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Abstract Our aim in this article is to deal with boundary limits of monotone Sobolev
functions in Musielak—Orlicz spaces on uniform domains in a metric space.

1. Introduction

We denote by B(z,r) the open ball centered at x with radius » > 0 and set
AB(z,r) = B(x,Ar) for A>0. A continuous function v on an open set D in the
n-dimensional Euclidean space R" is called monotone in the sense of Lebesgue
(see [13)]) if the equalities
maxu = maxu and minu = minu
G oG G oG

hold whenever G is a domain with compact closure G C D. If u is a monotone
function on D satisfying

/ |Vu(z)‘pdz < oo for some p>n—1,
D

then

(1.1) lu(z) — u(y)| < C(n,p)ri—/? (/

’Vu(z)‘pdz) v
2B(x,r)

whenever y € B(z,r) with 2B(z,r) C D, where C(n,p) is a positive constant
depending only on n and p (see [17, Chapter 8], [20, Section 16]). By using this
inequality (1.1), Lindel6f theorems for monotone Sobolev functions on the half-
space of R™ were proved in [6], as an extension of [16, Theorem 2], [14], and [15].
Tangential boundary limits of monotone Sobolev functions with finite Dirichlet

integral in the half-space were studied in [16]. For Orlicz spaces, see [3]. For
related results, see [7], [12], [17], and [19].
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We denote by (X,d,u) a metric measure space, where X is a set, d is a
metric on X, and p is a Borel measure on X which is positive and finite in every
ball. We write d(x,y) = |x — y| for simplicity. A domain D in X with 9D #0 is
a uniform domain if there exist constants A; > 1 and As > 1 such that each pair
of points z,y € D can be joined by a rectifiable curve « in D for which

(1.2) (y) < Aslz =y,
(1.3) 6p(z) > Aomin{l(v(z,2)),£(y(y,2))} forall z€7,

where £(v), dp(z), and y(z,z) denote the length of v, the distance from z to
0D, and the subarc of v connecting x and z, respectively. Roughly speaking,
a domain D is a uniform domain if each pair of points in D can be joined by a
cigar which is not too thin or too crooked. For example, a Lipschitz domain is a
uniform domain (see [18]). Lindel6f theorems for monotone Sobolev functions on
uniform domains were studied in [5].

Variable exponent Lebesgue spaces and Sobolev spaces were introduced to
discuss nonlinear partial differential equations with nonstandard growth con-
ditions. For a survey, see [2] and [4]. Let B be the unit ball in R™. Lindelof
theorems for monotone Sobolev functions in variable exponent Lebesgue spaces
LP0)(B) were investigated in [9]. For the two variable exponents Lebesgue spaces
LPC) (log L)40)(B), see [10]. These spaces are special cases of so-called Musielak—
Orlicz spaces. Futamura and the authors [8] studied Lindelof theorems for mono-
tone Sobolev functions in variable exponent Lebesgue spaces on uniform domains
in a metric space.

Our main task in this article is to establish Lindel6f-type theorems for mono-
tone Sobolev functions in Musielak—-Orlicz spaces on uniform domains in a metric
space (see Theorem 2.2) as an extension of the above results. What is new about
this article is that we can pass our results to the Musielak—Orlicz spaces; the
technique developed in [3, Section 2] still works. We shall also show tangential
boundary limits of monotone Sobolev functions in our generalized setting (see
Proposition 4.1). Theorem 2.2 and Proposition 4.1 are new even for a constant
exponent case.

We state definitions and results in the next section. In Section 3, we prepare
some lemmas to prove our results. We prove Theorem 2.2 and Proposition 4.1 in
Section 4. Throughout this article, let C' denote various constants independent
of the variables in question.

2. Definitions and main results

In this article, for py > 1, we are concerned with a positive continuous function
p(+) on X satisfying the following conditions:

(pl) po <p~ =infrexp(z) <pt =sup,ex p(r) < oo,

(02) [p(z) = P(Y)| < grigpior all 2,y € X.
If p(-) satisfies (p2), we say that p(-) satisfies a log-Holder condition.

Let ¢ be a positive function on X x (0,00) such that
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(¢0) 0<infzex ¢(z,1/2) and sup,cx ¢(z,2) < 005
(1) @(-,t) is measurable for all ¢t > 0 and ¢(z,-) is uniformly quasi-
increasing:

o(x,s) <Crp(z,t) for all x € X whenever 0 < s < t.

