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UMBILIC FOLIATIONS AND CURVATURE

GERARD WALSCHAP

Recall that a submanifold L of a Riemannian manifold is totally umbilic if it curves
equally in all directions, i.e., if there is some vector N L L such that the second
fundamental tensor Sy of L in any direction X L L is given by Sy = (X, N)Id. In
this note, we investigate some properties of k-dimensional Riemannian foliations F*
with totally umbilic leaves, which we call umbilic foliations for short. Notice that
a Riemannian flow (k = 1) is always umbilic. It is to be expected that restrictions
increase with k. In fact, we show that on manifolds M" of positive sectional curvature,
there are no umbilic foliations if k > (n — 1)/2. This is a best possible estimate,
since for example a Euclidean 3-sphere admits an abundance of Riemannian flows.
Similarly, it turns out that on spaces of nonpositive curvature, an umbilic foliation of
dimension n — 1 is, when lifted to the universal cover, ‘almost always’ a foliation by
horospheres or by hypersurfaces equidistant from a totally geodesic one.

Although Riemannian foliations F* seem to arise naturally in geometry (see for
instance [12] for a recent spectacular example), our understanding of them is still
quite limited, even in the simplest case, that of constant curvature: Gromoll and Grove
have shown that on Euclidean spheres they are homogeneous—i.e., orbit foliations
of groups of isometries—if k < 3 [8], and that Riemannian flows are always flat (the
orthogonal complement is an integrable totally geodesic distribution) or homogeneous
in any space of constant curvature [7]. We show that the latter result extends to
all umbilic foliations on space forms. The starting point is the observation that on
manifolds with curvature bounded from below, the mean curvature form of an umbilic
foliation is closed as soon as it is basic (this also generalizes some results in [5], [6],
[7]). As a consequence, on such manifolds, Riemannian flows with basic mean

curvature are necessarily homogeneous; i.e., they are locally spanned by a Killing
field.

1. The local geometry

For notational purposes, we begin by recalling some elementary facts about Rie-
mannian foliations. The reader is referred to [2], [8], [11] for further details and other
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results that will be used here. The leaves of the foliation are always assumed to be
complete. F induces an orthogonal splitting TM = H & V of the tangent bundle of
M into horizontal and vertical subbundles, with V' tangent to the leaves. We write
e = e" + e” for the corresponding decomposition of e € TM. The local geometry
of F is determined by two tensor fields: the O’Neill tensor A is the (2,1) tensor field
on H with values in V given by

(1-1) AxY =Vx ¥ = L[X, Y]

F is said to be flat if A identically vanishes, or equivalently, if the distribution H
is integrable. The second fundamental tensor of F is the horizontal 1-form S with
values in self-adjoint transformations of V given by

(1-2) SxV = — Vy X.

A vector field X is said to be basic if it is the horizontal lift of some vector field on
the local quotient manifold determined by F. [X, V] is always vertical for basic X
and vertical V, and if A% : V — H denotes the adjoint of Ay, then

h h
(1-3) Vv X =Vx V = —A}V.

A geodesic y thatis horizontal at one point is everywhere horizontal, and induces local
diffeomorphisms f' between neighborhoods of y (0) in the leaf and corresponding
neighborhoods of y (¢) by horizontally lifting local projections of y. The derivative
of these “holonomy displacements” is given by ffu = J(t), where J is a nowhere
zero Jacobi field along y with J(0) = u, [8]. One can now give a short proof of [10,
Proposition 2.2], which is stated here in a slightly different way:

LEMMA 1.4. Along a horizontal geodesic y, one has the Riccatti-type equation:

Sy* =S8 — AyA} + R}, where R} := R"(-,y)y.

