Smoothing effect of weak solutions for the
spatially homogeneous Boltzmann
equation without angular cutoff
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Xu, and Tong Yang

Abstract In this paper, we consider the spatially homogeneous Boltzmann equation
without angular cutoff. We prove that every L!'-weak solution to the Cauchy problem
with finite moments of all orders acquires the C*°-regularity in the velocity variable for
all positive time.

1. Introduction

Consider the Cauchy problem for the spatially homogeneous Boltzmann equation,
fit,v) =Q(f. f)(t,v), teRT,vER?,

f(0,0) = fo(v),

where f = f(t,v) is the density distribution function of particles with velocity
v € R3 at time t. The right-hand side of (1.1) is given by the Boltzmann bilinear
collision operator

Qo) = [ [ Blo= o) s £ = o) f(0) dor .

which is well defined for suitable functions f and g specified later. Notice that
the collision operator Q(-,-) acts only on the velocity variable v € R3. In the
following discussion, we will use the o-representation, that is, for o € S?,

(1.1)

, vtue  |v—u , UF U v — vy
= g, * - a,
2 2 2 2
which give the relations between the post- and precollisional velocities. For mono-

atomic gas, the nonnegative cross section B(z,0) depends only on |z| and the
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scalar product % - 0. As in [6]-[8], we assume that it takes the form
(1.2)  B(v—wv,,cos0) = (v — v,|)b(cosf), cosh= |” ’“*| 0,0<0< g
vV — Uy

in which it contains a kinetic factor given by

(1.3) (v — v.]) = B, ([0 - v.]) = [o - 0.7,

with v > —3 and a factor related to the collision angle with singularity,
(1.4) b(cos0)0?T?* — K, when 6 — 0+,

for some positive constant K and 0 < s < 1.

The main purpose of this paper is to show the smoothing effect of the spa-
tially homogeneous Boltzmann equation; that is, any weak solution to the Cauchy
problem (1.1) acquires regularity as soon as ¢t > 0. Let us recall the precise defi-
nition of weak solution for the Cauchy problem (1.1) given in [16] (see also [17]).
To this end, we introduce the standard notation, (v) = (14 |v|?)'/2,

1/p
Iz = ([ 1f@pt)an) . orp=1.0eR,
/
Iz = ([ 3" (@) ro) Paw) ™, for m. e R

11052 = [ 1@ 10g(1+ 1)) do,

and we denote a™ = max{a,0} for a € R.

DEFINITION 1.1

Let fy >0 be a function defined on R? with finite mass, energy, and entropy;
that is,

/11@3 fo()[1+ |v]* +1og(1 + fo(v))] dv < +oo0.

We say that f is a weak solution of the Cauchy problem (1.1), if it satisfies the
following conditions:

f>0, feCRYD(RY)N Ll([O,T];LéﬂJr (R?)),
f(07 ) = fo(')a

ft,v)(v)dv= fo(w)p(v)dv for 1 =1,v1,v9,vs, |v|2,
R3 R3
f(t,yeLlogL, / ft,v)log f(t,v)dv < / folog fodv, Vt>0,
R3 R3
ftv)p(t,v)dv — fo(v)p(0,v) dv — /t dr f(1,0)0-0(7,v) dv
R3 R3 0 RS

= /0 dr /R QU e(Tv)do,
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where ¢ € C1(R*;C5°(R?)). Here, the last integral on the right-hand side given
above is defined by

/ QUf, F)(0)p(w) dv
R3

1 / /
) /RG /S Bf(v)f(0)(e() + o)) = ¢(v) — ¢(v.)) dvdv, do.

Hence, this integral is well defined for any test function ¢ € L ([0, T]; W2 (R?))
(see [16, p. 291)).

To state the main theorem in this paper, we introduce the entropy dissipation
functional by

D(g,f)= —///RS . B(gLf' — g« f)log f dvdv, do,
where f= f(v), f' = f(v'), g« = g(vs), g = g(v},).

THEOREM 1.2
Let the cross section B in the form (1.2) satisfy (1.8) and (1.4) with 0 < s < 1.

(1) Suppose that v > max{—2s,—1}. Let f be a weak solution of the Cauchy
problem (1.1). For 0< Ty <Ti, if f satisfies

(1.5) lv|‘f € L= ([To, Ty]; L*(R?))  for any L €N,
then
f e L>®([to, T1]; S(R?)),

for any to €Ty, Th|.
(2) When —1 >~ > —2s, the same conclusion as above holds if we have the
following entropy dissipation estimate:

T
(1.6) / D(f(t), f(t)) dt < 4oo0.

To

The existence of weak solutions to the Cauchy problem (1.1) was proved by
Villani [16] when v > —2, assuming additionally in the case v > 0 that fy €
Li 45 for some 6 > 0. One important property of the weak solution for the hard
potentials (namely, when v > 0) is, according to the work by Wennberg [18§]
(cf. also Bobylev [9]), the moment gain property. It means that f satisfies (1.5)
for arbitrary Ty > 0 when the initial data only satisfies finite mass, energy, and
entropy. However, without assuming the moment condition (1.5), we can still
consider the smoothing effect in the case of mild singularity (0 < s < 1/2) for the
hard potential (y > 0), and the argument is similar to the one used in [13] (see
Theorem 5.2 in Section 5).

The regularization property given by the above theorem has been studied
by many authors (cf. [2], [3], [12]-[15]). However, to our knowledge, it has not
yet been completely established in the sense that the kinetic factor ®(|z|) was
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modified to avoid the singularity at the origin except for the Maxwellian molecule
case in previous works, and moreover, some extra conditions other than those in
Definition 1.1 of weak solution were required in [3] and [12].

We would like to emphasize that the result of Theorem 1.2 gives the full
regularization property for any weak solution satisfying some natural bounded-
ness condition in some weighted L' and Llog L-space and do not require any
differentiability assumption on the solution. Therefore, by our result, Villani’s
weak solutions in [16] are proved to be smooth by Theorem 1.2 together with the
moment gain property when ~ > 0.

To compare with a recent work [10], it was proved therein that Wpl’1 nH?3
(strong) solutions gain full regularity in the case 0 < s < 1/2. Their method is
based on a priori estimates of the smooth solution, together with results given in
[11] about the propagation of the norm VVpl’1 and the uniqueness of this strong
solution. Departing from [10], we start from the weak solution given in Definition
1.1 without any known uniqueness result. Therefore, an a priori estimate for the
smooth function is not enough to show the regularity for the weak solution in L*
with moments. For the proof of Theorem 1.2, some suitable mollifier, acting on
the weak solution, becomes necessary, so that its commutator with the collision
operator requires some subtle analysis.

