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THEORY AND OPERATOR MEANS
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1. Introduction

Throughout this note, an operator means a bounded linear operator acting on a
Hilbert space. In particular, an operator A on H is positive, denoted by A > 0, if
(Ax,x) > Oforall x € H.

In [2], Corach-Porta-Recht gave a norm inequality as a key of their theory on
differential geometry. Afterwards, we pointed out that it is equivalent to the Heinz
inequality [6]. On the other hand, Furuta [10] showed that the Cordes inequality

)) |A*B'|| < ||AB|" for A,B>0 and0 <t <1
is equivalent to the Lowner-Heinz inequality (cf. [16])
2) A>B >0 implies A’ > B' for 0 <t <1.

Under such situation, we developed Furuta’s argument on the equivalence of (1)
and (2) in [8]. However the Jensen inequality [12]

?3) (X*AX)' > X*A'X for A >0 and contractions X

is not discussed there.

Very recently, Corach-Porta-Recht [3] proposed the norm inequality, denoted the
CPR inequality,

4) (At B)'*(C t, D)'?|| < |A'>C'?|'~"| B> D' 2!
for positive operators A, B, C and D, where fi, is the t-power mean defined by
(5) A ﬁt B — AI/Z(A—I/ZBA—I/Z)IAI/Z

for invertible A, B > 0 and ¢ € [0, 1]; see [15]. As stated in [3], (1) is the special
case of (4), i.e., take A = C = 1 in (4). For the sake of convenience, the z-power
mean defined by (5) is extended as in [11]: For ¢ € R,

(5/) A ht B = AI/Z(A—I/ZBA—I/2)tA1/2
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for invertible A, B > 0,
In this note, we show that the CPR inequality (4) is implied by the Jensen inequality
(3). Moreover we consider the reverse inequality of the CPR inequality:

@) (A i, B)*(C b, D)) > ||AV2CV2|*=" | B2 D2t

for A, B, C, D > O with invertible A, C and 1 < < 2. Similarly we do those of the
Cordes and Jensen inequalities (1) and (3):

a9 [A"B'|| = IAB|" for 1<t<2,

3" (X*AX) < X*A'X for contractions X and 1 <t < 2.

Thus we prove that the inequalities (1)—(4), (1'), (3') and (4') are mutually equivalent;
the proof is done in an elementary way and clarifies the importance of the Lowner-
Heinz inequality (2). Next one of them is discussed in a general setting (cf. [7]): A
nonnegative continuous function f on [0, 0o) is operator monotone if and only if the
Jensen inequality holds for f*(x) = xf(x~'); i.e.,

[F(XAX) = X fH(A)X

for A > 0 and contractions X. Here we remark that if f is the operator monotone
function corresponding to an operator mean o, i.e.,

Ao B = A'/2f(A_'/2BA_l/2)Al/2,

then f* corresponds to the transpose ‘o of o, defined by A ‘c B = B o A; see [15].
Finally we give a simple proof of the fact that a real-valued continuous function f on
[0, oo) is operator monotone if and only if f(x) = xf (x) is operator convex.

2. The CPR inequality

First of all, we state our result.

THEOREM 1. The following inequalities hold and follow from each other, where
A, B, C and D are positive operators:

@) (A 8 B)VA(C 8, D)'72|| < |AVACY2|'1 | BY2D' 2| for 0 <t < 1.

(L) |I(At; B)V2(C b, D)2|| > |AV2C'2|"=Y | BV/2D\/2||* for invertible A, C
and 1 <t <2.

(L) ||A'B'|| < |AB|" for0 <t < 1.

(L) ||A'B'|| = ||AB|" for1 <t <2.

(L) |AV2B'V2|| < ||AB|'/%.
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(L) ||A*B?|| = |ABJ|*.

(IIs) ||A'B'A"|| < ||ABA| for0 <t < 1.

(Ils) |A'B'A"|| = |ABA|" for1 <t <2.

Iy A> B> 0impliesA' > B forO <t <1.

(IVy) (X*AX)' > X*A'X for contractions X and 0 <t < 1.
(Vv,) (X*AX)' < X*A'X for contractions X and 1 <t <?2.

We remark that (I;) = (II}) = (IIs) is stated in [3], (IIs) = (1)) is easily
checked, and the equivalence of (/1) and (II]) is proved by Furuta [10]. To prove the
others, we prepare the following lemmas, one of which is made for the proof of an
extension of the Furuta inequality in [11] and is quite usefull for such a discussion.