We assume that ¢ is of log type; namely, there is a constant Cy > 0 such that

(¢2) ég%ﬂ?g@ for all z € X and ¢t > 0.

We further assume that ¢ satisfies the local log-Holder-type condition:

(¢3) C% < f}gﬁ:j? < Cj5 for all z,y € X with |z —y|<r and r < 1.
The constants C1—C'5 are independent of x,y € X and ¢,s,7 > 0.

We see that (¢0)—(¢2) imply the uniform doubling condition:
(p2.1) C71 < % <C forall z € X and 27 1s <t < 2s.
Further,
(¢2.2) teop(x,t) is uniformly quasi-increasing on (0, 00) for every g > 0;
(92.3) t=1p(x,t) is uniformly quasidecreasing on (0,00) for every e >0

(see, e.g., [17, Chapter 5, Lemma 3.1]). If (x,t) is of log type, then ¢(z,t71) is
also of log type.

EXAMPLE 2.1
Let ¢;(-), j=1,...,k, be measurable functions on X such that

(ql) —oo<gq; :=infrex gj(z) <sup,ex qj(x) =: qj' < oo
forall j=1,...,k.
Set LM (t) =log(e+1t) for t >0 and LUV (t) = LM (LU (t)) inductively. Set

k
plz,t) = [T(LD )",
j=1

Then ¢(x,t) satisfies (¢2), and ¢(x,t) satisfies (1) if either
(i) g, >0 for some 1 <¢ <k and qj 20forj=1,2,....0—1, or
(ii) q; >0 forall j=1,... k.

We see that p(xz,t) satisfies (¢3) if
(g2) for each 7, ¢;(-) is (j + 1)-log-Holder continuous, namely,

Cy,
|4j(2) = ¢;(y)] < LGD(1/[z —y)|)

for all x,y € X with constants Cy, > 0.

For a function ¢ satisfying all the conditions (¢0)—(¢3), set

tP@) p(z,t) t>0,
@(m,t):{o pla,t) —o

We see from the assumption p~ > 1 in (pl) and (¢2.2) that
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((I)O) hmt*}(H, til(P(l', t) =0;
(®1) t+t~1®(x,t) is uniformly quasi-increasing on (0,00).

Here note that if ®(z,t) is convex for each z € X, then (®1) holds; in fact,
t=1®(z,t) is nondecreasing for each z € X.

Let D be a domain in X with 0D # (). A continuous function u is called
monotone in D (see [0]) if there exists a nonnegative function g € LY° (D) such
that

(2.1) lu(z) —up| < CT(M(U;B) /aBg(Z)pO dp,(z))l/Po

for every x € B with ¢B C D, where o0 > 1, B = B(y,r), po is the constant
appearing in (pl), and
1

ug = @/Bu(z) du(z).

In this article, following [5] and [7], we consider the boundary limits of func-
tions © on a uniform domain D for which there exist a constant o € R and a

nonnegative function g € L° (D) such that

loc

! 1 Po
(22) ua) = @] < Cr (s [ ey duto)
for every x,2’ € B with ¢ B C D, where 0 > 1, B= B(y,r), and
(2.3) /D ®(2,9(2))0p(2)* du(z) < 1.

Note here that (2.1) implies (2.2). Let u be a Borel measure on X satisfying the
doubling condition

1/po

w(2B) < cap(B)
for every ball B C X. We further assume that
w(B') ¢
2.4 >c(%)
24 wB) =
for all balls B’ = B(z',7’) and B = B(z,r) with 2/, € D and B’ C B, where
s>1 (see, e.g., [11]). Here note that if y satisfies the doubling condition, then

u(B’) > C;2<1’)1°g2 ca
u(B) r
for all balls B’ = B(z2',r') and B = B(z,r) with 2/,2 € D and B’ C B (see, e.g.,
[1, Lemma 3.3]).
Let u be a function on D, and let £ € D. For 8> 1 and ¢ > 0, set

Ts(&e)={xeD:|x—¢" <cdp(z)}.

