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Let ¢ be a power of a prime number, and denote by LF(2, q) the group of
all one-dimensional unimodular projectivities over the field T', with ¢ elements,
i.e., of all linear fractional transformations

z,=az+b
cz+ d

of determinant 1 with coefficients a, b, ¢, din T'y. As is well known, LF (2, q)
is simple for ¢ = 4. The order of LF(2, q) is q¢(¢ + 1)(¢ — 1)/2 for odd ¢
and q(q¢ + 1)(¢ — 1) for even gq.

It is our aim to give a group-theoretical characterization of these groups
LF(2, q). We shall prove

THEOREM. Let & be a group of finite order g which satisfies the following
conditions:
(I) g 1s even;

(IT) #f A and B are two cyclic subgroups of & of even orders, and
if A n B = {1}, then there exists a cyclic subgroup B of ® which includes both
A and B;

(IIT) © coincides with its commutator subgroup.
Then & = LF (2, q) where ¢ = 4 is a prime power.

We begin in I with an elementary discussion of groups which satisfy these
conditions. Two cases, A and B, have to be considered. In Case A, the
2-Sylow group $ of & is dihedral, and in Case B, ¥ is abelian of
type (2, 2, ---,2). These two cases are treated in II and III respectively.
The final result is obtained by applying a theorem of Zassenhaus [2] con-
cerning doubly transitive permutation groups. We shall give some exten-
sions of our theorem in a subsequent paper.

Received January 12, 1959.

! The results of this paper were obtained more or less independently by the three
authors. Rather than publish three different papers, we preferred to combine our in-
vestigations.

The result for Case B has also been obtained by K. A. Fowler in his thesis, University
of Michigan, 1952.

2 Part of the work of the first two authors was done under an NSF contract.
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I. Grouprs oF TYPE (S)

We shall say that a finite group @ is of type (S), if the following two con-
ditions are satisfied:

(I) The group ® is of even order g.

(IT) If A and B are two maximal cyclic subgroups of even orders, then
either A = Bor ¥ nB = {1}.

It follows from (II) that if two cyeclic subgroups of even order of & have
an intersection different from {1}, then both are included in the same maximal
cyclic subgroup of &. In particular, the elements of the two subgroups
commute with each other. Moreover, if the two subgroups have the same
order, they must be equal.

The following remarks are fairly obvious.

(I.LA) If ® has type (S), every subgroup § of even order has type (S).

Indeed, if Ao and By are two maximal subgroups of even order of $, and
if Ao n By = {1}, then Ao and By are both subgroups of a cyclic subgroup
B of &, and, because of the maximality of o and By in , we have Ao = Hn 3,
%o = 5:3 n 3

(I.B) Let ® be a group of type (S), and let G be an element of even order.
If G 5= 1 for some exponent r, then the cyclic groups {G} and {G"} have the same
normalizer,

(I1) N{aG) = NUGY).

Proof. It is clear that M({G}) & N({G}). Conversely, if X ¢ N({G"}),
then G" ¢ {G} n X {G}X. Since the cyclic groups {G} and X {G}X have a
nontrivial intersection, and since they have the same order, they are equal.

This means that X ¢ N({G}), and hence we have (I1).
As a corollary, we have

(I.C) Let ® be a group of type (S). Let G be an element of even order, and
let I be the element of order 2 which is a power of G. Then

(12) NU{GY) = &)
for all r for which G" = 1.

(ID) Let ® be of type (8). Let I be an involution (i.e., an element of
order 2) of ®. If p is an odd prime dividing the order c(I) of the centralizer
C(I) of I, then C(I) includes a p-Sylow group B of .

Proof. Let P be an element of order p of €(I). If X ¢ €(P), then
X eN{IP}) and, by (I2), X ¢ €(I). In particular, if P belongs to the
p-Sylow group P of ®, the center of P is included in €(7). If we now replace

P by an element of order p of the center of B, our argument shows that
B & CU).
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(ILE) Let ® be of type (S). Let I be an involution, and let p be an odd
prime dividing c¢(I). Then the p-Sylow groups of @ are cyclic.

Indeed, by (I.D), a p-Sylow group B of & lies in €(I). If P were not
cyclic, we could find two distinct subgroups {P;} and {Ps} of P of order p,
and then

I e{IP:} n{IPy}.

Since {IP;} and {IP,} both have the same order 2p, this implies {IP} = {IP3},
and hence {P;} = {Pj}. This is a contradiction.
We next study the 2-Sylow groups of ®.

(LF) If ® s of type (8S), the 2-Sylow group T of ®© s of one of the following

types:
(a) T s eyclic.
(b) < s abelian of type (2,2, --- , 2).

(¢) T isdihedral: T = {A, B} with A" = 1, B = 1, B'AB = A™".

Proof. By (1.A), T itself is of type (S). If all elements T 5« 1 of T have
order 2, we have case (b). Suppose that T contains elements R of order
r = 4. If I is an involution in the center of <, then

R’ ¢ {R} n {IR},

and since R and IR have the same order r, and since R* 5 1, it follows
that {R} = {IR}, whence I ¢ {R}. Thus, I = R

Let A be an element of maximal order r of $;r = 4. If B is an element of
order = 4 of T, then as just shown, I ¢ {A} and I ¢ {B}. Since {4} is a maxi-
mal cyclic subgroup of T, it follows that B e {A}. In particular, {A} is the
only maximal cyclic subgroup of T of order = 4. It follows that {4} is
normalin &. If T = {4}, we have case (a).

Suppose then that {A} = T. If B ¢{A}, B has order 2, and, as AB ¢ {4},
AB also has order 2. Thus, B® = 1, ABAB = 1, whence B™AB = A™".
Hence, if A has order 2™, we have

A™ =1, B'=1 B'AB=4""

If B; is any element of T with B;¢{A}, then we also have Bi'AB; =
A™'. Then BB 'e¢G(A). If we had B, B'¢{A}, we would have
(BB 'A(BiB™") = A7 # A; BB '¢G(4). Thus, B, B ¢{4},
Bi e {A}B. It follows that T = {4, B}. Hence ¥ is dihedral.

We now study the centralizers in @ of the involutions in the center of a
2-Sylow group T of @. It will not be necessary to consider the case that T
is cyclic.

(I.G) Let © be of type (S). Let T be a 2-Sylow group of ®, and let T be
an involution in the center of .
(1)  If s abelian of type (2,2, - -+ , 2) and of order 2" > 4, then €(T) = Z.
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(2) If T is abelian of type (2, 2), then €(T) = TV where B s cyclic of
odd order v. Moreover, B"'VB = V' for BeZ, B # 1, T;V ¢ ®.

(3) If T = {A, B} is dihedral of order 2" = 8, A" = 1, B® = 1,
B7'AB = A7, then G(T) = {A, B, B} where B is cyclic of odd order v,
BE C(A), and B'VB = V' for Ve Q.

Proof. (a) Suppose that V is an element of odd order of €(T'); V = 1.
By (I.B), %({V}) = N{TV}) = &(T). If J is an involution of €(7"),
we must have JWJ e{V}, say J7'VJ = V’. Since J has order 2, then
V” = V. Assume that the order of V is a prime power p’. Since ;* = 1
(mod p°) and pisodd, j = =1 (mod p°). Ifj =1 (mod p*),J'VJ =V,
and then V ¢ {JV} n {TV}, which implies J = T. Thus, for J £ T, we have
J'VJ = V7. Since this holds for all elements V of odd prime power of
&(T), it holds for all elements V of €(7T) of odd order.

- 1 s JVe€(T), V of odd order,
(13) SOV =V i {J e §(T), J an involution, J # T.

(B) If T is abelian of type (2, 2, ---, 2) and order 2" > 4, then (I3)
would hold for all 2" — 2 elements J # 1, T of . If we choose two such
elements J and J; such that J; ¥ J, JT, we have a contradiction.

