An approach to the pseudoprocess driven
by the equation 2 = — 4.7 by arandom
walk

Tadashi Nakajima and Sadao Sato

Abstract In this paper we study the pseudoprocess driven by 9; = — A93. Our method
is an approximation by the pseudo-random walk. We obtain their joint distribution of
the first hitting time and the first hitting place. In addition, this result is provided by the
alternate method of Shimoyama.

1. Introduction

The partial equation

k
%(t,x) = A%(t,x)
has been studied by many authors. Especially in k = 2 it has been studied from
the point of view of probability theory. Many studies have been conducted on
the extension in the case of k > 2 such that k is an even number because of the
analogy with the case of k =2. We can see some of these results in Funaki [1],
Helms [2], Hochberg [3], Krylov [4], Lachel [5], [6], Motoo [7], Nakajima and Sato
[8], Nishioka [9], Sato [11], and so on.

Above all, Nishioka [9] studied the first hitting place and obtained the joint
distribution of the first hitting time and the first hitting place in k =4 by using
Spitzer’s equality. His remarkable result is that there exists a linear combination
of the distribution of the first hitting place at zero and its differentiation. He
explained them as “monopoles” and “dipoles.” Sato [11] described Nishioka’s
explanation as a “random walk.”

Nishioka developed his method for when k is even and k > 4, and Lachel [5],
[6] studied it in more detail.

However, when k is odd and k > 3, there were few results because of its
asymmetry. Some authors studied the case when k& = 3. Orsinger [10] obtained
the distribution of the sojourn time in (0, 00). Nishioka obtained the distribution
of the sojourn time in (0,00) by using Spitzer’s identity and he studied the case
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where k>3 and k is odd. Shimoyama [12] studied the first hitting place and
obtained the joint distribution of the first hitting time and the first hitting place.

In this paper, we obtained the joint distribution of the first hitting time and
the first hitting place by using the method of Sato [11] when k=3. In k=3, we
must consider the following by its asymmetry for A > 0:

Ou Bu
(11) a(tam) - 7A%(ta x)
and
ov 93v
But letting v(t,z) = u(t,—x), we have
ov ou
E(tax) - E(ta _'T)
and
93 By

Thus it suffices to consider (1.1). That is, it is equivalent to considering the behav-
ior of the random walk associated with (1.1) starting at z < 0 and considering
the behavior of the random walk associated with (1.2) starting at x > 0.

The paper is organized as follows.

In Section 2, we define a random walk which has the only finite jumps with
signed measure, and its total variation is not one.

In Section 3, we prove that the scaling limit of the random walk which is
defined in Section 2 is the fundamental solution of dyu = —Ad>u.

In Section 4, we study the hitting measure of the joint distribution of the
first hitting time and the first hitting place of each of the following cases.

(1) The random walk starts at « > 0, and it first hits {(¢,z) : z < 0}.
(2) The random walk starts at « <0, and it first hits {(¢,x) : = > 0}.
(3) The random walk starts at « > 0, and it first hits {(¢,2) : 2 <0 or = > a}.

In Section 5, we study the scaling limit of the hitting measures which are
computed in Section 4 and its density in cases (1) and (2). These results corre-
spond to the results of Shimoyama [12].

2. Definition of a pseudoprocess driven by 9, = — 493

Let {Y;:i=1,2,...} be the independent and identically distributed random vari-
ables with signed distribution defined by

and consider the random walk

XTL:X0+Y1 +}/2++Yn
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Let f be a measurable function, and we shall write

E[f(Xa)] =) f(k)P[X, =k
k

and

E,[f(X,)] = E[f(Xy) | Xo=1].
Also, we shall write

P.[X,=k]=P[X,=k]| Xo==x]
By the Taylor expansion, we have

B, [f(X1)] = fx) = (p+q+s+r—1)f(z) +(q—s+2r)f(z)

5@t s 4 @)+ (a8 (@) + oo

if we set
p+s+q+r—1=0, q—s5+2r=0, q+s+4r=0;
that is,
p=1+3r, q= —3r, s=-—r,
and then
dS
E,[f(X1)] = f(2) =r——= f(2).

dx3
We assume that the number r is negative. Now we compute the characteristic
function of Y;:

M () = B
= p+ qe'" 4 se M 4 et
=14 3r —3re'" —re " 4 e,
Since
Byl ¥n] = ™ M (p)",

we take any r in [—1/4,0) for the convergence of this quantity as n goes to
infinity.

