Trudinger’s inequality and continuity for
Riesz potential of functions in Orlicz spaces
of two variable exponents over
nondoubling measure spaces
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Abstract In this article, we consider Trudinger’s inequality and continuity for Riesz
potentials of functions in Orlicz spaces of two variable exponents near Sobolev’s expo-
nent over nondoubling metric measure spaces.

1. Introduction

A famous Trudinger inequality (see [39]) insists that Sobolev functions in
WLV (G) satisfy finite exponential integrability, where G is an open bounded set
in RN (see also [1], [5], [29], [40]). In [23], Trudinger-type exponential integra-
bility for Riesz potentials of functions in Orlicz spaces of two variable exponents
near Sobolev’s exponent was studied. Our aim in this article is to extend the
result to the nondoubling metric measure setting. We also study the continuity
of Riesz potentials in our setting.

For 0 < o < N, we define the Riesz potential of order « for a locally integrable
function f on RN by

Uaf@)= [ lo=3l" ™ 1(0)dy

Here it is natural to assume that U,|f| # oo, which is equivalent to (see [21,
Theorem 1.1, Chapter 2])

/ (14 1) £ ()| dy < .
RN

Great progress on Trudinger-type inequalities has been made for Riesz potentials
of order « in the limiting case ap =N (see, e.g., [9]-[11], [36]). In [3], [24], and
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[27], Trudinger-type exponential integrability was studied on Orlicz spaces as an
extension of [9] and [11].

Variable exponent Lebesgue spaces and Sobolev spaces were introduced to
discuss nonlinear partial differential equations with nonstandard growth condi-
tions. For a survey, see [7] and [8]. Trudinger-type exponential integrability was
investigated on variable exponent Lebesgue spaces LP() in [12] [14].

Let p(-) : RY — (1,00) and ¢(-) : RV — [0,00) be variable exponents satisfy-
ing log-Holder and loglog-Hélder conditions on G, respectively. Define

O(z,t) =17 (log(co + 1)) ",
and denote by L?(G) the family of all measurable functions f on G such that

7]l @) = mt{A > 0: /ch(x, [Fa)/A) dz <1} < oo,

Note that ¢g > e is chosen so that ®(z,-) is convex on [0, 00).

Mizuta and the authors [23, Theorem 4.1] proved Trudinger-type exponen-
tial integrability for Riesz potentials of functions in Orlicz spaces L?(G) of two
variable exponents near Sobolev’s exponent in the Euclidean setting. In fact we
proved the following.

THEOREM A
Let p(+) and q(-) be two variable exponents on G satisfying log-Hélder and loglog-
Hélder conditions on G, respectively, such that
p(z)>N/a  and  q(z) <p(z) -1
for x € G. Then there exist constants c1,co >0 such that

U, f (z)P@)/ (@) =a(=)~1)
/Gexp( (01’72(m))P(x)/(p(:v)fq(z)ﬂ)) dx < ¢

for all nonnegative measurable functions f on G with || f||pec) <1, where

Yo(x) =M1 (x)f(p(z)fl)/p(x) (log(l/% (z)))q(fb)/p(z)
with 41 (x) = min{p(z) — () — 1,1/2}.

In [23, Theorem 3.1], the case p(z) < N/a was treated. For the case sup,cq p(z) <
N/a, see for example [17] and [22].

We denote by (X,d, 1) a metric measure space, where X is a bounded set, d
is a metric on X, and p is a nonnegative complete Borel regular outer measure on
X which is finite in every bounded set. For simplicity, we often write X instead
of (X,d,n). For x € X and r > 0, we denote by B(z,r) the open ball centered at
x with radius r, and dx =sup{d(z,y) : x,y € X }. We assume that

n({e}) =0
for x € X and that 0 < u(B(z,r)) < oo for x € X and r > 0 for simplicity. In

the present article, we do not postulate on u the so-called doubling condition.
Recall that a Radon measure p is said to be doubling if there exists a constant
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Ap > 0 such that u(B(x,2r)) < Aou(B(z,7)) for all z € supp(p) (= X) and r > 0.
Otherwise, p is said to be nondoubling. We say that a measure p is lower Ahlfors
Q-regular if there exists a constant A; > 0 such that

(1.1) ,u(B(x,r)) > Ar®

for all x € X and 0 <7 < dx. In this article we assume that u is lower Ahlfors
Q-regular. Here note that if p is a doubling measure and dx < oo, then p is lower
Ahlfors log, Ag-regular since

pw(B(z,7)) 2A62(L)10g2A0
w(B(z,dx)) dx
for all z € X and 0 <r < dx (see, e.g., [4, Lemma 3.3]).

