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1. Introduction

1.1

For classifying spaces of Hodge structures, toroidal partial compactifications have
been constructed in [20] and [14, Part III]. (Summaries are given in [18], [15]-
17))

The aim of this paper is to show that a similar theory exists over p-adic local
fields, replacing Hodge structures by p-adic Hodge structures.

We describe what we construct in this paper, comparing the theory over C
and the theory over a p-adic local field. To make the descriptions simple, we
will be sometimes rather rough in this introduction, but we will try to present
the ideas clearly. We compare Hodge structures and p-adic Hodge structures in
Sections 1.2-1.4; we compare the Hodge conjecture and Fontaine’s p-adic Hodge
conjecture in Section 1.5; we compare classifying spaces of Hodge structures
(so-called period domains) and classifying spaces of p-adic Hodge structures (p-
adic period domains) in Sections 1.6-1.7; and we compare the toroidal partial
compactifications of the period domains and those of p-adic period domains in
Sections 1.8-1.11.
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1.2. Hodge structures

Roughly speaking, a Hodge structure is a pair (H,F) of a finitely generated
Z-module H and a decreasing filtration F' on Hc = C ®z H, satisfying certain
conditions. For a proper smooth scheme X over C and for m € Z, we have a
Hodge structure (H, F'), where H = H™(X(C),Z) and F is the Hodge filtration
on H(c.

1.3. p-Adic Hodge structures
Let K be a finite extension of Q,. We consider p-adic Hodge structures over K.

Let k be the residue field of K. Let Ky be the largest unramified extension of
Q,, contained in K, which is identified with the field of fractions of the ring W (k)
of Witt vectors. The pth power map k£ — k,z — xP induces an automorphism
¢ : W(k) — W(k) of the ring W (k) and induces an automorphism ¢ : Ky — K
of the field Kj.

Roughly speaking, a p-adic Hodge structure over K is a triple (H,N,F)
consisting of a finite-dimensional Ky-vector space H endowed with a bijective
Frobenius-linear operator ¢ : H — H (Frobenius-linear means that p(z +y) =
o(x)+¢(y) and g(ax) = p(a)p(z) for z,y € H and a € Ky), a Ky-linear map N :
H — H such that Ny = poN (from this condition, we have that N is nilpotent),
and a decreasing filtration F' on Hg := K ®g, H satisfying certain admissibility
conditions formulated by Fontaine [8] (see Section 3.2 of this paper for a review).

For a proper smooth scheme X over K with semistable reduction and for
m € Z, we have a p-adic Hodge structure (H, N, F'), similar to Hodge theory. If
X is of good reduction and Y denotes the reduction of X over k, then H is the
crystalline cohomology H, g’;ys(Y), @ : H — H is induced from the pth power mor-
phism Y — Y, N =0, and F is the Hodge filtration on the de Rham cohomology
Hix(X/K) =K ®k, H(Y), where the last = is by the Berthelot-Ogus isomor-
phism [3]. In the general, semistable reduction case, the crystalline cohomology
should be replaced by log crystalline cohomology (see [12]), and N need not be
Zero.

1.4. Examples: Elliptic curves
As an example, we compare Hodge structures and p-adic Hodge structures of
elliptic curves.

We first consider elliptic curves over C. An elliptic curve over C is isomorphic
to the elliptic curve C/(Z7 + Z) over C for some element 7 of the upper half-
plane (i.e., the imaginary part Im(7) of 7 is > 0). Assume that £ =C/(Z71 + Z).
Consider the case X = F and m =1 in Section 1.2. Then H = H*(E(C),Z) =
72 = Zey + Zes, where (ey,ez) is the dual base of the base of (7,1) of the Z-dual
H(E(C),Z) = ZT + Z of H'(E(C),Z). The Hodge filtration F on Hc is given
by

O=F2CC(761+62):F1CHC:FO.
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Next, let K be a finite extension of Q,, and let £ be the Tate elliptic curve
K*/q* over K, where ¢ is an element of K with p-adic absolute value |g|, < 1
and where g% denotes the discrete subgroup of K> generated by g. Note that E
is of semistable reduction but of bad reduction. This presentation of the Tate
elliptic curve as a quotient of K> is a p-adic analogue of the presentation of
the elliptic curve C/(Z7 + Z) over C as a quotient of C* via the isomorphism
C/(Zt + Z) =2 C* /¢%, 2z — €®™* with q = e?>™". Consider the case X = E and
m =1 in Section 1.3. Then

H = K2 = Koey + Kpea,
pler)=e1,  ¢lea) =pea,  N(e1)=0,  N(e2)=ordy(q)er,
0=F>C K(log(g)e1 +e2) =F' C Hx = F°.
Here
ord, : K* —Q, log: K* - K

are the homomorphisms characterized by the following properties (see Sec-
tion 3.1.4): ord, kills the unit group (Og)* of the valuation ring Ox of K,
ord,(p) =1, the restriction of log to Ker((Ox)* — k*) coincides with the usual
p-adic logarithm z +— Y>> | (=1)""(z — 1)"/n, and log(p) = 0.

1.5. Hodge conjecture and p-adic Hodge conjecture
In this paper (see Section 3.4), we introduce the p-adic Hodge conjecture of
Fontaine, which is a p-adic analogue of the Hodge conjecture, to present the
philosophy of this paper clearly by using it. Here in this introduction, we intro-
duce this conjecture shortly to observe the nature of the analogy between the
theory over C and the theory over K and also to write about this conjecture in
Section 1.14.

Let X be a proper smooth scheme over C, and let r € Z. Then the Hodge
conjecture predicts that the cycle map

CH"(X)g— H* (X(C),Q)NF"

is surjective, where F'" is the Hodge filtration.

Let K be a finite extension of Q,, and let X be a proper smooth scheme
over K with good reduction. Let Y be the reduction. Then the p-adic Hodge
conjecture of Fontaine predicts that the cycle map

CH"(X)q — (Image of CH"(Y)g — HZL(Y))NF"

crys

is surjective, where F" is the Hodge filtration on H3f, (X/K) = K ® 5, H (Y).
This is an old conjecture of Fontaine, but is not yet written in the literature
to the knowledge of the author. In Section 3.4, we introduce the above p-adic

Hodge conjecture again (Conjecture 3.4.2) with its variant (Conjecture 3.4.9).



564 Kazuya Kato

1.6. Griffiths period domains D

Roughly speaking, the period domain of Griffiths (the classifying space of Hodge
structures) is defined in the following way. Fix a finitely generated free Z-
module H. We also fix Hodge numbers. We also have to fix a bilinear form
on Hg to treat polarizations, but this is not explained in detail in this introduc-
tion, for simplicity. The Griffiths period domain D is the set of all decreasing
filtrations F' on Hc such that (H, F) is a Hodge structure with the fixed Hodge
numbers polarized by the given bilinear form (see Section 2.2 for details).

In a special case, H = Z? = Ze, + Zey and we have D =B, where b is the
upper half-plane and 7 € h corresponds to F = F(7) € D defined by 0 = F? C
C(re1 + e2) = F1 € Hec = F° (see Section 2.2, Example b). This F = F(7) is
identified with the Hodge filtration of the elliptic curve C/(Z1 + Z).

1.7. p-Adic period domains D

The p-adic period domain (the classifying space of p-adic Hodge structures) is
defined in the following way. Fix a finite-dimensional K-vector space H endowed
with a bijective Frobenius-linear map ¢ : H — H. Fix also Hodge numbers. Then,
roughly speaking, the p-adic period domain D is the space of pairs (N, F),
where N is a Ky-linear map H — H such that Ny = pp N and where F is a
decreasing filtration on H such that (H, N, F) is a p-adic Hodge structure with
fixed Hodge numbers (see Section 5.2 for details).

In a special case related to Tate elliptic curves, H = Kg = Kpey + Kpea with
o(e1) =e1 and p(ea) = peq, and the p-adic Hodge structure of the Tate elliptic
curve K* /q% in Section 1.4 determines a point (N, F) of D, where N (resp., F')
is described as in Section 1.4 by using ord,(g) (resp., log(q); see Section 5.5,
Example b).

We study degeneration in this paper. The elliptic curve C*/¢* over C and
the Tate elliptic curve K> /¢% over K degenerate when ¢ tends to zero. Over C,
q = €>™" — 0 means that Im(7) tends to co. Over K, ¢ — 0 means that ord,(q)
tends to co. Thus in this analogy, Im(7) in the theory over C is similar to ord,(q)
in the theory over K. It seems that the real part Re(r) in the theory over C is
similar to log(q) in the theory over K.

The p-adic period domains were studied by Rapoport and Zink [23]-[25].
They considered the case N =0. We need to consider N because nontrivial N
always appears in degeneration.

1.8. Toroidal partial compactificationsI'\ D C "\ Dy; over C

In [20] and [14, Part III], a toroidal partial compactification I\ Dy, of the quotient
space I'\ D of the period domain D is constructed. (Precisely speaking, the period
domain D in [14, Part III] is the mixed Hodge theoretic version (see [28]) of the
Griffiths period domain.) Here I is a discrete group acting on D, and ¥ is a
collection of monodromy cones, which satisfy certain conditions. These works
are attempts to generalize the toroidal compactification in [1] to general Hodge

type.
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In a special case related to elliptic curves (see Section 2.2, Example b), the
diagram

(1) D—-T\DcTI\ Dy
becomes

h— A* CA.
Here

1 Z
A={qeC||q| <1}, A* = A — {0}, F(O 1),
and we identify A* with I'\ h via h — A*; 7+ e2™7. The Hodge structure of the
elliptic curve C* /¢% gives the point ¢ = e*™7 of A*. When ¢ tends to zero, the
elliptic curve C* /¢ and its Hodge structure degenerate, and the corresponding
point g € A* converges to 0 € A in the toroidal partial compactification.

1.9. Toroidal partial compactifications D C Dy, over K
The aim of this paper is to show that for the p-adic period domain D over the
p-adic local field K, we have a diagram

(2) DHFDCFDE,

which is similar to diagram (1) in Section 1.8. Note that the first arrow in (2)
has the converse direction when compared with (1).

In a special case related to Tate elliptic curves (see Section 5.5, Example b),
this diagram becomes

D— A*"CA,
where
A={qeK]||ql, <1}, A=A —{0}.

The first arrow sends ¢ € A* to (N, F) € D, where (N, F) is the p-adic Hodge
structure associated to the Tate elliptic curve K* /¢ described in Section 1.4.
This first arrow « is essentially ¢ — (ord,(q),log(q)), while the analogous arrow
over C was 7+ e2™7 in the converse direction. When ¢ — 0, the Tate elliptic
curve K* /¢” and its p-adic Hodge structure degenerate, and the corresponding
point ¢ € A* converges to 0 € A in the toroidal partial compactification.

In the special case related to elliptic curves over C (resp., Tate elliptic curves
over a p-adic local field K), the spaces D, I'\ D, and I"\ Dy, (resp., D, rD, and
rDsy) are described in detail in Example b in Sections 2.2.4 and 2.3.13 (resp.,
Example b in Sections 5.5.2 and 6.6.2).

