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L, COHOMOLOGY OF THE BERGMAN METRIC FOR
WEAKLY PSEUDOCONVEX DOMAINS

HAROLD DONNELLY

1. Introduction

Suppose that Q is a bounded pseudoconvex domain in C". The Bergman metric
of Q is a naturally defined Kaehler metric. We restrict our attention to those 2
whose Bergman metric is complete. By a theorem of Ohsawa [12], this includes all
pseudoconvex domains with C! boundary. Every biholomorphic automorphism of
2 induces an isometry in the Bergman metric. The Hopf-Rinow theorem therefore
implies that the Bergman metric of a homogeneous domain is complete.

Let H}(S2) denote the space of square integrable harmonic i-forms relative to the
Bergman metric. The following result was proved in 1983 [6]:

THEOREM 1.1. If Q2 is strictly pseudoconvex, then H2" (RQ) =0, fori # n.

Ohsawa and Takegoshi developed this work by giving both alternative proofs of
Theorem 1.1 and applications to extension problems in several complex variables
[13], [14]. Ideas of Gromov [8], were applied in [5] to give a conceptually clear proof
of the results from [6].

In [5] the author developed a result of Gromov to give a criterion on the Bergman
metric for the vanishing of H} (S2) fori # n on domains in C” for which the Bergman
metric is complete. This criterion is the existence of a positive constant ¢, such that
the estimate in Proposition 2.3 holds for all non-zero tangent vectors at all points. This
approach led to a simpler proof of the earlier result in [6] for strictly pseudoconvex
domains.

In the present paper we investigate this criterion more generally. We prove that
it holds for pseudoconvex domains of finite type in C? and for locally convexifiable
domains of finite type in C". We also verify it for homogeneous domains and for the
domains with large automorphism groups given by |z|> + |[w[*” < 1, p > 1, in all
dimensions. We provide an example of a bounded pseudoconvex Reinhardt domain
in C3 for which the criterion fails. The defining equation is |w|? + |z122|% + 121" +
1z2|'® < 1. We do not determine however whether the cohomology vanishes for this
domain.

The author thanks J. D’Angelo and D. Catlin for helpful conversations during
the development of this work. D’Angelo suggested that we consider the domains
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|zI24+|w|?” < 1, p > 1. Catlin suggested the domains |w|?+|z1221% 41210 +z2|'0 <
1. The author also thanks the referee for improvements of the original manuscript.

2. Vanishing of L,-cohomology for the Bergman metric

Our earlier paper [S] developed an idea by Gromov [8] for establishing vanishing
theorems concerning the L,-cohomology of complete Kaehler metrics. In the present
section, we summarize the relevant results, of [5], pertaining to the Bergman metric of
a pseudoconvex domain €2 in C”. The Bergman metric is complete if either (i) €2 has
C! boundary [12] or (ii) 2 admits a transitive group of biholomorphic automorphisms.
In this paper, we always assume that the Bergman metric of Q2 is complete.

Let M be a complete Kaehler manifold of complex dimension n. Suppose that
Hi(M) denotes the space of square integrable harmonic i-forms. If one takes the

closure of the image of d, then H; (M) may be identified with the L, cohomology of
the complex

AAM) S ALY S ARM) > - > AZ(M).

That is, Hj(M) = kerd/imd. The following result is a brilliant observation by
Gromov [8].

PROPOSITION 2.1.  Suppose that the Kaehler form » of M can be written as w =
dn, where 1 is bounded in supremum norm. Then HyM = 0, for i # n.

Suppose that 2 is a pseudoconvex domain in C". The Bergman kernel K (z, w)
is the integral kernel for projection from L, to the space of square integrable
holomorphic functions. Here L, is the Hilbert space associated to the under-
lying Euclidean metric. The Kaehler form of the associated Bergman metric is
w=+/—1080 logK(z,z) = dn withn = —/—10 logK = —/—1K~'9K. Sup-
pose that g, is the Hermitian metric corresponding to the differential form w. By
applying Proposition 2.1 to the Bergman metric, with this natural choice of 7, we
deduce:

PROPOSITION 2.2. Assume that for all non-zero X € T 2, we have

nE
X, X) !

where c is independent of both X and its basepoint 7 € Q. Then H2"Q = 0, for
i #n.