For a >0 and 7 > 0, we define the Riesz potential of order « for a locally

integrable function f on X by (see, e.g., [15], [28])

d(z, )" f(y)
Lo f )= | e ey )
We write I, f = I,,1f. Observe that this naturally extends the Riesz potential
operator U, f when (X,d) is the N-dimensional Euclidean space and p = dzx.

Our main aim in this article is to give a general version of exponential integra-
bilities of Trudinger type for Riesz potentials I, - f of functions in Orlicz spaces
L?(X) of variable exponents near Sobolev’s exponent on nondoubling metric
measure spaces X when p(z) > Q/a >1 and ¢q(z) < p(z) — 1 (Theorem 3.1) as
an extension of Theorem A. To this end, we apply Hedberg’s trick (see Hed-
berg [18]) by the use of the modified Hardy—Littlewood maximal operator M)
adapted to our setting (see Section 2 for the definitions of L*(X) and M, ). What
is new about this article is that we can pass our results to the nondoubling met-
ric measure setting. In the case when p(z) > Q/a>1 and ¢(z) > p(z) — 1, we
discuss double exponential integrabilities of Trudinger type (Theorem 3.6) as an
extension of [23, Theorem 5.1].

On the other hand, beginning with Sobolev’s embedding theorem (see, e.g.,
[2], [1]), continuity properties of Riesz potentials and Sobolev functions have been
studied by many authors. The continuity of Riesz potentials of functions in Orlicz
spaces was studied in [11], [21], [20], [25], and [27] (see also [26]). Such continuity
was investigated on variable exponent Lebesgue spaces in [12], [13], and [16] and
on two variable exponent Lebesgue spaces in [23].

In the final section, we consider the continuity of Riesz potentials I, - f when
p(z) > Q/a>1and ¢q(x) > p(x) — 1 for x € X (Theorem 4.1) as an extension of
[23, Theorem 7.1].

For variable exponents attaining the value 1 over nondoubling metric measure
spaces, we refer the reader to [34]. For related results, see also [16], [19], [31], [33],
and [35].

2. Boundedness of the maximal operator

Throughout this article, let C' denote various positive constants independent of
the variables in question. In this article, following Cruz-Uribe and Fiorenza [6],
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we consider variable exponents p(-) and ¢(-) such that
a

<

~ log(e+1/d(z,y))

< b

~ log(e+log(e+ 1/d(z,y)))

1<p = inf p(x) < supp(z) =pt < oo,
zeX reX

|P($) —p(y)! for all z,y € X,

‘q(m)—q(y)’ for all z,y € X,

and

0<q¢™ = inf g(x) <supg(z) =q¢" < o0,
rzeX zeX

for a,b > 0.

We say that f is a locally integrable function on X if f is an integrable
function on all balls B in X. For a > 0 and 7 > 0, we define the Riesz potential
of order «a for a locally integrable function f on X by (see, e.g., [15], [28])

_ d(z, y)* f(y)
Ia,‘rf(x) - /X /,L(B(l‘,Td(.T,y))) dﬂ(y)

Define
O (z,t) =P (log(co + t))qm,

and denote by L®(X) the family of all measurable functions f on X such that

[fllex) = inf{)\ >0: /X Pz,

F(2)/A]) dp(z) < 1} < .

Note that ¢ > e is chosen so that ®(z,-) is convex on [0,00).
For a locally integrable function f on X and A > 1, the Hardy—Littlewood
maximal function M, f is defined by

1
WSy =sup s [ 1G]t

For A\ > 1, we say that X satisfies (M) if there exists a constant C' > 0 such
that

p({ze X Myf(z)>k}) < %/X!f(y)l dp(y)

for all measurable functions f € L'(X) and k > 0. Nazarov, Treil, and Volberg
[30] proved that X satisfies (M3) if X is a separable metric space. Terasawa
[38] showed that X satisfies (M) for A > 2 if u(B(z,r)) is continuous with the
variable r > 0 when z € X is fixed. Sawano [32] showed that X satisfies (M)
for A >2 if X is a separable metric space (see also [37] where (M1) is true for
the Poincaré disk).