Avoiding useless confusion, we set r = —A for A in (0,1/4]. We note that
M(p) =1—3A+3Ae™ + Ae™ ™ — A
(2.1) =1— Ae (™ —1)3

={1—-2A(1 —cosp)*} +i{2Asinpu(1 — cos p)*}.
Let {F,} be the filtration generated by (X,,). Since
ptqts+|r[=1+24,
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the total variation of F,, is less than or equal to (1+2A)™. Since F,, is essentially
a finite set, the mean F,[-] is defined for any event of F,,. Set

p(n, k) = Py[X,, = k].
Then we have

S pln k)™ = M(u)".
k

Thus p(n, k) is the Fourier coefficient of the right-hand function. Therefore

1 [7 )
(2.2) k) = o [ M(u) e dp,
2 J_ .
and we have
nhﬁn;Qp(n,k)zO.
REMARK 2.1
If A=1/4, then we have
_ 1 _ 3 _ 1 _ 1
p 4’ q_ 47 S_ 47 /r_ 47
and
1 3. 1 _. 1,
_ < i St~ 20
M () 1T e 26

3. Scaling limit to continuous time and space

The following theorem is the main result in this section.

THEOREM 3.1
By the scaling x = ke and t =ne® for e >0, we have

o1
1

. 3, -
_ esz t—iyx
21 J_ o

dy,

which is the fundamental solution of (1.1).

Proof
Let §(x) be Dirac’s delta function, and we clearly have

q(0,2) = 6().

We consider

1 1 4 )
—p(n,k) — _/ M(M)t/é"e_mu/ﬁ dp
€

2me J_

1 /€ . )
L e
2 —m/e
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1 /e —(w/e—m/e'/3)
L[
21 7/e—7/el/3

—m/e

1/3 1/3

7)e—m/et/3 —m/e /e s
+(/ +/ )+</ ))M(ey)t/6 e " dy,
m/el/3 (m/e—m/el/3 w/el/3

=1L+ 1+ I3, say.
By (2.1),
|M(M)’2 ={1-24(1- cosu)Q}2 + {2A4sinpu(1 - cosu)}2
=1—-4A+8A? +8A(1 —3A)cosp — 8A(1 — 6A) cos® u — 8A% cos® yu.

We note that |M(u)| is an even function.
First, we consider I;. For A < 1/4 and sufficiently small e, we have

1 /€ .3
ey M ()] ay

T Jrx/e—m/el/3

IN

1 7'(/61/3 /63
:_/0 |M(7r—ey)‘/6 dy

™

73
:%/ |1—4A+8A2—8A(1—3A)cosey
0

3
—4A(1 - 6A) cos? ey + 8A? cos® ey|t/E dy

1/ 1
_/' h—4A+&¥—8Aﬂ—3AK1——3ﬁ)
0 2

™

Q

t/e3

- 4A(1 - 6A) (1 - %€2y2)2 +8A42 (1 — %ezy2)3

1 m/et/? .
— ;/0 |(1—8A)2+8A(1_6A)62y2_A(1_12A)64y4_A266y6|t/
—0 ase—0.

Second we estimate Is:

1 w/e—m/e'/? 3 1 n—e2/37 3
mm—/ | M (ey)|"/ dy = — |M(u)|" du.

s /et/3 TE Je2/3 1

Since in u € [0, 7], M (u) takes maximum at v =0 and minimum at u which we
take as cosu=—1+1/3A4, we have

|I2| < %maxﬂM(w - 62/37r)‘t/63’ |M(€2/37r)|f/€3)

1
~ = max((1 - 84)!/%, (1 — AS/371)1/2)
€

—0 ase—0.
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Finally, in the interval of the integral I3, we have
M(ey) =1 +iAy>e?
Thus the proof is complete. |

Next we have the following, similar to [11].

THEOREM 3.2

Let f be continuous in L*(R). Suppose that f is the Fourier transform of a
function f in L?(R); that is,

f(=) :/ e~ F(N) dA
Set
where [-] denotes its integer part. Then there exists the limit
u(t,z) = EE,% ue(t, x)
which satisfies (1.1) and
ul(0,2) = f(a).