Proof. Consider a holonomy Jacobi field J as above. By (1-2) and (1-3),
J = —A’;-,J - Sy J.
Thus, if T is a vertical vector field along y, then

(R(T,y)y, J) = —(T,J") = (T, (A3 1)) + (T, ($;1)")

(T, Ay AL ) + (T, $;0) —(T", §;J)

= (AyAST, J) + ($;T, J) = (Sy(T"), J)

(AyAST, J) 4+ ((SyT)", J) = (S3T, J) — (S;(T™), J).
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Rearranging terms,
(ST = Sy(T™), J) = (S} — Ay A} + R)T, J).

Since for any fo, there exist holonomy fields J; that form an orthonormal basis of the
vertical space at y (), the lemma follows. O

1.4 is only one of several identities relating the A and S tensors. We mention one
other that will be used in the next section: For horizontal X, Y, and vertical U, V,
one always has

1-5) (dVSx,yU, V) = =((Vu(AxY), V) + (Vv (AxY), U)),

where dV is the exterior covariant derivative operator on the End 7 M bundle-valued
forms on M, [13]. (1-5) can be found in a different but equivalent formulation in [2].

2. Umbilic foliations

The mean curvature form of F is the horizontal 1-form k¥ on M given by «(X) =
tr Sy. Following [8], we say F is isoparametric if k is basic, that is, if « (X) is constant
along a leaf for basic X. When F is umbilic, there is a horizontal vector field N such
that SxV = (X, N)V, and « is, up to a constant, just the metric dual of N. In this
case, as observed in [6], (1-5) immediately yields

2-1 - %(U, Vydek (X,Y) = (Vy(AxY), V) + (Vv (AxY), U).

PROPOSITION 2.2. Let F be an umbilic foliation on a manifold with sectional
curvature bounded from below. If F is isoparametric, then the mean curvature form
is closed, and for basic X, Y, AxY is a Killing field when restricted to any leaf.

Proof. 1t should be noted that when M is compact, the assertion is true even if
the foliation is not umbilic; see [15]. In the present context, since F is isoparametric,
dk (X, Y)isconstant along leaves for basic X, Y, and by (2-1), sois (Vy (AxY), U) for
unit U. Thus, if ¢ is a geodesic in the induced metric on the leaf, then (AxY o ¢, ¢}’
is constant, so that (AxY o ¢, ¢) is a linear function. This function must then be
constant by the curvature assumption and O’Neill’s formula [11, Corollary 1, #3].
Consequently, d« (X, Y) = 0 and AxY is Killing. But de (X, U) is always zero for
vertical U, so that k is closed. O

As an immediate consequence, we have the following generalization of some
results in [5] and [7]:

COROLLARY 2.3. Let M be a manifold whose curvature is bounded from below.
A Riemannian flow F on M is isoparametric iff it is homogeneous, i.e., iff F is locally
generated by a Killing field of M.
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Proof. 1If F is isoparametric, then by 2.2, the mean curvature form is closed, and
locally equals d¢ for some function ¢ which is constant along leaves. The argument
in [7] for space forms actually goes through without changes in the more general
setting of nonconstant curvature: If T is a (local) unit vector field spanning F, it is
straightforward to check that e=® T is Killing. The converse is clear. O

Remark. Let F* be as in Proposition 2.2. If kK < n — 2, then for each p € M,
either the leaf through p is totally geodesic, or else there exists a hypersurface A
through p for which the restriction of F to A is totally geodesic (and Riemannian).
In particular, if k = n —2 then \V, with the induced metric, splits locally isometrically
as L* x I, where I is an interval. To see this, let k = d¢ in some neighborhood of
p. If k(p) # 0 (that is, if the leaf through p is not totally geodesic), let N denote the
hypersurface {g | ¢(q) = ¢(p))}. Since ¢ is constant along leaves, F restricts to N,
and this restriction is totally geodesic because N is orthogonal to .

THEOREM 2.4. Let F* be an umbilic foliation on a manifold M"™ of nonnegative

sectional curvature. Then F is totally geodesic if k > %l

Proof. Let y denote a horizontal geodesic in M, V a vertical vector field along
y. Then S;-,”V = (S, V)? = 8,(V"") = (N oy, y) V, and the Riccatti equation 1.4
becomes

(Noy,p)'V=(Noy,y)’V —A;AjV + R} V.