We say that u has a tangential limit of order S at £ if the limit

lim  u(x)
T (&;0)20—¢
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exists and is finite for every ¢ > 0. In particular, a tangential limit of order 1 is
called a nontangential limit.

Our main aim in this article is to establish the following result concerning
the Lindelof-type theorem.

THEOREM 2.2
Let u be a function on a uniform domain D with g > 0 satisfying (2.2) and (2.3),
and let 8> 1. Suppose s+a—1<p~ <p"t <s+a, and set

Eg = {f €oD: limsuprﬂ(p(g)_s_a)*'sap(f,r_l)_lu(B(&r))_l

r—0

X /B(&T)me)(z,g(z))éD(z)a du(z)>0}.

If £ € 0D\ E and there exists a rectifiable curve v in D tending to & along which
u has a finite limit L, then u has a tangential limit L of order B at &.

REMARK 2.3

Let 3> 1. Let hg(r;z) = rPP@+ste)=s (g p»=1) 4 (B(x,r)) for € 9D and 0 <
r <7, where 7 > 0. Assume that hg(-;x) is nondecreasing on (0,7) for each = €
OD. For EC 0D and 0 <rg <7, let

HO (B) =int{ S ha(rs;ag)i B € | J Blaj,r),0 <y <o ).
J J

Since H }(LZO)(E) increases as 7y decreases, we define the generalized Hausdorff
measure with respect to hg by

Hy,(B)= lim H{"(E).

ro——+0

Clearly, H,(ZZO)(E) and Hp,(E) are measures on X.
If g satisfies (2.3) and p~ > s(1 —1/8) 4+ a, then Hy,(Eg) = 0. In particular,
if g satisfies (2.3) and p~ > «, then Hj, (E1) =0.

COROLLARY 2.4
Let g =q1 be as in Example 2.1. Let u be a monotone Sobolev function on a
uniform domain D in R"™ satisfying

(2.5) / ‘Vu(z)’p(z) (log(e + ‘Vu(z)’))q(z)ép(z)“ dz < .
D
Suppose max{n —1l,n+a—1}<p~ <p" <n+a. Set

Eé = {g c€0D: limsuprﬁ(p(g)_"_a) (log(e + r_l))iq(g)

r—0
X / |Vu(z)|p(z) (log(e+ |Vu(z)|))q(z)5D(z)”‘ dz> O}.
B(&,r)ND

If¢€ 0D\ Ela and there exists a rectifiable curve v in D tending to & along which
u has a finite limit L, then u has a tangential limit L of order B at §.
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3. Preliminary lemmas

Let us begin with the following result borrowed from [9, Lemma 3].

LEMMA 3.1
Let {p;} be a sequence such that p, =infp; >1 and p* =supp; < co. Then

. 1/q ’ l/q/
> lasbsl <2( 3 lagl ) (3 sl
where 1/p; + 1/ =1, = p. if L, > b5, and g =p* if X ag|> <
> 1b;1Pa
LEMMA 3.2 (CF. [5, LEMMA 1])

Let D be a uniform domain in X. Then for each € € 0D there exists a rectifiable
curve y¢ in D ending at & such that

for all z € ¢, where A3 is a constant depending only on Ay and As.

Fix £ € dD. For x € D, set
r(x) =€ —al.

Now, we give the estimate of

- +
Fu(z,y) = min{|u(z) —u(y)|” , [u(z) —u(y)|” }

whenever x and y can be joined by a rectifiable curve v in D such that

(3.2) 6p(2) = Aol ((z, 2)) and oB(z) C B(&, cor(w))

for all z € v, where Ay and ¢ are positive constants, ¢ is the constant appearing
n (2.2), and B(z) = B(z,dp(z)/(20)).

REMARK 3.3
Let D be a uniform domain. Suppose that z,y € D satisfy

Q7 'r(x) <r(y) < Qr(x)

for some @ > 1. Here let v be a rectifiable curve in D joining = and y and
satisfying (1.2) and (1.3). Take ¢ € v such that £(v(x,¢)) = £(v(y,()), and set
v1 =y(z,¢) and v2 = v(y,{). Then each ~; satisfies (3.2) with Ay = Ay and
Co = 3(A1(Q+ 1) + 1)/2

In fact, we have by (1.3)

dp(2) 2 Asmin{l(y(z,2)),£((2,)) } = A2l (n1(,2))
for z € v1. Take w € 0 B(%) for z € 7. Then note that

=€ <o =4z - €< -6 < 5 ) + () < HRETD
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since we have by (1.2)
(y) <Az —y[ < A(Q + D)r(z).
Similarly, we have

6p(2) > Axl(12(y, 2))
and 0B(z) C B(§,¢or(y)) for z € vs.