More precisely, the mollifier with symbol having time-dependent order (see
Section 4) was first used in [14], where the Maxwellian molecule case (7 =0)
was studied together with the Gevrey regularity of solutions for the linearized
Boltzmann equation, and in [13] the same mollifier led to the smoothing effect
of weak solutions for the spatially homogeneous Boltzmann equation with the
modified kinetic factor ®(|z|) = (z)7, using the pseudodifferential calculus on the
commutator between ® and the mollifier. In the spatially inhomogeneous case,
the regularity and the existence of classical solutions were studied by [4] for
the modified kinetic factor ®, and by [5]-[8] for the singular kinetic factor ®. As
stated in the preceding paragraph, the commutator between the mollifier and the
collision operator with the singular kinetic factor requires some subtle analysis
developed in [8] and [7].

Throughout this paper, we will use the following notation: f < g means that
there exists a generic positive constant C such that f < Cg; while f = g means
that f > Cg. And f ~ g means that there exist two generic positive constants c;
and ¢y such that 1 f <g<ecof.

The rest of the paper will be organized as follows. In the next section, we
will prove a uniform coercivity estimate which improves on the one given in [1]
and which has its own interest. The mollifier and the commutator estimate will
be given in Section 3. In Section 4 we will prove the smoothing effect of a weak
solution with extra L?-assumption. Finally, the last section will be devoted to
the proof of Theorem 1.2.
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2. A uniform coercive estimate

In this section, we will improve the coercive estimate for the collision operator
obtained in [1], where local H _-estimates were discussed (cf. (2.2), (2.3) below).

In view of the definition of the weak solution, for Dy, Eg > 0 we set
U(Do, Eo) ={ge€ LyN Llog L;g >0, g+ = Do, llgllzs + lgllz10g £ < Eo}-

Set B(R) = {v e R3;|v| <R} for R>0, and let By(R,r) = {v € B(R);|v —vg| >
r} for a vg € R® and r > 0. It follows from the definition of (Do, Ey) that there
exist positive constants R > 1 > ry depending only on Dy, Ey such that

(2.1) g €U(Dy, Ey) implies x g, (r,r)9 € U(Do/2, Ep),

where x4 denotes a characteristic function of the set A C R3. In fact, noticing
that for R, M >0,

Rz/ gdv+10g(l+M)/ gdv < Ejy,
{lv|>R} {g>M}

we have

/ gdv>3Dy/4
{lv]<RYn{g<M}

it R>2/2Ey/Dg and log(1 + M) > 8Ey/Dy, and moreover, we have

/ gdv < Dg/4
{lv—wol<ro}N{g<M}

if ro < (3Do/ (167 exp(8Ey/Do))) /.

PROPOSITION 2.1
Suppose that the cross section B of the form (1.2) satisfies (1.3) and (1.4) with
0<s<1and~y>-3. Let g€ U(Dy, Ey) for Dy, Eg > 0.

(1) If v+ 2s >0, then there exist positive constants co,C depending only on
Dy, Ey such that for any f € S(R?),

(2.2) —(Q(g. 1)1 1) 12 = coll W) 2 fFre = Cllw) 2 £ 120

(2) If v+ 2s <0 and if g belongs to L?4|(3+7+23/) for s' €]0,s[, then there

exists a C1 > 0 independent of g such that for any f € S(R?),
23) ~(QUo 1) 1) 52 2 ol 0721 = (O Callglayersesin 6V 2

where co,C are similar constants to those in (2.2).

REMARK 2.2

It should be noted that the above coercive estimates are more precise than those
provided by [10, Theorem 1.2] and more adaptable to prove the regularity of
solutions. In fact, the coercive estimate (2.2) is uniform with respect to g, which
is a crucial point in the proof of Theorem 1.2. Though the estimate (2.3) is not
used in the present paper, such a coercive estimate plays an important role in
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the study of the regularity of classical solutions for the spatially inhomogeneous
Boltzmann equation given in [4] and [5], where solutions are constructed in H}"
with respect to the velocity variables v. More precisely, thanks to the coercive
estimates (2.2) and (2.3), [7, Theorem 1.1] shows that the bounded classical
solutions to the Cauchy problem given in [5] possess C'°°-regularity under the

suitable nonvanishing initial condition (see [4, Theorem 1.2]). Furthermore, we
notice that if v+ 4s >0 and D(g,g) < oo, then g belongs to Li{l(HVHSl) for
s’ €]0,s[ with 0 >~ + 25’ > —2s, provided that g € L} for a sufficiently large .
In fact, it follows from the proof of Corollary 2.4 below that D(g,g) < oo implies
V9 € HY ), and hence (v)7g € L3/(3=29) by means of the Sobolev embedding

theorem, which together with Lemma 3.10 below leads us to this conclusion.

Proof
Put

- / / / b — v g.(f = f)dvdv. do,
R3 xR3 xS§2
and note that

Q9.0 1) = =30+ [ [ [ b9~ v do

It follows from the cancellation lemma and [1, Remark 6] that

’///b|v—v*| g:(f '2)dvdv do‘ < ’/ |v—’u*|vg*f2 dv dv,

S Nl ||f||H< 22

where the last inequality in the case v > 0 is trivial, while for v < 0, this follows
from the fact that

(2.5) [0 = 0u]” S {Ljomun> )72 T Lomv < () 2(ve) o —0a] T},

and the Hardy inequality sup, [ |v—v.|Y|F(v)[*dv S ||F|3,_, . for F = (v)1/2f.
Furthermore, if v+ 2s’ < 0 for some s’ € (0, s), then it follows from the Hardy—
Littlewood—Sobolev inequality that

ylg 2
U* v
[ [ o= vrta. 2 dvdo. gl + [ [ 5720020 .

Slgller ||F||L2 + H<U>M9HLB/(3+7+2S’> ||F2||L3/<3—2s'>

S gl +llgll jsr@svsze ) F I e s
[v1 /2

where we have used the Sobolev embedding inequality in the last inequality. Since
we can replace the factor (v.)™7|v —v.|7 in (2.5) by (v.)~7"¢|v — v,|7~¢ for any
€ >0 we have

[ 10— .95 dvdo. S lgllos + gl s conn) 1
y—e ¥

if y—e+42s <0.
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For the proof of both (1) and (2) of the proposition, it now suffices to consider
only the quantity C,(g, f) because one can apply the interpolation inequality

2 2 2
90 o <M, + el

to (2.4) when «y + 2s > 0. The case v =0 is obvious. In fact, by [1, Corollary 3,

Proposition 2|, there exists a ¢y = ¢o(Do, Ep) > 0 depending only on Dg, Ey >0
such that

(2.6) Colg. f) > o /

{lgl=1

}Hﬂ#(&)!gda VfeS[RY),

where f (¢) is the Fourier transform of f with respect to the variable v € R3.
From the proof in [1], it should be noticed that (2.6) holds for any f € L? such
that the left-hand side is finite.

