the point mass
measure at the identity of G) The measure w* i is Lorentz improving,
hence by the proposition so is ¢§,. But E(c,c8,) = T whichisnota A (2, q)
set for any g < 2, contradicting the characterization Theorem 3.4. O

CoroLLARY 4.4. If wu is Lorentz-improving then u is strongly continuous.

Proof. Suppose u is not strongly continuous. Since translates of Lorentz-
improving measures are Lorentz-improving, without loss of generality we may
assume that there exists a closed subgroup H of infinite index such that
|wl|(H) # 0. Let 7u be the measure defined on G/H by the formula

[, f () dmu() = [ fom(s) du(s)

for f € C(G/H).

Letl<p<wand 1 <gq <. Since u*(fom)g)=mau=* f(w(g)) for all
continuous functions f, the distribution functions of 7w * f and w *(feo )
are equal. Thus

lrw * fllco,axe/m =l *(f o ) Lo, axors

from which it follows that 7w is also Lorentz-improving. But mu is not
continuous since |u|(H) # 0 which contradicts the theorem. O
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If the measure p maps L? to L? for p > 2 then limsup |i(y)| <
v2/p |lw|l [8]. As there are LP-improving, norm one measures u on D* with
limsup |i| = 1 — ¢ for any given & > 0 [9, 2.7], the best one could hope for
with Lorentz-improving measures is the inequality limsup |A(y)| < |l ll.
This we have for Lorentz-improving measures on 7.

CoroLLARY 4.5. If w is a Lorentz-improving measure on T then
limsup |A(n)| < llll.

Proof. Suppose first that u is a Lorentz-improving probability measure on
T with lim sup |A(n)| = 1. Then, just as in the proof of Lemma 1 of [2], one
can argue that there is a Lorentz-improving discrete probability measure,
contradicting Theorem 4.3.

Now assume p is any Lorentz-improving measure with limsup |i(n)| =
1 = |lull. Replacing u if necessary by u * i we may assume without loss of
generality that there exists a net (n,) in Z with 0 < fi(ng) — 1. Let x be the
weak * limit in AM(T) of the subnet (n,). Then [i(x) = 1, and as |x,| <1
and |lu|l = 1, this implies that [y,| =1 |u| a.e.

The measures u, = n,u are norm bounded, and thus have a weak *
converging subnet (not renamed) with limit w € M(T). From Lemma 4.1 we
know that w is Lorentz-improving. Furthermore w(n) = lim_ 4 (n) = yu(n);
thus w = XM. As “w”M(T) = "Xﬂ"M(T) =1 and W(O) = [:i(x) = 1, wis a
positive measure and thus limsup |W| < 1.

Now y € Z.(w) (see [10, p. 37] for the definition) and thus |[x|*> € Z (w).
This means there exists a net (ny) in Z tending to infinity and converging
weak * in L"(w) to |x|% In particular #w(n,) - w(|x|>) =1 as |y, |* =1
w a.e. This contradicts the fact that limsup [w| < 1. O

With the aid of Corollary 4.4 we can characterize Lorentz-improving Riesz
products. For the definition we refer the reader to [6, 7.1].

CoROLLARY 4.6. For a Riesz product measure p the following are equiva-
lent:
() p is LP-improving;
(ii) p is Lorentz-improving;
(iii) Limsup |[p(y)] < 1.

Proof. (i) = (ii) comes from 2.1. The equivalence of (i) and (iii) is
established by Ritter in [15]. However, in proving (i) = @ii) [15, p. 294],
Ritter actually proves a stronger result, namely, if p is a Riesz product
measure, with limsup |§(y)| = 1, then there is a quotient measure rp,
defined on an infinite quotient group, which is discrete. Consequently p is not
strongly continuous and hence not Lorentz-improving, proving (ii) = (iii).

(]
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5. Lipschitz-like conditions

A measure u on T is said to belong to Lip(a) for some 0 < a < 1 if its
distribution function F(x) = u[0, x) satisfies a Lipschitz condition of order
a. It was proved in [5, 2.1] that if w* L? c L?> for some p <2 then
Tiit<nl@(i)D| = 0O(n!/2-1/7) which implies (by [3, p.45)) that u € Lip(1/p —
1/2). This is not the case for Lorentz-improving measures as our next
example shows.