4, Hitting measure

For each |s| < 1, the Green operator of {X,,},>0 is defined by

=Y s"E[f(X
n=0

By Parseval’s equality, we have

1 [ .
Zp(nvk)ZZZ_ M(M)Q dNEKna
& ™

—T

where K, is a positive constant smaller than 1 and tends to zero as n goes to
infinity since |M (u)] < 1 except for g = 0. Thus

| B[ £( ‘—‘ank—l ‘gKanle.
We obtain the following.

PROPOSITION 4.1
For every f of 12, G4 f is analytic in |s| <1, and we have

|G 1 |_|1 e

For [ and k in Z, we define

9s(1,k) = Gs1(1 Zs"Pl :Zs"p(n,k—l).
n=0
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For fixed |s| < 1, we have the following:

1 /7r e~ ink d
Cp = - T As/ N )
2 J_ 1 —sM(u) s

by (2.2). We note that gs(I,k) = cr—;.

PROPOSITION 4.2
Let My(z)=(z—1)3+ 5 (2 = 1)z, and let Ma(2) =—(2—1)3 + £ (L —1)22. We

S S

assume that |s| < 1. We have

1 &
_ ) &M@ (n<0),
Cn = 1 n+1 n41

s (5then + W) (> 0),

where a real number £ is a solution of My(z) =0 and complex numbers 11 and
Ny are conjugate solutions of Ma(z) =0.

Proof
First, we consider that n < 0. We set z = ¢’* and change a variable; then the
residue theorem implies

1" e inn .
Cn = — ——
21 J_ . 1—5s(1— Ae~1(et* —1)3) K

1 dz z™"

T 2mi Je 2 1—s(1— AL(z — 1)3)

z

1 /d z7"
= —F z
2miAs Jo  (z—1P3+ L(2—1)z

1 Z
“a 2 e )

where C is the unit circle in the complex plain. We denote by M (z) the denom-
inator in the equation above; that is,

Mi(z) = (z—l)s—i—%(% —1)z.

Second, we consider that n > 0. We set 2= e~ and in a similar fashion to the
case of n <0 we have

1 [™ e~ inm d
= %/W 1— s(1— Ae—in(ein —1)3)

_ 1 e~ inu p
= 2m o 1-— 5(1 — Aeziﬂ(l _ efip,)g) 1%
1 dz 2"

T 2miJo 2 1—s(1— AL(1-2)?)



514 Tadashi Nakajima and Sadao Sato

1 Zn+1
= - /dz T
2mids Jo  —(2—1)3+ (5 —1)22
Z7L+1

:Ais Z Res(_(z—1)3+%(%—1)22>’

|z|<1

where C is the unit circle in the complex plain. We denote by Ma(z) the denom-
inator in the equation above; that is,

My(z)=—(2—1)3+ %(% - 1)22.

We consider the zeros of M(z) and My(z). We note that
So we have to consider the zeros of Mi(z). By %(1 —1) >0, £ is the one of
solutions of Mj(z) =0 which is a real number, and 0 <& <1 and 7} and 7} are

the others of solutions of M;(z) =0 which are complex numbers and |n;| > 1
(i=1,2). Taking n;, =1/n} (i=1,2), we get the rest of the claims. O

The behavior of X, varies at the boundary of an interval according to the starting
point; we will study three cases. The first case is the hitting measure to the
boundary of (—o0,0) when X,, starts at a positive point. The next case is the
hitting measure to the boundary of (0,00) when X,, starts at a negative point.
The last case is the hitting measure to the boundary of (0,L) when X, starts
at [ where 0 <l < L.

4.1. The hitting measure to the boundary of (—c0,0) when X, starts at a positive
point

In this section, we assume that X, starts at [, which is a positive integer.
We define the first hitting time to the set Z N (—o00,0) as

o~ =min{n: X, <0},
and we shall write
p(n,l,k)=P[X,=kn<o™].
Since F,, is essentially finite, note that the quantity is well defined. Then we have
B(n,1,k) = Pu[Xn = k] — P[X, = kio~ <]
AKX =K~ 3 Plo =m X, = 1P 4[Xo =K
m=0

which is a strong Markov property. For [ and k in Z, define

§3(17 k) = Z Snﬁ(nﬁla k))
n=0

H;(s,l) = Zs"Pl[a_ =n,X,- =il.
n=0



Random walk approach to the pseudoprocess driven by 8; = — A92 515

Since the total variation of F,, < (14 2A)", gs(I,k), and H;(s,l) are analytic in
|s| < (1+2A)~!, then we get

9s(Lk) = g5 (1, k) — H_1(s,1)gs(—1, k).
By [ > 0, we have
gs(lk) = cr—1 — H_1(s,)ck1-
For k= —1, we have
0=c_j—1—coH_1(s,1).