(v) Suppose that ¥ is abelian of type (2, 2). Then < is a 2-Sylow sub-
group of &(T). If JeZ, J = 1, T, then J and JT are not conjugate in
G(T). Indeed, if we had X'JX = JT with X ¢ §(T), then X 'JTX = J.
Thus, X* ¢ §(J), and then X’ eG({T, J}) = G(Z). Since the order of
{X, 6(T)} cannot be divisible by 8, and since X ¢ N(<T), we find X ¢ C(T),
a contradiction. Thus, no two distinet elements of £ are conjugate in €(T').
It follows from Burnside’s Theorem that €(T') has a normal subgroup L of
index 4. Then €(T) = TLV. Since J maps every element V of B on its
inverse, 8 is abelian. But the Sylow groups of 8 are cyclic by (I.E), and
L itself is cyclic.

(8) Suppose now that T is dihedral and of order = 8. Clearly, {4} is
a 2-Sylow subgroup of €(A). Since no two distinct elements of {4} are
conjugate in €(A ), Burnside’s Theorem shows that we may set €(4) = {4} B
where 8 is a normal subgroup of €(A4) of odd order ». Then

C(4) = {4} X Q.
If W is an element of odd order of €(T), then T e {A} n {TW}. It follows
that A commutes with TW and hence with W. Thus, W e €(4). Thus,
every p-Sylow group of €(T') lies in €(A) for odd p. Since €(4) & €(T),
it follows that (€(7T): €(A)) is a power of 2. But T = {4, B} ¢ &(T),
A e€(A), B¢C(A), and we see that
&(T) = {T, B} = {B, €(4)}.

Again, (I3) implies that ¥ is abelian, and then (I.E) shows that % is cyclic.
This completes the proof of (1.G).
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We shall consider the case (2), r = 2 as a special case of (3) taking m = 1,
A = T. In this sense, the dihedral group of order 4 is the abelian group of
type (2, 2).

If we assume that @ is a group of type (8) such that @ does not have a
normal subgroup of index 2, the case (a) of (I.F) is excluded (by Burnside’s
Theorem). We then have to consider the following cases:

Case A. T isdihedral of order 2" m = 1. Weset® = {V}and H = AV.
Then €(T) = {H, B} with

H' =1, B =1  B'HB=H,
where h = 2™p.
Case B. Tisabelian of type (2,2, ---,2), (T:1)=4. Here §(7) =T
for T eI, T = 1.
If m = 1,v = 1in Case A, we may consider this as Case B with ($:1) = 4.
Consequently, in dealing with Case A, we may assume that h = 4.

II. TuE CaseE A
1. Assumptions

We assume that ® is a group of type (S) which does not have a normal
subgroup of index 2 and that we have Case A in the notation of I. Fully
stated our assumptions are

(I) @ is a finite group of even order g.
(IT) If A and B are two maximal cyclic subgroups of ® of even order,
then either %4 = Bor A n B = {1}.

(III) There does not exist a normal subgroup of index 2 in @.

(IV) The 2-Sylow subgroups of & are dihedral.

Let T be a 2-Sylow subgroup of ®. If its order is 2" with m = 1, we can
set $ = {A, B} where

(1) A" =1 B =1, B'AB= 47"
We set
(2) T = A"

Then 7 has order 2.

2. The centralizer G(T) of T

As shown by (1.G), the centralizer €(T') is dihedral too. We shall denote
its order by 2h. Then

(3) (&(T):{1}) = 2h = 2"*; (v,2) = 1.
If V is an element of order v in €(7'), and if we set
(4) H = AV,

then AV = VA, and §(T) = {H, B};
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(5) H*'=1, B'HB=H™

Since T is a 2-Sylow subgroup of ®, 2"*" is the exact power of 2 in g. By
(I.D), we can set

(6) g = 2" g, (g0, 2" ™) = 1.

The number 4 is even, and we shall set

(7 s=h/2 — 1.

The case h = 2 may be considered as part of Case B so that we may assume
(8) s = 1.

(IL.A) In @, every element of C(T) s conjugate to a power H* of H. Two
powers H* and H® are conjugate in ® if and only if H® = H**. Thus, the
elements

(9) 11 H8+1 = T; H’ sz ) H’

form a full system of representatives for those classes of conjugate elements of ©
in which the order is not relatively prime to 2h = 2" ™. We have

(10) ¢(1) =g, c(T) =2h; c¢(H*) =h for H*#1,T.

Proof. In the dihedral group €(T) = {H, B}, the elements (9) together
with the elements B and BH form a full system of representatives for the
classes of conjugate elements. The elements 1 and T form classes by them-
selves, while the class of H* for H* # 1, T consists of H* and H *. The class
of B consists of all elements BH” with even p and the class of BH of all ele-
ments BH® with odd o.

Since T = H" = H**'is a power of H, it follows from (I.C) that
NRAEH}) = RUTY) = &(T) for H # 1. Consequently, two powers H*
and H” can be conjugate in ® only if they are conjugate in €(T'), and this
is the case if and only if H® = H** Moreover, for H 5 1, we have
CH) & N({H}) & €(T). This implies that the order of the centralizer
of H # 1 in © is the order of the centralizer of H in €(7). This order is
2h for H" = T and h for H" # 1, T. Since ¢(1) = g, the equations (10) are
true.

We show next that the elements 7, B, BH" = BA" are conjugate in ®.
Let T* denote the subgroup of ¥ generated by all quotients XY™ of ele-
ments X, Y of T which are conjugate in ®. If X is a power H" £ 1, T, then
Y = H¥', since the order of H" is different from 2 and H" is not conjugate to
the involutions B, BH’. Thus, XY™ = 1, or XY = H”. For X = 1,
we have Y = 1, XY™' = 1. If no two different ones of the elements T, B,
BH" are conjugate in ®, then T* = {4%. If two, but not all three, elements
T, B, BH® are conjugate in ®, then T* is one of the groups {4°, BT},
{A’, BH'T ™Y}, {A®, BH'B™'}. Since T/{A" is abelian of type (2, 2), the
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group T cannot be generated by A® and one further element. Hence T* # T.
Now, the generalization of Burnside’s Theorem shows that the 2-Sylow group
of @/ is isomorphic with £/T*. Hence ®/® has an order divisible by 2.
Then & has a normal subgroup of index 2. But this is a contradiction to
condition (IIT). Hence T, B, and BH" are conjugate in ®. Since v is odd,
then T, B, BH are conjugate in ®.

If X has an order divisible by a prime factor p of 2" v, and if P is a power
of X whose order is p, then X ¢ §(P). If p = 2, the preceding argument
shows that P is conjugate to T in ®. If p = 2, it follows from (I.D) and
(1.E) that P is conjugate to an element of the form H". Then X is conjugate
to an element of €(7T) or even of €(H") < G(T). This concludes the
proof of (II.A).

m+1

3. The restrictions of the irreducible characters of
®to $ = {H}

Set © = {H}. If ¢ is a fixed primitive h™ root of unity, let &; denote the
irreducible character of § defined by

(11) e(H) = & (r=0,1,-++,h—1).
Then ¢; = ¢; if and only if 7 = 7 (mod k). Clearly,

(12) E sy Esqly * "ty Esaly Es 5 Estl
are all the irreducible characters of 9.

If x®, x®, -+, x" are the irreducible characters of ®, we can set
(13) X119 =2 ae (b=1,2---,k)
with nonnegative rational integers a,;. Since x“(H') = x™(H™), we
see that
(14) Aui = Qp—j .

It follows from (13) that
(15) @i = (1/h) Zxep X (X)E:(X).