LEMMA 3.4 (CF. [3, LEMMA 2.2])

Let \e R, and let x,y € D. Let u be a function on D with g >0 satisfying (2.2)
and (2.3). Suppose that points x and y are joined by a rectifiable curve v in D
satisfying (3.2). Let 0 <e < 1.

(1) Ifpt <s—=\, z €Ts(&;¢) for somec> 0, and r(x) < min{l/co, Ag/co,1},
then

Fula.y) < C{r@) O e r@)™) T u(B(r@) ™

x/ ®(z,9(2))dp () du(z) +r(x)p—(176)}7
B(&,cor(x))ND

where C' may depend on €.
(2) Ifp” >s— A\, z€ D, and r(x) <min{l/cy, Ao/co, 1}, then

Fu(a,y) < C{r@ O (g r@) ™) " u(B(gr@)) ™

zZ,9(% 2)~ 2 r(z)?” (1—¢)
x /B(&CM@))OD‘I’( ,9(2))6p(2) " du(z) +r(z) }

where C may depend on €.

Proof
We can take a finite chain of balls By, By, ..., By such that

(i) Bj=B(z;), z; €7, xo =z, and y € Bn;

(i) €0y (25,2541)) > b () (20) and €y (,2500)) > (i)

(iii) Bj N By #0 if and only if |j — k| <1;

(iv) c1dp(z) < dp(xj) < cor(x), where ¢; is a positive constant depending
only on 4y and o;

(v) for each t >0, the number of z,’s such that ¢ < dp(x;) <2t is less than
co, where ¢o is a positive constant depending only on Ag and o;

(vi) Z;\[:O XB,(2) < c3, where xg denotes the characteristic function of
and c3 is a positive constant depending only on the doubling constant of ;1 and o.

See [7, Lemmas 2.1 and 2.2] and [8, Lemma 2.3].
Consider the function p.(z;) =inf.c,p; p(2). Since p.(x;) > po, we see that

1/p«(z5)

ulc) = (@) < Conle) (s [ gt auto))
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for every (1,¢2 € B;. Set G; ={z€0Bj :g9(2) > dp(x;)°} for 0 <e < 1. Then
/ g(2)P~ @) dp(z)
oB

)

:/G g(z)p(z)g(z)p*(mj)fp(z) dp(2)

J

+/ 9(2)P= ") dp(z)
aBj\G;

S/ g(Z)P(Z) du(z) —i—y,(g-Bj)(SD(xj)fsp*(zj)
G

J

since 6p(2;) < cor(a) < 1 by (iv). By (1), (¢2), and (3), we have
(2,9(2) " < Cp(2.0p(x;) %) <CE)p(20p ()"
< C(e)p(x;,0p(x;) 1)
since |z — x| < 6p(x;)/2 < cor(z)/2 < 1/2 when z € G;. Hence, we obtain
|u(Gr) — u(Ge))|
= C{‘SD(%‘)@(%5D($j)_1)_1/%(%)#(033')_1/”*(””')

([ 2(a)au)

J

Here note from (2.4) that
(o By) =1/
= M(UBJ.)—1/17(931)#(03].)—(?(11)—17*(Ij))/(p(ﬂsj)p*(wj))

-1

1/pa(z;)

+5D(xj)1—8}.

j —(p(z5)—p«(x;))/(p(2;)p«(2;))
Su(ijr”p(mf){CM(B(S,CO))(M)S} P(e)=p= (1) /(0P (2

< Cu(oB;) ™Y /P@) 6y (2;)~C/ 108(1/0p ()
< COp(oBy) /P

200

since dp(x;) < co by (iv) and 0 B; C B(&,cor(z)) C B(§, co). Similarly, we have
CL6p () /P () < §p(2;) /@) < OO (a;)/P+ (@),
and by (¢2.2),
(5, 0p (25) ) P
= sO(CEJ.’(;D(xj)—l)1/p(acj)71/p*(:;cj-)w(acj_?5[)(%_)_1)71/;7(931)
< C(ép(xj)ff’)’c/ 1og(1/5D(:cj))(p(xj,5D(xj),1)71/p(mj)