Example 5.1. An absolutely continuous measure u on 7 such that
w* L(p,») CcL(p,1)forall 1 <p < =, and p & Lip(a) for any a > 0.

Construction. The function

einx . .
= —— +2(1+ ¥+
f(x) InIZZZ log In| ( e e™")

is known to belong to LX(T). It is easy to verify that

Y (explf(n) ) < w,

|n|=2

so by Corollary 3.5 g = f * f = f maps L(2,») to L(2,2). By interpolating it
follows that g« L(p,®) c L(p, p) for all 2 < p < «. By Proposition 2.4, for
each integer n > 2 there is an integer m, such that g”» maps L(n,) to
L(n,1). Redefine m,, if necessary, so the sequence {m,} is increasing and let
C, be the corresponding operator quasi-norm. Let

A, = max{llglly, lgll(p,1; 5,1 for p = 2,3,...,n}.

Choose a sequence of positive integers {N,}_, with log N, > 2n’°4™ and
n(log N,)*™*1 < N1/" Let K, denote the 2N, -th Fejér kernel, i.e.,

K= T (1= gy )e

j=_2Nn
and let
o gm"*K
w = Z 2Amnn
n=2 M4,
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Clearly w € LI(T). For any integer p with2 <p <n

g™ * Ko llp.mipp < sup g™ lEp,;p, 1K, * 217,
HAlly o<1

< sup =L llg™ 15,0l 87 Wi p. il 5,
NAlp,-<1
p

- p
< mAZ’” mPCp < mAZ’"Cp.

Thus for any integer p with 2 < p <n,

“ g™ *x K, ”?p.w;p, )
n24Amn

%k
”W“(p,oo;p,l) =< p' Z
n=2

<l ¥ "gm"*Kn"?p,w;p,l) S y &
2<n<p nzA':n p- 1 nzp n2

Since g™ * K, € T(G), it maps L(p,®) to L(p, 1), so the expression above
is finite. Thus w * L(p,®) < L(p, 1) for all integers p > 2 and by interpolat-
ing and dualizing we see that w * L(p,») c L(p,1)forall 1 <p < o,

It remains to show the measure w does not belong to Lip(a) for any a > 0.
Since |W(n)| decreases monotonically as n — + it suffices to show that
w(n)| # O(ln]~*) [1, p. 216). But the choice of N, ensures that

) g™ (N,) 1
w(N,)| = =
e 2n’A7 2n2A7n(log N,) ™™
1 n

= =
(log Nn)3m,,+1 an/n
which proves the desired result. O

There are, however, some necessary summation conditions which Lorentz-
improving measures on the circle possess.

ProprosITION 5.2. Let u € M(T) and suppose u* L?> C L(2,q) for some
q < 2. Then there exists a constant C such that

NN o))
Z Z k|3/2 n < Cylog N

n=1\|k|=n |

for all N.
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We need to prove two lemmas first.
Notation. For g < 2let I (q) = {(x,):_: Clx,|9n?/2" 1)1/ < oo},

Lemma 53. If feL(2,q) for g<2 and fin) =0 for all n then
(k1 =nf(k) /1KY, € 1,(a).

Proof. Let {a,);_, be the Fourier cosine coefficients of f. Let

TOREING

Then a, > 0 for all k and |$(x)| < IfI** € L(2, q), so by [18, p. 247],

{i %} €l(q). O

k=n

LemMmA 5.4. Let u* L? C L(2, q) for some q < 2. For f € L? define

T(f) = {(T)ahrmr = { z “*”{}")} .

|kl=n

Then T is a bounded linear operator from L? to l,(q).

Proof. let f & L’ Notice that |(Tf),| < (Tg), where £(k) =
sgn fi(k)|f(k)|. Since g € L2, u* g € L(2, q), and as u* g(n) = 0 for all n,
the previous lemma says Tg € [,(q). Thus T maps L? to /,(q). Clearly T is
linear.