(ILB) Ifu = (g — 2h)/K, then, for 0 < 4,7 < s + 1, we have

\ u for ¢ # j,
(16) ?;la,‘ia,.j= u+1 fori=3j 150,841,

u+2 forv=3; 1=0o0r¢=s-+ 1.
Proof. Since a,; is rational, we have, by (15)
Dot O G = D a1 Qi Gy = (L/B°) 2o vy 8(X) e(Y) 2o xP(X)ZW(Y).

Here, the inner sum on the right is 0, if X and ¥ are not conjugate in @,
while in the other case, the value is ¢(X). On account of (II.A), we find
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k
> aua,; = h%g + h—1_22hzi(T)ej(T) -1-}% > 8(X)(ei(X) + g(XTH).
p=1 Xe$, X#1,T

By the orthogonality relation for the characters of $, we have
0 for ¢ j,
%%a@ﬂmm+amh=lfmi=ﬁi¢ms+L
2 for i=j; i=00rz=s8+41,

where we assumed 0 < 7,7 < s + 1. If this is subtracted from the preceding
equation, and if 28;,(T)e;(T) = &(T)(&;(T) + &i(T)) is taken into ac-
count, we obtain

SN

k 0
1
Zam’am' ‘“{1 = ﬁ;g -
p=1 2

This yields (16).

If with each of the characters x*, there is associated a complex number
2, , we arrange these k numbers z, in the form of a column. We define the
inner product of two such columns in the usual manner. In particular,
let a; denote the column consisting of the numbers a,; with fixed 7. Because
of (14), it will be sufficient to consider the columns

0, Ospls; G, G2, -, 0.
Now, (16) can be written in the form
00 = U for 1#j; 0=2457=s+1,
(17) ad=u+1 for ¢=1,2 ---,s,
ai=u+2 for ¢=0, andfor ¢ = s+ 1.
It follows from (15) that

h

If Y is either 1 or an element of & which is not conjugate to a power H™ of
H, and if we multiply here by x*(Y) and add over u = 1, 2, -+, k, the
orthogonality relations for the x“ show that we obtain 0. Replacing ¥
by ¥, we have

G = aa =g 3 X EX) - 8X)).

(IL.C) Let Y be an element of & which is not conjugate in & to a power
H = 1. If x(Y) denotes the column consisting of the numbers x* (Y), we
have
(18) (a; =) x(Y) =0 (J
In particular,

(19) (6 — ) x(1) =0 (J

0,1,---,s+ 1).

It

0,1,---,s+1).
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4. The exceptional characters of &

Assume first that s > 1. We shall say that an irreducible character x*
of ® is exceptional, if not all the coefficients in ag — @y, a3 — @1, *+-, 0, — 0
belonging to x* are 0.

(II.D) Suppose that s = 2. There exist exactly s exceptional characters

of ®. These can be taken for x©, x®, -+, x in such an order that
(20) aij = @ + 78 (forz,7=1,2,---,5s)
where a 1s a fixed rational integer and where + = 1.
Proof. Let j range over 2, 3, ---, s. It follows from (17) that
(a; — a)® = 2.

Since the coefficients of a; — a; are rational integers, only two of these co-
efficients have values different from 0, and these values are 1. Now (19)
shows that one of the values is +1 and the other is —1, since the coefficients
of x(1) are the degrees of the x* and hence positive.
Assume that s = 3. If j/ also is one of the values 2, 3, -+, s, then (17)
shows that
(6 — @) (ay — ) =1 forj # j'.

Hence a; and a;; must have an equal coefficient &1 in one and the same row,
while in all other rows at least one of them has the coeflicient O.

Choose x such that a; — a; and a3 — a; have the same coefficient 1
in the first row, and denote the value of this coefficient by — 7.

We claim that we can arrange the characters x, x?, - -+ , x* in such an
order that the matrix M of the columns a; — a1, a3 — G, *+*, O — @
has the form

( -T -—T T -T
T 0 0 0
0 T 0 0
(21) M=|0 0 o - 7
0 o o0 --- 0
0 0 0 0
L 0 0 0 0 )

Since the coefficient 7 must appear in a; — a; and in a3 — ¢; in different
rows, we can choose x® , x® such that the first two columns a; — ¢; and
a; — a; have the form given in (21). If s = 3, we are finished. If s = 4,
then @, — a; must have either the coefficient — 7 in the first row or the co-
efficient 7 both in the third and fourth row. The latter case is impossible,
since the two nonvanishing coefficients of a; — a; have different values.

Thus, we have — 7 in the first row of a; — a7 , and if x'* is chosen suitably,
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the coefficient 7 appears in the fourth row. Continuing in this manner we
see that the s — 1 columns a; — a; can be assumed to have the form given
in (21).

We see at once that this result is true for s = 2 too. Here, we may take
r = 1, choosing x'”, x® such that a; — @ has coefficient 1 in the first row
and —1 in the second row.

It is evident from (21) that we have exactly s exceptional characters, and,

in our notation, they are the characters x®, x®, -+, x*. Moreover, by
17), ai(a; — &) = —1l for¢z = 2, 3, ---, s. Using the form (21) of
a; — a, we obtain au(—r7) + ey = —1, whence ay = au — 7 for
1=23, ---,s Adding a; and a; — a; (givenin (21)),5 =2,3,---, s,

we see that a;; = an,a;; = au — 7 for¢ % j. This completes the proof of
(II.D);a = au — .

2)

(ILE) The s exceptional characters x°, x®, < -+, x' have the same degree

f. Moreover, we have
xP(Y) = xP(Y) = -+ = x(Y)
for every element Y of & which is not conjugate to a power of H.

This is an immediate consequence of (18) and (19) combined with (21).

5. The values of the characters of ® for the elements H" = 1

We now determine the columns ay — a; and ;41 — ;. It follows from
(17) that we have

(22) (a0 — @)’ = 3, (A1 — m)® = 3, (@0 — @) (Oepr — @) =1,
(23) ao(a; — @) = 0, Gep(; — 1) = 0 for j=2,3,-,s.

Then (22) shows that ap — a; and 6,41 — a; both have three nonvanishing
coefficients, and these have the values &=1. At least in one row, both columns
have an equal coefficient #=1. If there were another row in which both had
nonvanishing coefficients, then the three nonvanishing coefficients in both col-
umns would appear in the same three rows, and then (ap — 1) — (@41 — 1)
would have only one nonvanishing coefficient £2. Then again (19) leads to a
contradiction, since all x* (1) are positive.

Thus, we have exactly one row in which 6o — a; and a,4; — ao have a
nonvanishing coefficient, and these two coefficients are equal and 4=1. There
are two other rows in which a; — ao has a nonvanishing coefficient and two
further rows in which a,41 — a0 has a nonvanishing coefficient. It follows
from (19) that the three nonvanishing coefficients of a; — ao cannot all have
the same sign. The same is true for a,4; — 0.

The equations (23) combined with (21) show that the first s coefficients
of ao all have the same value a,. By (20), the first s coefficients of ap —
then are
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(24) oy —a&— 7T, GGo— & Qo —a *++, 0dp — a.

Since these coefficients are all equal to 0, 41, or —1, we have either a; = a
or apy = a + 7. A similar argument applies to a1 — a;. The first s
coefficients here are

(25) Q41— Q@ — 7, Qo1 — @, -, G141 — @, A0d Q11 = ao0ra -+ 7.

We wish to show that @i = a@1,,4+1 = a. This is clear for s = 4 since other-
wise in (24) or in (25), there appear three or more coefficients r = =+£1,
which has been seen to be impossible.

Before dealing with the cases s = 3 and s = 2, let us first observe that if
x'? is the unit character, then (13) shows that ajo = 1, a;, = 0 for v # 0.
Hence x? is not exceptional. We may then choose our notation such that
j = s 4+ 1, that is, such that x“*" is the unit character.