1.10. More about rD
We give more explanations about 0D in p-adic theory (see Section 5 for details;
T is a compact adelic group, but we do not explain it here).
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In p-adic Hodge theory, a very important theorem is that the category of
p-adic Hodge structures is equivalent to the category of semistable p-adic rep-
resentations of Gal(K/K), where K denotes the algebraic closure of K (see [5];
see Section 3.2.6 of this paper for a review). In this equivalence, for a proper
smooth scheme X over K of semistable reduction, the mth p-adic Hodge struc-
ture of X (see Section 1.3) corresponds to the étale cohomology H (X @ x K,Q,)
regarded as a p-adic representation of Gal(K /K). Note that Galois representa-
tions have nice integral structures (e.g., the integral structure HZ' (X ®x I_(,Zp)
of HI'(X ® K,Q,)) and often some level structures. (A level structure is a finer
version of an integral structure; see Section 4.3.)

Roughly speaking, the space rD is defined to be the set of triples (N, F, p),
where (N, F) € D and p is a level structure on a related Galois representation.
The canonical arrow D « D is given by (N, F, u) — (N, F) forgetting the level
structure p.

In the special case related to Tate elliptic curves E = K* /¢%, ¢ € A* corre-
sponds to (N, F, ) € rD with (N, F) associated to E as in Section 1.4 and with
p associated to the integral structures H}(E ®x K,Z) of HL(E @k K,Q),
where ¢ ranges over all prime numbers.

Level structures were considered by Rapoport and Zink [25] in their study of
p-adic period domains related to p-divisible groups. In this case, involved p-adic
Hodge structures satisfy F™ = Hyg and F"+2 =0 for some r € Z. In this paper,
we can treat any Hodge type.

We define a structure of an analytic manifold over K on rD. (We do not
define a rigid analytic structure but define only a naive analytic structure. The
attempt to define something like a rigid analytic structure will be given in the
later part of this series of papers.)

1.11. More about Dy,
We give more explanations about rDs; in p-adic theory (see Section 6 for more
details).

In the theory (see [20], [14, Part IIT]) for Hodge structures, the toroidal partial
compactifications I'\ Dy, are obtained by adding nilpotent orbits to I'\ D as
points at infinity. This is a natural idea because the infinity of the period domain
should consist of limit points of degenerating families of Hodge structures, and
nilpotent orbits are associated to such families (see [27]). In the p-adic theory in
this paper, we have the notion of a p-adic nilpotent orbit (see Sections 6.1, 6.2),
and to obtain toroidal partial compactifications Dy, we add p-adic nilpotents
to rD as points at infinity.

In the theory for Hodge structures, it is proved in [20] and [14, Part III] that
'\ Dy, is not necessarily a complex analytic space but is a log manifold which
is like a complex analytic manifold with slits. Similarly, in this paper, we prove
that Dy in p-adic theory is a p-adic log manifold (see Theorem 6.5.6), which is
like a p-adic analytic manifold with slits.
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1.12

The organization of this paper is as follows. In Section 2, we review toroidal
partial compactifications of period domains over C constructed in [20] and [14].
In Section 3, we review the theory of p-adic Hodge structures, we introduce the
p-adic Hodge conjecture of Fontaine, and we give (in Section 3.5) some results
on p-adic Hodge structures which we use in Section 6. In Sections 4 and 5, we
consider p-adic period domains D and pD. In Section 6, we construct toroidal
partial compactifications Dy, of rD.

1.13

This paper is part I of series of papers. In [19], [20], and [14], in the theory over C,
various kinds of enlargements of D were constructed with maps between them
as in the following diagram.

C
DSL(Z),val DBS,val

I I

Dy ya Dg;vval —  Dgsp9) Dgs.

I I

Ds, «— Di

In the later part of this series, we study a p-adic analogue of a part of this
diagram.

1.14

In a later part of the series, we review the theory of p-adic intermediate Jaco-
bians of [26] from our point of view and study degenerations of p-adic intermedi-
ate Jacobians. This study of degeneration is a p-adic analogue of the study [15]
over C. Degenerations of intermediate Jacobians over C are now studied inten-
sively (see, e.g., [22]). We hope that the complex analytic study and the p-adic
study stimulate each other. Degeneration of the intermediate Jacobian over C
is related to the Hodge conjecture (see [22]). We hope that degeneration of the
p-adic intermediate Jacobian is related to the p-adic Hodge conjecture.

2. Review of the theory over C

In Section 2.2, we review classifying spaces D of mixed Hodge structures and the
quotient spaces I'\ D. In Section 2.3, we review toroidal partial compactifications
'\ Dy, of '\ D. The p-adic version of Section 2.2 is given in Sections 4 and 5,
and the p-adic version of Section 2.3 is given in Section 6.

We explain the theory over C using Examples a—d (Sections 2.2.3-2.2.6). The
corresponding Examples a—d in p-adic theory are given in Sections 5.5 and 6.6.
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2.1. Notation in Section 2
2.1.1
In Section 2, fix a quadruple

(Ha VV7 (( ) >w)w€Za (hw,i)w,iEZ)7
where

- H is a finitely generated free Z-module;

- W is an increasing filtration on the Q-vector space Hg := Q ®z H such that
Wy = Hg for w>>0 and W, =0 for w < 0;

- (, )y for each w € Z is a nondegenerate Q-bilinear form gr!¥ x gr’¥ — Q
which is symmetric if w is even and antisymmetric if w is odd;

- hy; are nonnegative integers which are zero for almost all (w, ), such that
Doihwi= dim(gr)V) for all w and Ay, ; = hyw—; for all (w,i).

2.2. Period domains D andT"'\ D

We review the definition of the classifying space D of mixed Hodge structures
with polarized graded quotients, defined by Usui [28]. This is the mixed Hodge
theoretic version of the classifying space in the pure case defined by Griffiths [11].

2.2.1
As in Usui [28], let D be the set of all decreasing filtrations F on H¢:=C ®z H
satisfying the following conditions (i)—(iii).

(i) (H,W,F) is a mixed Hodge structure.
(ii) For any w € Z, the Hodge structure ((H NW,)/(H N Wy_1),grlV (F))

w
of weight w is polarized by (, )., for any w.

Here gr’V (F) denotes the filtration on grfxc :=C®qgr! induced by F.
(iii) We have h,,; = dim gr%grgffc for any w,i € Z.

On the other hand, let D be the set of all decreasing filtrations F' on Hg
satisfying the above condition (iii) and the following condition (ii’).

(ii") For any w,i € Z, the annihilator of gry)’(F") in grzjv,c for the pairing
(, Y coincides with ng(Fw+1fi).

Then D has a natural structure of a complex analytic manifold, and D is an
open set of D. By this, D has a structure of a complex analytic manifold.
2.2.2
For R=7,Q,R,C, let
Gr={g € Autgr(Hg) | g respects W and (, ), for all w € Z}.

Then G¢ acts naturally on D, and Gg acts naturally on D.
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For a torsion-free subgroup I' of Gz, the quotient space I'\ D is a complex
analytic manifold, and the projection D — I'\ D is locally an isomorphism of
complex analytic manifolds.

2.2.3. Ezample a (The multiplicative group C* appears here.)
Define the quadruple (H, W, ({, )w)w, (hw,:)) as follows:

. H is a free Z-module of rank 2 with basis ey, es;
- W is the increasing filtration on Hg defined by

0=W_3CQe; =W_o=W_; C Hg=Wy;
- (, )w and hy,; are defined as
(e1,e1)—2 =1, (ea,e2)0 =1,

where we denote the element e; mod W_; of grl’ simply by e,

hoo=h_2,_1=1, other h, ; are zero.
Then we have an isomorphism

D=C,

where z € C corresponds to the following F' = F(z) € D:

0=F'CC(ze; +e)=F°CHec=F".

1 Z
F(O 1>CG2,

we have a commutative diagram

For

C =~ D
| |
C* = T\D

Here the left vertical arrow is z +— exp(2miz).

2.2.4. Ezample b (The upper half-plane by and the unit disc A* without the origin
appear here.)
Define the quadruple (H, W, ({, )w)w, (hw,:)) as follows:

- H is a free Z-module of rank 2 with basis ey, es;
- W is the increasing filtration on Hg defined by

OZW—2CHQ:W_1;
- (, )w and hy,; are defined by
<62,€1>,1 :17

h_10=h_1,_1=1, other hy; are zero.
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For 7 € C, define F = F(7) € D by
0=F'cC(re; +e)=F°C Hc=F "
Then we have an isomorphism
Dph:={x+iy|xz,yeR,y>0},

where 7 =z + iy € h corresponds to F(7) € D.

For
1 Z
F:
(o 7)

we have a commutative diagram

h = D
I I
A* = T\D

Here
A*=A—-{0} with A={qeC||q/<1}.

The left vertical arrow is 7 +— exp(27iT).

The example of D in the introduction related to elliptic curves over C is
essentially this Example b. Precisely, it is the (—1)-Tate twist of this Example b.
In general, Tate twists D, I'\ D, and also I'\ Dy, in Section 2.3 are canonically
isomorphic to the original D, I'\ D, and I'\ Dy;, respectively.

2.2.5. Ezample ¢ (The universal elliptic curve appears here.)
Define the quadruple (H, W, ((, )uw)w, (hw,i)) as follows:

- H is a free Z-module of rank 3 with basis ey, ez, €3;
- W is the increasing filtration on Hg defined by

0=W_3CQe; +Qe; =W_; C Hg =Wp;
- (, )w and hy,; are defined by
(e2,e1)-1=1, (es,e3)0 =1,
where we denote the element e3 mod W_; of grll simply by e,
hoo=h_10=h_1,-1=1, other h, ; are zero.
For 7,z € C, define F = F(7,2) € D by
0=F'CC(rey +e3)+C(ze; +e3)=F°C Hc=F~ 1.
Then we have an isomorphism
D>~phxC,

where (7,2) € h x C corresponds to F(r,z) € D.
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Let
1 0 Z 1 Z 7 1 72 Z
=01 z|, Ty=[01 0|, TI3=[0 1 Z
0 0 1 0 0 1 0 0 1
With the identification D = x C, the fiber of I'; \ D — b on 7 € b is the elliptic

curve C/(Zt 4+ Z). We have a commutative diagram

hxC ~ D

I I

A*xC* = T,\D

I I

UqEA* CX/qZ = F3\D

The upper left vertical arrow is (7,z) — (exp(2miT),exp(2miz)).
The fibrations I’y \ D — h and I's \ D — A* are the so-called universal elliptic
curves.

2.2.6. Example d (The dilog function appears in this example; see Section 2.5.15.)
Define the quadruple (H, W, ({, )w)w, (hw,)) as follows:

. H is a free Z-module of rank 3 with basis ey, es, e3;
- W is the increasing filtration on Hg defined by

0=W_s5CQe1=W_4=W_3CW_3+Qes =W_o=W_,4 CHQ:WO;
- (, )w and hy,; are defined by
<617€1>—4:1a <62762>—2:17 <€3,€3>0:17

where we denote the element e; mod W_3 of gr'¥, and the element ez mod W_;
of grlV simply by ey and ez, respectively,

hoo=h_2_1=h_4_9=1, other hy; are zero.
Then we have an isomorphism
D=C3,
where (21, 22, 23) € C? corresponds to the following F' = F(z1, 22, 23) € D:
0=F"'CC(zie; + 2069 +e3) =F'C FO 4+ C(z3e1 +ep)=F ' C Hc=F 2
Let

o~ N
— NN



572 Kazuya Kato

Then
1 C C 1 zZ3 21
F\D%F\ 0 1 C 5 F(21,22,23)<—> 0 1 Z9
0 0 1 0 0 1

The fibration I'\ D — C* x C*, F(z1, 22, 23) + (exp(2miz3), exp(2mizs)) is a
C/Z-torsor.