In particular, (N o y,y) = (N o y,y)? — |A}V|* 4+ Ky .y for any unit vertical V,
with Ky ; denoting the sectional curvature of the plane spanned by V and y. Since
k > (n — 1)/2 however, A} : V¥ — H"¥(y+ has nontrivial kemel, and by
choosing V above in that kernel, we have (N o y, y)’ > (N oy, y)%. This forces
(N oy, y) to be identically zero. y being arbitrary, F is totally geodesic. [

Notice that the estimate for & in 2.4 is optimal, since on a Euclidean 3-sphere, there
exist (necessarily umbilic) Riemannian flows that are not totally geodesic. On the
other hand, when the curvature of M is strictly positive, M cannot admit equidistant
totally geodesic submanifolds of dimension greater than (n — 1)/2 by the second
Rauch comparison theorem [9]. 2.4 then implies

COROLLARY 2.5. An umbilic foliation F* on a manifold M" of positive curvature
must have dimension k < 1;—1

For positive curvature, the argument in 2.4 actually shows that 7 must be substan-
tial along all leaves in the terminology of [8], and thus highly nonflat. This contrasts
sharply with the nonpositive curvature case, where k = n — 1 is possible (and F
is then necessarily flat). For instance, in hyperbolic space, families of concentric
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horospheres, or families of hypersurfaces equidistant from a totally geodesic one are
all examples of codimension one umbilic foliations. But these are essentially the only
‘nice’ ones:

THEOREM 2.6. Let F be an umbilic foliation of codimension one on a manifold
M of nonpositive curvature.

(1) If the mean curvature of F is never zero, then the induced foliation in the
universal cover M of M is by horospheres.

(2) If F is isoparametric, then the induced foliation F on M is either by horo-
spheres or by hypersurfaces equidistant from a totally geodesic one. Moreover,
M is then a warped product M = R x;, F*~', and F is the collection of all
{t} x F~1,t e R.

Proof. Denote by X one of the two unit vector fields orthogonal to the lifted
foliation in the universal cover. Because X is both totally geodesic and irrotational (the
latter meaning that VX is symmetric when restricted to the orthogonal complement
X+ of X), the one-form metrically dual to X is closed, and thus equals df for some
f : M — R. Equivalently, X = V£, [Vf| = 1. If ¢ is any—not necessarily
horizontal—geodesic of M, one has ( focy =(Vfoc,c),and

(foo) =(Vp(Vfoc),é)=(V:Vf é)=(VaVf0),

since V f is totally geodesic. Moreover V. V f is vertical because V f has unit length,
so that

(foc) =(VaVf, ') =—|¢"2(Vf,N)oc==£|¢"|*-|N|oc.

Thus, £ f is a convex function in (1). By [1], £ f is then a Busemann function and
the foliation is by concentric horospheres.

In (2), if N is zero at some point, then it vanishes along the leaf L through that point,
and L is totally geodesic. The other leaves are then obtained by exponentionating
the flat normal bundle of L at constant distances. If N is never zero, the argument
for (1) above shows that the foliation is by horospheres. In any case, since A = 0
and « is basic, « is closed by 2.2, and equals dh for some function 4. A is actually
constant along leaves, and may thus be viewed as a function R — R (that is, we
identify A with the function 4 defined by h o f = h). Holonomy displacements are
then homotheties, and it is straightforward to check that M is isometric to R x¢ F,
where F is the fiber f~1(0), and ¢ (¢) := e"@e"® see also [3]. O

3. Umbilic foliations in constant curvature

In [7], Gromoll and Grove found that any Riemannian flow on a space of constant
curvature is flat or isoparametric, and deduced that such a flow is necessarily flat
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or homogeneous, the latter meaning that it is locally generated by a subgroup of
isometries. We generalize this to all umbilic foliations on spaceforms. It should be
noted, though, that Riemannian foliations on space forms are in general isoparametric
only when the curvature is positive or zero. Since we are primarily interested in the
local geometry, we may assume, without loss of generality, that the ambient space is
simply connected.