We now consider the case 7 # 0, following the argument used in the proof
of [1, Lemma 2]. Choose R, such that (2.1) holds. Let ¢r be a nonnegative
smooth function not greater than one, which is 1 for |v| > 4R and 0 for |v] < 2R.
In view of

v
<4—> <|v—w.| <2(v) on supp(Xp(r))«¥PRs

we have

AN (o = v)g« (f = )7 = (9xm)- () 0r)* (f' = £)?
> (gxm)s [ (W) f) — () Ponf)’

— ((@)"20R) = 0)"%0r)" "]

It follows from the mean value theorem that for a 7 € (0,1),

|(<U>7/2<PR)/ - <U>7/2QDR| S+ =)y — U*|sing

< <U*>\7/2—1|<U/ _ U*>v/2 sing
< (o722 v 2 iy ;

because |[v — v, |/vV2 < |V — v < v+ 7(V) —v) — vi| < |v— v, for 6 €[0,7/2].
Therefore, we have

(2.7) Cy(g,f) > 2_1_2|7|CO(9XB(R)7@R<”>7/2f) — Cgllgllz Hf”%f{/zv
for a positive constant Cr ~ RI71+17=2I, For a set B(4R) we take a finite covering

B(4R) C U Aj, AjZ{UGRS;‘U—UﬂS%)}.
v;EB(4R)
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For each A; we choose a nonnegative smooth function ¢4, which is 1 on A; and
0 on {|v —v;| > r¢/2}. Note that

To
) <|v—w.| <6R  on supp(Xs,(R,r))+PA,-

Then we have
(v — vu|)g. (f — f)?
. + —(—
me{rg R ( 7)+}(9XBj(R,ro))*SO,24j(f/—f)2
. + —(—
2 R min{r] , R PY)+}(9XBJ-(R,T0))*
! v/2 ! v/2 2 v/2 ! v/2 2 412
%[5 ()20, 0 = (00204, 0)" = (W) 20a,) = (0)20a,)"17)].
Since |((0)"%p4,)" — (v)72pa,| S RNV} sin /2 if |v,.| < R, we obtain
Cy(9,f) 2 min{(ro/R)w,R7(77)+}CO(QXBJ(R,TO)7 o, ()2 f)

— Gy, lgllza 13z

(2.8)

for a positive constant Cp .~ R*211 1t follows from (2.6)-(2.8) that there
exist ¢, C, C’' > 0 depending only on Dy, Fy such that

Co(9.8) = ¢ (DY @Ry 212 + 3 (D) wa, )2 F12) = CII3:
J

(2.9)
> coll ()2 fllFre — Cllflzz,,

because ‘P%{‘*’Zj <p?4j > 1 and commutators [(D)*, ¢g], [(D)*,¢4,] are L?-bound-
ed operators. 0

REMARK 2.3
The estimate (2.9) holds for any f € L?//Q such that C, (g, f) is finite, because of

the remark just after (2.6). Similarly, (2.2) holds for any f € Li/2 if ¥y >0 and if
its left-hand side is finite.

COROLLARY 2.4

Let f(t) € L}naxm 43 N Llog L be a weak solution. Suppose that the cross section

B is the same as in Propostion 2.1. Assume that for a fized T >0 we have

T
(2.10) / D(f(7), f(7)) dr < oc.
0
Then there exist positive constants cy and Cy >0 such that
T
0

T T
1) o [ WGl ar< [ DU@.) a4 Cr [, ar
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Proof
We first consider the case v < 0. Note that

.5y =~ [ [ [ BUss ~ ri)tog favdv. do
1 [[[ 805 srot0ss s~ tog 11 dvdv.do

2i///b(')@*U*W(f/fi*ff*)(logf’f,"—logff*)dvdv*dg7

because (z —y)(logz —logy) >0 and ®(|v — v.|) > (v — v,)?. Then we have

DNz = [ [ o000 =0 (28 = fuos s dvdv. do

— [[[srw=vys(rog s~ 1+ £) dvde.do

+///b(-)<v—v*>”f*(f—f’)dvdv*do
> [ [ [ o000 =0 £ (VF = VI dvdo.do - O

where we have used zlog(z/y) —z +y > (y/z — /y)? and the cancellation lemma
in the last inequality, which was used similarly in the proof of [1, Theorem 1].
Since the proof of Proposition 2.1 still works with ® replaced by (v — v,)7, we
obtain the desired estimate in view of Remark 2.3. The case v > 0 is easier
because we do not need to replace ® by (v — v,)” when the cancellation lemma
is applied. O

3. Mollifier and commutator estimates

Since a weak solution is only in L', we cannot use it directly as a test function

in the definition of weak solution to get the energy estimate. To overcome this

difficulty, we need to mollify with some suitable mollifiers so that considering the

commutators between the mollifiers and the collision operator becomes necessary.
Let A\, Ny € R, let § >0, and put

Sley <f>)\ _ 2\1/2
(3.1) MO = s €=

Then M3 (€) belongs to the symbol class Sf‘yaN © of pseudodifferential operators
and belongs to Si\,o uniformly with respect to § €]0,1]. The associated pseudo-
differential operated is denoted by M{(D,). By direct calculation, we see that
for any « there exists a Cy, > 0 independent of § such that

(3.2) |92 MR(€)] < CaMR(E)(€) 1.
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LEMMA 3.1
There exists a constant C > 0 independent of § such that

MR (€) = M3 (€ — &)

(3:3) SCE e v + MRS — 5*){1<§*>z|s|/2 + %%vzxm}
M{(&)(1+ (¢ —&,))No
+CM§(£*€*)( i )(@_éy ) )1\/§\£\><£*>2\5\/2'
Moreover, if p> Ng — A,
M3 (€) — MR(€ — &)
s <onfie—ef () 1z
M6 * 1+6 — GO No *
+( A6 )(@_fy &) +1)1ﬂ|s|><s*>z|s|/2+<<€§>>1£|/2><5*>}'

Proof
We first note that

() S(&)~(§—&), on SUPP1(5*>2\/§\5\7
(3.5) (§) ~ (€ = &)s on supp le,)<|e| /2
() ~ (&) 2 (€ —&), onsuppl 55 e y>ie/2 -

Since (£)PM{(€) is increasing with respect to (£), we have

(E)PMRU(E) S (E)PMR(E:) ~ (£)PMI(E — &) on supp i ys ey,

and also trivially,

M3 (&) < (&)™
Note that
M3 () ~ M3(&.)
MO(EN(1+6(€ —&,))No
~MJ(E—&) A )(<€£i§>)\ ) on SuPP 1 561> (6,1 > ¢ 2-

By the mean value theorem, we have

|M§<5>—M§<s—5*>|s/o (VM) (€ +7( — &) drle.]

&«
S MJ(E - E*)<<§—>> on supp lee,)<je|/2-
Here we have used (3.2) and the second formula from (3.5). The above estimates
imply (3.4) and (3.3). O

As regards the kinetic factor [v — v,|7, we need to take into account its singular
behavior close to |v — v.| =0 except v = 0. Therefore, we decompose the kinetic
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factor in two parts. Let 0 < ¢(z) <1 be a smooth radial function with value 1
for z close to 0, and 0 for large values of z. Set

D, (2) = D4 (2)0(2) + D4(2) (1 = ¢(2)) = Pe(2) + Pa(2).