2.3. Toroidal partial compactifications

We review the toroidal partial compactification I'\ Dy, of I'\ D constructed in
[20] and [14] ([20] treats the pure case, i.e., the case W, = Hg and W,,_; =0 for
some w € Z).

2.8.1
For R=Q,R,C, let gr be the set of all R-linear maps N : Hg — Hpg such that
N(Wy,r) C Wy, g for all w e Z and such that

(ngﬁ’(N)x,y)w + (x,grYUV(N)yM =0 forallweZ,xz,ye ngR.

2.3.2

We review the notion of relative monodromy filtration (see [6, Section 1.6.13]).
For an abelian group A with an increasing filtration W and for a nilpotent
homomorphism N : A — A such that N(W,,) C W,, for all w € Z, an increasing
filtration M on A is called a relative monodromy filtration of N with respect to
W it N(My,) C My,_o for all w € Z and

m ., M w = M w
N . grw+mgrw - grw—mgrw

for all w € Z and all integers m > 0. A relative monodromy filtration of N with
respect to W is unique if it exists. If it exists, it is denoted by M (N, W).

2.3.3
We call a subset o of gg a nilpotent cone in gg if the following conditions (i)—(iii)
are satisfied.

(i) The set o is a finitely generated Q>o-cone. That is,
0=Q5oN1+ - +Q>0N,

for some n >0 and Ny,...,N, € gg.
(ii) Any element of ¢ is nilpotent as a linear map Hg — Hg.
(iii) We have NN’ = N'N for any N,N' € 0.

For a nilpotent cone ¢ in gg and for R=Q,R,C, let o be the R-linear span
of o in gg.

2.8.4. Nilpotent orbit
Let o be a nilpotent cone in gg, and let Z be a subset of D. We say that Z is a
o-nilpotent orbit if the following conditions (i)—(iv) are satisfied.



Toroidal partial compactifications of p-adic period domains 573

(i)  Z is an orbit under the action of exp(oc) on D. That is, there is F € D
such that Z = exp(o¢)F.

(i) We have NF" C F'=! for any N € 0, F € Z, and r € Z (Griffiths
transversality).

(iii) Write 0 = Q>oN1+---+Q>oN,,. Let F € Z. Then if #,...,2, € C and
if Im(2;) > 0, we have exp(3°}_, 2;N;) F € D.

(iv) For any N € o, the relative monodromy filtration M (N, W) exists. (This
is a condition on ¢.)

2.8.5
By a fan in gg, we mean a nonempty set ¥ of nilpotent cones in gg satisfying
the following conditions (i)—(iii).

(i) All elements of ¥ are sharp. That is, 0 N (—o) = {0} for any o € X.
(ii) If 0 € X, then all faces of o belong to X.
(iii) If o,7 € X, then o N7 is a face of o.

By a weak fan in gg, we mean a nonempty set X of nilpotent cones in gg
satisfying the above conditions (i) and (ii) and the following condition (iii’).

(iii") Let 0,0’ € ¥, and assume that o and ¢’ have a common interior point.
Assume further that there are a o-nilpotent orbit Z and a o’-nilpotent orbit Z’
such that ZNZ’'#0. Then o =0’.

As is seen easily, a fan in gg is a weak fan in ggq.

2.3.6
For a weak fan ¥ in gg, we define

Dy ={(0,2) ’ o €Y, Z is a o-nilpotent orbit}.

2.3.7
We have an embedding

DS Dy F s ({0}, {F}).

In fact, D is identified with the subset of Dy, consisting of all elements (o, Z)
such that o = {0}.

2.8.8
Let ¥ be a weak fan in gg, and let I' be a subgroup of G7.
We say that ¥ and T" are compatible if the following condition (i) is satisfied.

(i) If c € X and v €T, then yoy~! € X.

If ¥ and T are compatible, we have an action of I' on Dy for which v €T’
sends (0,Z) € Dy, to (yoy~t,7Z).

We say that 3 and T" are strongly compatible if the above condition (i) and
the following condition (ii) are satisfied.
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(ii) Asa Qxg-cone, o is generated by log(y) when « ranges over all unipotent
elements of T" such that log(y) € 0.

2.5.9

Let X be a weak fan in ggq, let I' be a subgroup of Gz, and assume that they are
strongly compatible. Then as in [20] and [14, Part III], T'\ Dy is endowed with
a topology for which T'\ D is a dense open subset and with a sheaf of rings of
complex analytic functions whose restriction to I'\ D coincides with the usual
sheaf of complex analytic functions on I'\ D. This space I'\ Dy, is also endowed
with a canonical log structure whose restriction to I'\ D is trivial.

2.3.10
A basic fact about the topology of T'\ Dy, is the following.

Let (0,Z) € Dy, and write 0 = Q>oN1 + -+ + Q>oN,,. Let F' € Z. Then the
class of (0,7) in '\ Dy, is the limit of the classes of eXp(Z?:l ziN,»)F in T\ D
for z; € C, Im(z;) — 0.

2.8.11

Let ¥ and T be as above. In general, I'\ Dy, is not necessarily a complex analytic
space since it may have slits caused by Griffiths transversality. Such a phenome-
non was first observed in [29].

If T is neat, then I'\ Dy, is a log manifold in the following sense. (Neat means
that for any v € I, the subgroup of C* generated by all eigenvalues of the action
of v on Hc is torsion free. If I' is neat, then I" is torsion free. It is known that
there is a neat subgroup I" of Gz of finite index.)

By a log manifold we mean a local ringed space over C endowed with an
fs log structure which has an open covering (Uy), with the following property:
for each A, there exist an affine toric variety Z) endowed with the canonical
log structure, a finite subset Iy of T'(Zx,Qy, (log)) (©2'(log) denotes the sheaf of
differential forms with log poles), and an isomorphism of local ringed spaces over
C with log structures between Uy and an open subset of

Sx = {z € Z, | the image of I, in Q(log) is zero},

where S is endowed with the strong topology in Zy, with the inverse image Oz,
of the sheaf of complex analytic functions Oz, on Zy, and with the inverse image
Mg, of the log structure Mz, of Zj.

Here Q!(log) is the space of differential forms with log poles on the log
point z. (It is zero if the log structure of the point z is trivial.) Affine toric
variety and strong topology are as follows.

An affine toric variety is an analytic space over C of the form Hom(S,C),
where S is the intersection of a finitely generated Q>(-cone 7 and a finitely
generated Z-submodule of 7@, and Hom is the set of homomorphisms of monoids
where C is regarded as a multiplicative monoid. Hom(S,C) is regarded as an
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analytic space over C in the natural way. An affine toric variety is endowed with
a canonical log structure.

For a subset S of a complex analytic space Z, the strong topology of S in Z
is defined as follows. A subset U of S is open in the strong topology of S in Z if
and only if, for any analytic space Y over C and any morphism \:Y — Z such
that A(Y) C S, A=1(U) is open on Y.

For basic facts about log manifolds (resp., strong topology), see [20, Sec-
tion 3.5] (resp., [20, Section 3.1]).

2.8.12. Ezample a (The compactification P1(C) of C* appears here.)

Let ¥ = {{0},0,—0c}, where o (resp., —o) denotes the cone of all Q-linear maps
Hg — Hg which send ey to zero and ez into Q>¢ - ey (resp., Q<o -e1). Then ¥ is
a fan in gg, and ¥ and I' are strongly compatible. The isomorphism C* =T\ D
in Section 2.2.3 extends uniquely to an isomorphism

PY(C) =T\ Dy

of complex analytic manifolds, in which 0 € P!(C) (resp., oo € P*(C)) corresponds
to the class of (0,Z) € Dy, (vesp., (—0,Z) € Dy), where Z =D ={F(z) |z € C}.

2.3.18. Exzample b (The unit disc A (with the origin) appears here.)

Let ¥ = {{0},0}, where o denotes the cone of all Q-linear maps Hy — Hg which
send e; to zero and ey into Q>¢-e;. Then ¥ is a fan in gg, and ¥ and T’
are strongly compatible. The isomorphism A* 2T\ D in Section 2.2.4 extends
uniquely to an isomorphism

A=T\ Dy,

of complex analytic manifolds, in which 0 € A corresponds to the class of (0, 2) €
Dy, where Z = {F(r)|7€C} C D.

2.8.14. Ezample c (A model of the universal elliptic curve with degenerate fiber
on 0 € A appears here.)

For n € Z, let N,, € gg be the Q-linear map which sends e; to zero, ez to ey,

and e3 to ne;. Let ¥ = {{0},0,(n € Z),0p nt1(n € Z)}, where o, = Q>0Ny,

Onnt+1 = Q>0Np + Q>9Npy1. Then ¥ is a fan in gg, X and I'y are strongly

compatible, and ¥ and I's are also strongly compatible.

The space I's \ Dy, is the proper model over A of the universal elliptic curve
I3\ D over A*. The fiber on ¢ € A* in I'3\ Dy is the elliptic curve C* /¢% (see
Section 2.2.5). The fiber on 0 € A in I's\ Dy, is P*(C)/(0 ~ 00), the quotient of
P!(C) obtained by identifying zero and oo.

Concerning I'; \ Ds; — A, the fiber on ¢ € A* is C* (see Section 2.2.5). We
describe the fiber S on 0 € A in I'y\ Dx. It is an infinite chain of P!(C). More
precisely, for each n € Z, we have an open immersion

Uy : C* — S a class(o,, Z),

where Z = {F(7,b+n7) | 7 € C} with a = exp(27ib).
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We have v, (C*) Nu,(C*) =0 if m # n. This u,, extends uniquely to a closed
immersion 4, : P'(C) — S, and S = U, un(P'(C)). If m,n € Z and
n¢ {m—1,m,m+ 1}, then u,,(P*(C)) N @, (P*(C)) =0. We have @, (P*(C))N
Un+1(PYC)) = {1, (0)} = {tn+1(c0)}, and this point u,(0) is the class of the
nilpotent orbit (op nt1,2Z) with Z = {F(7,2) | 7,z € C}. The action of a standard
generator of I's /T’y sends 1, (a) (a € P*(C)) to @,+1(a). The fiber P}(C)/(0 ~ o)
on0e€Aof '3\ Dy — Ais (I's/T'2) \ S, that is, the quotient of S by this action.

2.3.15. Ezample d

Let ¥ be the set of the cones Q>¢N, where N ranges over all Q-linear maps
Hg — Hg such that N(W,,) C W,,_1 for any w € Z. Then ¥ is a fan in gg, and
Y and I are strongly compatible. A remarkable fact is that I'\ Dy; has a slit and
is not a complex analytic space. We describe an open neighborhood of points of
class(o,Z,) of I'\ Ds;, which has a slit. Here 0 = Q>N with N(e1) = N(e2) =0,
N(e3) = e, and Z, = {F(z,7,0) | 7 € C}. We have an open immersion of log
manifolds from a sufficiently small open neighborhood U of (0,0,0) in the log
manifold

{(zl7u723) eC? | if u=0, then z3 = 0}

to the log manifold T'\ Dy, which sends (z1,e*™™, z3) € U to the class of F(z,
w, z3) and sends (z,0,0) € U to the class of (0,Z.). Here the log structure of
U c C3 is defined by the divisor u =0 of C3. Note that U has a slit and
is not a complex analytic space. This slit appears by Griffiths transversality;
(N, F(z1,29,23)) satisfies Griffiths transversality if and only if z3 = 0.