The criterion of Proposition 2.2 can be reformulated in terms of certain extremal
problems involving holomorphic functions f defined on Q2. Let || f||; denote the L,



L, COHOMOLOGY FOR WEAKLY PSEUDOCONVEX DOMAINS 153

norm of f with respect to the Lebesgue measure of Q2. If z € Q, it follows from
elliptic regularity that sup{| f (z)|2| [ fll2 < 1} is finite. Here the supremum is taken
over all holomorphic functions defined on Q2. One has the following result [5]:

PROPOSITION 2.3.  Suppose that for all X € TS,

sup{lf @)I*|X.f =0 and | fll2 < 1}
sup{l F@P[lI fll2 < 1)

>c >0

with ¢, independent of both z and X. Then HiQ = 0, for i # n.

For the unit ball in C”, the Bergman kernel is given in closed form by K (z, z) =
cn(1—1z|%)7"~1. The hypothesis of Proposition 2.2 is readily verified. Moreover, the
ball is the model for all strictly pseudoconvex domains in C". Using the solution of
dh = B in weighted L,-spaces [9], we verified [5] that the criterion of Proposition 2.3
holds for all strictly pseudoconvex domains in C". The consequence that H;Q2 = 0,
for i # n, was proved much earlier in [6]. However, the main purpose of [5] was to
give a conceptually simple proof that HiQ = 0, when  is strictly pseudoconvex.

3. Homogeneous domains

Let © be a pseudoconvex domain in C"*. Assume that T: 2 — €2 is a holomorphic
automorphism of Q. If g: Q@ — C is a holomorphic function, and J7(w) is the
Jacobian of T, then define f: Q@ — C by requiring that g(w) = f(Tw)Jr(w).
Clearly, f is holomorphic and ||g|l> = || fl|2, where || f||2 is the L, norm with respect
to Lebesgue measure. The Bergman kernel K has the characterization K (z, z) =
sup{| f (z)|2| [[fll2 < 1}, where the supremum is taken over holomorphic functions
f: Q — C. Setting z = Tw, one deduces that K (z, z) = K (w, w)|Jr(w)|~2. If
n = —0d log K, it follows that n = T*n — 9 log Jr. Moreover, the Bergman metric
8o is invariant under T, g, = T*g,. The crucial ratio of Proposition 2.2 thus satisfies
the transformation rule

1T n(OP _ In(X) + 9 log Jr ()P
T*gu(X, X) 8u(X, X)

One may employ (3.1) in the proof of:

3.1

PROPOSITION 3.2.  If Q2 is a homogeneous pseudoconvex domain in C", then the
L, cohomology of its Bergman metric satisfies HyQ2 = 0,1 # n.

Proof. Let p € 2 be any fixed basepoint. Since the group of biholomorphic
automorphisms is transitive, we may pull back n and g,, from the cotangent bundle at
any z € 2 to our chosen basepoint p. The key ratio of Proposition 2.2 is not invariant
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but its transformation property is characterized in formula (3.1). The criterion for
vanishing of L,-cohomology reduces to showing that sup |3 log Jr(p)| < oo, where
the supremum is taken over all biholomorphic automorphisms 7' € Aut 2. Since p is
fixed, the norm of 3 log Jr may be measured in either the Euclidean or the Bergman
metric. By applying elliptic regularity theory to the holomorphic functions Jr(w),
one deduces that

Jr(w)
Jr(p)

aJr(p)
——| <c; su
) | = o

18 log Jr(p)| = ‘

where U is any neighborhood of p and ¢; depends upon U. However, it follows
from [7] that there exists a U so that the ratio Jr(w)/Jr(p) is close to 1, uniformly
in T'. For the special case of bounded symmetric domains, one may cite [1] instead
of (7. O

The formula (3.1) is useful when 2 admits a large but not necessarily transitive
group of automorphisms. To illustrate this point, we consider the domains 2, in C**™
given by |z|> + |w|?? < 1, p > 1. The boundary of Q, is weakly pseudoconvex
everywhere and strictly pseudoconvex except at points where w = 0. Here z =
(z1, 225 ---,2¢) and w = (wy, wy, ..., W,). By unitary rotation, which has constant
Jacobian, one need only consider the ratio of Proposition 2.2 at points having the form
z = (|z],0,0,...,0)and w = (|wl, 0,0, ...,0). Also, €2, admits automorphisms
S4, 0 < a < 1, given by

