Local Jacquet-Langlands correspondences
for simple supercuspidal representations

Naoki Imai and Takahiro Tsushima

Abstract We give a description of the local Jacquet—Langlands correspondence for sim-
ple supercuspidal representations via type theory. As a consequence, we show that the
endoclasses for such representations are invariant under the local Jacquet-Langlands
correspondence.

0. Introduction

Let K be a non-Archimedean local field with residue characteristic p. Let A
be a central simple algebra over K. We put n=[A: K]l/z. The local Jacquet—
Langlands correspondence (LJLC) gives a correspondence between irreducible
essentially square-integrable representations of GL,,(K) and A*. The irreducible
supercuspidal representations of GL,(K) have been classified in [13] via type
theory, which describes supercuspidal representations as compact inductions of
representations of some open subgroups that are compact modulo center. More
generally, type theory for representations of A* has been developed in the series
of papers [24]-[27], [4], and [28]. So it is natural to seek a description of the LJLC
via type theory.

In the case where A is a division algebra, such descriptions have been studied
in [16], [18], 8], and [10] if n is a prime number and in [9] if p is odd, n is a power
of p, and representations are totally ramified. For general A, such descriptions
have been given in [29] for level zero discrete series representations and in [11]
for essentially tame representations.

In this article, we give a description of the LJLC via type theory for the
simple supercuspidal representations. We define the simple supercuspidal repre-
sentations of A* in Definition 1.1 after [23], which are equivalent to the supercus-
pidal representations of conductor n + 1 as a result. Such representations appear
in [19]. For A* = GL,(K), simple supercuspidal representations are studied in
[1] (cf. [22], [30]) and they are called epipelagic representations in [12]. We note
that the simple supercuspidal representations of A* are essentially tame if n is
prime to p, but they are not essentially tame if p divides n.
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As a consequence of the description of the LJLC, we show that the endo-
classes are invariant under the LJLC for the simple supercuspidal representa-
tions. This verifies Broussous—Sécherre-Stevens’s [4, Conjecture 9.5] for the sim-
ple supercuspidal representations. The conjecture is verified in [21] for totally
ramified representations of unit groups of division algebras, based on results
in [9].

In Section 1, we give a construction and a definition of the simple supercus-
pidal representations of A*. Further, we show that they are equivalent to the
supercuspidal representations of conductor n + 1. In Section 2, we give formulas
for the characters of the simple supercuspidal representations at some elements,
which are elliptic quasiregular in the sense of [11, 1.1 Remark]. The values of
the characters at these elements are written in terms of variants of Gauss sums
and generalized Kloosterman sums (cf. Propositions 2.6 and 2.9). We believe that
these formulas are interesting in themselves. In Section 3, we give a description of
the LJLC via type theory in Theorem 3.5. We determine the description by check-
ing character relations at some elements. In Section 4, we give another proof of
our main theorem using Godement—Jacquet local constants. This proof is based
on a formula in [5] and [6], which calculates Godement—Jacquet local constants
with respect to some kind of Gauss sums. In Section 5, we show the invariance
of the endoclasses under the LJLC for the simple supercuspidal representations.

Type theory for irreducible supercuspidal representations of A* naturally
appears in the study of the geometric realization of the local Langlands corre-
spondence and the LJLC. The results in this article are used in [20] to show that
the LJLC is realized in the cohomology of the reductions of a family of affinoids
in the Lubin—Tate perfectoid space.

Notation. For a non-Archimedean local field F', let Op denote the ring of integers
in F. For a field F' and a positive integer I, let u;(F') denote the group of the ith
roots of unity inside F. For an Abelian group X, we write XV for its character
group Homy(X,C*). For a group G, its subgroup H, a character 6 of H, and
g€ G, weput HY =gHg~"' and define a character 69 of HY by 69(h) = 60(g~'hg)
for h € HY.

1. Simple supercuspidal representation

In this section, we give a construction and a definition of the simple supercuspidal
representations of the multiplicative group of a central simple algebra over a
non-Archimedean local field. Further, we give a characterization of the simple
supercuspidal representations by the conductors.