Suppose f, = f in L? and T(f,) =y ={yJo_, in [,(g). It is easy to
check that y, = (Tf), for all n so by the closed graph theorem T is a
bounded operator. O

Proof of Proposition 5.2. From Lemma 5.4 we know there exists a con-
stant C so that for all f € L?

x|

Taking the polynomial f with Fourier coefficients

wxf(k)
|k|Zn Ikl

1/q
"/2“) < Clifll>.

sgni(n) .
2 —== iflnl <N,n#0
f(n) = Vn

0 otherwise

gives the result. O
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If w € M(T) is LP-improving and |{i(n)| decreases as n — to then
la(m)| = O(n|~*) [5, 2.2]. For Lorentz-improving measures we have a simi-
lar result.

COROLLARY 5.5. Suppose u € M(T) and |i(n)| decreases as n — +co.
Then w is Lorentz-improving if and only if |i(n)| = O(log |n|)~*) for some

1
a < 5.

Proof. If u is Lorentz-improving then there exists some g <2 with
w* L2 € L(2, q). It is a straightforward exercise to verify that Proposition 5.2
combined with the assumption that |i(n)| decreases implies |di(n)| =
O((log |n)'/2~1/9),

For the converse, simply apply Corollary 3.5. O

Taking g = 1 in Proposition 5.2 and simplifying yields the next corollary.

COROLLARY 5.6. If w* L?> C L(2,1) then

. B0l o(/ioew).

In [5, 2.3] an example is constructed of an L! function which belongs to
Lip(a) for all 0 < @ < 1 but which is not LP-improving. We modify this
example for the Lorentz-improving case.

Example 5.7. A function f € L'(T) such that fA; € Ny, <; Lip(a), but
fAr is not Lorentz-improving.

Construction. Since Z isnot a A ,(2,q9) set forany 1 <g < 2,
L,(n) = Ay(2,9;{—n,...,0,1,...,n}) > ©asn — o,

Choose a sequence {g,};_; with 1 < g, < 2 and g, increasing to 2, choose
integers m,, such that

an mn)

P —ocwasn — o,

and choose integers N, such that

2 4m, 1/n
Y 2 <N/ and N, =2m,N,.
k=1
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Let K, denote the n-th Fejér kernel, and let

Hn(x) = K2m,,(Nnx)’ f= il H';fzx) .

Clearly f € L', .
Since supp H; N supp H, = {0}, the Fourier coefficients of f satisfy

2—13 if j=0
1

lkl Y1 ...
L= |7 Hi=Nkke(xl....tm)

otherwise.

In particular |f(j)] < 1/n? if j = N,k, k € {+1,..., + m,} and

E(E%) 2{0,+N,, +2N,,...,+ m,N,}.

Thus A2, ¢q; E(1/2n*) = L,(m,). As L, (m,) > L,(m,) for all n with
q, = g, there is no g < 2 with

A 2(Z,q; E(Ei—z)) = 0(n?)

so fA is not Lorentz-improving.
The fact that fA belongs to Lip(a) for all @ > 0 is proved using a similar
argument to that found in [5]. O

6. Random Cantor measures

The examples constructed in Sections 2 and 5 of Lorentz-improving mea-
sures which were not LP-improving were both L! functions, and hence the
norm limit of LP-improving measures (to wit, polynomials). Here we prove
the existence of a Lorentz-improving Cantor measure which is not such a
limit. We will also characterize, almost surely, the L”-improving Cantor
measures. These results are easy consequences of work of Salem [20].

First we describe what we mean by a random Cantor set and measure.
Given a sequence {£,J;_; with 0 < £, < 3, there is associated a Cantor set
with ratios of dissection {¢;!}. The Cantor measure supported on this set
satisfies

a(n) = (_1)"’(1;[1 cosmnéy <+ Ep_i(1 — &)
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Now suppose {a,} and {b,} are chosen with 0 < a, < b, < 3 and b, — a;, >
1/w, with w, increasing and lim, _, (logw,)/k = 0. Define independent
random variables £,(w) uniformly distributed over [a,, b,] and let u,, be the
associated Cantor measures. These are the measures we will refer to as
random Cantor measures.

ProrosITION 6.1. Random Cantor measures satisfying
liminf k2/27B(a, -+ a;)"* >0
for some B > 0 are Lorentz-improving a.s. .