LEMMA 2.1

Let 1 < pg < 00, and let A > 1. Suppose that X satisfies (MN). Then there exists
a constant C > 0 such that
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/ {Myf(2)} du(z) < C

for all measurable functions f on X with || f||rrox) < 1.

LEMMA 2.2 ([31, LEMMA 2.3])

Let X\> 1, and let f be a nonnegative measurable function on X with || f||pex) <
1 such that f(x) >1 or f(x) =0 for each x € X. Set

1
I=1\(z,r, f)= M(B(xa)\T))/B(x,r)mX f(y) du(y)
and
1
J=Jx\(x,r, f) = W/B(x,r)mxg(y) du(y),

where g(y) = P(y, f(y)). Then there exists a constant C >0 such that
1< CJl/ZD(I) (log(e + J))—q(x)/p(r)
forallze X.

Proof
Let f be a nonnegative measurable function on X with [|f|| ex) <1 such that
f(z)>1or f(z) =0 for each x € X. First, consider the case when J > 1. Set

k= Jgl/p@) (10g(6+J))7q(z)/p(I).

Then we have

1 fly)\p@)=1 log(co + f(y)) 2@
ISHMB(WT))/B(M)nxf(y)(T) ( log(co + k) ) duy).

Since || fl|pe(x) <1, we find by (1.1) that

1 1 1O _
IS B [ stwant) < KB AT

Hence, we obtain, for y € B(z,r),
EPW) < C{Jl/p ) (1og (e+J) ) q(x)/p(x)}—p(x)ﬁ-m
< C{JVP@ (log(e 4 J)) 1Py PO ey

< CJ " (log(e+ J))q(w)

and

b
o)+ log(e+log(et1/(CI—1/Q)))

(1og(co +£)) ¥ < C{log(e + )} "
< C(log(e + J))fq(z)_
Consequently, it follows that
I1<CJt/r@ (log(e + J))—q(ﬁf)/p(a:).
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In the case J <1, we find that
I<J< CJl/p(w)(log(e+ J))*Q(ﬂﬂ)/p(ﬂ.

Now the result follows. |
Now we are ready to show the boundedness of the maximal operator M.

THEOREM 2.3 ([31, THEOREM 2.4])

Let A > 1. Suppose that X satisfies (M ). Then there exists a constant cpr >0
such that

[ @3 5(@) dita) < e
X

for all measurable functions f on X with || f||pex) <1.

Proof
Let f be a nonnegative measurable function on X with [/ f|[ e x) < 1. Write

I=Xyex:rw)>1y T MX{yex:fy)<1y = f1+ fa,

where xg denotes the characteristic function of E. Then, since My fo <1 on X,
we see from Lemma 2.2 that

(2, Mrf(z)) < C{1+ Mag(a)},

where g(y) = ®(y, f(y)). Now take p; such that 1 <p; < p~. Then, applying the
above inequality with p(x) replaced by p(x)/p1, we obtain

O (2, My f(2)) < C{1+{Mrgi ()} },
where g1 (y) = ®(y, f(y))/P = g(y)'/P*. By Lemma 2.1, we see that

/X B (2, My f(z)) da(z) < ear,

as required. O

3. Trudinger’s exponential integrability
This section concerns the exponential integrability of Trudinger’s type. Our main

result is the following, which is an extension of [23, Theorem 4.1].

THEOREM 3.1
Let 7> X\ > 1. Suppose that

p(x)>Q/a>1  and  q(z)<p(z)—1

for x € X. Assume that X satisfies (MM). Then there exist constants ¢q,co >0
such that

Iom.f(x)l”(f)/(?(l’)*q(x)fl)
/x exp( (cm(@)p(m)/(p(z)—q(x)_l)) dp(z) < e
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for all nonnegative measurable functions f on X with ||f||p+x) <1, where

12(2) = 71 (@)~ 7D (log (1/3 () ) 1
with v1(z) = min{p(z) — q(z) — 1,1/2}.
COROLLARY 3.2
Let 7> X\ > 1. Suppose that

p(@)>Q/a>1  and  q(z) <p(z)—1
for x € X. Assume that X satisfies (MX). Then there exists a constant ¢z >0

such that
Iaﬂ_f(x)p(z)/(l’(fﬂ)—q(m)—l)
/x{eXp< (cgvz(m))pu)/(p(m)—q(x)_l)) - 1} dp(x) <1

for all nonnegative measurable functions f on X with || f||pex) < 1.