< Cp(aj,6p(ay) 1) P,
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Therefore, for A € R, we find by (2.3),
|U(C1) —U(C2)|
<Cls ) 5 N1 —1/p(z;) B —1/p(x;)
= D(xj)@(xja D(wj) ) u(o j)

< ( / 0 (20(2) du(2)

C{5D( )1+/\/p(z1)¢($j75D(xj)—1)71/p(zj)M(UBj)_1/p(Ij)

) )

)1/17(%')

([ @i @) " o)

since dp(z;)/2 <dp(z) <3dp(z;)/2 for z € 0 B;.
Set pj =p(z;), and pick z; € Bj_1NBj for 1 <j < N;set zo=x and zy41 =
y. By the above inequality, we see that

|u(z) —u(y)|

N
<Y fulzipn) —ulz)|
=0

N
< {3 on(ay) P (w500 (w5) ) T (o By) TP
=0

([ o9)in0) 7 duto)

Taking integers ko and k; such that 27%0—1 < ¢or(x) < 27%0 and 27F1—1 <
c19p(x) < 27%1 we see from (iv) and (v) that

25D )l=e < Z( Z 6D(-'L'j)1_6)

k=ko 2-k=1<§p(z;)<2—k
< ey Z (27’6)17&‘ < 0(27]{20)176 < CT(x)liS.

Hence, we have by Lemma 3.1

|u T —u(y)|

< C’{ (Z Sp(x p](1+)\/p7) (xj,5D($j)71)_p;/pju(aBj)*P;/pj)l/q’
=0
“

> | aCage)in) N dut)) ey}
SC{ (qul/UUB (I)(z,g(z))(;D(z)*)‘du(z))

J

1/q

+r(2)' ),

j=0
j



156 Takao Ohno and Tetsu Shimomura

where ¢ is a number in {minp;, maxp;} and
I= Z5D P3P (!Ej,5D($j)71)7p;/ij(UBj)7p;/p"-

Since
op(xj) > Aof(v(x,xj)) > Aolz — x|
by (3.2), we have

pitA pl= ‘_‘ pg)‘
pi—1 plz prl)

P c _ C
717 log(1/[z — aj]) ~ log(1/dp(x;))

<C !p(fc)

and

Lo
pi  plx)l Tple )*1)(17]*1 -
where 1/p(x) +1/p'(x) = 1. Therefore, we have

N N ,
5D(xj)p§(1+>\/pj) =6p(z;) 2 6p () o

p(z) — C
= Clol@) =il < { s @y

< 6p(;) FI §p ()~ C/ 108 (1/5p ()

p(@)+A

< C(sD( )P(I) 1 s
since dp(z;) < cor(x) <1 by (iv). Here note from (¢0), (¢1), and (¢2.3) that

‘P(mjﬁD(in)_l)_p}/pj

71)p’(z)/p(r)—p;/m 71) —p'(2)/p(x)

= ¢(;,0p(x;) o(zj,0p(x;)
<C(8p(a;)” SI)C/log(l/t;D(Z]))SD(xj,5D(xj)71)7p'(a:)/p(z)
< Co(z;, 5D<xj)—1)—13’(w)/p(w)
< C(p(x,5D(xj)—1)—p/(m)/p(m)
since |z — x| <dp(xj) /Ao < cor(z)/Ao < 1. Further, we note from (2.4) that
(o B;)PilPs = (g B;) P @P@) (o B;) = Wi/pi=p () /p(2))

/ 1) )\ 5 —C/log(1/6p(x;))
(o y) ) o (Ble. ) (22) )

Cu(aB;)7? x)/p(af)(gD( ) C/log(1/é6p(z;))

< Cu(oB;)7? '(@)/p(@)
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since dp(xz;) < ¢ by (iv) and oB; C B(§, cor(z)) C B(€,co). Hence, we obtain by
(¥2.1),

N
120 6l PO D 5 ()7 O ) @)
7=0
N
<C Z 5p (xj)(P(I)Jr)\)/(P(w)*l)’u(B (57 T(JC)) ) - (m)/;l?(m)r(x)sp’(m)/p(x)
7=0

