The CR almost Schur lemma and
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Abstract In this paper, we first derive the CR analogue of the almost Schur lemma on
a pseudo-Hermitian (2n + 1)-manifold (M, J,0) for n > 2. Second, we study a sufficient
condition for the existence of a pseudo-Einstein contact form when the CR structure of
M has vanishing first Chern class which is related to the J. M. Lee conjecture.

1. Introduction

Let (M™,g) be a closed Riemannian manifold. The Schur lemma says that every
Einstein manifold of dimension n > 3 has constant scalar curvature. Here g is
defined to be Einstein if its Ricci tensor is proportional to the metric, that is,
Rc=(S/n)g. Recently, C. De Lellis and P. Topping proved an interesting result
that generalizes the Schur lemma.

PROPOSITION 1.1
(Almost Schur lemma [LT, Theorem 0.1]) For n >3, if (M"™,g) is a closed Rie-
mannian manifold with nonnegative Ricci tensor, then

where S is the average value of the scalar curvature S of g.

2

)

Obviously the classical Schur lemma follows directly from this theorem. Later,
Y. Ge and G. Wang [GW] showed that Proposition 1.1 holds under the condition
of nonnegativity of the scalar curvature for dimension n =4 and equality holds
if and only if (M*,g) is an Einstein manifold.

Let (M, J,0) be a closed (i.e., compact without boundary) pseudo-Hermitian
(2n 4 1)-manifold (see [Le] and Section 2 for basic notions in pseudo-Hermitian
geometry). In this paper, we first consider a CR analogue of the almost Schur
lemma on a closed pseudo-Hermitian (2n + 1)-manifold M for n > 2. Second, we
study a sufficient condition for the existence of a global pseudo-Einstein contact
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form when the CR structure of M has vanishing first Chern class which is related
to the J. M. Lee conjecture (see [Le]). The Lee conjecture says that any closed
pseudo-Hermitian CR manifold M whose CR structure has vanishing first Chern
class admits a global pseudo-Einstein contact form.

We recall that a contact form 6 on M is said to be pseudo-Einstein if its
Webster-Ricci tensor Rz is proportional to the Levi form h,z, that is,

R.5= —hap-
Here R = hoP R, 75 is the Webster scalar curvature of §: the pseudo-Einstein con-
dition yet less rlgld than the Einstein condition in Riemannian geometry. Indeed,
the Bianchi identity (3.7) no longer implies that R is a constant due to the pres-
ence of pseudo-Hermitian torsion terms.

The natural problem is to find a global pseudo-Einstein contact form on
a closed pseudo-Hermitian manifold. Note that any contact form on a closed
pseudo-Hermitian 3-manifold is actually pseudo-Einstein (since the Webster—
Ricci tensor has only one component R;7); hence we assume that M has CR
dimension n > 2.

First we state the following CR analogue of the almost Schur lemma on a
closed pseudo-Hermitian (2n + 1)-manifold M for n > 2.

THEOREM 1.2
Forn>2, if (M, J,0) is a closed pseudo-Hermitian (2n + 1)-manifold with

1
@mf?;qmyzZﬁm for all Z € Ty.o(M),

then
B2 < 2n(n+1) / R,
/M(R R)” < (n—1)(n+2) Z’Ro‘ﬁ n has

(1.1) B
+2in/ (Aaggoaﬁ —Aaggoo‘ﬂ),
M

where R is the average value of R over M and ¢ is the unique real solution of
Ao =R — R with fM @ =0. Moreover, if the equality holds, then

— 2n(n + 1)
R-R)?= ‘R ——h
and the contact form e/ (1) will be pseudo-Einstein.

This theorem gives a characterization of pseudo-Einstein contact forms. It is
important to note that the Bianchi identity (3.7) implies that

(h= )™ (- )™ -

(n —1)Im(Ayz?).
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Thus when a contact form 6 is pseudo-Einstein, then R being a constant on M
(or AyR=0 on M) is equivalent to the condition Im(A,5*?) = 0. Therefore,
after integration by parts of (1.1), we obtain the following.

COROLLARY 1.3

In addition to the same conditions as in Theorem 1.2, we assume that
m(A,p %) =0. Then

/M(Rfﬁ)z = (n2—n1n;i2 / Z’

This corollary implies that in addition if the contact form 6 is pseudo-Einstein,
then R will be a constant on M. Since

Z‘Raﬁ - Eha = Z‘Raﬁ s
a,3 a,B

we immediately get the following.