LEMMA 2. For invertible operators X and A > 0,
(X*AX)t — X*AI/Z(AI/Zxx*Al/Z)t—lA]/ZX
forallt € R. In particular,
Aty B=Bfli A
forO <t <1.
Proof. For the sake of convenience, we give a simple proof via the polar decom-

position: Let X*A'/2 = U H be the polar decomposition of X*A'/2, Then, fors € R,
we have

(X*Ax)l+s — (UHZU*)I+.Y — UH2+2.YU*
— UHHZSHU* — X*Al/Z(Al/Zxx*Al/Z)SAI/ZX' D

Next we reformulate the Jensen inequality (3) as follows:

LEMMA 3. If A > 0, then, for any operator X, (i) X*A'X < | X|>~*(X*AX)'
for0 <t < 1and (ii) (X*AX)" < | X||*"2X*A'X for1 <t <2.

Note that (ii) is easily obtained using Lemma 2 and (i) is just a reformulation of
the Jensen inequality (3).
The following lemma is a simple application of Lemma 3.

LEMMA 4 . The following inequalities hold for invertible A, B, C, D > 0:

(1) A B <||AV2C'2)>"2(C~' ¢, ByforO <t < 1.
() C# D <|B2DV2|*(CH, B-H)for0 <t <1
(i) Aty B> |AV2CV2|*2(C~ g, B)for 1 <1 <2.
(i) Cty D= |B2D'V2|*(Cf B~ forl <t <2.
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Proof. (iy) It follows from Lemma 3 (i) that

A n[ B = C—I/ZCl/2Al/Z(A—l/ZBA-—l/Z)tAl/ZCl/ZC—l/Z
C—-l/2”C1/2Al/2”2-—2t(CI/ZAl/Z(A—l/2BA—I/Z)AI/ZCI/Z)tC—l/Z
IlAl/ch/Z”2—2tc—l/2(cl/23c1/2)tc—l/2

— ||A1/2cl/2”2—2tc—l ﬁt B

IA

(i) It follows from Lemma 2 and the above (i;) that
CgyD=Dth-C

IBY2D!2|220=0 (B~ 1, €)
IBY2D'2 |1 (C 1, BT).

IA

The proofs of (ii;) and (ii;) are similar to those of (i;) and (i;). O
Now we prove Theorem 1 based on Lemmas 2 and 4.

PROOF OF THEOREM 1. The proof is divided into two parts, namely the equiva-
lence (I;) = (II) = (II3) = ({II) = (IV)) = (1) and the implication (/II) = (I V;)
= () = (L) = (). Since (II3) and (II;) are clearly equivalent and proved in
[8], it suffices to show the equivalence and implication stated above.

(Il = (IVy). It suffices to show that

(CAC) > CA'C
for invertible positive operators A and C < 1. It follows from Lemma 2 that

(CAc)t — CA1/2(A1/2c2A1/2)t—1Al/2C

_ CA1/2(A——1/2C—2A—1/2)I—IA1/2C
CA2(A~H!=1AV2C by (1)
= CA'C.

v

(IVy) = (Iy). It follows from Lemma 4 (i;) and (i) that

(A . B)'/*(C ¢, D)'?|

I(C 8, D)'/*(A 8, B)(C i, D)/

< |AYAC\2)72)(C ¢ D)/*(C" 8, B)(C t: D)/

= A2 (¢ ¢ B)A(C o, DY(CT' o, B)'V|

lAY2C 222 B2 2 * (C ™" e BY2(C 1 B~N(CT t B)'|
— ”A1/2Cl/2”2—2t”Bl/2D1/2"2t’

Il

IA

because C ff, B~! = (C~ ', B)~L.
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Since (1) = (II}) by taking A = C = 1 and (II)) < (III) and (II}) & (I13) are
shown in [10] and [8] respectively, the first half is proved.

For the latter half, we prove (III) = (IV,) = (I,) because () = (II;) = (Ily) is
easily seen.

I = (IV,). Lets =t + 1;then 0 < ¢ < 1. Then it follows from Lemma 2 that
for a contraction X and A > 0,

(X*AX)“Y _ X*A1/2(Al/2xx*A1/2)tAl/2X
X*AV2(AV2AV2Y A2 X by (D)
= X*A*X.