Assume now that s = 3. If we had aw = a1.41 = a + 7, then (24) and
(25) show that both columns ay — a; and 6,41 — a; would have nonzero
coefficients in rows 2 and 3, which is impossible. If one of ay, @410 is @
and the other is @ + 7, the first three coefficients of a4y — a,41 are equal, and
their value is 7 = 1. Moreover, the coefficient in the fourth row is =1,
and as (ap — G,41)® = 4 by (17), all other coefficients vanish. By (IL.E),
x?, x?, x® have the same degree f, while the unit character x'* has degree
1. By (19), (@ — a41)x(1) = (a0 — @) x(1) — (@G — @)x(1l) =0,
and hence £3f &= 1 = 0. This is impossible. Again, we must have
@ = Q41 = afors = 3.

Take s = 2. If ap = a1,,411 = a + 7, we simply replace @« + 7 by a, 7 by
—r, and we interchange x* and x®. It is seen easily that (20) remains
valid and that we have the desired case iy — @10 = a. If a0 = a + 7,
Gs410 = @, it follows from (13) and (14) that

XV 19 =r(a+ e+ ea) +aril e,
Since here & = 6, we see that
X(l)(H) — 27_, X(l)(H2) = 0.

Now, H” is an element of order 3. Since the degree f of x is congruent to
x® (H*) modulo a prime ideal divisor of 3, we have f = 0 (mod 3). Then
gxV(H)/e(H)f = 21g/3h = ¢/9, and since we have an algebraic integer,
we find ¢ = 0 (mod 9). This is inconsistent with (6).

Similarly, if aip = @, a1,41 = @ + 7, a contradiction is obtained by con-
sidering x®. We find here

XP|9 =1+ e+ e') +adi—se,
X(z)(H) = ‘27, X(z)(Hz) = 07

which again leads to ¢ = 0 (mod 9), in contradiction to (6). Thus we may
again assume that we have a9 = @141 = a. This is then true for s = 2.
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It now follows from (24), (25) that the first coefficient in 0y — a; and
041 — 03 i8 —7 and the next s — 1 coefficients are 0. In the row s 4+ 1
belonging to the unit characters, we have the coefficients 1 and 0 respectively.
Our previous results show that we may choose x“*?, x“™, x“** such that
ao — 0y has a coefficient =1 in the row s + 2 and a,41 — a; has coefficients
=+1 in the rows s + 3, s + 4, while all other coefficients in the two columns
vanish. Collecting these results (cf. (13), (14), (20)) we find

X109 =r1(ei+en) Fapyittoe, i=1,2 -5
(s+D) 19 = e,

e [ = 880 + otz Z;ﬁ.s &,

C IS = 8 aia + Goan Dt &5,

e | O = 8 &q1 + Cotan Z;il_s &,

e [ = Gyiua Z;:is &5,

where 82, 83, 6, = 1. Weset § = 1.

We note that this result remains valid for s = 1. Indeed, we have here
only the columns ag, a2, a; = a_;. As before, there will be exactly one
row in which ap — a; and a; — a; have a nonvanishing coefficient. The
coefficient in this row will be the same in both columns and will be denoted by
7; the corresponding character is taken as x‘”. The characters x?, x*
can be chosen such that ap — @ has coefficients &1 in the corresponding
rows, and the characters x¥, x® such that a; — a; has coefficients =1 in
the corresponding rows. Then (26) holds again.

We write x, for x*™, u > 0. We then have the result

=

o

(26)

X x

x

(ILF) The irreducible characters of ® can be denoted by x°, x®, -+, x*,
X1, X2, ° ", Xm With m = 4 in such a manner that we have for H = 1
X(i)(HT) = 7(€ir + S_ir)y 1= 1’ 2’ S,
X'(HT) = 9;, .7 = 17 2’
(27) i j r .
Xj(Hr) = 6]('—1): J = 3) 4)
xi(H') =0, Jjzs.

Indeed, this follows from (26), if we note that Y .-, &; vanishes for all
H 1.

6. Congruences for the degrees of the characters of ©

If ¢ is any character of €(7T), it follows from the orthogonality relations
that

(1) + (B/2)¥(B) +(h/2)¥(BH) + > mre1 y(H) = 0 (mod 2h).
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If ¢ is the restriction of a character of @, then, by (IL.A), ¥(B) = ¢(BH) = (7).
Combining this with (27), we find

(II.G) If f s the degree of the exceptional characters x?, and if f; is the
degree of x;,7 = 1,2, -+, m, then

f=2r (mod 2h)

(28) fi=19 (mod 2h) (G=12)
fi=h+ 3 (mod2h) (=34
fi=0 (mod 2h) (G 2 5).

Proof. For ¢ = x| G(T), our congruence reads
F4 (=DM 4+ (=1)™) + 7 Zara (e(H) + &(H')) = 0 (mod 2h).
The orthogonality relations for the characters of $ show that
2 4 D (ei(H') + &8(H)) = 0.
This yields f = 27 (mod 2h). Similarly, forj = 1, 2
fi 4 ;b + 8; D gra1 =0 (mod 2h).

Here, Y gl = h — 1, and hence f; = 8, (mod 2k). The proof of the
last 2 congruences (28) is analogous.

(ILH) We have
14+ 8 x2(X) = rx(X), 8 xs(X) + 8 xa(X) = rx(X)
for elements X of © which are not conjugate to element H 5 1. In particular,
(29) 1+ &fi=1f, &fs+dfi= 1.

This follows from (ap — a1) x(X) = 0, (@541 — a1) x(X) = 0 in conjunc-
tion with the values of the coefficients of the columns ay — a; and ;41 — a3
obtained above (x; was the unit character, §; = 1).

7. The class relation

Let R, 8, ---, & denote the classes of conjugate elements where we
choose that notation such that 1 ey, T e Ry, H eRoy;forj =1,2, .-+, s
(ef. (IL.LA)), and where &, K, -+, & (£ = 2 + s) are the classes con-
sisting of the ‘“real” elements G of ®, i.e., the elements G which are con-
jugate to their reciprocals G~'.

We work in the group algebra T' of ® over the field of rational numbers
or rather in the center Z of I'. If K, denotes the sum of the elements in
f;, then K;, Ko, ---, Ki form a basis of Z. In particular, we have an
equation

(30) Ky =2 )%.¢K;.
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Here, ¢; denotes the number of ordered pairs (X, ¥) of elements of f: such
that XY is equal to a fixed element G; eR®;. Since X, Y have order 2, the
equation XY = G; implies G;* = YX = Y 'G; X. Conversely, if X has
order 2, and if XG; X' = G5, then for Y = XG;, we have XY = G;, and

= XG; XG; = G7'G; = 1. Thus Y has order 2, except when ¥ = 1,
G; = X. This latter case arises only if G; has order 2, i.e., if j = 2. Thus

(ILI) 1If G;is a representative of &; , then for f = 2 the number ¢; in (30)
denotes the number of elements X of order 2 which satisfy the equation

X'q; X = G7".

For j = 2, ¢; is one less than the number of X of order 2 which satisfy the corre-
sponding equation.

If 7 = 1, ¢ is simply the number of elements of order 2, i.e., the number
of elementsof 8. By (II.LA), 1 = ¢g/2h. For j = 2, wemay take G; = T,
and ¢; + 1 is the number of elements of order 2 which commute with 7.
It follows from (IILA) thatcz + 1 =h + 1,2 =h. For3 =7 =2+ s
we may choose G; = H™™. Since

X7'G; X = G7* implies X eNR({H™) = &(T),

(ef. (I1.C)), the number ¢; denotes the number of elements of order 2 of the
dihedral group ©(7T) which transform H’ into its reciprocal (H %)™
Hencec; = hforj =3,---,2 + s If2 4 s <j = ¢ the elements G;
and G5 are conjugate in ®. Hence there exist exactly ¢(G;) elements X
in ® such that X'G; X = G5'. Then X’ commutes with G;. If the order
of X? contained a prime factor of 2" = 2k, by (I1.A), X* would belong to
one of the classes 8 , K2, - -+ , R24.. Moreover, for X* # 1, §(X*) would
consist only of elements which lie in the same s + 2 classes. This is impos-
sible for j > s + 2 since G; ¢ €(X*). Hence X* = 1. Thus we have ex-
actly ¢(G;) elements X of order 2 for which X7'G; X = G7' and ¢; = ¢(@Gy)
for 2 + s < j £ t. Finally, for j > ¢, the elements G; and G5 are not con-
jugate, and ¢; = 0.