The theory of dilog sheaves (a special case of polylog sheaves; see [2]) shows
that there is a unique morphism P!(C) — I'\ Dy, of log manifolds (here P*(C) is
endowed with the log structure defined by {0, 1,00}) which sends u € C* C P*(C)
with |u] <1 to the class of F(z1,22,23) with

—(2mi)” Z u_2 22 = (2mi) " log(u), z5 = (2mi) " log(1 — u).
n=1

The image of 0 € P1(C) under this morphism P!(C) — I'\ Dy, is class(a, Zp).

3. p-Adic Hodge structures and Fontaine’s p-adic Hodge conjecture

In this section, we review the theory of Fontaine on p-adic Hodge structures, and
introduce the p-adic Hodge conjecture (See Conjectures 3.4.2, 3.4.9) of Fontaine.
In Section 3.5, we give some results on p-adic Hodge structures which we use in
Section 6.

3.1. Notation in Section 3

3.1.1

Let K be a complete discrete valuation field of characteristic zero with perfect
residue field k of characteristic p > 0. Let Ok be the valuation ring of K, and let
my be the maximal ideal of Og.
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Let K be an algebraic closure of K, and let C,, be the completion of K. Let
Oc, and mc, be the valuation ring of C, and its maximal ideal, respectively,
and let k be the residue field of C,, which is an algebraic closure of k.

3.1.2

Let W (k) be the ring of Witt vectors with entries in &, and let Ky be the field of

fractions of W (k). We regard K as a finite extension of Ky in the natural way.
Let ¢ : W(k) — W (k) be the canonical lifting of the pth power map k — k,

and denote the induced automorphism Ky — Ky by the same letter .

3.1.3
We fix a primitive nth root ¢, of 1 in K for each n > 1 satisfying ((mn)™ = (m
for any m,n > 1.

9.1.4
We fix an element & € my — {0}. We fix an nth root £/" of ¢ in K for each n > 1
satisfying (£1/mm)" = ¢V/™ for any m,n > 1.

Let

orde : C;y — Q
be the unique homomorphism which sends (Oc,)* to zero and & to 1. Let
log:C; —C,

be the unique homomorphism which coincides with the usual p-adic logarithm
x> (=1)""*(xz —1)"/n on 1+ mg,, which is zero on the multiplicative
representative of £* in (Oc,)* and which sends & to zero. We have log(K*) C K.
(It may be better to denote this map log by log(¢y, e.g., to indicate the dependence
on &, but we just choose simple notation.)

A standard choice of £ is p. The introduction of this paper is written by
taking £ = p.

3.2. p-Adic Hodge structures
We briefly review the formulation of p-adic Hodge structures by Fontaine (for
details, see, e.g., [7], [8]).

3.2.1
A filtered module over K is a finite-dimensional Ky-vector space D endowed
with a Frobenius-linear bijection ¢ : D — D, with a Ky-linear map N : D — D
such that Ny = peN, and with a decreasing filtration F' on Dg = K ®k, D. We
denote the category of filtered modules over K by MF .

The map N of a filtered module is automatically nilpotent.

The filtration (F*Df); of a filtered module D is often denoted by (D% );.
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3.2.2
There is an important full subcategory MFigm of MF g consisting of all admis-
sible filtered modules over K. This is defined as follows.

First, assume that k is algebraically closed.

For a Ky-subspace S of D which is stable under ¢ and N, define integers
tn(S) and t(S) as follows. Let r = dimg, S, and consider the rth exterior power
A" S of S, which is a one-dimensional Ky-vector space. Let p: A" S — A" S be
the Frobenius-linear bijection induced by ¢ : D — D. Then if we write ¢(e) = ae
for a basis e of \"S and for a € K, a depends on the choice of e but ord,(a)
does not depend on the choice. Here ord,, is the additive valuation of K, which
sends p to 1. Define tn(S) =ord,(a) € Z. On the other hand, for the filtration
on A Sk induced by the filtration F on Sk, there is a unique integer m such
that F™ (A Sk) = A Sk and F™ T (A} Sk ) = 0. Define 5 (S) =m.

An object D of MF i is said to be admissible if tiy (D) =ty (D) and tx(S) >
tr(S) for any Ky-subspace S of D which is stable under ¢ and N.

The definition of admissibility without assuming that & is algebraically closed
is as follows. Let K|, be the field of fractions of W (k), and let K' = K ®, K}.
Then K’ is a complete discrete valuation field with algebraically closed residue
field k. For an object D of MF g, we have an object D’ = K{®K, D of MF
with ¢’ = o ® ¢, with N’ =1® N, and with the filtration F' = K’ ® ¢ F. The
admissibility of D is defined as the admissibility of D’.

In fact, this admissibility was called weak admissibility before (e.g., in [8]).
But by [5], it is now known that weak admissibility is equivalent to the condition
admissibility. To make the terminology simple, we use the word admissibility for
weak admissibility (as experts do these days).

3.2.83

The following fact (see [8, Section 4.4.4(iii)]) is used often in this paper. Assume
that we have an exact sequence 0 — D' — D — D” — 0 in MF g. (Exactness here
means that the sequences 0 — D' — D — D" — 0 and 0 —» F" D} — F"Dg —
FrDY — 0 for all r € Z are exact.) Assume that two D,D’, D" are admissible.
Then all D, D’, D" are admissible.

3.2.4
Fontaine defined important rings

Acrys C Bcrys C Bst - BdR
such that
Acrys ) W(k)a Bcrys D KO, Bar D K.

We review basic properties of these rings (see [7]).

Bgr is a complete discrete valuation field. For r € Z, let B}y be the part
of Bgr consisting of all elements whose normalized additive valuations are at
least r. In particular, BgR is the valuation ring of Bgg, and By is the maximal
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ideal. We have

K C BY%, Acrys C BIg.
The residue field BgR/ BéR of Bgr, which is an extension of K, is identified
with C,.

The action of Gal(K/K) on K extends to a canonical action of Gal(K /K)
on the field Bgr, which preserves the valuation of Bggr and induces the usual
action on the residue field C,. The subrings Acys, Berys, and By of Bgr are
stable under this Galois action.

The Frobenius map ¢ : Ky — K extends to a special ring homomorphism

@ By — Byt

such that ¢(Aeys) C Aays and @(Berys) C Berys-
The ring Berys is a localization of Acys, and By is a polynomial ring in one
variable over Be,ys, as follows. There is a unique multiplicative map

[ ] : {(a’n)nZO | an € O(Cp (7’L Z O)»afprl = an(n Z 0)} - Acrys

such that the composition with Acys — BgR/BéR =C, is (an)n — ao. For exam-
ple, we have an element € := [((yn)n] € Acrys, and € =1 mod Bly. Since BYy is a
complete discrete valuation ring containing Q,

t:=log(e) € Big

is defined. This element ¢ is a prime element of the discrete valuation field Bgg.
We have t € Aeyys, @(t) = pt, and

1

Berys = Acrys h} (see [7, Section 2.3.4]).
We have [(€1/7"),]/¢ =1 mod Bly, and hence
le :=1og([(£'/7")n)/€) € Bir

is defined. This is also a prime element of Bgr. We have

Bst = Bcrys [lﬁ]a

and l¢ is transcendental over B,ys; that is, By is isomorphic to a polynomial
ring in one variable over Be,ys. This element I is denoted by u in [7]. We have
@(le) = ple. )

The canonical map K ®g, Bss — Bgr is injective.

Let

N : Bst — Bst

be the unique derivation over By such that N(l¢) = —1. In fact, in [7], N :
Byt — Byt was defined as the unique derivation over Beys such that N(lg) =1
(see Section 3.2.7 for the advantage of our modification of the definition of N).
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3.2.5
For a finite-dimensional Q,-vector space V' endowed with a continuous action of
Gal(K/K), define

Dy (V) = H°(Gal(K/K), By ®q, V).

Here the Galois group acts on By ®q, V' diagonally. Then dimg, Ds (V) <
dimg, V. The Galois representation V' is called a semistable representation if
dimg, Dst (V) =dimg, V.

Let Cr, be the category of semistable representations of Gal(K/K).

3.2.0
By [5], we have an equivalence of categories

Cxp = MFI™,
The functor V — D from the left to the right is defined as follows. Let V' be an
object of Cx . Then D = Dy (V'), ¢ : D — D is induced from ¢ ®1: By ®q, V —

By ®q, V,and N :D — D is induced from N ® 1: By ®q, V — By ®q, V. The
filtration F' on K ®, D is defined by

F' = (K @k, D) N (Bgr ®q, V).
Here the intersection is taken by K ®, D C K ®k, Bst ®q, V C Bar ®q, V.

The inclusion map D 5 Bt ®g, V induces an isomorphism By @, D =
Bt ®g, V. We often identify By ®r, D with By ®g, V' via this isomorphism. V
is recovered from D as

V={2€By®k, D|p(x)=2,N(x)=0,2€ F'(Bir ®k Dx)}.

Here ¢ : Bst @k, D — Bt @k, D is ¢ @ ¢, N : Bt @, D — Bst Ok, D is N ®
1—|—1®N, and FT(BdR(X)K DK) :ZiJrj:chiiR@K FJ.
3.2.7
As is stated in Section 3.2.4, we changed the sign of N : Bgt — Byt in [7]. This
changes the N of Dy (V) by sign for a semistable p-adic representation V' of
Gal(K/K). This has the following advantage.

Let E be the Tate elliptic curve K* /q%, where ¢ € my — {0}. For a prime
number /¢, let

E(K)[("] =Ker({": E(K) — E(K)),
T(E) = lm ER)["],  Vi(E) = Q @z, Ti(E).

n
Then
He(BEox K, Z) =T(E)(-1),  He(E @K K,Q0) = Vy(E)(-1),
where (—1) is the Tate twist. Since E(K) = (K)* /q%, we have an exact sequence

0—27/0"Z2(1) - E(K)[{"| - Z/{"Z — 0
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for any n > 0, where the map E(K)[¢"] — Z/{"Z sends ¢'/*" mod ¢* to 1 €
Z/¢"Z, and we obtain exact sequences

0—Z(1) = Ty(E) —=Z¢—0,  0—Ql)— Vi(E) — Q¢ — 0.
For ¢ =p, Dy of the last exact sequence gives an exact sequence
0— Ko — Dg (Vp(E)) — Ky — 0.

With the definition of N : By — Bg in [7] (resp., in this paper), the N of
Dy (V,(E)) is given as the multiplication by —orde(g) (resp., orde(q)) from the
right K to the left Ky of this exact sequence. For £ # p, the N of Vy(E) defined
in Section 3.3 is given as the map from the right Q, to the left Q,(1) which is the
composition of the multiplication Q; — Q; by ord¢(¢) and the map Qg to Q,(1)
defined by ((n ), (see Section 5.5, Example b). Thus our choice of the sign of
N : By, — Bg; gives a nice choice of the sign of N on Dy (V,(E)) and also a nice
compatibility with the ¢-adic theory for ¢ # p.

3.3. /-Adic structures (£ # p)
Let ¢ be a prime number that is different from p. We review basic facts about
¢-adic representations of Gal(K/K).