1 D)2
+g(R—R> )

COROLLARY 1.4

Under the same conditions as in Corollary 1.3, we have
R 2 n(n+ 3)

PO RS N T

/M;‘ B pleBl = (n—1)(n+2) /MZ

Now we study a sufficient condition for the existence of a pseudo-Einstein contact
form. It was shown, by J. M. Lee in [Le], that if a pseudo-Hermitian manifold M
admits a global pseudo-Einstein contact form, the first Chern class ¢q (T1,0M) of
the contact distribution vanishes. Conversely, we have the following, a sufficient
condition for the existence of a pseudo-Einstein contact form.

THEOREM 1.5

Suppose that (M, J,0) is a closed pseudo-Hermitian (2n+ 1)-manifold whose CR
structure has vanishing first Chern class and there exists a contact form 9 on M
which is conformal to 0 such that

(1.2) Awg®=0  and  [9;,Vr]=0.

Then M admits a global pseudo-Einstein contact form.

From Corollary 1.3, we believe that there are more general conditions than in
Theorem 1.5 on M for the existence of a global pseudo-Einstein contact form.

In particular, it follows from (4.2) that conditions (1.2) are satisfied on a
closed pseudo-Hermitian (2n + 1)-manifold with vanishing pseudo-Hermitian tor-
sion. Thus our Theorem 1.5 generalizes the following result of J. M. Lee.
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COROLLARY 1.6

([Le, Theorem E, Part (ii)]) Suppose that (M, J,0) is a closed pseudo-Hermitian
(2n + 1)-manifold whose CR structure has vanishing first Chern class and there
exists a contact form 9 on M which is conformal to 0 with free pseudo-Hermitian
torsion. Then M admits a global pseudo-Einstein contact form.

2. Preliminary

Let us give a brief introduction to pseudo-Hermitian geometry (see [Le] for
more details). Let (M,€) be a (2n + 1)-dimensional, orientable, contact mani-
fold with contact structure &, dimg & = 2n. A CR structure compatible with &
is an endomorphism J : £ — £ such that J2 = —1. A CR structure J can extend
to C® ¢ and decomposes C ® £ into the direct sum of T3 o and Tp; which are
eigenspaces of J with respect to i and —i, respectively. A pseudo-Hermitian
structure compatible with £ is a CR structure J compatible with £ together with
a choice of contact form 6. Such a choice determines a unique real vector field
T, which is called the characteristic vector field of 6, such that 6(7') =1 and
dO(T,-)=0. Let {T,Z,,Z5} be a frame of TM ® C, where Z, is any local frame
of T1,0,Z5 = Zo € To1, and T is the characteristic vector field. Then {6,6%,0%},
which is the coframe dual to {7, Z,, Z5}, satisfies

(2.1) df = ih, ;0% N 67,

for some positive-definite Hermitian matrix of functions (h,z). Actually we can
always choose Z,, such that h,z = d.s; hence, throughout this paper, we assume
hog = 0ap-

The pseudo-Hermitian connection of (J,6) is the connection V on TM @ C
given in terms of a local frame Z, € T} o by

VZi=wl’ ®2Z5,  Vig=wi’®Z3 VI'=0,
where w,? are the 1-forms uniquely determined by the following equations:

doP = 0> NP +ONTP,

Ta N O =0, waﬁﬂ@a:o.

We can write 7, = Aaﬁé?ﬁ with Ang = Ags. Here A,p is called the pseudo-
Hermitian torsion. The curvature of the Webster—Stanton connection, expressed
in terms of the coframe {6 = 6°,6% 6%}, is

3% = H_gf‘: dwg® —wg? ANw,®,
p® = I1,° = Tp? = 115° = T1,° = 0.
Webster showed that IIg* can be written as
= Rg® ps0” NO7 + W5 ,07 N0 — W 5507 NO+i05 AT —iT3 A O,
where the coefficients satisfy

Rgaps = Rojop; = Rapop = Rpapss Wiap = Waag-
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We denote components of covariant derivatives with indices preceded by
a comma; thus we write A,5"°. The indices {0,,a} indicate derivatives with
respect to {T,Z,,Z5}. For derivatives of a scalar function, we often omit the
comma; for instance, Yo = Za@, Yoz = Z5lap — wa"(Z5)Z~p, o =Ty for a
(smooth) function ¢.

For a real function ¢, the subgradient V; and sub-Laplacian A, are defined
by

Vop =" Za+ 9" Za,  Dpp=(pa” +¢s").