Let K be a non-Archimedean local field with residue field k. We set ¢ =
|k|. Let px be the maximal ideal of Ok. Any central simple algebra over K is
isomorphic to a matrix algebra over a central division algebra over K. Let m
be a positive integer, and let D be a central division algebra over K. We put
A= M, (D) and G=A*.
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Let m be an irreducible smooth representation of G. We fix a nontrivial
character v € kV. For x € Ok, let T denote the image of x under the reduction
map Ok — k. We take a character ¢ € KV such that

Vi (x)=9(Z) for x € O,
Yr(x)=1 forz€e€pk.

Let e(m, s,k ) be the Godement—Jacquet local constant of 7 with respect to ¥ .
Then there exists an integer f(m,%x) such that

6(7T7 S, 7/1K) = q*f(ﬂ',?/)}()se(ﬂ.’ Oa 1/’K)

by [17, Theorem 3.3(4)]. We put 7 = [D : K]*/? and n = mr. We define the con-
ductor ¢(r) of m by

o(m) = f(m,bx) +n.

Let A%ﬁl denote the set of isomorphism classes of the supercuspidal representa-
tions of G of conductor n + 1.

We fix a uniformizer @w of K. Let n = ((,x,¢) € pg—1(K) x (k*)Y x C*.
In the following, we define a smooth representation 7p ., of G. Let K, be
the unramified extension of K of degree r. We take an element ¢p . € D*, an
embedding K, < D, and an integer 1 < s <r — 1 which is prime to r such that
©p.¢ = Cw and ch,Cdgpz,}g =d? for d € jugr—1(K,). We put

0 In_
<p<—< Ol)eA and  L¢=K(p¢) C A.
$D.¢

Since ¢ = (w, the field L¢ is a totally ramified extension over K of degree n.
We have

(1.1) Nrd 4,k (p¢) = (—1)"" (o, TTdA/K(‘PEI):O-

Let Op denote the maximal order of D, and let pp denote the maximal
ideal of Op. For a positive integer [, let k; be the extension of k of degree I. We
identify Op/pp with k,.. Let C be the subring of M,,(k,) consisting of all upper
triangular matrices. Let 20 denote the inverse image of C' under the reduction
map M,,(Op) — M,,(k,). Then 2 is an order in A. Let Py be the Jacobson
radical of 2(. Note that Py = ¢ and the normalizer of 2 in G equals LJA*.
For a positive integer i, we set Uy = 1+ Py. Let Op .y LUy — C* be the
character defined by

Op,muy(x) =x(Z) for e pg_1(K),
(1.2) 0D,my(r) = (YK 0 TrdA/K)(cpgl(x — 1)) for x € Uy,
OD,ma(pc) = (-1)"""e.

G
We put 7 =c-Ind 0 .
p D,m,n LgX Ul D,m,n
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DEFINITION 1.1
We say that an irreducible supercuspidal representation 7 of G is simple super-
cuspidal if T~ 7p , ,, for some 7 € pg—1(K) x (k*)¥ x C*.

LEMMA 1.2
The representation Tp m,n 15 a supercuspidal representation of conductor n+ 1.

Proof
We define a chain lattice A = {A;}iez in D®™ by

Amj-H — (ij)EBmfl ® (ij-H)éBl
for j€Z and 0 <1l <m — 1. Then we have
A={ge A|gA; CA, for all i € Z}

and pcA; C A4 for i € Z. Hence, A is a hereditary order in A (cf. [24, Définition
1.3]). We consider a stratum [2, 1,0,@51] of A (cf. [24, Définition 2.1]). We set

B={xecA|lzz=zx forall z€ L¢}.