X 51)(:L'j)7517’(30’)/1’(30)80(1,7 6D(-Tj)71) —p'(z)/p(z)

— Cu(B(E.r(@)) (o) It
N ’
> Z5D(xj)(p(z)Jr)\fs)/(p(z)fl)gp(x76D(xj)71)—17 (z)/p(x)
=0

2c0m(®)  p(a)—snr

< C(u(B(&r@) @) [T R gty /0D
16 (x)/2 13

First consider the case p* < s — A and z € Ts(&;¢). Since 7(z)? < edp(x) and
|z —2;] < (14 co)r(x), we see that

_ ‘ (p(z) = s+ ) (g —p(x))
p(z) -1

C C
< C”q ,p(g;” + |p(l’) *p(§)| < log(l/T(w)) = log(l/(SD(m))

+ (p(2) —p(ﬁ))‘

and

)| < ¢ ¢ :
log(1/r(x)) ~ log(1/ép(x))

roE
p(r) =1
Then we have by (p2) and (3)

—1‘ <Clg—plz

1971 < C(u(B(E,r(2)))  r(@)?) P77 5 () )=+ (a1 o)1)
X (p(z,5D(x)*1)7(q*1)/(17(f6)*1)

< Ou(B(&,r(x))) " r(x)dp (x)P O~ (€, 6p(2) )

-1
since

PB(E (@) \=Clar@l _ o\ Cla-p(a)
(“amen) ) =cre) =¢

by (2.4). Hence, we obtain by (vi) and ¢~ 'r(x)? <dp(z) <r(x)
Fu(,y) < |u(z) —u(y)|*

< {u(B(E @) () 3o (@O~ (& b () )

-1



158 Takao Ohno and Tetsu Shimomura

’ /U”B 2(2,9())0p (=) du(z) + r(m)q“‘e)}

J

< C{M(B (& 7“(33)))_1r(x)5(p(f)—s+>\)+5¢(§, T(x)_l)—l

z z z —A > x o= (1—e) |
X/B(ﬁ,cor(;p))chI)( ,9( ))6D( )N du(z) +r(x) }

Next consider the case p~ > s — A. Noting that

‘ (p(x) —s+N)(g—1)
p(x) —1

C
—(p<e>—8+A)\SM’

we have
1971 < C(u(B(&,r(x))) " r(@)*) T 1 (z) P@) =5+ a1/ (@)D
% go(f,T(x)_l)_(q_l)/(p(x)_l)
< Cu(B(& (@) r(@) @ (g, (@) )

Thus, we can show the second part in the same manner as the first part. O
REMARK 3.5

Let A€ R, and let z,y,w € D. Let u be a function on D with g > 0 satisfying
(2.2) and (2.3). Let 1 be a rectifiable curve in D joining = and w satisfying

(3.2), and let 5 be a rectifiable curve in D joining y and w satisfying (3.2). Let
0<e<l.

(1) If pt <s— A\, z,y € T3(&; ¢) for some ¢ >0, and r(z) =r(y) < min{1/co,
Ag/co, 1}, then

Fu(z,y)

< C{T(x)ﬁ(p(g)—s-‘r)\)-i-s(p(é-’,r(x)—l)_lu(B(é"’r(l‘)))—l

% gz 2" M du(z) + ()P =) L
X/B(§,Cn’r( ))an)( ,9(2))6p(2) " du(z) +r(x) }

(2) Ifp~ >s— A\, z,y€ D, and r(z) =r(y) <min{l/co, Ag/co, 1}, then
Fu(z,y)

< O{r@P O (e (@) ) u(B(E (@)

1

zZ,g9(z 2 - 5 a = (1—e) |
X/B(ﬁ,cor( ))an)( ,9( ))5D( )" MNdp(z) + () }

REMARK 3.6
In Lemma 3.4, we can replace

/ B(2.9(=)) () duz)
B(&,cor(x))ND
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|7 dpu(z)

/ ®(=.9(:)) 60 (2 r(z) — |~
B(&,cor(x))ND

if o+ A >0 (see [8, Remark 2.5]). Here note that

5D X
r(@) ~ 2~ €l| < lo = 2| <l 5] + lay — 2] < E(r () + 2T
1
S (A() + 5)5[)(;3])
and dp(x;) <20p(z) for z € oB;.
REMARK 3.7
The number of balls By, By,..., By in Lemma 3.4 is less than (see [8, Remark
2.6])
cor(x)
1 2).
CQ( 082 01(5[)(:1;‘) +
In fact,
k1
N41=> #{j: 27" <dp(x;) <27}
k=ko
il cor ()
< = co(ky — K 1<(1 072)7
<2y ek galn g

where we take kg and k; as in the proof of Lemma 3.4.