Then correspondingly we can write

Q(fag) = Qc(fvg) +Q5(f7g)a

where the kinetic factors in these collision operators are defined according to the
previous decomposition. Note that ®;(z) is smooth, and ®z(z) < ®,(z), where
®.,(|]2]) = (1 + |2]2)7/2 is the regular kinetic factor studied in [4]. Then Qz(f,g)
has similar properties as Q@W (f,g) does with regard to the upper bound and
commutator estimations. In particular, let us recall [4, Proposition 2.9].

PROPOSITION 3.2
Let A€ R, and let M(§) be a positive symbol in Sf"o in the form of M(§) =
M (|£]?). Assume that there exist constants ¢,C > 0 such that for any s,7 >0,

i< il <c implies C71< @ <C,
T M(r)
and M (&) satisfies
[M (&) = 19¢ M(€)] < CaM(£)(&) 71,

for any a € N3. Then, if 0 < s <1/2, for any N >0 there exists a Cn >0 such
that

|(M(Dy)Qc(f,9) — Qs(f, M(Dy)g),h) .|
<Cwlfllzs, (IMD)gllzz, + gl ) 1Al

Furthermore, if 1/2 < s <1, for any N >0 and any € > 0 , there exists a Cy . >0
such that

|(M(D)Qe(f.9) = Qe(f. M(D,)g). ) .|

<Cxellflly,, o (IDglze e+ gl bl

(2s+y-1)t

When s =1/2 we have the same estimate as (3.7) with (2s +~v — 1) replaced by
(v + k) for any small k> 0.

(3.6)

REMARK 3.3
In the case v >0 and 0 < s < 1/2, it follows from [13, Lemma 3.1] and its proof
that (3.6) can be replaced by

|(M(D,)Qe(f,9) — Qelf, M(D,)g).h) |
< Ol f ey (IM(D)gl s, + gl ) el gz

From now on, we concentrate on the study for the singular part Q.(f,g).
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PROPOSITION 3.4
Assume that 0 < s <1,7+4+2s>0. Let 0 < s’ <s satisfy v+ 2s' >0 and 2s' >
(2s—1)*. If

(3.8) 54+ >2(Nyg—\),

then we have the following.
(1) If s + X< 3/2, then

|(MR(D2)Qc(f.9) = Qe(f, MI(Du)g) h) | S I F Il [1MR(Do)gll gy 1l o
(2) If s +X>3/2, then

|(M{(D.)Qc(f.,9) = Qe(f. M3(D2)g), 1) |

(D
S Ul + 1F M gponsor—sre MR (Do)gll gror 1P gy

Furthermore, if s >1/2 and v > —1, then the assumption (3.8) can be relaxed to
(3.9) d+~v+2s>2(Ng— ).

Proof
We shall follow some of the arguments from [8]. By using the formula from [1,
Appendix], we have

@)= [[[ b -o)bele —€) - belc)

x f(€)9(6 = €)h(€) dE dé.. do,
where £~ = (1/2)(€ — |€|o). Therefore

(M{(D)Q.(f,9) — Qc(f. M3 (D)g), 1)

_ / / b(%-a)[éc@*—f*)—@c(s*)]

x (M3(8) — MR(€ — &) F(£)9(€ — E)R(E) dE dE, do

I

= Ay(f,g9,h) + Aa(f,9,h).
Then, we write As(f,g,h)

/// |§\ 1|f > (1/2)(6) P& —€7) - dEdEu do

—///b E'U N 202160 PelEe) € de.do
:A2,1(fagvh)_AQ,Q(f7gvh)'

On the other hand, for A; we use the Taylor expansion of &, of order 2 to have

Al :Al,l(fag7h) +A1,2(f7g7h)7
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where
Ary = / / / bE™ - (Vo) (€)1 o= <12y ey (ME(E) — ME(E — £2))
x F(£)3(E — €)D(E) de dt. do,

and A 2(f,g,h) is the remaining term corresponding to the second-order term
in the Taylor expansion of ®..
We first consider 4; ;. By writing

e=B((E s o)+ (1-(5 )

we see that the integral corresponding to the first term on the right-hand side
vanishes because of the symmetry on S2. Hence, we have

Ay = / / K(€.6) (M) — M — £)) F(€)3( — €.)h(€) dede.,
R6

where

K(£&)= /S b(é—| '0) (1 - (% 0)) § (V) (E)Le-1<(1/2)¢e.) do

Note that |V®.(&,)] < 1/(£)37+L from [8, Appendix]. If v/2|¢| < (£,), then
sin(0/2)|€] = |€7| < (&«)/2 because 0 < 0 < /2, and we have

e © IS
< 1-2s <
reels [0 i S ey (163
On the other hand, if v/2|¢| > (£.), then

(&) /(21D o ¢ 1 £) \2s-1
KELs [ 02 et S ey ()

Hence we obtain

K615 1y { () ez vae

(3.10) -
+ L3> (e 21612 F (@) Loz (e }-

Similarly to Aj 1, we can also write

o= [ [ Re.&) (M6~ M€~ €)) Fle)ale — b d ..

where

1
K&&) _/ (I£| ) / (1=7)(V2e) (& = 767) € € V- <y e,y dT dor
Again from [8, Appendix], we have
1 < 1
€ —re- T S (g

|(V2<i)c)(§* - 7'5_)‘ S
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because |£7| < (£4)/2, which leads to

K 1 (€) \?
(3.11) |K(£’§*)|§<£*>T”{(@) Lie)>vael

(&) \*
T Lae> 2 le1/2 T (@) 1|&|/2z<s*>}~
It follows from (3.4) of Lemma 3.1, (3.10), and (3.11) that if p= Ny — A, then
[Ai| S A1+ [Ar2] S A1+ Az + A3,

where

4= [ [

(3.12) 0
X(<£>> Lie.)>vael 6-d8,

ne= [ [ | ZSE ance - cate - e

(&«

6 _ No
><( My )(<§ (ng“) S )1f|£\> )> ¢ /2 A€ dE,
a= LIS

2s—1
%) Lig) /2> e,y d€xdS.
Setting G( )= >
. e
AP SIE ([ rre / o)

2(€)§(€) and H(€) = (£)* h(€), we get
d¢ 3+y—2(p—1) A
. (/Rs GEEET /Rd(@ >) 1<£*)ZﬂIEI|G(€§*)|2d£*>
SNAIG Mgl 3 R

because v + 25’ >0, and 3+ —2(p— 1) >0 from (3.8). Here we have used the
fact that (£.) ~ (€ — &) if (£.) > V€],
We consider the case s >1/2,7> —1. For s > s’ > 1/2 we have

dt,
NN / A1 (©)]? de)

1
e - s*>|2d§*>

SIAIZ Mg IRl

3+,Y MJ(€ = €)9(& = €A ()]

L e - eate - et
(€
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if 34+~v+(2s' —1)—2(p—1) > 0. Thus (3.8) can be relaxed to (3.9) to get the
desired estimate for A;. Here we remark that (3.8) and (3.9) are only required
to estimate the part A;.