Then we have B = L. Using this, we see that the critical exponent of this stra-
tum equals —1 (cf. [24, Section 2.1]). Hence, this stratum is simple (cf. [24,
Définition 2.3]). Since the simple pair [0, gogl] over K is minimal in the sense of
[24, Section 2.3.3], we have

(1.3) H' (') = T e 1) = Uy C J(pc 1, 2) = OF Uy
under the notation in [24, (65)]. We have
(1.4) %(@EI7O’Q[) = {9D7m777|U%[}

by [24, Lemma 3.23] under the notation in [24, Définition 3.45]. Then, by (1.2),
(1.3), and (1.4), we can check that the pair

(J,A) = (OchglueD,m,ﬂo; uy)
U

is a maximal simple type of level greater than 0 for G with respect to the simple
stratum [2f, 1,0,90(_1} in the sense of [26, Sections 4.1 and 5.1]. Hence, 7p , , is
a supercuspidal representation by [26, Théoreme 5.2]. We see ¢(mp,m,n) =n+1
by using [6, Theorem 3.3.8] (cf. the proof of [2, Proposition 2.6]). O

PROPOSITION 1.3
The map

®: g1 (K) x (k)Y xC* = ABLL ne7p g
is a bijection.
Proof
We show the injectivity. We take

n=((x.0), 0= X,¢) € pg_1(K) x (k)Y x C*
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such that 7p . > Tpm,y - By [28, Corollary 7.3], we see that ¢ = ¢’ and x = x'.
By Tp,m,n & TD,m,»y , there exists go € G such that

(1.5) Hong UYN(LEUY)%0 (Dm0 ) # O-
This implies that

go
Homy s w90 (0D,m,0, 0D 1) 7 0,

since 0p ., coincides with 0p ,,, on Uy. Then we have go € LUy by [25,
Proposition 2.10]. Hence, we have n=7%" by (1.5).

We show the surjectivity. Let 7w € A%T#L. By [27, Théoréme 5.21 and Corol-
laire 5.22], we have 7 ~ c—Ind?G for a maximal simple type (J,\) with a simple
stratum [y, 7,0, 8] and an extension 6 of \ to

J={geG|J9=J, N =)}

Let Py, be the Jacobson radical of %g. By [2, Proposition 2.6], we have [ =1 and
pr o =Py, - Replacing A by its conjugate, we may assume that g =21 (cf. [6,
(1.5.2) Proposition (ii)]). We put Uy =1+ px. We take ¢ € p14—1(K) such that

(1.6) Nrdy g (87" =(-1)"""¢w mod Ug.

We write 371 = pcau, where u € Uy and a = (aij)1<ij<m € A% is a diagonal
matrix such that a;; € pgr—1(K;) for 1 <i<m. We put b=1[][,.,,, @ii. Then
we see that ¢¢a is conjugate to

0 Im—l
cA
<</7D,<b 0 )

by an element of 2. Further, this is conjugate to ¢¢ by an element of 2%, since
we have Nrdp,/x (b) =1 by (1.6). Hence, we may assume that 3 = cpg_l.

We see that 6 is a character by the definition of maximal simple type (cf. [26,
Sections 4.1 and 5.1]), [25, Section 2.2], and (1.3). We define x € (k*)Y by x(z) =
0(x) for x € py—1(K) and put ¢ = (—1)""16(¢¢). Then we have m = &(n) for
n= (C) X C)' U

REMARK 1.4

If m = n, then Proposition 1.3 follows from [12, Sections 2.1 and 2.2]. Actually,
the proof of the injectivity of @ is logically unnecessary in this article. We need
only the surjectivity of ® in the case m =n for the proof of Theorem 3.5, and
the injectivity of ® follows from Theorem 3.5 and the injectivity of @ in the case
m=n.

2. Formula for character

In this section, we give formulas for characters of the simple supercuspidal rep-
resentations of G at some elements.
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DEFINITION 2.1 (cf. [11, 1.1 Remark])

Let g € G. Let fq(x) € K[z] be the reduced characteristic polynomial of g over
K.

(1) We say that g is regular if fy(x) is separable.

(2) We say that g is quasiregular if f,(z) has no repeated irreducible factor
over K.

(3) We say that g is elliptic if the minimal polynomial of g is irreducible
over K.

We write Greg, Gqr, and GEE for the set of the regular elements of G, the set of
the quasiregular elements of G, and the set of the elliptic quasiregular elements of
G, respectively. Let H(G) be the space of locally constant compactly supported
functions G — C. We take a Haar measure dug on G. We recall the following
fact due to Bushnell-Henniart.