THEOREM 3.1.  An umbilic foliation F*, k > 1, on the complete simply connected
space M” of constant curvature c is flat if c < 0, and homogeneous—in fact totally
geodesic—if c > 0.

Proof. A flat Riemannian foliation is always locally congruent to a metric prod-
uct foliation when the ambient space has nonnegative sectional curvature [10], [16].
Thus, for ¢ > 0, we need only consider the case when F is not flat. It is straightfor-
ward to check that if the A-tensor is zero at some point p, then it vanishes everywhere:
In fact, A = 0 on the leaf through p, since the ambient space has constant curva-
ture. Moreover, A satisfies a linear differential equation [11, {3}] along geodesics
orthogonal to the leaf, which becomes homogeneous in the constant curvature case.
Thus, A vanishes everywhere. With no assumption as yet on c, suppose that F is
not flat, so that at each p € M, there is some horizontal x € M, with A, # 0. If
y(¢) = exp(tx), then

(3-2) AyALV =—((Noy,p) —(Noy,y)> —0o)V,

for vertical V along y by 1.4. It follows that A, is onto V, and F is substantial along
all leaves in the terminology of [8]. By [8, Remark 2.11], F is then isoparametric,
and N is basic.

First, consider the case ¢ > 0. We claim that N = 0; i.e., F is totally geodesic.
Indeed, by a classical result [14, Chapter 7, Theorem 29], if some leaf is not totally
geodesic, then it lies inside a totally geodesic M*¥*!. N must then be tangent to this
submanifold, so that N [, spans the normal bundle of L in Mf“, and Ay is zero
along L. With y now denoting a geodesic integral curve of N/|N| starting at some
pointof L, (3-2) becomes (Noy, y) = (Noy, y)*+c. Sincec > 0, (Noy, y) =0,
a contradiction. Thus F is totally geodesic, and in particular, every AxY is Killing
on M for basic X, Y, so that F is homogeneous.

Next, consider the case ¢ < 0, or ¢ = —1 after normalization. Now, for any
Riemannian submersion & : M — B, one always has, for horizontal x € TM,

(-3) AA: = 3(RM (., 0)x — * RP (-, X)),

where 7t *e denotes the horizontal lift to T M of e € T B. Thus, in constant curvature,
A% Ax preserves basic fields whenever X itself is basic; cf. also [8]. Recall that along
any leaf L, there is a basic X with Ax onto V. It follows from 2.2 and (3-3) that
there exist basic X; such that AxX; form an orthonormal basis of Killing fields on
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L. L is then necessarily flat in the induced metric, with Ax X; parallel on L, and
being umbilic, must be a horosphere inside some totally geodesic M**!. Viewing
M" = H" as the upper half-space {p € R" | p" > 0}, the totally geodesic M*+!
containing L is, up to congruence, 0 x H¥*! ¢ H", and L = {(0, p) | p**! = 1}.
The remainder of the argument now follows from elementary hyperbolic geometry:
Identifying the underlying space of H" metrically with the subset {p € R" | p" > 0}
of flat Euclidean space, we first observe that any other leaf L', being equidistant from
L in the hyperbolic metric, must remain within bounded Euclidean distance from
L because L is at constant height x” = 1. But L’ is a horosphere in some totally
geodesic (k + 1)-submanifold, and the description of these in the upper half-space
model then implies that L’ is a k-plane parallel to L in the Euclidean sense. It is
straightforward to check that sections in the normal bundle v(L) of L that are parallel
in the hyperbolic metric are also parallel in the Euclidean metric (and vice versa). It
follows that the leaves of F are obtained by exponentiating the parallel sections of
v(L) at constant distance. But then F is flat, contrary to assumption. O
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