Noticing the third formula of (3.5), we get

|f (&)1 dé. (&)
425 {/]R (€.)5+2rF2 /<5—5*>s<s*> <W

D 1
e e+ g epe)

([ [ 16— corimeR deas.).

If A+ ' <3/2, then

1)

2 f(&)? 52
| As| §/R3 W%*H”ﬁ\ﬂ

9
SN NMR gl o Bl

Hs

If A+ ' >3/2, then
A2 < / |F(€)2(€)2 O+

<§*>6+2(’y+25/)

A&, || M3 g2, |13,

o'

5
SN —s MRl A1
Since 28’ > 2s — 1 and v+ 25’ > 0, we have

N == REGIES

g </]R @;l% /Rg<<<€g*>>)2{25 T e

9
S UL IMR gl o IR

The above four estimates yield the desired estimate for A;(f,g,h).
Next consider Aa(f,g,h) = A2.1(f,9,h) — A222(f,9,h). Since [{7] = [¢] x
sin(0/2) > (€.)/2 and 0 € [0,7/2], we have v/2|¢| > (£.). Write

= [ B30 ~ M3l€ ~ €) FENate — € b e ..

Gl - é*)l2d£>

Then we have

|K2<£,§*>|=1/1’(%'”)&1(@) 3 do|

1 <§>25 L
~ENIY (€,)20 T VRkIZ(E)

! (€) \2
s <§*>3+v{ VeIt >>|5\/2+<@) 1|s|/2z<5*>},
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which shows the desired estimate for A 5, in exactly the same way as the esti-
mation on Ay and As.

As for Az, it suffices to work under the condition |, - 7| > (1/2)|¢7]2. In
fact, on the complement of this set, we have |&, — & | > |&,|, and ®.(&, — €7) is
the same as @C(ﬁ*). Therefore, we consider Aj ; p, which is defined by replacing

Kl(fag*) by

Kl,p(&ﬁ*):/ <|§| )‘i’ (& =€) Ye-1>/2)60 L e 12(1/2)¢- 2 do-

By writing
=1 )>e1/2 e-c) <26 —6) + Leazia2le-en>206-¢-) + Lien<iel/2s
we decompose, respectively,
Ag1p=DB1+ By+ Bs.

On the sets corresponding to the above integrals, we have (£, — £7) < (&),
because of |¢7] < |€.|, which follows from [€7]% < 2|¢, - €| <€ ||¢4]. Further-
more, on the sets for By and Bs we have (£) ~ (£,), so that (£, —&7) < (€) and

~

b}‘§_|2(1/2)<§*>1<5*>2‘5‘/2 is bounded. Putting again G(£) = (€)* M (€)j(€) and
H(€) = (£)* h(€), by Lemma 3.1 we have

w1

L en<ie—c) , Ve cngie,—eo)
{M)\(ﬁ*) <<§ &, >2 (s"+X) + <£_£*>2(s’+A—No) )

+%}dédf*da} ([ ] 16e-coriiparasas.).

Noticing that (&) ~ (&) ~ (£7) S (€T —u) + (u) with u=¢&, — &, and moreover,
(u) < (&x), we see that if A >0, then

(6" — u) + ()
Mg(g*)Q 5 (1 + 5<u>)2No

This is true even if A < 0. Therefore, if ' + A < 3/2 we have

B S A [ ()=o)

(€F —w)> + (w)?)
. {/(§+—u)§(1t> (1 + §<u>)2NO

1f(&)]?

1 §2No N
X (<§+ — u)2(s"+X) + e = u>2(S,H7NO)) dg
det s , )
+/ — = L ||MS(D)gl% . |3
(e —uy<(uy (€7 —u)?* } 1M (D) g e 1Rl

du
S0 Wl [ stramy
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Here we have used the change of variables (£,&,) — (£7,u) whose Jacobian is

’ f* ’7‘8€+’7|I+(§/|€|)®0\
8
_ |1+(£é|£|) ol _ 0052519/2) > % 0c [Og]

If & + A >3/2, in view of v + 25’ > 0 we have
B S [ 1HEP ({2 og(up} . 3Dy 11

S 1 osar—ars MR (D)gl 3 1B
because (u) < (£,) on the set of the integral.
As for Bs, we first note that, on the set of the integration, ¢ =¢& — &, +u
implies
<§ - €*>
2

<(E=&) —|ul S(ET) <= &)+ lul S{E—&),
so that
(MR(&) ~)MR(ET) ~ M(E— &),

and hence we have by the Cauchy—Schwarz inequality

(APC «— & A
Bl 511 [ / www?dodwg*

// ||H( )2 do dé de.

5||f||L1||M)\( gllHuHhHHsu

because v + 25’ > 0.
On the set of the integration for Bs we recall () ~ (€ —¢,) and

M (6) — MI(E — €| < i"; Mi(E— €.,
so that
éc * N * A
B S [ [ [t zame! (5(§>2§+3'<5 |Gl — € dode de.
(i)c * N * ksl
X// b1‘5,|2(1/2)<5*>| (§<£>2§+1)|<£ >|H(€)\2d0d£d€*-

We use the change of variables &, — u=¢§, — &~ . Note that |£7] > (1/2){(u+£7)
implies |£~| > (u)/+/10, and that
(€) S (& —€7) +[¢]sinb/2.

Then we have

D.(& —E)|(E
/ bl\£*|z<1/2)<e*>| (§<§>2§+1)|<€>dod§*
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Loy u
< f s (1Y
X (/b1|§*|z<u> <<Z>> da+/bsin(0/2)1|gf|z<u> da) du,

from which we can also obtain the desired bound for Bs if v+ 2s’ > 0. In fact,
the first integral on the sphere is bounded from above by (u)!=2%/(£)172% and
the second integral has the same bound when s > 1/2. On the other hand, the
second integral is bounded by a constant when s < 1/2 and by |log((£)/(u))]
when s =1/2. The proof of (1) and (2) of the proposition is then completed. [

REMARK 3.5

As seen from the above proof, the restrictions (3.8) and (3.9) on the pair (Ng, \)
in the formula (3.1) are only required to estimate the part A;. It follows from
(3.3) of Lemma 3.1, (3.10), and (3.11) that A; can be replaced by

13 A= ‘fi;L (€ = EMOND 05 2 dE e

Consequently, for any pair (Np, ), assertion (1) holds if Al)\ is added on the
right-hand side of the estimate.

The combination of Proposition 3.4 and Proposition 3.2 together with its remark
yields the following theorem.