3.8.1
Let Ck ¢ be the following category.

An object is a finite-dimensional Qg-vector space endowed with a continuous
action of Gal(K/K) such that the action of the inertia subgroup Ker(Gal(K/
K) — Gal(k/k)) of Gal(K/K) is unipotent.

3.3.2
Let Cj ¢ be the following category.

Let x: Gal(k/k) — Z) be the (-adic cyclotomic character.

An object is a pair (V,N), where V is a finite-dimensional Q-vector space
endowed with a continuous action of Gal(k/k) and with a nilpotent linear map
N :V —V such that N os=r(s)so N for any s € Gal(k/k).

3.3.3
We have an equivalence of categories

Cr.e>~Cry

defined as follows.

For s € Gal(K/K), define a(s) € Zy by o(¢/0") = ¢/ (o).

For an object V of Cr ¢ with the action p of Gal(K/K), the corresponding
object (V,N) of Cy, with the action p of Gal(k/k) on V is the following. We
have V =V as a Qg-vector space. Let K'™¢ be the largest tame extension of
K in K. Then j: Gal(K/K) — Aut(V) factors through the canonical surjection
Gal(K/K) — Gal(K**™¢/K). Let L= U, ;=1 K (€'/™). Then the canonical map
Gal(K'*%me /L) — Gal(k/k) is an isomorphism. We define p by p(s) = p(5), where
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§ is the unique element of Gal(K'*™¢/L) whose image in Gal(k/k) coincides
with s. We define N =log(p(s))/a(s) for an element s of the inertia subgroup of
Gal(K/K) such that a(s) # 0. Then N is independent of the choice of such s.

The converse functor Cy, — Ck ¢ is as follows. Let (V,N) be an object of
Cr¢ with an action p of Gal(k/k) on V. Then the corresponding object of Cx ¢
is the Qg-vector space V with the action p of Gal(K/K) defined by

p(s) =exp(a(s)N)p(s) for s € Gal(K/K),

where 3 is the image of s in Gal(k/k).

3.4. p-Adic Hodge conjecture of Fontaine

Here we introduce the p-adic version of the Hodge conjecture (see Conjec-
tures 3.4.2, 3.4.9) formulated by Fontaine. The author learned this conjecture
from Fontaine [10]. Any mistakes and insufficient points in the descriptions of
the conjecture in the following are due to the author.

3.4.1
First, we introduce the p-adic Hodge conjecture in the form which does not use
motives.

Recall that the Hodge conjecture is stated as follows.

HODGE CONJECTURE

Let X be a proper smooth algebraic variety X over C, and let r € Z. Then the
image of the cycle map Q ® CH"(X) — H?"(X(C),Q) coincides with the inter-
section of H*" (X (C),Q) and fil" H3 (X/C).

Here CH"(X) is the Chow group of algebraic cycles on X of codimension r, fil
is the Hodge filtration, and the intersection is taken in C ®q H?"(X(C),Q) =
H3(X/C).

The following is a one-form of the p-adic Hodge conjecture of Fontaine.

CONJECTURE 3.4.2 (p-ADIC HODGE CONJECTURE)

Let X be a proper, smooth scheme over Ok, let X =X ®o, K, and let Y =
X ®o, k. Let v € Z. Then the image of the cycle map Q@ CH"(X) — H3i% (X/K)
coincides with the intersection of the image of the cycle map Q @ CH'(Y) —
HZ (Y) and fl"H3{ (X/K).

crys

Here H7\((Y) = Ko @w ) Herys(Y/W(K)), fil is the Hodge filtration, and the

crys
intersection is taken in K @, HZ, (Y) = H3L(X/K). Here the last = is the

crys

identification by the Berthelot-Ogus isomorphism (see [3]).

3.4.3
The Hodge conjecture has the following formulation in terms of motives.
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In this paper, mixed motives are with Q-coefficients. Morphisms of motives
are considered modulo homological equivalence.

In the following, a Q-Hodge structure means a Hodge structure with Q-
coefficients.

HODGE CONJECTURE

The realization functor from the category of mized motives over C to the category
of mized Q-Hodge structures is fully faithful.

This is related to the usual form of Hodge conjecture in Section 3.4.1 as follows.
The intersection H?"(X(C),Q) Nfil"H3%(X/C) is identified with the space of
homomorphisms Q — H?"(X(C),Q)(r) of Q-Hodge structures, and Q ® CH" (X)
modulo homological equivalence is identified with the space of homomorphisms
Q — H?"(X)(r) of motives over C.

The p-adic Hodge conjecture (Conjecture 3.4.2) of Fontaine also has a for-
mulation below in terms of motives (see Conjecture 3.4.9).

3.4.4
We consider motives in this paper only to make clearer the motivations and the
ideas of various constructions, and we do not need motives in the results in this
paper. So we do not discuss how to define the notion of mixed motive.

For a mixed motive M over K (resp., k) and a prime number ¢ (resp., prime
number £ # p), let M, be the ¢-adic realization of M. It is a finite-dimensional
Qg-vector space endowed with a continuous linear action of Gal(K/K) (resp.,
Gal(k/k)). If M is the mixed motive H™(X)(r) for a scheme X of finite type
over K (resp., k) and for m,r € Z, then M, = HJ*(X,Q()(r), where X = X @ x K
(resp., X @4 k).

For a mixed motive M over k, let M.y be the crystalline realization of M
which is a finite-dimensional Ky-vector space endowed with a Frobenius-linear
bijection ¢ : Mepys — Merys. If M = H™(Y)(r) for a proper smooth scheme Y
over k and for m,r € Z, then Meyys = HZ\ (V) := Ko @uwx) Hiyys(Y/W (k).

The following conjecture is well known. Let the categories Cx ¢ for prime
numbers ¢ be as in Sections 3.2 and 3.3.

CONJECTURE 3.4.5
Let M be a mized motive over K. Then for any prime numbers £ and £ (they can
be p), the L-adic realization M, belongs to Ci s if and only if My belongs to Ck ¢ .

3.4.6
For a mixed motive over K, we say that M is of semistable reduction it My, € Cx 4
for any prime number /.

3.4.7
We consider the categories Cg, Ci, C, k-
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Let Cx be the category of mixed motives over K of semistable reduction.
Let Ci be the category of triples (M, W, N), where

. M is a mixed motive over k,

- W is an increasing filtration on M (which need not coincide with the weight
filtration of M),

. N is a homomorphism M — M(—1) of mixed motives which sends Wy, M
into (W, M)(—1) for any w € Z such that for any w € Z and m > 0, the homomor-
phism N™ : grwWergr&V(M) — (gr?V_, erW (M))(—m) is an isomorphism, where
W is the weight filtration of the mixed motive M over k.

Let Cy i be the category of quadruples (M, W, N, F'), where

- (M,W,N) is an object of Cg,
- F is a decreasing filtration on the K-module K ®p, Mys such that
gtW (Merys, ¢, N, F) is admissible (3.2.2) for any w € Z.

The p-adic Hodge conjecture formulated as Conjecture 3.4.9 says that there is
a fully faithful functor Cx — Cj x which is compatible with realization functors.

9.4.8

For a prime number /£ (resp., prime number £ # p), let Cx ¢ (resp., Cr¢) be the
category of pairs (V,W), where V is an object of Ck ¢ (resp., Cx¢) and W is an
increasing filtration on V' by subobjects of V. Let CNk’K’p be the category of pairs
(D, W), where D is an object of MF33™ and W is an increasing filtration on D
by subobjects of D in MF53™,

We have the ¢-adic realization functors
CK — C~K,£ (resp., Ck — ék’g)

for any prime number ¢ (resp., prime number ¢ # p), where the weight filtration
W of the mixed motive over K (resp., the filtration W of an object of Cy) induces
the filtration W on the /-adic realization. We have similarly the p-adic realization
functor

Cr,ik = Cr.K p-

CONJECTURE 3.4.9 (p-ADIC HODGE CONJECTURE)

There is a fully faithful functor Cx — Ci ik having the following properties (1)
and (2).

(1) The following diagrams of categories are commutative. Here £ is a prime
number # p:

Ck — Ciprk Ck — Cii

I I I I

Crp = Crip Cxy =~ Ciy

B
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Here Cy, x — Ck 0 s the composztzon Cr,x = Cr— Ck ¢, and the lower equivalences
CKp ~ C}, K,p and CKZ ~ Ck ¢ are induced from the equivalences Cg , MF"de
(see Section 3.2.6) and Ci o~ Ci o (see Section 3.3.3), respectively.

(2) Let X be a proper smooth scheme over Ok, let X = X®0, K, and let Y =
X Qo k. Let m,r € Z. Then the functor Cx — Ci x sends the motive H™ (X)(r)
to the following object (M,W,N,F): M := H™(Y)(r), Wy, := H™(Y)(r) for w >
m—2r, Wy, =0 for w<m—2r, N:=0, and F' := ﬁl”ngﬁ(X/K), where
Hgr is the de Rham cohomology and fil is the Hodge filtration. Here we identify
HL(X/K) and K @y Merys by the Berthelot-Ogus isomorphism HI (X/K) =
}{>Q§1(0 liéryb()/)'
3.4.10
The p-adic Hodge Conjecture 3.4.9 is related to the p-adic Hodge Conjecture 3.4.2
as follows. Let X, Y and (M, W, N, F) be as in Conjecture 3.4.9(2) with m = 2r.
Then Q® CH" (X)) modulo homological equivalence is identified with the space of
homomorphisms Q — H?*(X)(r) in Cg, and the intersection Image(Q ®
CH"(Y)— HZ (Y))Nfil"H3; (X/K) is identified with the space of homomor-

crys

phisms Q — (M, W, N, F) in Cj, k.

3.4.11
Evidence for Conjecture 3.4.9 is the Serre-Tate theory (see [21]). Let A and B
be abelian varieties over K with good reduction, and let Ay and Bj be their
reductions over k, respectively. Then by Serre-Tate theory, we have a bijection

Q ® Hom(4, B) > F°(Q @ Hom(Ay, By)),

where the right-hand side is the subset of Q@ Hom (A, By) consisting of all homo-
morphisms such that the induced map Hjg(B/K) = K ®k, Hyyo(Br) = K @k,

H!(Ax) = Hiz (A/K) respects the Hodge filtrations. Note that Q® Hom(A, B)
(resp., Q ® Hom(Ay, Bi)) is identified with the set of all homomorphisms of

motives H'(B) — H'(A) (resp., H'(By) — H'(Ay)) over K (resp., k).

3.4.12

Conjecture 3.4.9 contains the so-called weight-monodromy conjecture. Let X
be a proper smooth scheme over K of semistable reduction. Then the weight-
monodromy conjecture states that for any prime number ¢ # p, the filtration
on HZY(X,Q) given by the monodromy N : HI(X,Q,) — HI(X,Qy) (it is
M (N, W), where W is the filtration defined by W,,, = H™(X,Q;) and W,,,_; = 0)
coincides with the filtration defined by Frobenius weights. If (M, N, W, F') is the
object of Cj k corresponding to the object H™(X) of Ck, then the property
N g oW (M) S (g erW (M))(—i) for we Z and i >0 in Section 3.4.7
implies that the weight-monodromy conjecture for H'(X, Q) holds.
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3.4.13
The functor Cx — Ci, x and also the composition Cx — Ci x — Cj, should depend
on our choice of £&. For example, we have the following.