S.(2. w) (zl+a 241 —a? 21 —a? w(l—az)l/zl’)
aZ»w = .

l+az;’ l+azy * 77 1+4azi ~ (L+az)/p

The inverse of S, is simply S_,. Observe that S, (0, w) = (a, 0, ..., 0, w(1—a?)!/?P).
Since z = 0 only cuts €2 at strictly pseudoconvex boundary points, it suffices to show
that |3 log Js(0, w)|, with S = §,, is uniformly bounded in a, because (3.1) holds and
Proposition 2.2 has already been verified at strictly pseudoconvex boundary points.
Recall that the Bergman metric is asymptotic to the model of the ball at strictly
pseudoconvex boundary points. An elementary calculation gives dlogJs(0, w) =
—a(l + £ + m/p)dz,. This last differential form is clearly bounded in both the
Euclidean and Bergman metrics. Consequently, one has:

PROPOSITION 3.3. If p > 1, the domain |z|* +|w|*? < 1,in C**™, has HiQ = 0
fori # £+ m. Here the L, cohomology is taken with respect to the Bergman metric.

An explicit formula for the Bergman kernel of the domains |z|> + |w|?? < 1 was
given by J. D’ Angelo [4].
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4. Domains of finite type in C?

David Catlin [2] estimated the size of the Bergman kernel and the Bergman metric
for domains € of finite type in C2. The idea behind his method is to embed small
polydiscs B near each point z¢ in the boundary of 2. The dimensions of the polydiscs
depend upon the type of b2 at zo. The Bergman kernels of the B are shown to be
comparable at the center of the polydiscs. Rescaling the polydiscs gives the order
of magnitude of the Bergman kernel. Catlin develops these ideas to estimate the
Bergman, Caratheodory, and Kobayashi metrics.

This section will show that Catlin’s approach can readily be adapted to establish
the criterion of Proposition 2.3 for domains of finite type in C2. We begin with the
following extension of Theorem 6.1 of [2].

THEOREM 4.1. Let Q2 be a bounded pseudoconvex domain in C" with smooth
boundary. Assume that7 = (Z1, 22, .. ., Zn) is a given point in DLﬁl, Ba, ..., By are
given positive numbers, and that there exists a function ¢ € C3(Q) such that:

() ¢(@2) <c1,z€ 9.

(ii) ¢ is plurisubharmonic in Q.
(iii) 2 contains the polydisc B = {zllzi —-Zil < Bi,i=1,2,...,n}.
@(iv) In Q, ¢ satisfies

2
Z ¥9) nt; > ¢ 2213 2l*, zeB.

521 0z;07;

(v) If D} denotes any mixed partial derivative in z; and Z; of total order a;, then

n
D¢ = D}' ... D*¢ satisfies |D*¢(2)| < co[]1 B forz € B, || < 3.

i=1

Then the hypothesis of Proposition 2.3 holds. Specifically

sup{| f@)I?| Xz f =0 and || fll2 < 1}
sup{| fF @) |l fll2 < 1}

with c3 independent of both X € T2 and its basepoint 7 € Q2.

>C3>0

Proof. Suppose we let N(2) = sup{lf(z)lzlxzf =0 and | fl» < 1} and
D(2) = sup{|f (2)|2| [Ifll2 < 1} where the supremum is taken over holomorphic
functions defined on 2. Similarly, let N (B) and D(B) denote the analogous quantities
where the supremum is taken over holomorphic functions defined on B. Since B C €,
it follows from the definitions that N(2) < N(B) and D(2) < D(B). It suffices to
show that N(2) > c4N(B). If this inequality is established then

N(Q) N(B)
D = DB

>c3 > 0.
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The last inequality follows by rescaling the polydisc B to a product of unit discs.
Both N and D scale in the same ratio, according to the L, norm.