THEOREM 3.6
Assume that 0 < s <1,v+2s>0. Let 0 < s’ < s satisfy v+ 25 > 0,2s' > (2s —
1)*. Assume that the pair (No, \) satisfies (3.8). Then

(1) if s’ + A < 3/2, we have
|(M{(Du)Q(f,9) — Q(f, M3(Dy)g), h)|
Sz, o MR, s
(2) if 8 +X>3/2, we have
|(M(Du)Q(f,9) — Q(f, M3(Dy)g), h)|
S (Ifle o W oo IMI (D)l Bl

Furthermore, if s > 1/2 and v > —1, then the same conclusion as above holds

even when the condition (3.8) is replaced by (3.9). When 0 < s <1/2 and v >0,

we can use HMf(DU)gHHS// Hh||H// for the corresponding terms in the above
~/2 ~/2

(3.14)

vt (25—

estimates with smaller weight in the variable v.

REMARK 3.7
It follows from Remark 3.5 that for any pair (Ng,A) the commutator estimate
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(315) |(M2(D,)Q(f.9) — Q(f, M{(Dy)g), h)|
S, Lo, ||M§(Dy)g||Hif+mH)+ 1]l o + Ar

holds, instead of (3.14), where A ) is defined by (3.13).

We recall also the following upper-bound estimate, [7, Proposition 2.1], where
the assumption v+ 2s > 0 is needed (see also [4, Theorem 2.1]).

PROPOSITION 3.8
Let v+ 28>0, and let 0 < s < 1. For any r € [2s — 1,2s] and £ € [0, + 2s] we
have

QU9 ) paggsy| S 1l

Gl o, Ml 2o

In the following analysis, we shall need an interpolation inequality concerning
weighted-type Sobolev spaces with respect to variable v (see, for instance, [12],

[13]).

LEMMA 3.9
ForanykeR, peRy, §>0,

||f||§1k (R3) = 06||fHH§ ‘5(R3)||f||Hk+<> (R3)

And we need also another interpolation inequality in L7 given by the following
lemma.

LEMMA 3.10
Let 1 < q<p. Assume that f € LP, and assume that (v)*f € L' for any {. Then
(v)ef € L9 for any £. More precisely, we have

”fHL" < 2||f||(p(q 1))/(a(p—1)) ||fH(p 0)/(a(p=1))

lq(p 1)/(p—a)

Proof
For any A > 0, we can write

171, = | W)+ [ ()91 () do
(v)fa|f(v)|a—P<X (vyta|f(v)|a—P>A
S)\Hpr 4 Aa=D/(a- p)”fHLl

Lq(p—1)/(p—a)
Taking

1) 1
e 1 N i

we obtain the desired estimate. O

4. Smoothing effect of L>-weak solutions

We start from a weak solution in L? having finite moments of all orders.
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THEOREM 4.1
Assume that 0 < s <1, y+2s>0. Let f be in L>=([to,T); L3(R?)) for any £ €N
and a nonnegative weak solution of (1.1). Then, for any ty <to < T, we have

feL>(to, T);S(R?)).
Proof
Without loss of generality, let {5 = 0. Assume that, for some a > 0, we have
(4.1) sup || f(,-)||ge < oo for any £ € N.
(0,7

Take \(t) = Nt+a for N > 0. Choose Ny = a+ (5+)/2. Then the pair (Ng, A(%))
satisfies (3.8). If we choose N, T} > 0 such that NT} = (1 — s), then

)\(Tl) —Nog—a< )\(Tl) — Ny < —3/2,
from which we have, for ¢,t' € [0,71],
(4.2) M) f(t') € L% ([0, T3] x [0,T1); H* (R®) 0 L= (R?)),
because of (4.1). We show in Lemma 4.3 below that (see also [14]):
(43) M/ (6) € C(0. T L2 (®)),

and for any t €]0,T}], we have

1
5/ (MA(t dv——/ RSf M)\(T) )f(T)dvdT
:%/Rs(Mj\s(o)fo)gdv

(4.4) t
+ / (QUE(), MEy £(7)), M3y £(7)) o d

+ / (M2 QUE(T), F(7)) = QUE(T), M3y F(7)), M3y (7)) . i,

by taking (M‘S(t))Qf(t) as a test function in the definition of the weak solution,
though it does not belong to L>([0,T1]; W2 (R?)).
Noticing that

ath\s(t) = N(log<§>)M§(t)a

it follows from Theorem 3.6 that we have

1RO < 51O + [ (@U).O8)m). 021 () dr

(4.5) +Cf/0 1(M3f)(7) I(MRf) () e d

|‘H§;+(2571)+

+CN / | (log(D))/2(M £)(7)|2. dr.
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Since the uniform coercive estimate (2.2) together with interpolation in the
Sobolev space yields

QU (7). M F)(1)), (MRF) () < —es (ML) () 7s, + CrlfF 2

/
by means of Lemma 3.9 we have

1L D)2 + e / IO 1), dr < 1O+ / 1 ()3
0 v 0
(4.6)

Taking 6 — +0 and t =T, we have f(T}) € HM™) = HNTi+e This is true for
any 0 < T; <T. Choosing N = (1 — s)T; *, we have that for any 0 < T} < T,

f(1y) e HO=9)Fa,

Fix 0 < sgp < (1 — s). Then, by using Lemma 3.9 and the assumption (4.1), we
see that for any 0 < t; <ty and any ¢,

sup ”f(tv .)”HSO-M < o0.
[tl»T] ¢

We can restart by replacing a by a + so = a1 and ty by ¢;. By induction, for
ag =0,ay, = ksg, and t), =ty — (2k) " (ty — to), we have for any k € N and any ¢,

f € Lm([tkaTLHgk (RS))a

which concludes the proof of Theorem 4.1. O

REMARK 4.2
When 0 < s<1/2 and 7> 0 we can use fot (ML EYN?
v/2

sponding term in (4.5). Hence, instead of (4.6), we can obtain

dr for the corre-

¢
I(MRF) ()72 < [1F(0) 77« + Cf/o 1F ()12 dr.

which shows that f(t) € L>([0,T]; L?> N L}(R3)) implies f(t) € H*°(R?) for t > 0.

LEMMA 4.3

Let Ty >0, and let Mf(t)(f) be defined by (3.1) with A = A(t) = Nt+a for NT} <
1 and a € R. Suppose that

f € Ll ([07T1}; Lrlnax{'y+2s,2} (RB)) N Loo ([Ole]v HG(R?)))‘
If there exists s1 > s such that
M3 f(t',v) € L2([0,Tu]e x [0, Th]w; Hy! (RD))

for Lo = max{y/2 + s,7" + (2s — 1)*}, then we have (4.3), and (4.4) for any
t €10,T1]. Furthermore, if 0 < s<1/2 and v >0 we can take lo=-/2+ s.
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Proof
In Definition 1.1, taking ¢(¢,v) =¥ (v) € C§°(R?) as a test function independent
of the t-variable, we get

/f wdv—/f wdv—/dT/ (T)vdv, 0<t <t<T.