It follows from (2.1) that the following commutation identities hold (see [Le,
Lemma 2.3]):

1 = 1
(2.2) 0 = E(Abap +inT) and gt = §(Abcp —inTy).
The Webster-Ricci tensor and the torsion tensor on 71 o are defined by
Ric(X,Y) = R,5X°Y?,

Tor(X,Y) =i (AapX°Y? — AupXY7),
o,

where X = X*Z,, Y =YPZg, R.3=R,7,5. The Webster scalar curvature is
R=R.,*= haﬁRaB.

3. The proof of Theorem 1.2

In this section, we follow the same arguments as in [LT] to prove Theorem 1.2.
Let us recall the following integral formula.

PROPOSITION 3.1
Let (M, J,0) be a closed pseudo-Hermitian (2n+ 1)-manifold. Then for any con-
stant ¢ € R, we have

(5+ g) /Mmbso)?
= / Z%ﬂ

n [1 - y} /M Ric((Vyp)e, (Vip)e) + % /(P0¢)<P

- (g + C) /M Tor((VbsD)C» (VbSD)(C)7

where (Vyp)c = ©*Z, is the corresponding complex (1,0)-vector field of Ve
and Py is the CR Paneitz operator defined by Poy =8(pa"s + inAgagaa)ﬁ
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Proposition 3.1 follows from [CC, Theorem 3.1] and the following identity (see
[CC, Corollary 2.4])

62 [ d- / @+ 2 [ Tor((Vuge, (Vuvle) - 03 [ (Poge

It is important to note that (see the proof of [CC, Theorem 3.2])

n—1 n
Ly . App)? — 2
s [ (o) /Z%gw - n( ve)” = 746
(3.3) :/ S puspes — o
M5 n

-2

where we use the identities (2.2) in the second equation. This implies that the
CR Paneitz operator Py is nonnegative for n > 2.

1 2
Pap — E@f/haﬁ )

In order to prove Theorem 1.2, first we claim that, for n > 2,
n-+2
n—1 /M QZ:
n —|— 1
(3.4) / (App)? / Z‘Paﬁ@aﬁ
M

- /M (Ric—% Tor) (Vop)c, (Vp)c).

(i) For n >3, let ¢ =0 in equation (3.1)' we have

n+2 1
= 2/ (App)?

_ /M (n —2 Ric —g Tor) ((Vzﬂp)@ (Vb@)C)~

1 2
pap — @y hap

(3.5) of

n

Also let ¢=1—n/2 in equation (3.1); we get

1 2
m M(AW)
(3.6) ) 5
n—
— [ Sewvan—3 | Torl(Taole, (Vasle) - 52 [ (Poghe
M5 M noJm

Thus, by (3.3) and substituting (3.5) into (3.6), we obtain

n_l/z n—2

= 3 (Pop)p
1
— /M azﬁwaﬁsﬁaﬂ - % /M(Abcp)2 _ 5 /M Tor((nga)c, (ngo)c)

Pap — _vahaﬁ
M
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n—2|n+1
S Apo)? — § -
n+2{ 2n /M( o) /MQﬁQOaBQOaﬁ

_ /M (Ric —RTH Tor) ((Vb@)c, (Vb@)c)] .

(ii) For n =2, for c € (0,2) in equation (3.1), and by (3.3), we have

1+c¢
25 | gy
M

=(2-0¢ /M ;wawaﬁ + C/M ; PapPap
+ / [¢ Ric—(1 + ¢) Tor] ((VbQO)C, (VMP)C)
M

+4C/Z
a,B

)

1 2
Pas — §<vahaﬁ

thus

/p>
= /Maz,;;%ﬁ%w - é/M(AW)Z - %/M o5
= % /M(Ab@)Q -3 i - /M (Ric —g Tor) (Vop)c, (Vop)c)

c 4c
2_C/Mazﬁwa6@aﬁ+(12_c)/MaZﬁ

where in the second equation we have used the identity (3.2) for n = 2. It yields

gps

[t f S (-3 ) o 1)

This completes the proof of the claim (3.4).
Next we denote the traceless Webster—Ricci tensor by RO o 2R 3 (R/n)h,5,

and from the contracted Bianchi identity (see [Le, (2.11)]) R,3 Ry, —i(n—
1)AnpP, we get

]_ 2
Yap = 59y hap

)

1 2
Yas — §W3ﬁhaﬂ

1 2
Pas — 5%”@

5 R B n—1 .
(3.7) ROP = (Raﬁ - Ehag) = T Ra—i(n—1)Aas”.

Now we can prove our Theorem 1.2.