If we count the number of elements of @ appearing as summands on both
sides of (30), we have

(9/e(T))* = X1 ci(g/e(G))).
Substituting the values of ¢; just found, this yields

2
g _ g
wm=at h+z h+,§+a (G

c(G)).
This yields

g'/4n" = g/2h + g/2 + g(t — 2),
whence

(31) t— 2= (g — 2h — 2K%)/4H.
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8. The degrees of the irreducible characters of &

It will be necessary to separate the cases 7 = 1 and 7 = —1.

The case 7 = 1. It follows from (29) that é; = 1 since 7f = f > 0. As
shown by (29), the character x, must be real, since %. cannot be equal to
any of the characters except x.. If fo = 1, then ® would have a linear
character x: ¥ x1, xs = x1. Since the multiplicative group of linear
characters is isomorphic with ®/®’, it would follow that &/@’ has even
order. This is impossible, if ® does not have a normal subgroup of index 2.
Hence f; & 1, and (28) shows that f = 2h 4+ 1. Now (29) shows that
f =z 2h 4+ 2. Interchanging x; and x4 if necessary, we see from (29) that
we may assume 8 = 1. By (28),f; 2 h+ 1,fs = h + &, fi = 2h for
j =z 5. Thus

fz2r+4+2 fi=1 foz2r+1 fizh+1,
fizh+68, fiz2n for j=5.

Since we have s = h/2 — 1 characters x'”, we shall have k — s — 4 =
k — h/2 — 3 characters x; with j = 5.

Now, the order g is the sum of the squares of the degrees of the irreducible
characters. This yields

g2 (h/2—-1)(2h+2)"+ 14+ 2h+ 1"+ (h+1)°
+ (b + 8)* + (k — h/2 — 3)4h".
On account of (31), g can be written in the form
g = 4h*(t — 2) + 2h + 2%,

Substituting this in (33), we have, after simplification,

(32)

(33)

(34) 4h’t = 4kh® + 26, h — 2h.
If 6, = 1, this yields t = k. Since k = ¢, we have k£ = ¢, and we must have
the equality sign everywhere in (32). If 6, = —1, we still can conclude

k = ¢t and we see that the left side in (33) exceeds the right side
by 4h. Thus, we must have an inequality in (32) for some j. If we write
the inequality in (32) in the form f; > f¥, then (28) shows that

fi 2 i + 2h.

Since f? = f7° + 4hff + 4h%, we can add 4hfF + 4K* on the right-hand side
of (33) and (34). This leads to a contradiction. Thus,

(ILJ) If r = 1, we have g = 4h°k — 6h° + 2h, 6, = & = &, = 1,
f=2h 4+ 2, fi=1, fo=2h+1,
f3=f4=h+1, f]=2h for ‘7%5.
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The Case + = —1. Here 6, = —1 by (29) and, after interchanging x;
and x4 if necessary, we may assume that § = —1. Then (29) reads

(29%) fo=1=f, fi—d&fi=/f

We separate the cases 8, = 1 and §, = —1.

Subcase 8, = +1. It follows from (28) that f = 2k — 2, and hence
fo = 2h — 1. Moreover f, = h + 1, and (29*) shows that f; = 3» — 1.
Also f; = 2h for j = 5.

Instead of (33), we find here
(339 g= (B/2—=1) (2h — 2+ 14 (2h — 1)’ + (8h — 1)°
4+ (b + 1)+ (k — h/2 — 3)4h".
Then (34) can be replaced by
(34%) 41°t Z 4R’k

It follows that we must have k = ¢, and that we must have equalities in all
estimates

F=9%h—2 fi=1, fo=2h—1, fo=3h—1,
fo=h+1, fi=2h for j

v
o

Subcase 6, = —1. Here,
fz2h—2, foz2h—1, faizh—-1, fazh—1, fi =2hforj=5.
Then
g2 (B/2—1)(2h =2+ 1+ (2h— 1)+ (h = 1)°

+ (h— 1)+ (k — h/2 — 3)4K’.
This leads to

(34%*) 4th* = 4kK* — 8K

If one of the degrees f; has a value larger than the estimate f; used here,
by (28), f; = /¥ + 2h, and we can add a term 4hf; -+ 4h’ on the right-hand
side of (34**). Ifj = 5, this is an additional term 124, which is impossible
ast <= k. If1 =j =< 4, it follows from (29) that we must have inequality
for two values of 7, and again, this gives a contradiction. Finally, if f > f*,
we have an additional term (h/2 — 1)(4h(2h — 2) + 4h%). Again, we have
a contradiction. It follows that the degrees have the values used in the
estimates and that the equality sign holds in (34**), that is, that ¢t = k ~ 2.
Thus

(ILJ*) If + = —1, then we can assume 8 = 8 = —1,

f=2h—2 fi=1, fo=2h —1, fi=2h for jz=5.
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Case (a) If 8, = 1, then
fs=8h—1, fi=h+1, k=t and g = 4kk’ — 6k + 2h.
Case (b) If 64 = —1, then
fai=fai=h—1, t=k—2  g=4kh’ — 148" + 2h.
9. The order ¢

It follows easily from the basic properties of the group characters that the
coeflicients ¢; in (30) are given by the formula

koW 2w
=~ _9 x " (T) %™ (G))
(5% KL T (V.

where x* ranges over all irreducible characters of &, and where G; ¢ ;.
For G; = H, we had ¢; = h, ¢(T) = 2h. Now (27) yields x”(T) = =2,
and we find from (27), (IL.J), (IL.J*), if either 7 = l,or + = —1, 8, = —1,
that

—j -T
= (Gt (P B @) b g 2 ).
Now, D i (8 + €7) +1 4 (—=1) = 0, whence ) 51 (¢’ + ¢7) = 0, and

(u)

4h3=92h2+3hr+1+h1'+1—4h‘r—2 2 0
(2h 4+ 7)(h + 7) 2h + 7)(h + 7)
whence
(36) 9 = 2h(2h + 7)(h + 7).
On the other hand, if + = —1, §, = 1, the same method yields

o 1 11

4h‘g(1 =1t =1 h+1)’

whence we find mod 2 — 1 that
4=gl—1+34—-3% =0

(Note that » — 1 is relatively prime to 2h — 1, 34 — 1, and h + 1 since
h is even.) But then A — 1 divides 4, which is impossible for A > 2, and
h = 2 was excluded. Thus, this case is impossible; in (II.J*), the subcase
8 = 1 is excluded, and we have

(IL.J**) & =, 03 = T, 8 = T.

10. The elements R and the elements S

Let R denote any element whose order contains a prime factor p’ of 2 4 7,
and let S denote any element whose order contains a prime factor p of
2h + r. Since any two of 2h, 2k + 7, h + 7 are relatively prime, it follows
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from (36) that f, is divisible by the full power of p dividing g¢; cf. (II.J),
(I1.J*). Hence

(37) x2(8) = 0.

Similarly, f3, fu are divisible by the full power of p’ dividing g and we have
(38) xs(R) = xs(R) = 0.

It follows from (IL.H) that x”(8) = 7, xX”(R) = 0, x2(R) = —r.