(a) For a € K*, we have a mixed motive M, over K which is an extension
of @ by Q(1). Write a =& (c=orde(a) € Q and ue Q® Of) in Q® K*.
Then this motive M, should be sent to the object (M, W,cN), where M is the
extension of Q by Q(1) corresponding to the image of u in Q ® k>, W is the
increasing filtration on M given by

OZW,;;CQ(l):W,Q:W,lCM:Wo,

and N is the composition of the canonical morphisms M — Q — M (—1).

(b) For a nonzero element ¢ of my, if we denote by E, the Tate elliptic
curve K* /g% and we write ¢ =& (c=orde(q) € Q, ue Q® 0OF) in Q® KX,
the motive H'(E,)(1) over K should be sent to the object (M,W,cN) of Cx,
where M and N are the same as above and W is given by

0=W_oCM=W_j.

In Sections 5 and 6, these two examples (a) and (b) are treated in Examples
a and b, respectively. In Sections 5 and 6, since we assume that & is finite there,
Q®k*=0and M =Q(1)® Q.

3.4.14
We consider here only mixed motives over K of semistable reduction. Concern-
ing general mixed motives, it is believed that the category of mixed motives
over K is equivalent to the category h_rr)l . Cr/k, where L ranges over all finite
Galois extensions of K in K and Cp i denotes the category of pairs (M,c),
where M is an object of Cr, and ¢ is Gal(L/K)-descent data of M (the family
of isomorphisms ¢, : M(®) 2 M given for s € Gal(L/K) satisfying ¢,y = cs5(cs)
for s,5' € Gal(L/K)). Here M(®) denotes the mixed motive over L obtained from
M by applying s. Admitting this, the case of semistable reduction can cover all
mixed motives.

3.5. Toroidal modifications of p-adic Hodge structures

3.5.1

Let D be an admissible filtered module over K (see Section 3.2.2) with ¢,
N, and F, and let V be the corresponding semistable p-adic representation of
Gal(K/K) (see Section 3.2.6).

Let 9t be the set of all homomorphisms D — D(—1) of filtered modules
over K, where D(—1) is the (—1)-Tate twist of D. That is, 2 is the set of all
Kp-linear maps N’ : D — D such that N'o =ppN’, NN’ = N’N and such that
the induced K-linear map N’ : Dx — Dy satisfies N'F" C F"~! for any r € Z.
Via the equivalence of categories in Section 3.2.6, we can understand 9t also as
the set of all homomorphisms V — V(—1) of representations of Gal(K/K).

The aim of this subsection is to show that we can modify the admissible
filtered module D by using elements of 9 or of K ®g, M to obtain a new
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admissible filtered module. In this modification, we do not change the K-vector
space D and the operator ¢, but we modify N and F.
The results of Section 3.5 are used in Section 6.

PROPOSITION 3.5.2
Let N' e M. Let D' = (D,N + N', F) be the filtered module over K obtained from
D by replacing N by N+ N'. (The Ky-vector spaces D, ¢, and F are unchanged.)

(1) D’ is admissible.
(2) The semistable p-adic representation of Gal(K /K) corresponding to D’
coincides with

exp(le ® N')V C By ®k, D = By @k, D',

where l¢ is as in Section 3.2.4.

Proof
Let V' =exp(le ® N')V C By, ®k, D.

CLAIM 1
V' is stable under the action of Gal(K/K) in By ®x, D.

Proof

Let ¢t be the generator of Z,(1) C Beys given in Section 3.2. For any s €
Gal(K/K), s(l¢ ® N') —l¢ @ N' € Q,tN'. Since an element of M sends V C
Byt ®k, D into V(—1) C By ®k, D (3.5.1), tN’ sends V into V. Hence s(V') C
exp(leg ® N') exp(Q,tN’)V = V. This proves Claim 1. O

CLAIM 2
For any v' € V! C Byt @k, D, we have (¢ @ )(v') =, and (N®@1+1® (N +
N'))(v') =0.

Proof
Write v’ = exp(le @ N')v with v e V.
Since ¢(l¢) =ple and ¢ N’ =p~ N, and since (p ® ¢)(v) = v, we have
(p®¢)(v') = exp(ple @ p~ ' N') (¢ @ p)v =exp(le @ N')(v) =v".
Since N(lg) =—land (N®1+1® N)(v) =0,
(No1+1eN)W)=(—18 N)exp(le © N')(v) = —(1 & N')(v)).

This completes the proof of Claim 2. (]

CLAIM 3

Identify By ®q, V' with By ®q, V' via the isomorphism By ®q, V' = By @5, D
induced from the inclusion map V' — By @, D. Then Big ®qg, V' = Big ®qg, V
in Bar ®q, V for any i € Z.
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Proof
This follows from the fact that Bip ®q, V = djez BéR ®k F7, l¢ € Bl and
N'F" C F*~! for any r € Z. O

The Gal(K/K)-fixed part of By ®q, V' is that of By ®q, V, and hence it is D.
Hence V' is a semistable representation of Gal(K/K), and Dg (V) is D as a
Ky-vector space.

CLAIM 4
The ¢ of Dy (V') is the ¢ of D, and N of Dy (V') is N+ N’ of D.

Proof
By definition, ¢ of Dy (V”) is induced by ¢ ® 1 of By ®q, V'. By Claim 2, p® 1
of By ®q, V'is p @ ¢ of By ®k, D. The last map induces ¢ of D.

By definition, N of Dy (V”) is induced by N ® 1 of Bs ®q, V'. By Claim 2,
N®1of By ®q, V'is N®14+1® (N + N’) of By @k, D. The last map induces
N + N’ of D. This completes the proof of Claim 4. O

CLAIM 5
We have FiDg (V') = F'Dy for any i € Z.

Proof
By definition, F*Dg (V") is the Gal(K /K)-fixed part of Bip ®g, V'. By Claim 3,
this coincides with the Gal(K/K)-fixed part of Biy ®q, V which is F'Dg. O

By Claims 4 and 5, D’ = Dg(V’), and hence it is admissible. It follows that V'
is the semistable p-adic representation of Gal(K/K) corresponding to D’. This
completes the proof of Proposition 3.5.2. O

3.5.3
Note that we have an exact sequence

0—-Q,(1)— B&Pn BgR —-C,—0,

crys

where BETP = {x € Berys | p(v) = pz}.
PROPOSITION 3.5.4

Letbe K ®q, M. Let D' = (D, N,exp(b)F') be the filtered module over K obtained
from D by replacing F by exp(b)F. (The Ko-vector spaces D, ¢, and N are
unchanged.)

(1) D" is admissible.
(2) Take an element b of (B£5P N Big) ®q, M whose image in C, @g, M

crys

coincides with b. Then the semistable p-adic representation of Gal(K/K) corre-
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sponding to D' coincides with

exp(b)V C Byt XK, D = By XK D'

Proof
Let V' =exp(b)V C Byt ®k, D.

CLAIM 1
V' is stable under the action of Gal(K/K) in By ®k, D.

Proof
For any s € Gal(K/K), s(b) —b € Q,tN’ by Section 3.5.3. Since t N’ sends V' into
V in By ®k, D (see the proof of Claim 1 in the proof of Proposition 3.5.2), we

have s(V') C exp(b) exp(Q,tN’)V = V’. This proves Claim 1. O

CLAIM 2
For any v' € V! C By ®k, D, we have (¢ ® ¢)(v') =7, and (N®@1+1®
N)(v')=0.

Proof

The proof is similar to the proof of Claim 2 in the proof of Proposition 3.5.2. In
the place where we used ¢(l¢) =ple (resp., N(l¢) = —1), we use ¢(b) = pb (resp.,
N(b)=0). O

CLAIM 3

Identify By ®q, V' with Bs ®q, V' via the isomorphism By ®q, V' = By @k, D
induced from the inclusion map V' — Bg; ®p, D. Then BZ.IR 2, V' = exp(b) x
(Big ®q, V) in Bar ®q, V for any i € Z.

Proof

This follows from the~fact that Big ®q, V' = exp(b)(Blig ®q, V), Bir ®q, V =
ZjEZBéR ®x F=7, b=bmod Biy ®q, M, and N'F" C Fr=! for any N' € M
and any r € Z. a

The Gal(K /K)-fixed part of By ®q, V' is that of By ®q, V, and hence it is D.
Hence V' is a semistable representation of Gal(K/K), and Dy (V) is D as a
Ky-vector space.

CLAIM 4
The ¢ of Dt (V') is the ¢ of D, and N of Dgt(V') is N of D.

Proof
The proof is similar to that of Claim 4 in the proof of Proposition 3.5.2. O
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CLAIM 5
F'Dy(V')x =exp(b)F'Dyg for any i € Z.

Proof
This follows from Claim 3. O

By Claims 4 and 5, D’ = D4 (V’), and hence it is admissible. It follows that V'
is the semistable p-adic representation of Gal(K/K) corresponding to D’. This
completes the proof of Proposition 3.5.4. O

PROPOSITION 3.5.5
Let be K ®q, M.

(1) Assume that bF™ C F" for any r € Z. Then b=0.
(2) Assume that exp(b)F = F. Then b=0.

Proof

We prove (1). Let U = Homg, (V,V), and let U’' = Homg, g, ) (V,V(=1)) C
U(—1). Then, via the identification B ®k, D = Byt ®q, V, S:={b € K ®q,
DM | bF" C F" for all r} is identified with (K ®q, U') N (Big ®q, U), where the
intersection is taken in Byr ®q, U and where K ®q, U(—1) is embedded in
B;P{ ®q, U in the natural way. Hence

S c (K ®g, Qp(—1)) NBlR) ®q, U =0,
where Q,(—1) is embedded in By in the natural way. Here (K ®g, Q,(—1)) N
BY =0 because K ® Q,(—1) — Bz /By is injective.
We prove (2). Assume that exp(b)F = F. Then exp(nb)F' = F' for any integer

n > 0. By continuity, exp(nb)F = F for any n € Z,. From this, we obtain bF" C
FT for any r € Z, and hence we are reduced to (1). O

4. p-Adic period domains y D and y D

In Section 4, we consider the p-adic period domains yD and yrD, where the
latter is a refinement of the former by taking the p-adic level structure into
account.

4.1. Notationin Section 4
4.1.1
We use the notation explained in Section 3.1.

4.1.2
In Section 4, we fix a triple

(H, W, (hw,i)w,icz)

where we have the following:
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. H is a finite-dimensional vector space over Ky endowed with a Frobenius-
linear bijection ¢ : H — H;

- W is an increasing filtration on H such that o(W,,) C W, for all w € Z,
Wy =H if w>0, and W,, =0 if w < 0;

- hy; are integers which are zero for almost all (w,) such that ZZ he,i =
dim(grV) for any w € Z.

4.1.3
Let d =dimg, (H). To discuss level structures, we fix a d-dimensional Q,-vector
space L endowed with an increasing filtration WL on L such that the Q-
dimension of W, L is equal to the Ky-dimension of W,, C H for any w € Z.

Let G be the automorphism group of (L, W, L), which we regard as an alge-
braic group over Q.

4.1.4

Let D be the set of all decreasing filtrations on the K-module Hx = K ®k, H
such that h, ; = dimg gr}ngZK for any w,i. Then D has a natural structure of
an analytic manifold over K.

4.2. p-Adic period domains y D

4.2.1

Let N: H — H be a Ky-linear map such that Ny = ppo N and NW,, C W,, for
any w € Z. (Such an N is automatically nilpotent.) Define

nD={FeD|gr)(N,F) is admissible (by Section 3.2.2) for any w € Z} C D.