96 Chen, Saotome, and Wu

Proof of Theorem 1.2
Let ¢ be the unique solution of Ayp =R — R with [}, ¢ =0. By (3.7), we then
compute

= /M(R —R)App=— /M<va7 Vo) =— /M(Ra‘ﬂa + Ra®)

(e )

+ complex conjugate

n 5z 1 3
- RO,< af _ L 'vhaﬁ)_~ /Aa aB
<”1/M aB\¥ n’ e

+ complex conjugate

2n 5z 1 3 =
_ RO,( ap _ 1 vhfxﬁ) ; / A B A eb
n—1 aB\? P +n M( aB P 8p™")

(3.8)

<—RO
e L LA I

ot [ (o™ = dape),

Now from (3.4) and the condition (Ric—((n+1)/2) Tor)((Vyp)c, (Vsp)c) >0,

we

1
apf — ha
Pag n@'y &}

obtain
1 2 (nfl)(nJrl)/ 9
e S Vhen| < M HAT )
/M; pap — oy hap| < 2n(n+2) M(Abso)
7(n71)(n+1)/ B2
and thus

(n—=1)(n+1) —.5\ /2
< (Mt [ m-me)"

1
5 — — Py ha
pap Py sl 2n(n + 2)

which combined with (3.8) and applying Young’s inequality 2ab < ea® + €
with e = \/(2n(n +2))/((n — 1)(n + 1)), then gives the equation (1.1).
Moreover, if the equality holds, then ¢ will satisfy

vap=0 forall a,8, (Ric _nT—Fl Tor) ((ngo)c, (ngo)(c) =0

—1b2

and

1
RS&B = T(‘PQB — Egpﬂhag) for some real constant r.

Simple computation shows that r is the constant (n + 2)/(n + 1). Therefore,
a8 _ aBy _ 0 n+2 1 B
/M(AaQSD Aapp™”) =0 and Raﬁ —— (‘Paﬁ Qowvhaﬁ ,
which implies that the contact form e'/("+1¥g will be pseudo-Einstein by [DT
Proposition 5.9]. This completes the proof of Theorem 1.2. (|
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4. The proof of Theorem 1.5

Let (M, J,0) be a closed pseudo-Hermitian (2n + 1)-manifold. We consider a con-
formal change 0 = €24 of the contact form, following the method of [Le]. Under
this deformation, the contact distribution £ =ker# and the complex structure J
are fixed.

In [Le], J. M. Lee proved that, under the conformal change of the contact
form 6 = e?“f, the Webster—Ricci tensor R 7 changes as

fiag =R,5— (Dpu+2(n+ 1)|Vbu|2)haa —(n+2)(uyz +uga)-

On the other hand, if the first Chern class ¢;(171,0M) of M vanishes, there
exists a real 1-form o such that

R,50°N0° =do on €.

It can be easily shown that the (0,1)-part = o1 is 9y-closed, so that there
exist a complex function f=u+iv e CZF(M) and a Oy-harmonic form ~ such
that

n+2_-
Of—1.

Then Theorem 1.5 follows from the following theorem.

= 2

THEOREM 4.1 ([Le, LEMMA 6.2])

Let (M, J,0) be a closed pseudo-Hermitian (2n 4+ 1)-manifold. Assume that there
exists a 1-form o such that

R.50°N0° =do  on,

and the Oy-harmonic part ~ of o0

satisfies the condition
7P 44 =0,
where 0OV = ((n 4 2)/2m)0(u + iv) — 7. Then 0 = ¢4 is a pseudo-Einstein
contact form.
Moreover, it was also shown in [Le] that
27 (Yo 5+ 75.0) (77 +77%) = 2ReyP*[2(n + 2)u, g — Rog)-

Therefore, using the divergence formula, we have

2 /M (Ya +752) (77 +779)
—2Re [ {200+ 2157 - (0a"1P) 5~ 0~ 1Azu™)
M

(4.1) _ _ o
~[(Rog?")™ = (107) 5 +iln — 1) A5 "]}

Here, we are now in the position to prove our Theorem 1.5.
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Proof of Theorem 1.5
By the assumption Aaﬁ’a =0 and (4.1), we only have to show

Aaﬁuavﬁ =0.
M

Using the commutation formula in [Le, Lemma 2.3], for any 9j-closed (0, 1)-form

7, we have
(4.2) 0y, Vrln =noa™ — nag = (Agan™)"”.
Thus,
| A = [ (AP )™ — (450" Fu o
M M
This completes the proof of Theorem 1.5. g
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