REMARK 3.3 ([23, REMARK 4.3])
Let B=B(0,1) CRY. For 0 < § <1, we can find f € L®(B) such that

/Bexp((72(x)*5Uaf(x))”(“/W)*qm*”) dr — oo

This implies that the weight v (a:)_p(w)/(p(z)_q“)_l) in Theorem 3.1 is needed.
Before proving Theorem 3.1, we prepare the following result.

LEMMA 3.4
Let 7> 1. Suppose that
p(z) >Q/a>1 and  q(z) <p(x)-—1

for x € X. Let f be a nonnegative measurable function on X with || f||pex) < 1.
Then there exists a constant C' > 0 such that

d(x,y)af(y) (p(z)—q(x)—1)/p(x)
/X\B(w)g) w(B(z,7d(z,y))) du(y) < Cya(z)(log(1/6))

forallze X and 0 <6 <1/2.

Proof
Let f be a nonnegative measurable function on X with || f|[ e x) < 1.
First we consider the case v, (z)'/?/7 < 5. We have

d(z,y)*f(y) 1-Q I
/X\B@,a) W(B(w, rd(z,y) ) = /X\B(M)d( )" (y) duly)

< A7 T‘Q5“‘Q/ f(y)du(y)
X\B(z,)

gA;lr*Qda*Q/X{lﬂLg(y)}du(y)
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< C’Vl(l’)(a*Q)/Q
z)—q(z)—1 =
< Ca(z) (log(1/8)) P79 =D/p(e),

where g(y) = @(y, f(y))-
Next we consider the case v;(x)'/? /7 > §. Note that

/ d(z,y)"f(y)
X\B(zyi (2)1/@ /7y (B (2, 7d(,Y)))

du(y)

< Oy ()@@ f(y)du(y)
X\B (2,7 (2)1/Q /7)

< Co(x (log 1/6) )(p(r)—q(r)—l)/p(z)_

Setting
n(z) = ryl(;p)l/p(w) (log(l/yl (I)))q(r)/p(z)
and
N(z,y) = d(z,y)"2/"® (log(1/d(x,y))) WP,
we have
/ LG )
B(ayi(2)1/@ o)\ B(a.8) H(B(@,7d(z,y)))
d(z,y)*
< ooty FB gy N @)} 4

d(z,y)* f(y)

v
Bay (2)1/Q /r)\B(a,s) H(B(2, 7d(z,

y))
fly)  \pw=t,  log(co+ f(y
- (n(ﬂﬁ)N(x,y)) (log(

=J1 + Jo.

)
co + n(z)N(x,

y)))q(y) du(y)

Let jo be the smallest positive integer such that 7706 > v (z)/? /7. We
obtain
Jo
J1 <
j=1

<n(z)

xz/

J =
XA(B(xz,ri6)\B(e,ri-15)) MB(T, rd

{77 N(z,y)} dp(y)

(Tj(g)a—Q/p(x)(log(l/(Tj5)))—(q(w)+1)/p(x) W)
XN(B(z,798)\B(x,7i~16)) w(B(x,7i6)) Py

Jo
§ 77(3;) Z(TJ(S)OC*Q/,D(I) (log(l/(,rj(s)))*(‘I(m)ﬂLl)/p(I)
j=1

2dx
< On(x) / 2=/ (Jog(12)) 1D/t z>cit
5
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Since p(z) > Q/«, we have

2d
* —(qlz T dt

J1 < Cn(x)/ (log(1/t)) (q(z)+1)/p( )?

5

_ ) a(e) 1) o(a
< Oy (z) " (log(1/8)) PO 4@ =D/

z)—q(z)—1 z

SO’YQ(I)(log(l/(;))(P( )—q(z)—1)/p( ).