For any fixed # € [0,T}], we can take a sequence {¢;(v)}32, C C§°(R3) such
that (M‘S( )l — g(t)f(f) in Hj . Because all terms in (4.7) make sense for
Y= (M‘s(t))2f( ), we can set it as a test function in (4.7). In fact, we have
|, FOOR0)*FE) do] < 1M, SOl [ M) F D)2 < +oo,
and by noticing that
(QU ) (MR)2F) = QU MRF), M) + (MRQUF, ) = QU M3 f), MRS),

we have

dT

(7)) (MR5))? f(f)dv‘

RS

S / 1 Oa,, dT(T sup M £l . 1M, (E s, )
(4.8) Y

t
!
([ 15O, dr+ =21 s 1))

T€[0,T1]
Hb')a

thanks to Proposition 3.8 and Theorem 3.6. Setting 1 = ( )\(t))Qf(f) with ¢ =
t,t’, and taking the sum, we obtain

/R (3 f0) o= [ (023 5(0)* o

(4.9) f( )(M3))? = (MR))?) f(') dv

x (sup M) F(7) e
7,t€[0,T1]

1My (D))

yt+@2s—1)t

/ i [ QU H) (OB 210+ () ) o

The second term goes to zero if ¢’ — ¢ thanks to (4.8). By the mean value theorem,
the first term on the right-hand side of (4.9) is estimated by

t—t'|  sup HMA(T)f()||L2”(10g<D>)M§(%)f(t/)HL2-

0<t/' <7<t<T

Hence, (4.9) gives

(4.10) tim [ (M3 £(t))% dv= / (M2, £(8)° do.

t/'—t R3 R3
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Taking the difference, instead of (4.9), we get
2 2
[t f0) o+ [ (3,50 o
R3 R3

= [ FO((M3))? + (M3 1))?) F () dv

RS
+ [ar [ QUEI@) (8 20 - 08 P10) v
which shows

lim f( ) (MR + (M3 (1)) £(t) dv = 2/R3 (Mg(t)f(t)ydva

t'—t

and moreover,

(4.11) iy [ OB 0) (380, 1)) o= [ (043 £0))"av.

t/'—t R3
y (4.10) and (4.11) we have
T (| MRy f () = M) ()| 72 =0,
which is (4.3), namely, )\(t)f( ) € C([0,T1]; L?(R3)). Taking
W = (log(D))*(M37))? £ ()
with £ =t,t', similarly we have
(log(D)) M3, f () € C([0, T1); L*(R?)).

To prove (4.4), we need to mollify the solution with respect to moment as
well as regularity, so we introduce the following mollifier:

M(s(t)( ) 1
1+ /(D) (1+ w(v))rt/2ts’

with a new parameter k > 0 Divide [0, ] into k subintervals with the same length,
and put t; = jt/k for j = ., k. Similarly to (4.9), we have

/]1@3 (J\/ff\s(t)fm(ty‘))?dv—/JRs (Mf(tj,l)fn(tjfl))zd”

M

)\(f)(D v) =

[ e (1)) = (M, ) Felty ) o
(4.12)

dT/ (7)) (1 + #(0)) ™21+ k(D)) !

((M,\(tj)) w(t) + (Mx(tj,l))an(tjfl)) dv
(

X
where f, = (1+ k(D))" !

/fn<tj>(<M§<tj>> — (M, ) falty 1) dv

1+ k(v))~7 /275 f. Since we have
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= [ 2N 1) 0R DM ety oty — 1) 73 €l
—2N/ \/log MAt)fn )(\/10g M)\(t fn J 1))dv( tj- 1)

2
+ N2 suplog(D) M fu(7)12) Ot 11,
7,7 €[0,Th]

it follows from a formula similar to (4.11) that

Jim Z [ £ (O = () 15-)

= N/O /R:;(\/log<D>M§(T)f,i(T))2dv dr.

Summing up (4.12) with respect to j =1,...,k and letting k — oo, we obtain

1
3 [t o= [ [ 5000030 st dvar

1 4,k
~3 /RS(MA<0>f0)2d”

@13+ [ QUM F) (M) (M) M 1)

+ [ (8 QU .5

0
= QUI(T), M3 (7)), (M) T (M) MY (7)) .z dir

thanks to Proposition 3.8 and Theorem 3.6. In fact, for example, we have
é, d,
/ (QUI), My F(7)), (M)~ (M Y MEE F(t))
d,
(Mx(i)) (i)f . | dr
t
<
< [ 1Oy, ar sup M S0
- —1 o,k O,k
X sup ||(M)\(T) { Mx(tj )" MA(tj)f(tj)

T,t;€[0,T1]

OB M e

and hence the Lebesgue convergence theorem yields (4.13) because we have

g g0, 5, 5,
(M3 )~ H{( M) MG f(t) — (ML)* M o

Sty = TWIMR ) F(O)ls + 1Mo £ () = MA(T)f(T)HLZ-
Letting x — 0 in (4.13) we obtain the desired formula.
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The last assertion of the lemma in the case 0 < s < 1/2,+v > 0, follows easily
from Theorem 3.6. ]

5. Smoothing effect of L!-weak solutions

We come back to the proof of Theorem 1.2 starting from an L'-weak solution.
The first part of the theorem is restated as follows.

THEOREM 5.1
Assume that 0 < s <1, v>max{—2s,—1}. If f belongs to L>([to,T]; L}(R?))
for any £ €N and is a weak solution of (1.1), then for any ty <ty < T, we have

f e L>([t, T); S(R?)).

Proof
By Theorem 4.1, it is sufficient to prove, for any 0 < t; < T, (taking again ¢ty = 0),
that

(5.1) f e L(it, T L2(RY)).
Since L'(R?) c H=3/2¢ we may assume that for any £ and any 0 < e < 1,

(5.2) sup || f(t, )| ;-s/2-= < oc.
[0,7] ¢

As in the proof of Theorem 4.1, we shall prove the theorem by induction.
Assume that for 0 >a > —3/2 — ¢, we have

sup || f(t, )|l mg < oo.
[0,7]

Take also A(t) = Nt +a for N > 0.

We first consider the case 0 < s <1/2. Choose Ng=a+ (5+7)/2>1—¢c+
(7/2) > 0 such that (3.8) is fulfilled. Put g9 = (1 —2s")/8 > 0, and consider € = ¢,
where 0 < s’ < s is chosen to satisfy v+ 2s’ > 0. If we choose N, T} > 0 such that
NT) =¢g, then

5+)\(T1) —No—a=s+¢ec9g—Ng<s—142¢— (7/2) < (5/71/2)+250<0,
which shows that
(5.3) M3 f(t) € L=([0,T1]; H} (R?)).
This estimate and Lemma 4.3 lead to (4.4), and hence we obtain (4.5) using
Theorem 3.6, and (4.6) by means of (2.2) and Lemma 3.9. The same procedure
as in the proof of Theorem 4.1 shows (5.1) by induction.