By Proposition 4.2, we obtain the next proposition.

PROPOSITION 4.3
For|s| <1 and 1 € ZN(0,00),
H—l(svl) = §l+17
where € is defined in Proposition j.2; that is, it is the real-number solution of

(z—1)*+ & (2 —1)2=0. Moreover H_(s,1) is analytic in |s| < 1.

REMARK 4.4
1

For the real-number solution of (z —1)* 4+ 4 (1 — 1)z =0 goes to 1 when s goes
to 1,

lim H_4(s,l) =1,
s—1
which is the interpretation of the hitting measure

Y EBlom =m,X,- =i]=E[X,- =i,0” <o.
m=0

We note that the latter quantity may not be convergent, because all terms are
signed.

4.2. The hitting measure to the boundary of (0, c0) when X,, starts at a negative
point

In this section, we assume that X,, starts at —[, which is a negative integer.
We note that the following quantities are almost well defined by the same

reasons given in Section 4.1.
We define the first hitting time to the set Z N (0,00) as

ot =min{n: X,, >0},
and we shall write
p(n,—l, k)= P_[X, =kn<aot].
Then we have

p(n, =1, k) = P [ X, =k| — P [ X, = k;ot <n]

=P [X,=k]- > Z P_jloT =m, Xor =i|Pi[Xpm = k]

i=1,2m=0
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For [ and k in Z, define

Gs(—1,k) = s"p(n, =1, k),
n=0

H;(s,—1) = ZS"P,Z[UJF =n, X+ =1
n=0

We get
Gs(=1k) = gs(=1,k) — Z H;(s,—1)gs(i, k)
i=1,2
= Cly1 — Z H;(s,—l)ck—-
i=1,2
Especially, when k=1 and 2, we have
(4.1) OZClJrl —C()H1<S,—l) _071H2(87 —l),
(4.2) 0= Cl42 — ClHl(S, —l) — CQHQ(S, —l)

Thus we obtain the next proposition.

PROPOSITION 4.5
For |s|<1 (s€eR) andl€Zn(0,00),

CoCl+1 — C—1C142
Hl(safl) = P
Co —C1C—1

CoCl42 — C1Cl41
Ha(s, —1) = 222 1T
Co —C1C—1

Moreover H;(s,—1) (i=1,2) are analytic in |s|<1 (seR).

Proof
To show the proposition, it suffices to confirm that the denominator ¢2 —cic_1 # 0
in|s|]<1(seR).

By s € R, we note that R{M(u)} is an even function and S{M (u)} is an
odd function. So |1 — sM (p)|? is an even function with respect to p.

{1, n =0,
CTL =
0, n#0.
So cg —c¢i1c_1 = 1. Thus we consider 0(2) — c¢1c_1 in the case s # 0.

Then we have to prove the claim in the case when s € R,s#0, and |s| < 1.
We will divide this proof into some steps.

Step 1. We shall prove R{co} >0 for |s| <1 (s €C).

We set s = pe’? and M () = | M (u)|e*) | where 0 < p <1, 7 <0 < —, and
A(p) is the argument of | M (u)l:

For s =0, we have
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ol -3 [ i)
1 /’T %{1—51\’4(#)2} i

T om ), 1 sM(u)]
C L [T 1= p[M()|cos(8 + A(n))
" on / T — sM(p)P? -

Since |M ()| < 1, we have 1 — p|M (u)| cos(6 + A(u)) > 0. Thus R{co} > 0.

In the following steps we assume that s € R; then we note that ¢, is a real
number.

Step 2. We shall prove ¢y +c—1 >0 for 0 < |s] < 1.

By
N 1/” 1+et
Cy C_1 = — PEE————
0 YT or ) 1—sM(p) a

[T (L) (1 - sN()
2w ) . L= sMu)P

dp,

it suffices to consider the real part of a numerator of the integrand:
R{(1+e™)(1—sM(p)}
=(L+cosp)(1—sR{M(n)}) — ssinuS{M(u)}
=(1+cosp)(l—s+2A4s(1 —cosp)?) — 24ssin® u(1 — cos p)
=(1+cospu)(l—s).