Clearly, R 5% S. Hence no element can have an order divisible by primes
p and p’. In conjunction with (II.A), this yields

(II.LK) For every element R, ¢(R) divides h + 7, and for every element
S, ¢(8) divides 2h + .

Apply now (35) taking G; = R. We find (cf. (36))

c,~=4—-‘2~2(1 r )=h""2h=h+¢.

T2+ 7 2h
Since ¢; # 0, the class &; is real, and we have
(39) ¢c(R)=h+r~
for every R.

Similarly, taking G; = S in (34), we find

¢ = ;%(-ﬁ—— x(8) + !

o s () + x($) + 1) ;

of. (ILE), (ILJ), (ILJ*), (ILJ*). But xs(8) + x(8) = x*(8) by
(I1.H), and we have

c _i((h*2)T+1‘+1)=2h+1h(1+r).

T 4w h+ 7 2h
Hence, if 7 = 1, the class ®; is real, and
e(8) =2nh+1 for 7 =1.
If - = —1, the class &; is not real. Since there exist only two nonreal classes

(as k = t + 2), we have exactly two classes containing elements S. This
implies that 24 — 1 is a prime power in this case.’

Actually this result holds for = 1 too. Indeed, by (IL.J) and (36),
2hk — 3h + 1 = 2h* 4+ 3h + 1 for r = 1, whence k = h + 3. Since we
have s + 2 = h/2 + 1 classes containing elements 1, T, and H’, we have
h/2 4+ 2 classes containing elements R and S. The orthogonality relation

3 If 2h — 1 were divisible by two distinct primes p, and p» , we would have elements S
of orders p; and of orders p» . Forr = 1, 8 and S~ are not conjugate. We would have
at least four classes of elements S.
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for x2, xo yields
(2h + 1) + g/2h + s(g/h) — el =0.
This shows that the number of elements R is equal to
2h + 1+ (20 + 1)(h + 1)(1 + 2s)
= (2h + 1)1+ (h+ 1)(h — 1)) = (2h + 1)K
By (39) each class ®; consisting of elements R contains
g/(h + 1) = (2h + 1)(2h)

such elements, and hence there are h/2 classes consisting of elements R.
Thus there are exactly two classes consisting of elements S. As already
remarked,” this is only possible if 2k 4+ 7 is a power p" of a prime,

(40) 2h + 7= p".
We had shown above that ¢(S) = 2h + 7 for r = 1. We can now prove
that this holds for r = —1. Indeed, since k = ¢ 4+ 2, we have two nonreal

classes in this case, and these must be the classes containing the elements S.
If 8 is chosen such that S occurs in the center of the p-Sylow group P,
then ¢(8) = p" = 2h 4+ = = 2h — 1. Since the other class is represented
by S7%, we have ¢(S™') = 2h — 1 for the elements of this class. Hence

(41) c(8) = 2h + 7.

11. The groups % and & and their normalizers

(II.L) The group ® has an abelian subgroup R of order h + 7. The
centralizer €(R) of each element R can be taken for R.

Proof. Our previous results show that for each element R, we have
¢(R) = h + 7,

that the elements of €(R) different from 1 are of the type R again, and that
R is real. Now, Theorem (4D) of [1] shows that ® = G(R) is abelian.

It follows from Theorem (4F) of [1] that if the order of the normalizer
N(R) is w(h + 7), then w divides h + 7 — 1, and we can set

g=wh+ 7)1+ NG+ 1))

with integral N = 0. Hence w(1 + N(h + 7)) = 2h(2h + r), whence
w = 2h(2h + 7) (mod h + 7). Hence w = —27(—7) = 2 (mod h + 7).
Sincew < h + 7 — 1, we must have w = 2. Thus

4 Since the case r = —1 has been settled above, we may assume » = 1. Here, ¢(8) =
2h + 1. If 2h 4+ 1 were divisible by two distinct primes p; and p; , we would have classes
of elements S of each of the orders p;, p2, and p1 p2 .
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(IILM) The normalizer of the subgroup R in (ILL) has the order
2(h + 7).

As a consequence, we have
(ILN) If an element R is conjugate to a power R* in ®, then R* = R*.

Indeed, if G'RG = R*, and if we take ® = G(R), then G7'RG = K.
Hence G e H(R), and by (ILM) G*e¢R, R = R, i = 1 (modh + ).
Since h + 7 is odd, then y = &1 (mod h + 7).

If 7 = 1, the element S belongs to a real class, and the same argument as
used in (II.L) shows that €(S) = & is abelian. In order to have the same
result for 7 = —1, we have to use a more complicated procedure.

(I1.O) Lemma. Let ® be any finite group. Let p be a prime dividing
the order g of ®, and make the following assumptions:

(a) If Q is an element of prime power order ¢ > 1, p ¥ q, the order of
NUQ}) s not divisible by p.

(b) A generalized quaternion group does not appear as a subgroup of ®.

Then either the p-Sylow subgroup of ® is normal in ®, or any two distinct
p-Sylow subgroups have intersection {1}.

Proof. Suppose that there exist two distinct p-Sylow subgroups P and
B with B n B; = D # {1}. Choose B and P, so that D has maximal order.
Then P aRN(D) DD, P nN(D) DO D, and

(PnaR(D)) n (PrnN(D)) = D.

Hence N(D) has two distinet p-Sylow subgroups whose intersection is not
{1}.

Choose a principal series of NM(D) through D, and let B be the last group
different from {1} in this series. Since $ & D, B is a p-group and hence
abelian of type (p, p, ---, p). Choose a normal subgroup % of N(D) such
that (1) A 2 B, (2) A has at least two distinet p-Sylow subgroups, and (3)
A has minimal order, subject to the previous conditions.

Since ¥ is normal in A, the transformation of B by an element A ¢ A can
be described by a matrix [4] with coefficients in the Galois field with p ele-
ments, and the mapping 4 — [A] is a homomorphism. Let ¢ denote the
smallest prime factor > p of (A:1). Since A cannot be a p-group, such a
prime q exists. Let Q be a ¢-Sylow group of 2, and let Q ¢ Q, @ # 1. The
assumption (a) shows that @ cannot commute with an element B # 1 of
8. Hence the linear transformation belonging to [@] does not leave a vector
# 0 fixed. It follows that {Q cannot have a subgroup of type (g, ¢q). It
follows that L is cyclic, O = {Qo} say. Suppose that two distinct powers
Q and Q" are conjugate in . We may then find an element A of prime
power order pg such that A7'QA = Q" % Q, A ¢ A. Then p, must be dif-
ferent from ¢q. Since po must divide ¢ — 1, it follows from our choice of ¢
that ps can only be p itself. But this is excluded by the assumption (a).
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Hence no two distinet elements of Q are conjugate in %. Now, Burn-
side’s Theorem shows that 9 has a normal subgroup 2, consisting of the ele-
ments of U of orders prime to ¢. Clearly, 2, is even normal in
N(D). Moreover, all p-Sylow subgroups of U appear in A and B & Ao .
This shows that U, satisfies the conditions (1), (2) imposed on 2, and as
Ao < A, we have a contradiction. The lemma (II.O) has been proved.

We use (I1.O) to show that for any element S, the group €(S) is abelian.
If p is as in (40), and if P is the p-Sylow subgroup of &, we have to show
that P is abelian, since we know that ¢(8) divides 2h + 7; cf. (IL.K). As

already remarked, we may assume that 7 = —1. If we choose Sy # 1 in
the center of P, we certainly have ¢(S;) = p". Since every element S is
conjugate to Sp or Sy’ in the case + = —1, ¢(S) = p". Hence every ele-

ment S appears in the center of some p-Sylow subgroup. If P is not abelian,
there must exist two distinct p-Sylow subgroups whose intersection is dif-
ferent from {1}. Since the condition (b) of (II.O) is satisfied for our ©, it
remains to check condition (a) of (II.O). Since ¢ # p, an element @ of
order ¢* > 1 is either conjugate to an element of H or to an element R. If
we had P7'QP = @, Q" = Q*; f. (IL.A), (IL.N). But since

c¢(P) = 2h + 7,

we cannot have P'QP = Q. If P7'QP = @', P would have even order,
which is equally impossible. Hence we have a contradiction.
Thus,

(IL.P) The p-Sylow group B of order 2h + 7 = p" of ® is abelian.