PROPOSITION 2.2

For an irreducible smooth representation m of G, there is a locally constant func-
tion trm: Ggr — C characterized by

trm(f) = /GtrW(g)f(g) duc

for all f € H(G) with support contained in Gg.

Proof
This is proved in [7, (A.11) Corollary] in the case where G = GL,,(K). The same
arguments work also in our situation (cf. [11, 1.1 Remark and Proposition]). O

For an irreducible smooth representation w of G, let trm be the function in
Proposition 2.2, which we call the character of w. Let n = ((,x,¢) € pg—1(K) X
(k*)Y x C*.

LEMMA 2.3
We have

—1
T D,mn(9) = E 0p,mn(x” gz)
acEG/Lé< Ué‘,a;—lgxeLz< Uy

forge Gglrl.

Proof
This follows from [11, 1.1 Remark and (1.2.2)] (cf. [7, (A.14)]). O

We put Uj, =1+ px C Ox. We set g, = pc(1+ pcu) €A for u € 2.
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LEMMA 2.4
Let ue . We set

fgu _x +Zaz x EK ]

Then, we have

ap(u)

(w

ai(u) €Epg  for1<i<n-—1, — EU}(.

Furthermore, g, is an elliptic quasireqular element.

Proof
We see that a;(u) € px for 0 <i <n—1, since the left multiplication on Op/wOp
by g, acts nilpotently. We have

ao(u) = (—1)"Nrda, x (gu) € Pr \ P

Hence, the former assertion follows from (1.1) and Nrda k(1 + ¢cu) € U. By
Eisenstein’s irreducibility criterion, fg, (x) is irreducible over K. Therefore, the
latter assertion follows. O

LEMMA 2.5
Let g€ G and u € 2A. Assume that g~ g,g € Pa. Then we have g € L?le.

Proof
We take | € Z and s = (s, 5)1<ij<m € A\ Pa such that g = <pl<s. We put v =
@Zlugolc € 2. Then we have
971909 =5 "gus € Pa.
Hence, we have g,/ s C sp¢2(. This implies that g,/ s2 = s, since we have
NrdA/K(goc_lsflgu/s) €O0x.

Therefore, we have (s = s 2 in Po/Pa. This implies that s;; € OF if and
only if s;41,41 € OF for each 1 <7 <m — 1. Then we have s;; € Of for all
1 <i<m, since s ¢ Py . Hence, we have s € A*. This shows the claim. O

We put ng = (n,q — 1). For a € k, we put
Calvtha)= 3 x(@)(az).
T€fn, (k)

Note that G,—1(x,%,1) is a usual Gauss sum, for which we write G(x, ).

PROPOSITION 2.6
For v e, we have

trﬂ'D,m,n(QU) = (_1)m_1CGn (X7 Y, TrdA/K(U))-
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Proof
For X € pg—1(K), let

g(\) =diag(1,\,..., A" eaq.
We put
H={dg(\) € G|d€ pg_1(K,), N€ pg_1(K), d "t =X"}.

Note that A in the definition of H automatically belongs to i, (/). Then, we
can check that H is equal to

{:z: =diag(dy,...,dn) €G | z g€ L? Usi, di € pgr—1(K,) for all z}
Hence, we see that
{reGlagure LUy} = HL Uy
by Lemma 2.5. We have the isomorphism
HL Uy /L Uy =5 iy k), dg(X) = X,

Hence, the claim follows from Lemmas 2.3 and 2.4. O

LEMMA 2.7
The element 1+ ¢ is elliptic quasiregular.

Proof

The element ¢¢ is elliptic quasiregular by Lemma 2.4. Hence, the claim follows.
O

LEMMA 2.8

Let g€ G and X\ € pg—1(K). Assume that g~ (1 + @cn)g € L?Ugll. Then we have
gELCXQlX.