IA

(IV,) = (Ip): The proof is quite similar to that of (I1V}) = (I;). As a matter of
fact, it follows from Lemma 4 (ii;) and (ii,) that

(At B)/*(C b D)V
= |I(C b D)"*(A b, B)(C 1 D)2
> A2V P 2|(C b DY'*(C" b, B)(C b D)V
= A2 22 g BYYA(C b DY(CT b BV
> [|AVACVA P2 B2 D VAP (T b BYA(C e BTY(CT 1 B
_ ”A1/2C1/2”2t-—2”Bl/2D1/2”2t‘

So the proof is complete.

3. Operator monotone functions

A binary operation m among positive operators is called a mean if m is upper-
semicontinuous and satisfies

A<Cand B<DimpliecsAmB<CmD
and the transformer inequality
T*(Am B)T <T*AT m T*BT
for all T. We note that if T is invertible, then it is replaced by the equality
T*(Am BYT = T*AT m T*BT.

Now the Kubo-Ando theory on operator means says that there is an affine-iso-
morphism of the operator means o onto the nonnegative operator monotone functions
f on [0, 00) such that

Ao B = Al/Zf(A—l/ZBA—l/Z)AI/Z



532 MASATOSHI FUJII, TAKAYUKI FURUTA AND RITSUO NAKAMOTO

for invertible A, B > 0, or simply
fx)=10x for x>0,

which is called the representing function of o. Clearly a binary operation ‘o defined
by

A'lco B=Bo A
is an operator mean if so is . If f is the representing function of o, then that of ‘o
is given by
ffoy=1'cx=xx"o D)=xQoxH=xfx7H.
Since ' (#;) = #11—; by Lemma 2, (III) = (IV}) in Theorem 1 suggests the following

generalization:

THEOREM 5. Let f be a nonnegative continuous function on [0, 00) such that
lim,_, o f*(x) exists. Then f is operator monotone if and only if the Jensen inequality
holds for f*, i.e.,

fAX*AX) = X* f*(A)X

for A > 0 and contractions X.

Proof. We use the following formula of Furuta’s type instead of Lemma 2: for
invertible operators A > 0 and X,

f*(X*AX) — X*Al/2f(A_l/2(XX*)_lA_I/Z)AI/ZX.

This can be checked via the Weierstrass approximation theorem.
Now we assume that f is operator monotone. For invertible positive operators A
and C < 1, we have
CA2f(A™HA2C by C2>1
= Cf*(A)C.

v

Conversely we take invertible B > A > 0. Since B! < A~!, there exists an
invertible contraction X such that B~1/2 = A~Y2X. Since B2 = X142 =
AYV2X*1 we have

X*A—I/Zf(B)A—l/ZX — X*A—I/Zf(Al/Z(Xx*)—lAl/2)A—l/2X
= f{(x*A7'X)
> X*f*AhHX
— X*A—I/Zf(A)A—-l/ZX’
so that f(B) > f(A), asdesired. O
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A real-valued function g on [0, 0o) is operator convex if it satisfies
g(sA+ (1 —s)B) <sg(A)+ (1 —s)g(B)

for A, B > 0and 0 < s < 1. Hansen-Pedersen [13] proved that for a real-valued
function g on [0, 00), g is operator convex and g(0) < O if and only if

g(X*AX) < X*g(A)X
for A > 0 and contractions X; see also Davis [4], [S] and [7], [9], [14].

COROLLARY 6. A real-valued continuous function f on [0, 00) is operator mono-
tone if and only if f is operator concave, i.e., — f is operator convex.

Proof. 1tis known in [7, Theorem 2] that the operation f —> f* preserves the
operator concavity. By the theorem of Hansen-Pedersen stated above, the operator
concavity of f isequivalentto f* satisfying the Jensen inequality. Therefore Theorem
5 leads us to the conclusion. 0O

Finally we give an elementary proof of the characterization of operator monotone
functions by the operator convexity, see [1, Theorem II1.2].

THEOREM 7. A real-valued continuous function f on [0, 00) is operator mono-
tone if and only if f(x) = xf(x) is operator convex.

Proof. Suppose that f is operator monotone. Take A > 0 and a contraction X.
Then we have
f(X*AX) — X*Al/Zf(Al/Zxx*AI/Z)AI/ZX
X*A2f(A)AV2X  (since XX* <1)
X*f(A)X.

IA

Conversely suppose that f is operator convex and A > B > 0. Since we may
assume that they are invertible, we have B'/2 = A!/2X for some invertible contraction
X. Hence it follows that

X*A2 f(A)AV2X = X*f(A)X
f(X*AX)
X*Al/Zf(Al/2xx*Al/2)Al/2X
— X*Al/zf(B)Al/ZX,

v

so that f(A) > f(B). This completes the proof. O
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