Here gr!V (N, F) denotes the Ko-vector space gr!V endowed with gr'V () : gr!V —
gtV grW(N) 1 grW — grV | and the filtration gr!V (F) on gerK =K ®p, grl¥,

regarded as an object of MF.

PROPOSITION 4.2.2
~D is open in D.

This is proved in [24] in the case N =0 (W is not considered in [25]), and the
proof in [24] works in the general case. Here we write down a proof which is
essentially the same as that in [24].

Proof of Proposition 4.2.2
We may and do assume that k = k and that there is w € Z such that W,, = H
and Wu;—l =0.
Let tn(H) € Z be as in Section 3.2.2. For any F € yD, ty(H,F) €Z in
Section 3.2.2 coincides with . ihy, ;. Hence yD is empty if tx(H) # >, ihy,;-
We assume that ty(H) =", ihy;. For integers r > 0 and m, let

Prm = {g: c /T\H ’ p(z)=pTz,N(z)= O}, Py = (pr,m - {0})/Q;~



592 Kazuya Kato

Here ¢ and N denote the maps A" H — A" H which are induced from ¢ and
N : H — H, respectively. That is, o(v1 A+ Av.) = @(v1) A+ Ap(vy) and N(v1 A
AU =0 vi A Avimt AN(v) Avigq A Avg for vr,. .., v, € H. Then
P, ,, is compact. Note that P, ,, are empty for almost all (r,m). Let

Sym = {(x,F) €PxD| ;%GF’”“(/T\HK)}.
K

Here i denotes a lifting of & to Py, — {0} and F™*' on A\ Hy is induced
by F'. Since P, ,, is compact and since S, ,, is closed in P, ,, X D, we see that the
map Sy, — D, (z,F) — F is proper. Hence the image of this map is closed in

D. Hence for the proof of Proposition 4.2.2, it is sufficient to prove the following
lemma.

LEMMA 4.2.3

Assume that k =k, W, =H, and Wy_1 =0 for some w, and assume that
tn(H) = Y ,ihw:. Then in D, ND coincides with the complement of
U, Image(Sim — D).

Proof

Let (z, F) € S, . We prove that F' ¢ yD. Let Z be a lifting of z € P, ,, in Pr’m —
{0}, and let S be the one-dimensional Ky-subspace of A" H generated by Z. Since
tn(S)=m<ty(S), (\"H,N,F) is not admissible. Since the exterior powers of
admissible filtered modules are admissible (this follows from the fact that exterior
powers of semistable Galois representations are semistable, by the equivalence of
categories in Section 3.2.6), this shows that (H, N, F) is not admissible. Hence
F¢ nD.

Next, assume that F' ¢ yD. We show that there are (r,m) and = € P, ,, such
that (z,F) € S, . Let S be a Ky-subspace of H such that tn(S) <ty (S). Let
r=dimg, H, and let m =t 5 (S). Then there is a nonzero element Z of A" S such
that (%) = p™Z. Since tn(S) <ty (S), we have € F™*L. Let = be the image

of & € Py, in P,,,. Then (z,F) € Sy . O

4.2.4

By Proposition 4.2.2, x D is regarded as an open analytic subspace over K of D.

4.3. p-Adic level structures and p-adic period domains y D
We discuss p-adic level structures.

4.3.1
Let N: H — H be a Ky-linear map such that Ny =ppN and NW,, C W,, for
all we Z.
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Let F € nD. By Section 3.2.3, (H, N, F) is admissible. Let V,,(N, F') be the
semistable representation of Gal(K/K) over Q, corresponding to (H, N, F) (see
Section 3.2.6).

4.3.2
Let I" be a compact open subgroup of G(Q,) = Autg, (L, WeL).
We define the notion of a I'-level structure on V,(N, F).

4.8.8. Level structure

Let V be a d-dimensional Q,-vector space endowed with a continuous action of
Gal(K/K) and with a Gal(K /K)-stable filtration W,V such that dimg, W,V =
dimg, Wy L for all w € Z.

For isomorphisms p; : (L, W,L) 3 (V,WL.V) (i =1,2) of Q,-vector spaces
with filtrations, we say that py and po are I'-equivalent if ul_lug el

By a I'-level structure on V we mean a I'-equivalence class of an isomorphism
p: (L, WeL) = (V,W,V) such that p~tsu €T for any s € Gal(K/K).

For example, if Lz, is a finitely generated Z,-submodule of L such that
L=Q,®z, Lz, and I'= Autz, (Lz,,WeLz,), where W,Lz, denotes the restric-
tion of WL to LZP, then a I'-level structure on V' corresponds in a one-to-one
manner to a Gal(K /K )-stable finitely generated Z,-submodule T of V such that
V =Qp ®z, T. The correspondence is given in the following way. If p is a T'-level
structure on V' and it is the class of fi: L — V, then we have T' = fi(Lz,). Con-
versely, from T', we obtain a I'-level structure on V as the class of L — V induced
by any isomorphism Lz, — T of Z,-modules with filtrations.

4.3.4

Let F € yD. Since gr!V (N, F) are admissible for all w € Z, W,,(N, F) are admis-
sible for any w € Z by Section 3.2.3. Let V = V,(N, F) (see Section 4.3.1). Let
W,V be the p-adic representation of Gal(K/K) corresponding to W, (N, F),
which is a subrepresentation of V. We have dimg, W,V = dimg, Wy, (the last
W is that of H) =dimg, W, L. Thus we have the situation of Section 4.3.3.

4.83.5
Define

noeD={(F,u)| F € yD, 1 is a I'-level structure on V,(N,F)}.

4.4. The analytic structure over K of y D
Let N and I' be as in Section 4.3.

441

To define a structure of an analytic space over K on nrD, the key idea is to
define a “partial section” (see Section 4.4.8) of the projection yrD — nD and
transfer the analytic structure of yD (4.2.4) to n,rD.
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Let = (F,p) € nrD. Then, as is explained below, for a sufficiently small
neighborhood U of F in y D, we have a canonical map (see Section 4.4.8)

eq:U— nrD

such that e, (F') = o and such that for any F” € U, the image of e, (F’) under the
projection yrD — nyD is F'. Using this map, we define the analytic structure
over K of yrD as in Section 4.4.11 in such a way that the map yrD — nyD is
a local isomorphism of analytic spaces over K and e, is a local section of it.

In some examples, yrD — nyD is interpreted as a p-adic logarithm map,
and this map e, is interpreted as a p-adic exponential map (see Section 5.5,
Example a).

4.4.2
Let o = (F,p) € nrD, let V =V,(N,F) (see Section 4.3.1), and take a represen-

tative fi: (L, WoL) = (V,W,V) of p. Let
BeZl = {ac € Berys | p(z)= x}

crys
As in Section 4.1.3, let G be the automorphism group of (L, W,L) regarded as

an algebraic group over Q.
Then we have an injective map

hz:nD— G(BE3H)/G(Qp)

crys

defined as follows. Let F' € D, and let V' =V, (N, F’). Then
By ®q, V' = Bst @k, H = Bs ®q, V-

Taking the part {x | ¢(x) =z, N(z) =0} of this, we have

(3) Bl ®q, V' =B, ®@q, V  in By ®k, H.

crys crys
Take any isomorphism ' : (L, W,L) = (V/,WeV"). By (3), we have the compo-
sition

~/ ~—1
i BES @, LY BES @, V i BES @, L,

crys crys crys

which is regarded as an element of G(Bg7,). Any other choice of i’ is given

by i’y with v € G(Qp). We define h;(F') € G(BET!)/G(Qp) to be the class of
i~ 1fi’, which is independent of the choice of ji'.

If we replace the representative i of p by jiy™*

with v €', we have

(4) hjin—1 (F') = vha(F')y ™
443
For an integer ¢ > 0, define subrings B, and Bf=! of Bys by

Be = Aerys [pﬂ C Buys,  Bf=':=B,nB&L

crys
Note that
B.y1 C B, SO(BC—H) C B..
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LEMMA 44 .4
Assume that ¢ > 2. Then

B.NQy,=7Z,.
This is proved in Section 4.5.8.

4.4.5

Since I' is compact, there is a finitely generated Zj-submodule Lz, of L which
satisfies L = Q, ®z, Lz, and which is stable under the action of I'. In the rest of
Section 4.4, we fix such Lz,. Let W,Lz, be the restriction of the filtration WL
to Lz,. By abuse of notation, we denote also by G' the automorphism group of
(Lz,,WelLz,) regarded as a smooth group scheme over Z,. (G(R) for a ring R
over Zy, is defined in the evident way.) We have I' C G(Z,).

For n >0, let

G(Zp)=1 mod pn = Ker(G(Zp) - G(Z/p"Z)),
G(Bc)=1 mod pr = Ker(G(BC) - G(Bc/p"Bc)),
G(Bf:l)zl mod pn ‘= Ker(G(BfZl) N G(szl/panzl)).
4.4.6

Let o= (F,p) € nrD. Let i: (L, W,L) 5 (V,W,V) with V = V,(N,F) be a
representative of p. For integers ¢ > 2 and n > 0, let

Un,en = {F € ND | h(F') € Image(G(Bf=")=1 mod p» — G(BEya)/G(Qyp)) }-

Here hj is as in 4.4.2. Then U, ., is independent of the choice of the represen-
tative [ of p. This follows from (4) in Section 4.4.2 and from I' C G(Z,,).
We have

Unc'm' CUgen if ¢ >candn’ >n.

PROPOSITION 4.4.7
For any c>2 and n >0, Uy ¢n s a neighborhood of F' in nD.

The proof of this proposition is given in Section 4.6.

4.4.8
We define the “partial section” e, of the projection yrD — nD.

Let a = (F,p) € nrD, and let fi be a representative of p. Since I' is open in
G(Qyp), there is an integer n > 0 such that

G(Zp)zl mod p” cr.

Take such an n > 0, and take an integer ¢ > 2. Let U, be as above. We define
the map

€a - Ua,cm - N7FD
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as follows. Let F' € Uy, let V! =V,(N,F’), and let h be an element of
G(B#=")=1 mod pn whose image in G(B&3})/G(Qp) coincides with Az (F”). Then
we have an isomorphism i’ := fih: (L,W,L) = (V', W, V").

We show that the I'-equivalence class u' of i is independent of the choices of
ft and h and gives a I'-level structure on V’. Note that G(Q,) NG(B¢)=1 mod pr =
G(Zp)=1 mod p» by Lemma 4.4.4. For another choice hy of h, we have hq = hy with
v e G(Qp) and Y= hilhl € G(Qp) N G(BépZI)El mod p” — G(Zp)zl mod p” C Fa
and hence fih; € jihI. For another choice jiy (y € T) of f, vhy™! €
G(Bf=")=1 mod p» and the image of vhy™! in G(BE3!)/G(Qy) coincides with
hiy(F') by (4) in Section 4.4.2, and fiyh € jiyhy™'T. It remains to prove that
for s € Gal(K/K), we have sii’ € i'T. Since V' is stable under the action of
Gal(K /K), we have sji’ = i’y for some 7' € G(Q,). We prove that 7' € I'. Since
w is a T-level structure, we have sy = py for some v € I'. Since p’ = ph, we have

Yyt =h7 (vhy ™) € G(Qp) N G(Be)=1 mod pr = G(Zp)=1 mod pm»

and hence ' €T
We define

ea(F') = (F',1').
Clearly we have eq(F) = «, and for F' € U, ¢, the image of e, (F’) under

~.rD — nD coincides with F’.
When ¢ and n vary, e, defined by various (¢,n) are compatible.