Proof
By the assumption, we have g7 (14 ¢¢r)g = Ao(1 +v) with Ao € py—1(K) and
v € Pg. Then we have

Ao = lim (Ao(1 + 0)" = lim (571 (1+ pea)g)” =1

=00

Hence, we have g~ 1¢c1g = v € Py Therefore, the claim follows from Lemma 2.5
and LIAX = L7\ A%, O

For a finite field extension &’ of k, an additive character ¢’ € k'Y, a positive
integer [, and a € k'*, we put

K.@)= > (Elj G)-
=1

C1Gi=a, €k’

This is a generalized Kloosterman sum (cf. [14, Sommes trig. 7.1]).
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PROPOSITION 2.9
For M € pg—1(K), we have

(2.1) trmp,my(1+pen) = (=1)""" K, 5(4).
Proof
Let A € pg—1(K). We have
LD (L4 @cn) = > 0D,m.q (97 (1+vcr)g)

geELXAX /LLUY
by Lemmas 2.3, 2.7, and 2.8. We can check that

m—1

tra/p(07 g7 0erng) = 0pkcan e + Y aplaigi mod pp
=1

for g = (ai j)i<ij<m € A*. For d€ Op, let d denote the image of d by Op — k..
We have the bijection

LEWJLEUg = {(C1y- -5 Gm) € (B)F™ | Nrg, i (Cre - Gm) = A,

(aij)1<ij<m — ((agildiqtl,ﬂrl)lgigmfla LPZ)}Ca;L%mSOD,CAal,l)a
where (a; j)1<ij<m € A*. Hence, we have
D ma(l+ec) = Y KmalwoTr, ).
Nry, /i (@)=X
Further, we have
> Kma@oTr ) =(=D"" > ¢oTr )
N1y, /i (z)=X N1y, /1 (y)=X
= (1)K ()
by [14, (7.2.5)]. Thus, we have proved the claim. O

3. Description of LILC

In this section, we give an explicit description of the LJLC. First, we recall
the statement of the LJLC. Let A%’m denote the set of equivalent classes of
irreducible essentially square-integrable smooth representations of GL,, (D). We
put G’ = GL,,(K). We say that g € G, and ¢’ € Gy, correspond if fy(z) = fy ().

THEOREM 3.1 ([3, Théoréme 5.1] and [15, Théoréme principal])

There exists a bijection

O O
JLD,m . AD,m — AK,TL’
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which is uniquely characterized by the character relation
trm(g) = (=1)"""trJLpm(7)(g)

forme A%,m and any corresponding g € Greg and g’ € G,

reg”
The bijection JLp ,, in Theorem 3.1 is called the LJLC.

COROLLARY 3.2
The bijection JLp ,, satisfies the character relation

trm(g) = (=1)"""tr JLp,m(7)(9")

forme A%’m and any corresponding g € Gor and g' € G, .

Proof
The complement of G™® in G is a Zariski-closed subset of G with strictly smaller
dimension than G. This implies that G™¥ is dense in G in the w-adic topology;
hence, it is also dense in GY". Therefore, the claim follows from Theorem 3.1,
since trm and trJLp ,,(7) for m € A%)m are locally constant functions on Ggr
and G

qrs Tespectively. O

LEMMA 3.3
The function

G”a)ﬁw: k._)(cv aHGn(Xﬂ/%a)

is not equal to the zero function on k.

Proof
Let F,, , be the function on k defined by

Fo(z) = x(z) ifze Hn, (k),
"X 0 ifxdpu, (k).

Then G,y is regarded as the Fourier transformation of Fj, , with respect to
1. Hence, the claim follows from the Fourier inversion formula. O

LEMMA 3.4
For any o' € k* \ {1}, there is a € k* such that K, o(¥) # Kp aa (V).