Proof. In the proof of Theorem IV of [20] Salem shows that there exist
constants 0 < © < 1 and a > 0 so that all measures w as above satisfy

|a(n)| =o(—i—) as.

|n|a/(los n)°

As |n|*/o8m° 5 (log |n|)*/? for n sufficiently large, it follows from Corollary
3.5 that u is Lorentz-improving. O

Remark. 1In contrast it is known that if lim, k'/*(a, - -+ a,)"/* = 0 then

limsup |i(n)| = 1 [19, p. 326] so w is not Lorentz-improving by Corollary
4.5.

Example 6.2. Here is an example of a singular Lorentz-improving mea-
sure which is not the norm limit of L7”-improving measures. With the
notation as above, let b, = 2a, = 2k~1/3, w, = 2V, Then if B < %

k1/2-B
lim k1/2-#8 Vk - lim ———— =
kl_m (a, a;) kl_rg) (k!)l/sk

so there exists a Cantor measure u with a; < ¢, < b, for all k and which is
Lorentz-improving. Observe that the support of w is contained in the union
of 2% disjoint intervals of length ¢, - - &. Call this union E,.

Suppose there are LP-improving measures wu, which converge in measure
to u. Choose N such that ||uy — ull < 3. Being LP-improving, uy € Lip &
for some a > 0. Thus there is a constant C so that for all %,

7 2lp = py(E)| 2n(E)| - C25(&, -+ &)°
>1- C2K(2%k!1=17%)" > 1

which is a contradiction. O
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Remark. In contrast to L”-improving measures, this Lorentz-improving
measure has Hausdorff dimension 0.

Salem’s work also enables us to easily characterize L?-improving random
Cantor measures.

ProrosITION 6.3.  Almost surely random Cantor measures belong to Lip(a)
for some a > 0 if and only if they are LP-improving.

Proof. Necessity is known for all L?-improving measures as we remarked
previously [5, 2.1].
For sufficiency we note that an argument similar to [22, vol. 1, p. 296-7]

shows that a Cantor measure with ratios of dissection ¢; ! is Lipschitz if and
only if

limsup(&, - - &) /<o

and Salem has shown that random Cantor measures with this property satisfy
Ia(n)| = 0(1/|n|®) for some & > 0 a.s.. Such measures are LP-improving
8. O

Previously only Cantor measures with bounded ratios of dissection were
known to be LP-improving [4]. The previous result clearly shows that this is
unnecessary in general, however, if the ratios of dissection are integer valued
it is a necessary condition as our final result demonstrates.

ProrosiTioN 6.4. Let w be a Cantor measure with integer ratios of
dissection &;'. If inf ¢, = O then limsup |i(n)| = 1.

Proof. Choose a sequence {k,);_; with & <27 andlet a, = T[T{»"'¢7".
We will prove that |4i(a,)| — 1. First notice that if j < k,,, then

(6 &)~ §)a, € Z.
Also,
(gl e ‘fk,,—l)(]- - Ekn)an = (1 — gk”) >1 - 2—n;

thus

=

n

l—[1|cos~rra,,(§1 £ )1 - )| 2leos (1 — 27|

j=
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We remark that as ¢; < § for all i, if j > k, then
(61 &) —§)a, = (&, §-)(1 — &) s27"270710,

Thus

IT |cosma,(& - &)1 - &)= TT leos270=1=kn+mn]
j=k,+1 k,+1
® ; 2
(77.2—(1—1--k,,+n)) )
> 1-
-
= ﬁ (1 - ﬁz—z(nﬂ))‘
i=0 2
Combining these results we have
|&(a,)| =|cos m(1 —27")| ]_[ (1 - ———2 2‘”*’)) -1 asn—ow

hence limsup |i(n)| = 1. O

In [5] it is asked if LP-improving and Lipschitz are equivalent for Cantor
measures. Since we can easily arrange for ¢! € N for all k, inf & =0and
limsup(¢; -+ &)71% < » this question is answered negatively; there are
Lipschitz Cantor measures which are not LP-improving.

CoROLLARY 6.5. For a Cantor measure with integer ratios of dissection the
following are equivalent:
(1) The ratios of dissection are bounded,
(ii) The measure is LP-improving;
(iii) The measure is Lorentz-improving.

Proof. These facts are immediate from [4], Theorem 2.1, Proposition 6.4,
and Corollary 4.5. O
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