Then it is positive for 0 < |s| < 1.
Step 3. We shall prove ¢y —c_1 >0 for 0 < |s] < 1.
By

1 /7r (1—e™)(1—sM(p))

o i—sM@E

Co—C_1—=

—T

it suffices to consider the real part of a numerator of the integrand,
R{(1—e™)(1—sM(p)}
=(1—cosp)(l—s+2A4s(1 —cosp)?) + 2Assin® u(1 — cos p)
=(1—cosp)(1—s+4As(1—cosp)).

For 1> s> 0, it is clear that ¢ —c_1 > 0.
Now we consider —1 <s<0. By 0< A<1/4,

(1—cosp)(1—s+4As(1 —cosp))
> (1 —cosp)(1+ scosp)
> 0.

Then it is positive for 0 < |s] < 1.
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Step 4. We shall prove c_1 —c; >0if —1<s<Oandc_1—c; <0if1>s>0.
By

1T (e —em ) (1 = sM ()
2 ) _x |1 —sM(u)[?

c_1—cC = du,

it suffices to consider the real part of a numerator of the integrand,
R{(e™ —e ") (1 —sM(p))}
= —2ssin’ U (M ()
= —4Assin® p(1 — cos ).
Then we get the claim.

Step 5. We shall prove c_; <0 if 1 > s> 0.
By

c_1 du

1 [T e = sM(u))
‘%/ﬂ 1= sM(p)P

2 [T R M (1))
or Jo - sM ()2

it suffices to consider the real part of a numerator of the integrand:

R{e™(1—sM(n))} =—2Ascos® p+ (1 — s + 4A4s) cos ju — 2As.

dp,

Setting t = cos i, we denote by F'(t) the above equation, or
F(t)= —2Ast*u+ (1 — s + 4As)t — 2As.

We denote by o and 8 (|a] < |8]) solutions of the equation F'(t) = 0.

By the discriminant of F'(t) =0, o and  are real numbers. Moreover by
Vieta’s formula, 0 < a <1< 3.

Meanwhile, we have F/(1) >0, F(—1) <0, and F(1) < |F(-1)|. So |(—1, )| >
|(a, 1)|, and F(¢) is monotone function in (—1,1).

Thus we get c_1 <0if 1 >5>0.

Step 6. We shall prove c_; >0 if —1 <s<0.

We use the notation of step 5.

Then the discriminant of F\(t) =01is (1 —s)(1 — (1 —8A)s). In the case when
the discriminant of F'(¢) =0 is negative, that is, (1 — (1 —8A4)s) <0, it is clear
that c_1 > 0if s <0 by F(¢t) >0 for |¢| < 1.

We shall consider the case when the discriminant of F'(t) = 0 is nonnegative;
that is, (1 — (1 —8A4)s) > 0.

By the relation of solutions and coefficients about F'(t) =0, 8 < -1 < a <0.

Meanwhile, we have F/(1) >0, F(—1) <0, and F(1) > |F(-1)|. So |(-1,a)| <
|(a,1)| and F'(¢) is a monotone function in (—1,1).

Thus we get c_1 >0 if -1 <s<0.

Pulling together the above arguments, we can get the claim of the proposition
as follows.
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For s =0, cg—clc,lzl>0.
For 1> s> 0, by step 4 we have ¢_; < ¢1, and then by step 5, —c? ; < —cic_1.
So by steps 2 and 3,

C(Q) —C1C_1 > C% — 0271
= (CQ — 071)(00 + 671)
> 0.

For —1 < 5 < 0, by step 4 we have c_; > ¢1, and then by step 6, ¢2; > cic_1.
Now by step 3, cg > c_1, and then by step 1,

Cg > cpC—1
2
>cZy>c1cq.

Therefore, cg —cic_1 > 0. O

Next we will compute
lim H;(s,—1), i=1,2.
s—1

At first, we compute ¢,. By Proposition 4.2 and its proof, we consider sufficient
zero points of Mj(z). We set

(4.3) v = %(1 _ 1)
and
z=1-v2.
Then we have
Mi(1—v2')= 032" +03(1 —v2') =0.