Proof
Let a’ € k% \ {1}. We take x’ € (k*)Y such that x'(a’) # 1. Then we have

SV (00) (K@) = Koo () = (¢ (0) = 1) 3 ¥ (@) Ko (4)

aekx ackx
=(}'(@)=1)G )" #0
by [14, (7.1.6)]. Hence, the claim follows. O
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THEOREM 3.5
For n=(¢,x,¢) € pig—1(K) x (k*)Y x C*, we have JLp m(TD,mn) = TKnn-

Proof
Let LI p ,,, denote the inverse of JLp ,,. The map LJp ., preserves conductors and
supercuspidality by [2, Theorems 2.2(e), 2.2(1)]. Let ' = (¢, x’,¢/) € pg—1(K) x
(k*)Y x C*. By Proposition 1.3, there exists n = (¢, x,¢) € pg—1(K) x (k*)Y x C*
such that LIp o (Tx nn') = TD,mn-

We have to show n=1n'. We have x = x’, because JLp ,, preserves central
characters. We write 21’ and <p’< for 2 and ¢, respectively, in the case m = n.
By Proposition 2.9 and Corollary 3.2, we have

Ko x(¥) = (=1)"""trmp,my (1 +@cx) = tragny (1+¢e) = K, 576=1(%)

for X € pg—1(K). Hence, we have ¢ = ¢’ by Lemma 3.4.

Finally, we show ¢ = ¢. By Lemma 3.3, we can take a € k such that
Gn(x,v¥,a) #0. We take {y € k;, such that Try, /(&) = a. Let £ € Op be a lifting
of &. We set

ue = diag(¢,0,...,0) e 2.

We simply write g¢ for gy, . Let {a;(u¢)}o<i<n—1 be as in Lemma 2.4. By Lemma
2.4, the elements

ao(ue)
= t!
(w

a;(u
ai:—M for1<i<n-—1, Qy = —

(w

are contained in Ok . We set
n
Ug = Z(p’g_l diag(ay,0,...,0) €A, 9o =@ (1 4 piua) € G
i=1

Then we have
n—1

fou (@) =2" — Z Coax’ — (w(l+ay,(w) = foe (x).

i=1

Hence, g¢ € Ggr and g, € G, correspond. We have tr(uo) = Trda/x (ue) = a,
since

Trd ~1)Nrd
tr(g) = 1 = (—1)" A/ (9 sz a/x (9¢)

ETI‘dD/K(€> mod Pr-
Therefore, we have

c=(— )m—ltrﬂ'D,mm(Qf) = (- )n—ltrﬂK,nm'(ga) —

Gn(Xﬂ/J»a) Gn(XﬂP?a) -

by Proposition 2.6 and Corollary 3.2. ]
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4. Another proof of Theorem 3.5

Let n= (¢, x,¢) € pg—1(K) x (k*)Y x C*. We simply write €(7p m,n, k) for the
value of €(7Tp m,n,s, k) at 1/2. For any smooth character {: K* — C*, let &4
denote the composite £ o Nrd 4k

The following lemma is a special case of a formula which represents Godement—
Jacquet local constants with respect to non-Abelian congruence Gauss sums.
Such a formula is studied in [5] and [6]. If m = n, then this lemma is just [12, 2.2
Lemma].

LEMMA 4.1
1. We have

6(7TD,m777a wK> = (_1)n—1c.

2. For any tamely ramified character £ of K™, we have

6(’/TD,WL,n & an ¢K) = g((il)nilcw)e(ﬂ-D,m,nv wK)

Proof
Let £ be a tamely ramified character of K*. Assume that the characteristic of
K equals 0. We set

LXax

=1Ind §
p LUy

(OD,my @E&A).

We see that p is an irreducible admissible representation of L?Q[X by Lemma 1.2
and is nondegenerate in the sense of [6, p. 228] by (1.2).

Let 19 be the standard continuous additive character of K defined in [6,
2.1]. In [6, (2.3.6)], the non-Abelian congruence Gauss sum 7(p) is defined for
p and 9% . However, it can be defined for any nontrivial additive character
of K as in [5, (3.4)] (cf. [5, Remarks after Theorem (3.7)]), for which we write
7(p, V)-

We take an element a € K* such that ¢ (z) = ¢% (azx) for x € K. Let w,v
denote the central character of p¥. By [5, (3.4)] and [17, (3.3.5)], we have formulas

(0 i) = wpv (a7 (" k) = (OD.m.n @ E)(@)7(p" V),
6(77—D,rn,7] ® £A7 wK) = (aD,m,n &® €A)(a)6(7TD,m,n & §Au ¢?<)7
respectively. By these formulas and [6, Theorem (3.3.8)(iv)], we obtain