When s > 1/2 we choose 1/2 < s’ <s such that v+ 2s" > 0,2s' > (25 — 1).
Choose Ng =a+ (5+ 7+ 2s —1)/2 such that (3.9) is satisfied. Put g9 = (v +
1)/10 > 0, and consider € = gy. Then, we have

(5.4) s+ ANTh)—No—a=s+eg—No<s—s +250—(1+7)/2=5—5 — 3e.

Since we may assume s — s’ < gg, (5.4) also shows (5.3), which completes the
proof of the theorem in the same way as in the case 0 < s<1/2. O
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In view of Remark 4.2 and the last assertion of Lemma 4.3, the proof of Theo-
rem 5.1 in the case 0 < s < 1/2 leads us easily to the following theorem where
the assumption (1.5) can be removed.

THEOREM 5.2
Suppose that the cross section B of the form (1.2) satisfies (1.3) and (1.4) with
0<s<1/2 and~vy>0.If

f eL> ([O7T]7 Lrlnax{Z,'y/2+s}(R3) N LlOg L) N Ll ([07T]7 L%Jr'y(RS))
is a weak solution, then f € L>([ty,T]; H*(R3)) for any to €]0,T.

We consider now the second part of Theorem 1.2, which is stated as follows.

THEOREM 5.3

Assume that —1 >~ > —2s. Let f € L>([to,T); L} (R?)) for any £ €N be a weak
solution of (1.1) satisfying the entropy dissipation estimate

(5.5) / D(f(t), f(t))dt < +oo.

to

Then for any ty <ty <T, we have
f € L= ([0, T]; S(R?)).

Thanks to Corollary 2.4, the assumption (5.5) yields a certain a priori regularity
estimate

T
(5.6) / 102 F @3 dt < oo,

to

directly without mollification of a weak solution. This extra regularity enables us
to use the commutator estimate (3.15) stated in Remark 3.7. Note that we can
now choose an arbitrarily large Ny in (3.1). Hence (M/‘\S(t))zf(t) belongs to W2,
which can be taken as a test function. However, A(t) cannot be taken as large as
we want, because the regularity (5.6) gained from the dissipation estimate is too
weak. This is why other arguments are needed hereafter.

By means of Theorem 4.1, it suffices to show that f € L*>([t1,T);L?) for
0 <t <T by induction, starting from (5.2) where we take again to = 0.

We divide the proof into three steps.

First step. Noticing the hypothesis —1 > v > —2s, we take s’ > 1/2 such that
v+ 28" >0 and ¢’ <s. Put sp = (1/4)(y + 2s’). For arbitrary ¢ >0 and N >0
satisfying Nt = sg, we set

A(T)=N1— g —e for 7 €10,¢],
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where € > 0 is arbitrarily small. If we substitute A = A;(7) into (3.13), then, in
view of N7 < sy, we have

h(&
A slall [ / 'f?,ﬂ _ |>3(/2)+5d£d€*

Sl zaren gz lbllze SN Las@—2n lglipe IRl e,

using Holder, inequality and the fact that (34+~—s0){3/(3—2s’)} > 3. By means
of Lemma 3.10, we have for some £y > 0,

A S (I0) Fll o2 + 1 lles ) llgllza I e

S (0) 2V Tl + 11 gl Al e

Putting f =g = f(r,v) and h = M;\Sl(T)f(T, v), we have a term coming from A; ,
in estimating

/0 (M, QUF(r). F(1)) — QUF(r), M3, (7)), M3, (7)) dr

as follows:
(e WM 1M a2 | ey ED . dr
T€[0,t] 0

t
(s 15Ol ) [ 1M 0 Sz

o2
<& s [ SR + 10 ([ 1o VI ar)’

T€[0,t

N

i s WO+ [ 1M I dr
'r€
<e' s 1M SO + O (14 18, 50,
if 0 <t <T, because of (5.6) and (1.5). Using (3.15) we obtain, instead of (4.5),

1
§||Mfl(t)f(t)||2L2—5' sup [|M3, () /()12
T€[0,t]

t
< 5O+ [ QUM ) (7). M3, 1 (7)) d
# Crire (1 [ 1M IO, WS 0 ) )

e / | Cog(DYY2MS, ) £(r) 2. dr,

where a = —3/2 — e. If we consider 7 € [0,¢] instead of ¢, then the first term on
the left-hand side can be replaced by sup.¢jo M2 f(T)]|%., which absorbs

1(7)
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the second term on the left-hand side. Therefore, in the same way as in (4.6),
we get

I8 FOI + [ 108, O, i

<O 2 +1+ / 1) 3 .

Letting § — 0 we obtain, in view of Nt = s,

(5.7) 1(D)*o=3/2== £(1)]| = < oo
and
(5.8) / [(DYNT=3/2=2 £ ()12, dr < oo

Second step. Let k> 0 be arbitrarily small. Considering 7 € [k, t] instead of ¢ in
(5.7), we may assume

sup [[(D)*° %272 f(7)|| 1> < o0.
TE[K,t]

For arbitrary ¢ >k and N > 0 satisfying N(t — k) = s we set
3
Ao(T)=80+ N(T—K) — 5 € for 7 € [k, t].

If we substitute A = Ay(7) into (3.13), then we have

1211./\2( )N/ |<< >>3/2S—a)|

o[ AR _ g D)
)

3+v+2s’'—3—2¢
(€)=
<(en) )

SISl grso-sr2-< (DY AN =732 g | o[ o,

if v+ 2s > 2¢. Putting f=¢g= f(r,v) and h = M;\SZ(T)f(T,U) we have a term

coming from A; », in estimating

[ OB.QU (), F(7)) = QU M F (1) M3, ()

as follows:

(500 15 -sn- ) [ 1V, £

TE[R,t]

+ [ Wy ) ar).
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To avoid any confusion we write N = Ny = so/(t — &) in this second step and
N = N; = sp/t in (5.8). Then we have

No(t— k) < N7 if 7 € [k, 1],

from which we can use (5.8) to estimate the term coming from 1211,)\2. In this step
we obtain, finally, in view of N (¢t — k) = so,

(D)0 =3/27< f()] 12 < 00

and

t
(5:9) [ Dy ) By dr < .

Third step. For k > 2, suppose that

sup  [[(D)ETH07827E f(7)| 12 < o
TE[(k—1)k,t]

For arbitrary t > kx and N > 0 satisfying N (¢t — kx) = s we set
Ak(7) = (k= 1)so + N(1 — k) — g —¢ for 7 € [k,t].

Consider Mgk(T). Then, using (5.9) instead of (5.8), we can proceed with the
induction method in almost the same way as in the second step. Since k > 0 is
arbitrary, we obtain the desired conclusion.
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