By Cardano’s formula, we obtain that

2 =1+y,

2'2 = wr + wzy,
and

2y = W’z +wy

are zero points of Mj(1 —vz’), where

s| 14 4/1+ 5-03
T = B E—
s 1— /14 503
y=\N—"">5
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and w is an imaginary cubic root. Thus we set

E=1—wvz,
1
771:1_—%7
and
1
772:1_7%-

We note that £ is a zero of M;(z), which satisfies |£| < 1, and #; and 72 are zeros
of My(z), which satisfy |n;| <1 (i=1,2).
By Taylor expansion, we have the following;:

1 1
§=1—v+§v2—gv4+0(v5),

14 1
i J;Z\/§U+ 32\/3112

1—1 -1+
22\/5114— —;Z\/gvz—i—

So, by Proposition 4.2 we get

v® 4 i(—1 + V3wt + 0(v®),

+ 81

m=1

77221-1-_

1
3
Loy 3(—1 — V3wt + 0.
3 81

1 3ntll _ n’4n 27n3+54n2+9n710,u

1
34502 T 04s v 6As T 486As

4 3 2
+ 8ln +270n5§§322 —150n=56,2 4 0(03) (n<0),
(4.4) Cn =
11 4 Bntll n’+n + 27n3+54n2+9n—10,0
3As v2 9As v 3As 486 As

81n*4+270n34+135n%—150n—>56 .2 3
+ L3 A v? 4+ 0(v?) (n>0).

From Proposition 4.5, we get

Hy(s,—1) = (24+1) — (I* + 31 +2)%v +0(v?),

1
Ho(s,—1) = (=1 —1)+ (1> + 31 + 2)51; + O(v?).

If s goes to one, then v goes to zero. Therefore we obtain the next proposition.
PROPOSITION 4.6
We have

;LII}Hl(s»_Z) =2 +l7

;er} Hy(s,—l)=-1-1.
4.3. The hitting measure to the boundary of (0, L) when X, startsat (0 <! < L)
In this section, we assume that X, starts at [, which is integer and 0 <1 < L.

We note that the following quantities are almost well defined for the same
reasons given in Sections 4.2 and 4.3.
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We define the first hitting time to the set Z N (0,L) as
o=min{n: X, <0or X, > L},
and we shall write
p(n,l k)= P[X,=kn<o]

Then we have

p(n,l, k) = P[X,, =k] — P_j[X,, =k;0 <n]

=P[X,=k- > zn:Pl[a:m,XU:i]Pi[Xn,m:k].
i=—1,L+1,L+2m=0

For [ and k in Z, define

gs(Lk) =Y s"p(n,1,k),
n=0

Hi(s,1) =Y s"Plo=n,X, =i.
n=0

We get
gs(l7k) :gs<lak> - Z Hi(svl)gs<i?k)

i=—1,L+1,L+2
=Ck—] — E Hi<57l)ck,i.
i=—1,L+1,L+2

Especially, when k= —1, L+ 1 and L + 2, we have

O=c_j—1—coH_1(s,1) —c_p—oHp1(5,1) —c_p—3Hp12(s,1),
(4.5) 0=cry1-1—cryoH _1(s,1) —coHpy1(s,1) —c1Hpo(s,1),
0=cria—1—crisH _1(s,1) —c1Hpy1(s,1) — coHpya(s,1).
So we have to solve these equations about H_;(s,l), Hr4+1(s,1), and Hyy2(s,1).
But we are interested in the behavior of H_1(s,l), Hr41(s,1), and Hpya(s,1)

when s goes to one. Then we consider that s~ 1.
First we will show that the determinant

Co C-rL-2 C-L-3

Al = |cp41 co c_1
CL+3 C1 Co
Co C-1 L+1 C-1 CL+1 Co
=Co —C_1— + +c_1— +
1 Co crL+3 Co CL+3 1
is not zero.

Meanwhile, for

cn =p(0,n) +p(1,n)s +p(2,n)s” +p(3,n)s* + O(s")
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we have
CL+1 C-1 4
C_p—2 =0(s)
cL+3  Co
and
CL+1 Co 4
Cc_1—3 =0(s)
CL+3 C1

By the proof of Proposition 4.5 we get that the determinant |A| is not zero.
Second, we will compute the limit

lim H;(s,1)
s—1
fori=—-1,L+1,L+2.
From (4.4) and (4.5), we have
2412 4+3L+L?—1(3+2L)

2
Ho(s,1) 6+5L + L2 +00Y),
2+ —1P+L+IL )
Hpii(s,l) = 5+ L + O(v?),
(4 D(-1+1+L) )
HL+2(87Z)_ 3+L +O(U )7

where v is defined in (4.3). Thus we get the following.