The proof that N(2) > c4N(B) is a standard application of the solution of the
inhomogeneous 3 equation in weighted L, spaces [10]. Suppose that f is a holomor-
phic function, defined on B, satisfying X;f = 0, || fl2 = 1, and | f(2)|*> = N(B).
The existence of such an optimizer f was shown in [S]. We follow the proof of
Theorem 6.1 in [2], with s = 0, to extend f from B to Q. One constructs a
cut-off function ¢ € C{°B with ¥ = 1 on a small neighborhood of the center
z of B. The theory of Hérmander [10] provides the solution of du = (Y f) in
L,Q with weight exp(—9)||(z — 2)/BII™""%. Here (z — )/ = (21 — 21)/B1,
(zz —2)/B2s - (20 — Zn/Bn). Because the weight function is bounded below on
all of 2 and bounded above on the support of d(¥ f) = (3Y) f, one has |lull, < ¢,
in the standard L,-norm of Q. Let v = ¥ f — u. Then v is holomorphic in £ with
[lvll2 < cs. Because of the singularity of our weight function at Z, X;v = X;f =0
and v(Z) = f(Z). Since cz 'v is an acceptable test function for the extremal problem
determining N (S2), one has N(2) > c4N(B). The proof that D(2) > ¢sD(B) is
entirely similar, although this estimate is not needed here. O

In our next section we will give examples of domains of finite type in C*, n > 3,
where the criterion of Proposition 2.3 fails. In particular, the hypotheses of Theorem
4.1 cannot be satisfied in these examples. However, up to a locally defined biholo-
morphic equivalence with bounded Jacobian, Catlin [2] proved that the hypotheses
of Theorem 4.1 hold for domains of finite type in C2. Thus one has:

THEOREM 4.2.  Let Q be a domain of finite type in C*. Then H;Q = 0,i # 2,
where the symbol H, denotes the L, cohomology group for the Bergman metric.

McNeal [11] proved that the hypotheses of Theorem 4.1 hold for locally convexi-
fiable domains of finite type in C”. This gives:

THEOREM 4.3. Let 2 be a locally convexifiable domain of finite type in C". Then

H;Q2 = 0,i # n, where the symbol H} denotes the L, cohomology for the Bergman
metric.

5. Counterexamples in C",n > 3

We have proved that the criterion of Proposition 2.3 holds for domains of finite
type in C2. Our next result is that there exist bounded domains with real analytic
boundary in C", for each n > 3, where the criterion of Proposition 2.3 fails. Recall
that bounded domains, with real analytic boundary, necessarily are of finite type [3].
The existence of such counterexamples forecloses the natural strategy, developed
in [5], to establish vanishing cohomology of the Bergman metric for pseudoconvex
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domains. However, we have not shown that HZiQ # 0, for some i # n, in these or
any other examples of pseudoconvex domains.

Consider the bounded analytic domain € in C? given by |w|? + 2122/ + |21 +
|z2]'% < 1. Given € > 0, we want to establish the estimate

(5.1) N _ sup{lf(PPIX,f =0, Il < 1)
' D sup(l 7P (1 £z < 1}

for some p € Q and X € T,Q. Infact p = (w, 21, 22) = (1 — 4, y, 0), with small §
and y,and X = 3—31— The quantity N/D is the crucial ratio of Proposition 2.3.

We first estimate the numerator N. Consider the product domain D; x ;. Here
D; denotes a disc of radius 552-, centered at the origin in C, and 25 denotes the domain
lz1z22 + 12111+ 122|"° < % in C2. We translate D; x $2; so that its center moves from
the origin to (1 — &, 0, 0) in C>. This embeds D; x 5 C Q. The extremal property
characterizing N immediately yields domain monotonicity N = N(R) < N(D;s x
;). Since the Bergman kernel of Dj is of order 872 at the origin, N(Djs x £5) <
c1872N(25). To establish this last upper bound, we use the characterization [5] of N
in terms of an orthonormal basis for square integrable holomorphic functions. Since
X will be tangent to the second factor s, the orthonormal basis may be chosen to
consist of products of functions defined on each factor.