Next we estimate Jo. If y € B(x,vy1(2)'/?/7), then v, (x) PW) < Cryy (x) 7P,
so that n(x) P < Cn(z)~P*). Hence,

{n@)N ()} " < Onla) 7 d(a,y)? (log(1/d(.9))) "™,
and by the fact that log(co + st) <log(co + s)log(co +t) when s,t >0,
{log(co +n(x)N (,9))} " < C(log 1/ ()" (log (1/d (1)) "
for y € B(z,v1(2)*/? /7). Therefore, we have by (1.1)

neatee [ ()"
B(z,71(2)!/?/T)\B(2,0)

1 q(y)
(emrrorEyy) W

< (@) oz (1/2(0)" | ey e
71 (x)? T x,

x)—qg(x)—1 z
X (1og(1/d(x,y)))<p< )=a@ =D/ 0y ()
x)—q(x)—1 T
< Oy () (log(1/)) PO 4@ =D/

where g(y) = ®(y, f(y)) as before.
Consequently, it follows that

d($7y)af(y) (p(z)—q(z)—1)/p(x)
/G\Bu,a) R(B(a, rd(z, y)) ) < C2(@)(08(1/9))

for 0 < § < 1/2, which gives the lemma. O

1 p(y)—1
n(@)N(z,y) )

Proof of Theorem 3.1
Let f be a nonnegative measurable function on X with || f|| ¢ x) < 1. Note that

d(z,y)*f(y) LS
/B(I,a) w(B(z,7d(z,y))) duly) < 1= (/A My f (),

since 7> A > 1 (see [31, proof of Theorem 3.1]). Lemma 3.4 gives
o x)—q(z)—1 T
Ia,'rf(x) < 0{5 M)\f(x) +72({L‘) (log(l/é))(p( )—aq(z)—1)/p( )}
for 0 < ¢ < 1/2. Here, considering

§= C(’Yg(x)ilM)\f(l'))il/a (log(,)?(m)flM)\f(x)))(P(I)*Q(I)*l)/(ap(r))
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when v (2) "1 M, f(x) > e, we find that
— z)—q(x)—1 T
I, f(z) < 0{72 (log(co+72(z:) 1M,\f(x)))(p( )—a(z)—1)/p( )+72(x)}
< Ca(a) (log(co + My f())) P20 =0/w),
Hence, it follows that

_ _ xz)—q(xz)—1 x
o7 Yo (2) " o f () < (log(co + My f(x))) P 4706

so that
N Tf( )p(fr (p(z)—q(z)—1)
cxp(
(c172(z))P(®)/ (p(2)—a(z)=1)

) <o+ Myf(2) < C{®(w, My f(2) +1}.

By Theorem 2.3, we have
]a}Tf(x)p(w)/(p(I)—q(l)—l)
/X eXp( (c17y2(2))P@/ @@ —a(@)—1) ) dp(z)
<o / @, Mrf(2)) dp(r) +1) <,
X

as required. O

Finally, we consider the case in which p(z) > Q/a >1 and ¢(z) > p(x) — 1.

LEMMA 3.5
Let 7> 1. Suppose that
p@)>Q/a>1  and  q(e)>pe) -1

for x € X. Let f be a nonnegative measurable function on X with || f||p=x) < 1.
Then there exists a constant C' >0 such that

d(z,y)*f(y) p(2)—1)/p(x)
/X\B(x,é) (B(w,rd(z.y)) W = C (10g(10g(1/9))) "

forallz € X and 0 <d < 1/4.

Proof
Let f be a nonnegative measurable function on X with || f|| e(x) < 1. First note
that

/ d(z,y)*f(y) du(y)

\B(z1/(ary) H(B(z,7d(2,Y)))

<A@ d(z,y)* " f(y)du(y) < C.