PROPOSITION 4.7
We have
L2 —(20-3)L+(1—-1)(1-2)

lim H_4(s,1) =
s—1

(L+2)(L+3) ’
. l+1)(L—-1+2
iLH%HL+1(57Z>:( )L(+2 )7
. I+)(L+1-1
lim Hp4o(s,0) = ( )L(+3 )

5. Scaling limit of the first hitting time and place

Let s= e*€3>‘, and let y =ne. We have

o= (e ) el

()"

First, we consider the behavior of £, 11, and 72 in Proposition 4.2 when € goes
to zero. By Taylor expansion, we have

For simplicity, we set
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1
logé = —v— ~v? + iv4 +0(v%),

6 @ 324
C(-14VB)  (—1-iV3B) 5 51 —iV3) ,
logm = ————vt v+ g v O,
—1—i —14i 1+i
logn, = ( 2“/§)v+ ( _1|_2Z\/§)v2 + 5 (—:428\/3) vt 4+ 0(0°).

Then we have
n 1 2 5 4
& ~exp(n(—v =g+ o)),

n e ( (,1 L5 4))
P TRV T 1Y T g
V3(—324v + 5402 + 50%) ./ V/3(—324v + 540v% + 5u?)
x (cos (n e ) — isin (n e )),

n 1 1 2 5 4
2 eXp(”( 5" 12V 1 Y ))
V3(—324v + 5402 + 5vt)\ ./ V/3(—324v + 54v? + 5ut)
x (COS (" 648 ) tosin (” 648 ))

Thus we get the next proposition.

PROPOSITION 5.1
We set v = (\/A)Y/3. Let € go to zero; then we have

where &, M, and ny are defined in Proposition /.2.
Let f(x) be a differentiable function, and let « > 0 in the following subsections.

5.1. The boundary of (—o0,0) when X, starts at a positive point
Let £ >0 and
7~ =inf{t: X; <0}.
We have
B [e f(X)] ~ B[ f(eX,-)]
= f(—e)Eile™ X, =—1]
= f(—e)H (e~ 1).

Then we obtain the next theorem by Propositions 4.3 and 5.1.
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THEOREM 5.2
For every differentiable function f and x >0, we have
(5.1) E,[e™ f(Xo)] = exp{—z(A/A)"/*} f(0).

From the Laplace inversion formula, a direct calculation shows that
A o0
£t (exp{—x()\/A)l/?’}) = 3—/ a® exp{—aBtA — Ea}sin(éaca) da.
s 0 2 2
Then we get the density function of the first hitting time 7= and the hitting
place:

P {r~ edt,X.- €dy} = p(t,z)dtdp(dy)
_3A [

™ Jo

a? exp{—agtA - ga} sin(?xa) da dtdo(dy).

Moreover we integrate the above with respect to ¢ from zero to ¢; we have the
next theorem by Shimoyama [12].

THEOREM 5.3
We have

P {r" €[0,1],X,- €dy}

34 1 {

=1-— —exp
T 0 a

—a’tA — ga} sin(?ma) dado(dy).

5.2. The boundary of (0,00) when X starts at a negative point
Let
t =inf{t: X, > 0}.
Consider
E_, [e_ATJrf(XT‘*' )]
—e3xot
~E_e fleXo+)]

3/\G'+

= f()E_ife™ " Xos = 1] + f(20) E_[e =< Xy =2
= f(e)Hi(e™ >, —1) + f(2€)Ha(e >, —1)
= SO+ £26) (B (e, ~1) + Hyfe™, -1)

45 (7€) = F20) (Hale™, 1) — Hy(e™, -D).

By Propositions 4.5 and 5.1 we get the next theorem.