LEMMA 3.8 (CF. [8, LEMMA 2.7])

Let u be a function on a uniform domain D with g > 0 satisfying (2.2) and (2.3).
If €€ 0D\ Ey and there exist a rectifiable curve v¢ in D ending at £ satisfying
(3.1) and a sequence {y;} such that y; € ve, 27971 <|€ —y;| <279, and u(y;)
has a finite limit L, then u has a nontangential limit L at &.

Proof
Fix £ € 0D\ Ey. Take z; € T1(&;¢) with 27971 < |z; — ¢] <277, Let v be a
rectifiable curve in D joining z; and y; satisfying (1.2) and (1.3). Take y € v
such that ((y(z;,y)) = (v(yj,y)), and set y1 =~(z;,y) and v2 =7(y;,y). Then
each ~; satisfies (3.2) with Ag = Ay and ¢ = 3(34; +1)/2 by Remark 3.3.
Then, for ;, we can take a finite chain of balls B, Bi,.. .7vai with B,i =
B(uﬂk) as in the proof of Lemma 3.4. By Remark 3.7, we note that V; is less than
a positive constant C7, since

r(x;) _ er(xj) .
5p(ry) = oy — €]
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and

rly;) o rly) 1
op(y;) ~ Asl€—y;| A5

by (3.1). Furthermore, we note from the proof of [8, Lemma 2.7] that

C™ 1279 <op(wh) <C277
and
C™Hwy, — € < dp(wy) < Jwy —¢].
Hence, we obtain by (3.3) and (vi) in the proof of Lemma 3.4 that
Ju(z;) — u(y))]
< Ju@;) — uy)] + |uly;) — u(y)|

2 N ) ‘ . ot ‘ }
< {33 on(wi) D o (wi, op(wh) ) T ua Bl
=1 k=0

([ @i am) " Y i)

2 N;

<O{33 (ol @ uloBl) e (& op(wh) )

=1 k=0
Upwy) G .
[, 20N ) 4353 i)

< 0{271 + (Q—j(p(g)—a)’u(B(E’2—]'))—1@(572;')71

X / ‘ @(z,g(z))(SD(z) d,u(z)) /P }
B(§,c0277)
Since £ € D\ Ey and lim;_, o u(y;) = L, u has a nontangential limit L at £&. O

4. Proof of Theorem 2.2

In this section, we prove Theorem 2.2. First, we show the following proposition
as an extension of [16, Theorem 4], [8, Theorem 1.1], [10, Theorem 1.1], and [3,
Remark 3.1].

PROPOSITION 4.1

Let u be a function on a uniform domain D with g > 0 satisfying (2.2) and (2.3),
and let B> 1. Suppose pt < s+ «a. If £ € D\ Eg and there exists a rectifiable
curve v in Tp(&;¢) tending to & along which u has a finite limit L for some é> 0,
then u has a tangential limit L of order 8 at &.
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Proof
It is sufficient to prove
lim  w(z)=1L

Tg(&e)2e—E
for every ¢ > é. Let ¢ > ¢. We may assume that, for each = € T(¢; ¢), there exists
a point y(x) € v such that r(z) =r(y(z)) <min{l/co, Ao/co, 1} since Tp(;¢) C
T3(&;¢). As in the proof of Lemma 3.8, let vy be a rectifiable curve in D join-
ing x and y(x) satisfying (1.2) and (1.3). Take w € 79 such that £(yo(z,w)) =
L(vo(y(z),w)), and set 71 = yo(z,w) and v2 = vo(y(x),w). Here note that v
and o satisfy (3.2). Since £ ¢ Eg, we have by Lemma 3.4(1) with A = —a and
Remark 3.5

lim F.(z,y(z)) =0,

Tp(&e)32—¢ ( v ))

so that

Tﬂ(f}igw—%wm —u(y(z))| =0.