/){\3(1,1/(47))
Next, setting

N(z,y) = d(z,y)” 7@ (log(1/d(x,))) " (log(log (1/d(z,y)))) ",

we have



Trudinger’s inequality and continuity for Riesz potential 89

/ d(z,y)* f(y)
B(a,1/(4r)\B(x,5) MB(z, 7d(2,y)))
d(z,y)” .
= /B(xvl/(‘lT))\B(x,é) w(B(z, Td(%y)))N( ) duly)
d(z, )" f(y) fly) \pw)—t
i /B(z,1/<4r))\3(z,5> w(B(x,d(z,y))) (N(x,y))

log(co + f(y)) \1W
“(ogeo T RGyy) W)

C{(log(log(l/é)))(p(m )/P(z)+/ d(x’y)an/p(a:)
B(x,1/(47))\B(x,0)

du(y)

x (log(1/d(x,1)))"™ =" (log (log (1 /d(x,)))) PP g(y) du(y)}
( ( 1/5 )) p(x)— 1)/1)(1)

where g(y) =®(y, f(y)), as required. O

As in the proof of Theorem 3.1, we establish the following double exponential
integrability for f € L®(X) in view of Lemma 3.5 and Theorem 2.3.

THEOREM 3.6
Let 7> X\ > 1. Suppose that

p(z)=2Q/a>1  and  q(z) =p(z) -1
for x € X. Assume that X satisfies (MX). Then there exist constants c1,c2 >0

such that
I f(z)? p(z)/(p(x)—1)
/X P (eXp( F@EE-T) )) dp(z) < e

for all nonnegative measurable functions f on X with ||f||pex) < 1.

4. Continuity of Riesz potentials

In this section, we discuss the continuity of Riesz potentials under the condition
that there are constants # >0, ¢ > 1, and Cjy > 0 such that

ey ) A\ dy)°
@Y B rde ~ wBe e < o)) 7w e

whenever d(x,z) < d(z,y)/2.

THEOREM 4.1
Let 7> 1. Suppose that

plx)>Q/a>1  and  q(x)>p(x)—1
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for x € X. If f is a nonnegative measurable function on X with ||f||pex) <1,
then I, f(x) is continuous for all x € X and there exists a constant C >0 such
that

—(q(x)—p(x)+1 T
|Io¢77-f(z) 7I0c,Tf(:L')| SC’}/4(ZL’)(10g(1/d(I',Z))) (‘I( ) P( )+ )/P( )
as z — x for each x € X, where
() = 5(a)” POV (log(1/5(2))) "
with y3(x) =min{q(z) — p(z) + 1,1/2}.

For a proof of Theorem 4.1, we prepare two lemmas.

LEMMA 4.2
Let 7> 1. Suppose that
p(z)>Q/a>1 and  q(z) >plx)—1

forx € X. Let f be a nonnegative measurable function on X with || f||pex) < 1.
Then there exists a constant C' >0 such that

d(x,y)o‘f(y) —(q(z)—p(z)+1)/p(z)
/Bw B rd(z.y)) W) = C,0)(loa(1/9))

forallz € X and 0 <6 <1/2, where
—(p(z)—1)/p(z)—a/(p(z)log(1/t))

74(%‘,75) = ’)/3(.13)
x)/plx)—aq(x T 10 1 +b 10 10 1
X (log(l/‘d(x)))q( )/ ( ) Q( )/(P( ) g( /t)) / g( g( /t))

Proof
Let f be a nonnegative measurable function on X with ||f|| e x) < 1. Setting

n(@) = v5(2) /) (log (1/73(x)) ) 1)

and
= d Q/p — z)+1)/p(x

we have

d(z,y)*
< C{/B@ ) i(B n(z)N(z,y) du(y)
o )—Q f(y) p(y)—1
+/B(ac,6) d(9) f(y)(n(z)N(%y))

log(co + f(y)) a(y)
(st + N wa)) W0}

X
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Note that
[n(@)N(,y)} P < p(a)P@ -2/ 10509 (2 4)9 (log (1/d(z,y))) "
and
{log(co + ()N (z,y))} "
< C(log(1/7())) 180D (100 (1 /d(, ) ) T
for y € B(z,d). Consequently, it follows that
d(z,y)* f(y)
dp(y
o FCE om0

<C {n(fc)w(x)—l (log(1/6)) ~ 1) P FD/p()

+ n(x) —p(z)+1—a/log(1/6) (log(l/’yg, (x)))Q(z)"‘b/ log(log(1/9))

a— T —(q(z)—p(x)+1 T
<[ oy ) o (1)) g ) dt) }

< Ca(z, 8) (log(1/8)) 1 7P TR/,

where g(y) = ®(y, f(y)), as required. O

LEMMA 4.3
Let 7> 1. Suppose that

p@)=Qla>1  and  q()>pla) -1

forx € X. Let f be a nonnegative measurable function on X with || f||pex) < 1.
Then there exists a constant C' >0 such that

d(z, )"0 f(y) 9 — (a@)—p(@)+1) /()
/X\B(x,a) w(B(z,md(z,y))) dp(y) < €6~ (log(1/4))

forallze X and 0 <6 <1/2.