(4.1)

(4.2) e(TD.mn @ Ea,Ur) = (—1)" "7 (p" 11 )Nf(p) 1/,
We put 14 =tk 0 Trd 4 . Then we have
(4.3) (0 i) = N§(p)* (O, @ €a)Y (07 balor ")

by (4.1) and [6, (2.7.4)]. We obtain
e(TD,mn ® €4, ¥) = (1) (0p,mm @ €a)" (07 Dbaler ")
= (=D (=) ew)e



Local Jacquet-Langlands correspondences 635

by (1.1), (1.2), (4.2), and (4.3). The same arguments work also in the equal
characteristic case (cf. [5, Remarks after Theorem (3.7)]). Hence, we obtain the
claims. g

Another proof of Theorem 5.5

Let ' = (¢, X/, ) € pg—1(K) x (k*)Y x C*. As in the first proof of Theorem 3.5,
we see that there exists a triple n = ({, X/, ¢) € pg—1(K) x (k™) x C* such that
TDmn =2 LID (T n,n ). We prove ¢ = ¢’. Let £ be any tamely ramified character
of K*. We write A’ for A in the case m =n. Since JLp ,,, preserves character
twists, we have

(4.4) €(TD.my @ Ea, Vi) = €(TK py @ Ear, Vi)

by [2, Theorem 2.2(i)] (cf. [15, Section B.j.1]). We have €(mg v, %K) # 0 by
Lemma 4.1.1. By Lemma 4.1.2 and (4.4), we have

_ mn @4 V) e(Trny ®8ar,VK) _
_lnlwze(”D, n _ 1 — ()" ).
g(( ) C ) e(ﬂ—D,m,nﬂbK) 6(7TK,n,n’7’(/}K) E(( ) C )
Hence, we obtain £({¢'~!) = 1. This implies that ¢ = ¢’. By Lemma 4.1.1 and
(4.4), we have

c= (_1)n71€(7TD,m,na 7va) = (—1)”716(71'}(7",77/,1#;() =c.

Therefore, we have n=17'. O

5. Invariance of endoclass

We show that endoclasses for the simple supercuspidal representations are invari-
ant under the LILC. Let £(K) be the set of endoclasses of ps-characters over K
in the sense of [4, Definition 1.10]. Then we have a map

Oc: AD ,, = E(K)

that was constructed in [4, Section 9.3]. Broussous—Sécherre-Stevens [4, Conjec-
ture 9.5] conjecture that

Oc (1) = O/ (JLp m(T))

for € A%’m. The following proposition verifies the conjecture for the simple
supercuspidal representations.

PROPOSITION 5.1
For any simple supercuspidal representation m of G, we have

@G(Tr) = @Gl (JLD’m(ﬂ')) .

Proof
Let 7 be a simple supercuspidal representation of G. We take n = (¢, x,c) €
pg—1 () x (k*)Y x C* such that 7 =7p m . Then O¢(mp, m,y) is the endoclass
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of the ps-character defined by

([le 17079051]79D’m,77|U%1)'

We have JLp m(TDm,n) = T,y by Theorem 3.5. We define 2’ and 90/( for
M, (K) similarly as 2 and ¢ for M,,(D). Then Og(mx n,y) is the endoclass
of the ps-character defined by

([Qlla 17 07 902_1]7 eK,n,’q

Let L¢o be a finite extension of K generated by an element ¢ such that
@i o=(w. Let €k ((pgé, 0) be the set of simple characters corresponding to the

U%l’).

simple pair [gog(l), 0] over K defined in [24, p. 371]. Then we have bijective transfer
maps

Taoch " Cr(p0,0) = €l 0,2),
TQU,O,@Z% : %K(@E,(l)? 0) - Cg(solgilv 07 Q’[/)
by [24, Théoreme 3.53]. We have

-1 .

TQLO)SO(_,%) (GDymvn |U\211) - TQI})O#PC_,E (GKJLJI|UQ1‘, )

by (1.4). Hence, we have the claim. O
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