Let N5 = N(25). To bound N; from above, at the point (y, 0), we normalize the
standard basis, z} z3, for square integrable holomorphic functions on £, and expand
the extremal for N in this orthonormal basis. Since z; = 0, at (y, 0), the extremal
must depend only upon the z. It is elementary to estimate, for i > 1,

‘ st - 5T 5 .'
|z )% ~ / 83r¥+l gy +f r2 (—2:) rdr | ~ 35!
Qs 0 8% r

and

8110 §
f 1"'] 83rdr + (—E)rdr%zﬁllogal.
Qs r

Here ~ indicates commensurability; the ratio of the two sides is bounded above and
below by absolute constants, independent of § and i. To determine these elemen-
tary estimates, we use the observation that Q5 is commensurable to the domains
{1z1221* < 28} N {1z11'% < 28} N {|z2]"® < 28}. It follows that there are L,-
normalized orthogonal hoiomorphlc functions commensurable to ¢o = (6| log 6|)‘5
and ¢; = &6~ 33 (71 /816)’ We expand the extremal for N; as f = Z i=0 Ai®i With
Yo lail? < cs.



158 HAROLD DONNELLY

We now take X = 3% and y = 8 | logal‘%. One computes
o0
Xf = aX$1+ ) aX¢i
i=2

00 . i—-1

—aato b4 Y aotitioh ()
i=2

So Xf(y,0) =0 gives

= 3 )]
a = —Z a;i?|logd|™ =
i=2

o .
= —|logd|™* Y ai|logs| 7.
i=2

Thus |a;| < ¢4 ]0g8|‘4l. Consequently,

A

(e ¢]
I f(y, 0] < |a0||¢0|+|‘11||¢1|+Z|ai“¢i|

i=2
cs(877|log8|" % + |log 8|48 %|log 8|4

0 n
+Y 67 |aili*|logs|™F)

IA

IA

00 -
cs (87 log 8% +57H[log8| ™ ) _ laylit|log | ™)
i=2

c7677|log 8| 2.

IA

Since f is the extremal for Nj, we have Nj 5 cgd~!|logs|~! at (y,0). Thus
N < cg873|logés|~' at (1 — 6, y,0), with X = 7

We now turn to the denominator D of (5.1). A lower bound for D will be given by
providing a specific test function. The fractional linear transformation T,w = =%,
0 < a < 1, is a biholomorphic self map of the unit disc in C. One calculates
2 (Tow) = (1 — a*)(1 — aw)~2. The change of variable formula for double inte-
grals gives

2

/ 1—a? .

wi<t | (1 — aw)? '

Moreover, for0 < s < 1,

a s)‘2f 1—a? 2_f 1-a> [ |j1-ar
wisi—s | (1 —aw)? wet | U—a(l =922 ~ |1 —a2(1 - )2




L, COHOMOLOGY FOR WEAKLY PSEUDOCONVEX DOMAINS 159

Differentiation yields, for small s anda =1 - §,

[wl:l—s

Our test function will be the L,-normalization of z; (1 — a?)(1 — aw) 2.

Using Fubini’s theorem,
2
|11|2 ff f|z1|2ds.
lwl=1-s s

Earlier in this section we found that fﬂs |21 |2 ~ s\*5. Therefore

1 2
(1 _a) 1+1
I = 5ds.
/0 A-ad-sn»°  *

g (1 - a)?

T —ar(1—5)2)3

1—a?
(1 —aw)?

1—a?
(1 —aw)?

l—a
I =

Notethata =1—-4. Thusa(l —s) =1 —-8){A —-s)=1—-8 —s+68s. So
8 82 . 1 g2 . .
I%f —s1+§ds+[ = s'tsds ~ slts,
o & s

Our Lz normallzed test function for D is commensurable to f= (1 —a)z(1 -
aw)” 28‘75 ™. Evaluatingat w = 1 -6,z = y = 810|log8|"' gives f =~

8-15-%|log5|"%. So D > cos~3|log 8|~ :.

Finally, the ratio in (5.1), at (1 — §, y, 0) satisfies

N 873 log 8|71 |
— < cjp ———— =ciollogd|7? < €.
D 5-3|log 8|~%

for § sufficiently small. Therefore, the criterion of Proposition 2.3 fails for the domain
in C3 given by

(5.2) lwi? + lz1221* + |z1]" + [22]"0 < 1.

Similar counterexamples exist in C", n > 4. One uses the defining equation (5.2)
where w = (1 — 8, 0), with O the origin in C"~3. Small modifications of the above
argument yield (5.1) in this more general situation.
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