Proof
Let f be a nonnegative measurable function on X with || f|| e x) < 1. First note
that
d(z,y)* "’y
/ ; ) y] ) dp(y)
X\B(z,1/(27)) w(B(z,7d(z,y)))
<C d(z,y)* =" f(y) dp(y) < C.
X\B(z,1/(27))
Setting

- z - xT 1 T
N(z,y) =d(z,y) Q/p( )(log(l/d(ac,y))) (q(z)+1)/p( )7
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we have
a0
/Bu,l/(zf))\B(m,s) uc(lf(B(’i)Td(mJi;y)))) dnly)
: C{/Bw,l/(%))\mm,a) #(;((i,fé‘(";ey))) N(z,y) duly)
’ /B<z,1/<2r>>\B<z,a> day)™ W) (J\%)p(y)_l
% (mﬁé?i}ﬁg{)y))) )q(y) du(y)}.
Since
{N(m7y)}*P(y) < Cd(%y)Q(log(l/d(x’y)))q@)H
and

{log(co + N(z,y)) }_q(y) < C(log(1/d(z, y)))_q(x)
for y € B(z,1/(27)), it follows that

/ d(z,y)*° f(y)
B(w,1/(2r)\B(x,5) H(B(z,7d(z,y)))

< 0{670 (1og(1/6)) —(q(z)+1)/p(=)

du(y)

+ / d(x,y)*~ /P (1og (1 /d(, y))) "4 PO/
B(x,1/(27))\B(x,6)

X 9(y) du(y) }

B —(q(z)—p(x)+1 x
<C$ a(log(1/5)) e )(1+/B( 1/(27))\B(z,5)

9(y) dﬂ(y))

<050 (log(l/é)) —(g(z)—p(=)+1)/p(z)

)

where g(y) = ®(y, f(y)), as required.

Proof of Theorem .1
Let f be a nonnegative measurable function on X with || f[[zex) < 1.
Write

Ia;rf(x) - Ia,Tf(Z)

d(z,y)* f(y)
N e o
_/ d(z,9)* f(y)
B(z,2d(z,z)) M(B(’?:?Td(’z?y)))
d(x,y)* B d(z,y)”
" »/X\B(w,Qd(a:,z)) (M(B(%Td(%y))) w(B(z,7d(z,y))) )f(y) )

du(y)
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for z,z € X. By Lemma 4.2, we have

/ d(z,y)*f(y)
B(e,2d(z,2)) M(B(z,7d(2,9)))

< Cya(x,2d(x, 2)) (log (1 /d(w, z)) ) @ PO FI/PE)

du(y)

and

/ d(z,9)" f(y)
B(z,2d(z,z)) M(B(Z, ’Td(Z, y)))

d(z,y)* f(y)
< /B(z,w,z)) (B rd(zy) )

< Ca(z,3d(z, 2)) (log(1/d(z, z)))_(q(z)_p(z)+1)/p(z)
for 0 < d(z,z) <1/6. On the other hand, we have by (4.1) and Lemma 4.3

‘/ ( dl@,y)*  d(zy)”
X\B(w,2d(z,2)) \H(B(z,7d(7,9)))  p(B(z,7d(2,9)))

L d(zy)*f(y)
SCd( ’ ) /X\B(x,Zd(x,z)) w(B(z,ud(z,y))) du(y)

< C(log(1/d(z, 2))) WO POV,
Now we establish
T r £(2) = Tnr £(2)] < C{ru(z,2d(x, 2)) (log (1 /d(z, 2)) ) 1P FD/PE)
+ (2, 3d(, 2)) (log (1/d(x, 2))) 4 PEHD/EEN
for 0 < d(z, ) < 1/6, which implies
T £(2) = Lor ()| < Ca(z) (log (1 /d(x, z))) 0PI/

as z — x for each z € X. O

du(y)

)f(y) du(y)’
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