Two elements of P are conjugate in & if and only if they are conjugate
in N(P). Since c(P) = 2h + 7 forevery P < 1in P (P being of type (8)),
we see that the number of conjugates of P belonging to P is equal to
(N(B):B). But since we have two classes of elements S, it follows that

2(N(P):P) =p" — 1.
Hence N(P) has the order

1,00, 0 _J(2h 4+ 1R for =
w"(p “1)‘{(2h—1)(h—1) for 7 =

[l
| &
—

12. Proof of the main theorem

Since @ has a subgroup N(PB) of order (2h + 1)h for + = 1 and of order
(2h — 1)(h — 1) for 7 = —1, it follows that @ has a representation 3 as a
transitive group of permutations in 2(h 4+ 1) or 2k letters respectively.

The case + = 1. After removing the unit character from the character
of 3, we have a character of degree 2k + 1 which no longer contains the unit
character. It follows from (II.J) that this character must be irreducible
and equal to x.. Hence 8 has the character x1 + x2. Since two distinct
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irreducible constituents appear, 8 is doubly transitive. The number

x1(@) + x2(G)

gives the number of symbols left fixed by 3(G). It follows from (27) that
thisis 2 for G = H % 1. For G = §, it is 1 by (37), and since

Xz(R) = -7

as remarked in connection with (38), it is O for B. Hence no 3(G) with
G # 1 leaves three letters fixed. Because of the double transitivity, the
subgroup leaving two letters fixed has order ¢g/(2h 4+ 2)(2h 4+ 1) = h, and
the subgroup leaving one letter fixed has order A(2h 4 1). The elements
of order 2 leave two letters fixed.

The case + = —1. Here, the character of 3 has the form x; + x where
x is a character of degree 2n — 1. It follows from (IL.J*) that x = x2.

Again, B is doubly transitive. It follows here from (27) that the elements
B(H") for H # 1 do not leave any letter fixed. The elements 3(R) leave
two letters fixed, and the elements 3(8) leave one letter fixed. No element
3(@), G # 1, then leaves three letters fixed.

The subgroup for which B(G) leaves two letters fixed has order

(2h — 1)(h — 1),

and the subgroup for which 3(G) leaves two letters fixed has order h — 1.
In both cases, 3 is faithful. Indeed, the degree is at least 3 and only
B(1) leaves three letters fixed.
We now apply Zassenhaus’ method; cf. [2]. We have a group of permuta-
tions of N + 1 letters, doubly transitive, such that only the identity leaves
three letters fixed. The order of the group is

3(N + HDN(N — 1), N =2h+r

In the case 7 = —1, Zassenhaus’ assumptions are not quite satisfied, since
the subgroup leaving two letters fixed does not contain elements of order 2.
However, the method still works. This yields the result:

O == LF(2,2h+ 1) (r = =£1).

ITII. Tae Case B

1. Assumptions
We assume here
(I) @ is a finite group of type (S).
(II) The 2-Sylow subgroup T of & is abelian of type (2, 2,---, 2), of
order 2° > 2.°
(ITI) & does not have a proper normal subgroup which includes ¥, and

G =T

5 For ¢ = 2 assume also that €(T) =T for T e<T, T = 1; cf. (1).
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As shown in I, it follows from (I) and (II) that for @ = 3, we have
&T)=2g

for TeZT, T # 1. Thecasea = 2, €(T) # T forsome T ¢ T, T 5 1 has
been treated in II. Hence we assume that if @ = 2, we still have

(1) &) =% for TeZ, T 1.

2. The classes of involutions

(IIT.A) Al elements of order 2 of & belong to the same class of conjugate
elements.

Proof. Suppose that X and Y are two involutions which belong to dif-
ferent classes. Then by Lemma (3A) of [1], there exists an involution Z
such that Z e €(X), Z e C(Y). If X €Z, it follows from (1) that

ZeCGX) =g, YeC(Z) =XZ.

Hence all the elements of the class of ¥ belong to £. By reasons of sym-
metry, the same is true for the class of X. It follows that T consists of full
classes of conjugate elements. Hence T is normal in @, and this has been
excluded.

3. The normalizer of T

Let ! = N(T). It is clear that two elements of T are conjugate in ® if
and only if they are conjugate in M. Hence the class of T' (T e¢Z, T # 1)
in N consists of all elements %1 of £. Thus,

2" —1=NRMNn&(T)) = (N:T).
It follows that
(N:1) = (2° — 1)2°

Any two different 2-Sylow groups € and T, have intersection {1}. Indeed,
if Ty eT nT;, and if we had Ty # 1, we would find
@(To) = I and @(To) = 3:1 .

It is now clear that the number of 2-Sylow groups of ® is congruent to 1
(mod 2%). If we denote this number by 1 + 2°N, we have N = 1, since
T is not normal in . Hence (&:M) = 1 + 2°N = 1 4+ 27 and we have

(2) g=2"(2" = 1)(1 +2°N) =z (2* + 1)2°(2" — 1).
4. The class relation
Let &1, &, -+ -, & denote the classes of conjugate elements of & where
we choose the notation such that 1 e, T ¢ R for T of order 2, and such
that &, K, ---, K are real. Let K; denote the sum of the elements of

f; taken in the group algebra of ® over the field of rational numbers. It
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follows from [1], (2A), (4B), that
(3) K; = (9/2K: + (2 = 2)Ks + 2is ¢(G)K;,

where G; denotes a representative of ;. Comparing the number of ele-
ments of & appearing on both sides of (3), we find

g/2" = g/2" + 2°(9/2") — 2(¢/2°) + (t — 2)g,
whence

(4) g = (t —1)2" — 2%
5. The degrees of the irreducible characters of ®
Let x1, x2, -+, x&x denote the irreducible characters of ®; let

fi = x(1)

be the degree of x;. Take xi1 as the unit character.
If we set x;(T) = 2;, then 2; is a rational integer. The orthogonality
relations for x; | T yield

(5) fi+ (2" = Dz = b; 2%,

where b; is a nonnegative rational integer, the multiplicity of the unit char-
acter in x; | T. We choose our notation so that z; > Ofor j = 1,2, .-+, 7}
zi<Oforj=r+1,r+2 ---,r+s82=0forj=r+s4+1,---,k
Except for j = 1, we do not have z; = f;, since otherwise T would belong to
the kernel of x;, and this is excluded by the assumption (III). It follows
from (5) that we can set

(6) fi =2z + 2%;

with rational integers ¢;. Since z; < f; for j # 1, we have here

(6a) ;=1 for j=2,3,:--,7.
Forj=r+1,---,r+ s wehavec; = b; — 2; = —z;, that is,

(6b) ¢ = | 2| for j=r4+1,---,7r+s
Finally

(6¢) ;=1 for j=r+s+1,--- k.

Now g = 2 s f5. Since k = ¢, it follows from (4) that some of the f; with
j 2 2 must be smaller than 2°. It follows from (6) that this can only be
so in the case of (6b). Since D ju1 | x;(T) |* = ¢(T) = 2°, we have

(7 g =20

Thus, | 2; | < 2% and we must have ¢; = 1,2, = —1.
Suppose that we have b values of j for which z; = —1, ¢; = 1, that is,
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fi=2"— 1. Since 2, = 1, it follows from (7) that
(8) b=s2"—1.
The term f; = 1 and the b terms 2° — 1 contribute
1+ b(2° — 1) =02" —2°"p + b+ 1

to Y 54 f7 = g. Hence, for the remaining ¥ — b — 1 terms, we have, by

(4),
(9) Sift=g -t 42— b — 1
=({@=b—1)2" —2" 42" — b — 1.