Since lim, ¢ u(y(x)) = L by our assumption,

lim  wu(z)=1L,
Ts(&;c)dx—E

as required. 0

COROLLARY 4.2
Let g =q1 be as in Example 2.1. Let u be a monotone Sobolev function on a
uniform domain D in R™ satisfying (2.5). Suppose n —1<p~ <pt <n+a. If
§£€ 0D\ Ej and there exists a rectifiable curve v in Tg(&;¢) tending to & along
which uw has a finite limit L for some ¢ >0, then u has a tangential limit L of
order B at &.

Next we give the following result concerning the Lindelof-type theorem as an
extension of [3], [5], [6], [14]-[16] in the constant exponent case and the authors
[9, Theorem], [10, Theorem 1.2], and [8, Theorem 1.2] in the variable exponent
case.

PROPOSITION 4.3
Let u be a function on a uniform domain D with g > 0 satisfying (2.2) and (2.3).
Suppose p~ >s+a—1. If £ € D\ Ey and there exists a rectifiable curve v in D

tending to € along which u has a finite limit L, then u has a nontangential limit
L até€.

Proof

Take A € R such that max{s+a—p~,0} < A+a < 1. Let ¢ be as in Lemma 3.2.
For r > 0 sufficiently small, take z(r) € yNOB(¢,r) and y(r) € v NOB(&, ). Let
~o be a rectifiable curve in D joining z(r) and y(r) satisfying (1.2) and (1.3).
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Take w € 79 such that ¢(zo(@(r),w)) = £(70(y(r),w)), and set 31 = 7o(a(r), w)
and 2 = vo(y(r),w). Here note that v, and 7, satisfy (3.2). By Lemma 3.4(2)
and Remarks 3.5 and 3.6, we have

Fy(z(r),y(r))

< C{r (e ) (B )

X / ®(2,9(2))0p(2)*|r — |2 7€||f>\7a du(2) Jr7,,;—(175)}.
B(&,cor)ND
Moreover, since 0 < A+ a < 1, we see that
27
/ Ir—|z— gH*Afa dr < 027912 —a)
2-i-1

Hence, it follows that

inf F, (x(r),y(r))

2-i-1<r<2-J

9
<of [ moneea ) nBen)

—j—1

a —A—a dr
s (/B(E,cm)mD(I)(Z’g(z))(sD(Z) |T— |z—§|| d,u(z))f

r

+ (ij)p‘(lfd}

< 0{2_“’)(5)“_1}@(5, 29) L u(B(g,279)) 7

9—J
ey EIOIE ([ 71—l ar) dute

+ (ij)p’(lfs)}

< 02O (e, 2)p(B(e.27)

: /B@ 2-9)AD ®(2,9(2))0p(2)" du(z) + (2-9)p~(1=2) }

Since € ¢ Fy, we see that
lim inf Fu(z(r),y(r)) =0.

j—002-i=1<r<2-i
Hence, we find a sequence {r;} such that 27771 <r; <277 and
Jlgrolo Fy(x(r;),y(r;)) =0.
Since u has a finite limit L at £ along v, we have

lim u(y(r;)) :jli)nolou(:c(rj)) =L.

Jj—o0

Thus, v has a nontangential limit L at £ by Lemma 3.8. O
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COROLLARY 4.4

Let g =q1 be as in Example 2.1. Let u be a monotone Sobolev function on a
uniform domain D in R™ satisfying (2.5). Suppose p~ > max{n—1,n+a —1}.
If £ € 9D\ E} and there exists a rectifiable curve v in D tending to & along which
u has a finite limit L, then u has a nontangential limit L at &.

REMARK 4.5

In Proposition 4.1, unlike Theorem 2.2, it is necessary for the rectifiable curve ~y
to be included in T;(&;¢). On the other hand, in Proposition 4.3, we only show
that u has a nontangential limit L at &.

Proof of Theorem 2.2
Since T1(§;¢) N B(E,1) C Tp(€;¢) N B(E,1) and E; C Eg for all 5> 1 and ¢ >0,
we obtain the required result by Propositions 4.1 and 4.3. (Il
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