THEOREM 5.4
For every differentiable function f and x >0, we have

E_p[e f(X,+)] = k(\2) £(0) — j(Az) f(0),
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where

k(M z) = 2 e_%()‘/A)l/Bsin(g(i)l/gx—l-E),

V3 1 3
J\ ) = % (é)lme*%wm”s Sin(? (%)1/2)'

From the Laplace inversion formula, we get the density function of the first hitting
time 7~ and the hitting place

P—I{T+ S dta XT+ S dy} = :u‘k(tﬂx)(;()(dy) - ,LLj (ta ‘r)(;(/)(dy)a

where
3A [ ; 3
= 58 [ i )
and
A [ : B
(b, ) = ?; A ae~ oA (eﬂm —2e2? cos(?xa + g)) da.
REMARK 5.5

By direct calculus, we get the relation of ux(t, ), p;(t,z), and p(t,z) as follows:

0
i (t, o) + %uj(t,x) = p(t,—x).
Then we have

0
P {rtedt, X+ cdy}= E{—Mj(t,x—l-z)éo(dy—i-z)}

» dt+p(t, —x) dtdo(dy).

z

Moreover, letting
P_m{TJr €0,t], X+ € dy} = g (t,z)0(dy) — py(t, )6, (dy),

we will compute pg (t,z) and py(t, x).
First we consider pg(t,z). By the definition of ur(t,z), L(ur(-,x))(A) =
k(A z). Noting that pg(t,x) = fg pr (u, ) du, we have

li =1 .
Jim e (£ @) = lim AL (pg (-, 7)) (M)
= lim k(A\,z) =1
A—=0
by the final-value theorem of the theory of Laplace transforms. Thus we get

prlte) = [ mtw)du— [ ud

:1—/ pr(u, ) du

t

=1 \/EA/OO ot
0

e 4 2¢"2%in ﬁxa— ™) da.
2 6

2 7 a
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Next we consider py(t,x). We set L(u;(-,x))(A) = j(A\,z) and ps(t,z) =
j;)t i (u, z) du. Noting that

Jim g (8, 2) = Tim AL (1 (-, 7)) (V)
= lim j(A,z) =2
we get

pota) = [ stw)du [ sz du
0 t
:x—/ pi(u, x) du
i

=x— ﬁé /000 et (e_m — Ze%asin(?xa + g)) da

a

in a way similar to that used above. We have the next theorem by Shimoyama [12].

THEOREM 5.6
We have

P—I{T+ € [OatLXT* € dy} = MK(tax)éo(dy) - NJ(tvx)éé)(dy)a

pr(t,x)=1- éé /000 #(e_m + 26_%“sin(§xa — %)) da

and

pyt,x)=x— ﬁé /000 e_(;StA (e_m — Qe%“sin(gma—k g)) da.

5.3. The boundary of (0,a) when X, startsat z (0 < z < a)
Let

T=inf{t: X; <0 or X; > a}.
Consider
B, e f(X,)]
~ Eilem 7 f(eX,)]
= f(—O)Ele < X, = —1]
+flat OBl X, = L+ 1] + fla+20)Eile ™" X, = L+2]
— f(—H_1(e=“ M) + fla+ ) Hp g1 (e 1) + fla+2e)Hpa(e™ 1)
= f(—)H_1(e= 1)+ fla+ ) Hpp1 (e < 1) + fa+26)Hpya(e <, 1)
= f(—e)H_1(e" 1)
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+=(fla+e) + fla+26)) (Hoii(e 1) + Hppo(e <N 1))

— N =

+5(flate) = fla+26) (Hpp1(e 1) — Hpyo(e™ N 0).

Then by (4.5) and Proposition 5.1 we get the following.

THEOREM 5.7
Let v = (\/A)'/3. For every differentiable function f and x>0, we have

E,[e™ (X))

B —ela—z)v 4 26_%(“_’“)”sin(§(a —z)v+§) 0

1
—5avlV o3 us
—e™ +2e72Wsin(5rav + §)

652) + % ((e(%*w)” sin(?au + g) — ezlata)y sin(?(a —z)v+ g)

+ ™z (2amm)w sin(?mu))/(—e“” +2e7 W sin(?au—i— %)))f(a)

- % ((e(%*m)”sin(éay) —ezlata)y sin(?(a - x)y)

+ ez ama) sin(?mu))/(—e“” + 2% sin(?au + %)))f’(a)
REMARK 5.8
As X goes to zero in (5.2), we obtain

(a—x)? z(2a — ) z(x—a) ,
u(r) = B [£(X)] = T o) 4 T2 o) 4 T2 (g,

REMARK 5.9
As a goes to infinity in (5.2), we obtain (5.1).
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