Since £ is the number of all classes of conjugate elements of ®, and ¢ the num-
ber of ‘“real” classes, we have k = ¢. If k > ¢, then k = ¢ 4+ 2, as the non-
real classes appear in pairs. Then, there appear

k—-b—1=2@{—-b—-1)+2
terms f7 = 2* on the left-hand side of (9), and this side is at least
(t—b—1)2" 4 2.2%,

By (8), 2°™b < 2.2, and (9) leads to a contradiction. Thus, ¢ = k and
we have

(IIL.B) Al classes of ® are real.
Suppose that some of the f; in (9) were at least 2°** — 2. Then
fi = 20" — 2" L4 = 3.2" 4 2" — 8.2" 4 4,
and we see that the left side of (9) would be at least
(k—b—1)2" + 3.2 — 8.2° + 4,
Because k = ¢, (9) yields
3.2 —8.2° 445 -2+ 2" —b— 1.
Using (8), we obtain 2°™'b < 2.2 — 2.2°, and hence
2" 4+ 6 < 5-2%

This is certainly false for @ = 3, since 2 = 8-2°. It is also false for a = 2.
Hence all f; satisfy f; < 2-2 — 2. Now (6) shows that we must have ¢; = 1
in the case of (6a) and (6¢). If | 2z;| = 3 in the case of (6b), then¢; = 3
andf; = 2; + 3-2" =2 —2° + 3-2% since |2; | < 2° by (7). This is impossible.
If z; = —2, then ¢; = 2 and f; = 2-2" — 2, which was also excluded. If

zi = —1 and ¢; = 2, we have likewise a contradiction. Hence we must have
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zij = —1, ¢; = 1. This yields the result:

(III.C) The degrees of the irreducible representations of & have the following
values:

=1, fi=2+2, i=23 -,

with z; > 0,
fi=2a'_1’ j=7’+1,"',7‘+8,

and s = b,
fi=2% forj>r+s+ 1.

Moreover, (cf. (7)),
(10) D1l + s = 2%
By the orthogonality relations, we also have
0= 2fixi(T) = 2ifizs=1+ 2 ia(2" + 25)2; — s(2° — 1).
This yields 2°( > j-22; — s) + 2° = 0, and hence
(11) Siezi=s8—1.

The coefficient 2 — 2 of K, in (3) can be expressed by the characters in
the form

(12) 2" -2 = Zx’(],T) .

Because of the values obtained for the fj and z; = x;(T), the sum here is

1+ !

_22“+z, 2“—1.

Now, \ \ \
g _ Pr > %
2tz (2¢/z)+17 22417
and the sum is at least equal to
+1,z=:2z’ T‘l——'i= 1+22:i11"s2a1—1;
cf. (10). Thus, (12) yields
20, 20 a
(2.,_2)22.,292 142 (3«;_*_?)(2«;2_-58-'-1 s2° s
(13) (2" — 2)22(2" + 1)(2° = 1) 2 9(22”1 — grHy 2a+l).
Combining this with (2), we find
2" —222"" -2 —-2  25=2%

On the other hand, by (11) and (10)
(14) s = Z;=1 2 = Z;==1 zf = 2" — S,
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whence 2s < 2°. It follows that 2s = 2°; moreover, in (13) and (14) the
equality sign must hold. This implies that g = (2° + 1)2°(2° — 1), that
2y =2 = --+ =2z = 1, and, finally, that »r = s. This yields the results

(III.D) ® has the order g = (2" 4+ 1)2%(2* — 1).

(IILE) © has exactly 2 — 1 degrees 2* + 1, and 2°~" degrees 2* — 1, and
one degree 1. All other degrees are 2°.

It remains to find the number of degrees 2°. Combining (4) with the value
of g, and the equation ¢t = k, we have (k — 1)2° — 1 = (2° — 1)(2° 4+ 1),
whence £ — 1 = 2°. Since we have 2* degrees 1, 2° + 1, 2° — 1, we have
exactly one degree 2°.

(ITLE*) There is exactly one degree 2°; k = 2* + 1.

6. The main result

Since & has a subgroup M of order (2° — 1)2° that is, of index 2° + 1, it
follows that & has a transitive representation 8 by permutations of 2* 4 1
objects. If the character of 8 is x; + x, then x is a character of ® of degree
2% which no longer contains x; . Comparison with (III.E), (IIL.LE*) shows
that x = x:. Since xy is irreducible, 8 is doubly transitive.

If R is an element of ® whose order is divisible by a prime factor p of 2* 4 1,
then all characters x; of degree 2° + 1 vanish for R. Likewise, if S is an
element of @ whose order is divisible by a prime factor p’ of 2° — 1, then
x1(8) = 0 for all x; of degree 2* — 1. Thus x;(R)x;j(S) =0 for
1 <j <k Now the orthogonality relations for group characters yield
xx(R)xx(S) + 1 = 0. Since x; is the only irreducible character of its
degree, its values are rational integers. It follows that xi(R) = =+£1,
x:(8S) = F1. Thus xx(X) for X # 11is0, +1, or —1, and the character
of 8 for X 5 1 has only the values 1, 2, 0. In particular, the representation
8 is faithful. Moreover, no 8(X) with X 5 1 leaves three objects fixed. It
follows that 8 is triply transitive: The subgroup leaving one letter fixed has
order 2°(2° — 1) ; the subgroup leaving two letters fixed has order 2° — 1; the
subgroup leaving three letters fixed has order 1.

Now, Zassenhaus’ results apply. It follows that @ = LF(2,2%).

7. Groups ® which satisfy the assumptions (1), (II), but not
the assumption (lll)

If & satisfies the assumptions (I) and (II), but not the assumption (IIT),
let ®o be a seminormal subgroup of & of minimal order which includes the
2-Sylow subgroup £. Then @ = @. Again ©, satisfies the assumptions (I)
and (IT). If @&, £ T, then ®, will satisfy the assumptions (I), (II), (III).
Hence & = LF(2, 2°).

Let ®,; be a group which precedes & in a composition series from © to &, .
Then ® isnormalin @;,. If T eZT, T # 1, and if X ¢ ®, , then X 'T'X is an



ONE-DIMENSIONAL UNIMODULAR PROJECTIVE GROUPS 745

involution of ®, and hence conjugate to 7' in ® . Thus X'TX = Y™'TY
with ¥ ¢ ® . It follows that XY ' ¢ G(T). Since ¢(T) = 2°, §(T) = E,
and we find X eTY & ®,. Hence &, = @, , a contradiction.

Thus, & = L. Suppose

G0H D -D2H =T

is a composition series from @ to T. Suppose we know already that & is
normal in §; for some I. Then T is characteristic in $; and hence normal in
$i1. This shows that  is normal in ®,

G = NET).

Since N(T)/€(T) is isomorphic with a subgroup I of LH (a, 2) in the usual
manner, we have here /T = . In our case, no element M = 1 of M has
a fixed point. Also, I has odd order. It follows thatall Sylow subgroups of
M are cyclic, and this implies that I is soluble. Hence & is soluble too.
Thus, we have

(IIL.F) Let & satisfy the assumptions: (I) & s of type (S). (II) The
2-Sylow subgroup T of ® is abelian of type (2,2, -+, 2), order 2° = 4. For
a = 2 assume also that €(T) =T for T ¢, T = 1.

If & does not satisfy the assumption (1I1), then T is normal in &, and ® s
soluble.
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