PROPOSITION 4.4.9
Let o€ yrD. Let ¢ >2, n >0, and assume that G(Zp)=1 mod p» CI'. Let F' €
Ua,en, and let o/ =eq(F'). Then Uy cn =Uq,cn, and we have

ea(F")Y=eq (F") for any F" € Uqcp.

This is seen easily.
By Propositions 4.4.7 and 4.4.9, we have the following.

COROLLARY 4.4.10
The set Uy e (c>2, n>0) is open in yD.

4.4.11
Using the map e, in Section 4.4.8, we define the analytic structure over K of
~,rD as follows.

We first define the topology of y rD. A subset U of x rD is open if and only if
for each a = (F, ) € U, we have e, (U’) C U for sufficiently small neighborhoods
U' of Fin yD.

By Proposition 4.4.9, for a sufficiently small open neighborhood U of F' in
~nD, the map e, : U — ny D is an injective open map and it is a local section of
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the projection y D — nD. Hence the projection yrD — nD is a local homeo-
morphism. By this, we transfer the analytic structure over K of xyD to yrD.

The canonical map D — nD becomes locally an isomorphism of analytic
manifolds over K, and e, gives local sections of it.

4.4.12

The analytic structure over K of yrD is independent of the choice of Lz, .
This is seen by the following facts. Let L’Zp be another choice of Lz, , and let
G’ be the automorphism group of (L’ZP,W.L’ZP) regarded as a group scheme
over Zy. G and G’ coincide over Q. Take an integer a > 0 such that p”Lz, C L7,
and p“L’ZP C Lz,. Then, as is easily shown, for any flat ring R over Z, and for
m =n+ 2a, we have

G(R)El mod p™ C G/(R)El mod p”; G/(R)El mod p™ C G(R)El mod p” -

4.5. Subrings A. and B, of B,y
We prove Lemma 4.4.4, and we give preparations for the proof of Proposi-
tion 4.4.7.

The results given in Section 4.5 are taken from [13] by M. Kurihara, T. Tsuji,
and the author.

4.5.1
For an integer ¢ > 0, we define a subring A, of B, as follows.
As in [7], for r >0, let

FﬂTAcrys = Acrys N BSR7
Fil}, Acrys = {w € Fil" Acrys ‘ o(x) € p”Acrys}.
Define
A.=Y" (%) -FiljAcr,. € B..

r>0

We have
A1 C A, w(4,) C B..
LEMMA 4.5.2
We have

(1) B[
(2) Acl

:I = Bcrys;
] = Berys N BYg.-

=

S =

Proof
Assertion (1) follows from the fact that Acyys[1/t] = Berys. The last fact shows
that Beyys N Blg = > >0t "Fil" Acrys, and (2) follows from it. O
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PROPOSITION 4.5.3
Assume that ¢ > 1. In the case p=2, assume that ¢ > 2. Then the sequence

02, — A, —£B.—0
18 exact.
Proof

We deduce this from the fundamental exact sequences of Fontaine and Messing
(see [9], [7, Section 5.3.6]):

) 0= p I Zy (1) = Fill Ay 2% Agpys — 0
for r > 0. Here
> r
=S,
) ; (p—1)p’

where [z] for z € R denotes the largest integer n such that n <z. In the exact
sequence (5), Zy(r) is identified with Z,t" C Filj Acys. Note that

> T - pr
©) Mr) S; p-1p"  (p-1)%

The following exact sequence is a corollary of the case = 0 of the exact sequence
(5) (see [7, Section 5.3.7(iii)]):

(7) 0— Qp - Bcrys N BgR I_—f Bcrys — 0.

We prove the surjectivity of 1 —¢: A. — Be. For x € Acys and r > 0, by the

exact sequence (5), there is y € Fil) Ac,ys such that z = (1 —p~"¢)y. We have
Pe\" Po\"
() r=a-((£) ) -0

Next, we prove that the kernel of 1 — ¢ : A, — B, is Z,. By the exact sequence
(7), the kernel of 1 — ¢ : A. — B, is contained in Q, which contains Z,. Hence,
to prove that the kernel coincides with Z,, since Q, N Oc, = Z,, it is sufficient
to prove that the image of A. in Bly/Blg = C, is contained in Oc,. By [7,
Section 5.3.6(ii)], there exists an element  of Fil' Ay such that

(8) Fil}, Acrys C ( Z Acrys ~xip_A(j)tj) + Blg for any m > 1.
1,§>0,i45>r

The case m =r+1 of (8) shows that

(9) tirFﬂ;Acrys C (Z Acrys 'piA(rii) (l’/t)l) + BéR

i=0
Since the image of t~'Fil' Aeys in B3y /Bl = C, coincides with p=%/®=YO¢,
(see [7]), (9) shows that the image of ¢~"FiljA.ys in C, is contained in
S _op A==/ =D (O¢ . Hence it is sufficient to prove that cr — A(r — i) —
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i/(p—1) >0 for any integers r,4 such that 0 <7 <r. By (6),

eor—Ar—i)—i/(p—1)=cr—p(r—i)/(p—1)*—i/(p—1)
p
2(0—W>r20. 0

PROPOSITION 4.5.4
Let ¢> 2, and let

Bc :liﬂch/pnBa Ac :liLnAc/pnAc-

m n

Then the canonical maps B, — BC and A, — AC are injective.

Proof
The injectivity of B, — B. is reduced to that of A, — A, by the commutative
diagram of exact sequences

O—)Zp—>Acll>ch—>O

| | I

0—>Zp—>AC—S>OBC—>0

After preparations in Lemmas 4.5.5 and 4.5.6, we prove the injectivity of A, — A,
by defining a ring homomorphism A, — By which induces the inclusion map
A, — BgR.

LEMMA 4.5.5
Let m > 1, and let M be a finitely generated (Acrys/Fil™ Acrys)-module. Then
M = lim M/p"M.

Proof
Consider the following property (P) of an abelian group A.

(P) We have A = lim A/p"A, and there is an integer a > 1 such that p*
kills the p-primary torsion part of A.

If0—-A"—- A— A” — 0 is an exact sequence of abelian groups and if A’
and A” have the property (P), then A also has the property (P).

First, we consider the case m =1 of Lemma 4.5.5. In this case, Aerys/
FillAC]ryS = Oc, is a valuation ring, and hence a finitely generated Oc,-module
has the form Ogj @ T, where T is a finitely generated torsion Oc,-module. Hence
M has the property (P) in this case.

We consider the general case. Since F ilZ‘ACWS JFiI™ Acrys is a finitely gen-
erated Acys-module, the submodules (FiliAcrys)M of M are finitely generated
Acrys-modules for 0 <i <m —1. From the case m =1, we see that (FiliAcrys)M/
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(Fil"™ Acpys)M (0 < <m — 1) have the property (P). Hence M has the prop-
erty (P). O

LEMMA 4.5.6
Assume that ¢ > 2. Then for any m > 0, the image of A. in Blg /B is contained
in a finitely generated Acrys-submodule of By /Bik.

Proof
Let x be as in (8). Since the images of (z/t)P~!p and (x/t)p in C, are contained
in Oc, ([7]), we can write

T\P~1 T . m
(;) p=f+u, (;)ng‘f'v in Big/Bik
with
fngAcrysv u,v EBcllR/B(TR-
Let I be the A¢;ys-submodule of BgR /Bl generated by elements of the following
forms (10) and (11):
(10) rp 2 (2 /1) (0<e<m,0<s<m),
(11) °p Pulv! (0<e<m,0<i<m,0<j<m).
We prove that the image of A. in Big/B%g is contained in I.
By (8),
Fil;ACryS C ( Z Acrys - xsz(j)y‘) + Bg;—{m
0,§>0,i4+5>r
for all » > 0. From this, we have
r=j . . )
A.C ( Z Acrys . (%) xz+]rpcr/\(j)> + BZinR
4,3,7>0,0<i4+5—r<m
That is,
d
(12) A.C (Z Acrys -t p7 200 (T) ) + B,
r,d,e

where r,d,e ranges over all integers satisfying r >d > —e, 0 <e<m, r > 0.
We prove that in the case d <0 (resp., d > 0), the class of x¢p == (g /t)d
in BYy /B is contained in the Agys-submodule of Bl /BTy generated by the
classes of elements of the form (10) (resp., (11)). For d <0, this follows from

er—=Ar—d)>er—(r—dp(p—1)"%=(c—plp—1)"2)r+dp(p—1)~?
> —mp(p—1)"2> —2m.
We consider the case d > 0. Write

d=(p-1)d +d" withd,d'€Z,d >0,0<d" <p—1.
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We have (z/t)? =p~¢ =" (f + u)¥ (g +v)*" in By /B7%. Since u™ =v™ =0 in
BYy /B, the case d > 0 is reduced to

cr=XNr—(p-1)d -d")—d —d"
>cr—(r—(p-1d —d")plp—-1)"—d —d"
=(c—pp-1))r+dp-1)"+d"(pp-1)2-1) 2d"(p(p—1)7> - 1)
> —p. O

4.5.7

We define a ring homomorphism A, — BYy which is compatible with the inclusion
map A. — BgR. Let m > 1, and let I be a finitely generated Acys-submodule of
BY% /BT which contains the image of A. in Bly /BTy (see Lemma 4.5.6). By
Lemma 4.5.5, we have I 5 llnn I/p™I. Hence the canonical map A. — I extends

to A, — I C B9 /BT By taking the inverse limit for m, we obtain the desired
ring homomorphism A, — BgR.

This proves the injectivity of A, — A, and completes the proof of Proposi-
tion 4.5.4. ]

4.5.8. Proof of Lemma 4.4.4

Since a subring of Q, which contains Z, is either Z, or Q,, if B. N Q, is not
Zy, it should be Q. Then this contradicts the injectivity of B, — @n B./p"B..
Thus Lemma 4.4.4 is proved. ([

4.6. Proof of Proposition 4.4.7

LEMMA 4.6.1

Let m > 1. Then the quotient (B3g/B7y)/Image(Acrys) is a p-primary torsion
group.

Proof

The map Acys[1/p] — Blg/Big is surjective because the map Aeys[1/p] —
BSR / BéR = C, is surjective and A.,ys contains a prime element ¢ of BgR. Lemma
4.6.1 follows from this. (]

LEMMA 4.6.2

Form>1, BSR/BS’ﬁ has a unique structure of a topological ring such that the
images of p" Acrys in BSg/Bik for n >0 form a fundamental system of neigh-
borhoods of zero.

Proof

As an additive group, BYy/Bjg clearly has a unique structure of a topologi-
cal abelian group with this fundamental system of neighborhoods of zero. The
continuity of the multiplication follows from Lemma 4.6.1. O
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Endow Bqg =lim B, /BT with the inverse limit of these topologies of By / BT

LEMMA 4.6.3
The canonical map K — BgR 18 continuous.

Proof

It is sufficient to prove that K — BgR / Bj} is continuous for each m > 1. Let U
be a neighborhood of zero in Bl /Bi%. Since O is a finitely generated W (k)-
module and W (k) C Acrys, Lemma 4.6.1 shows that there exists n > 0 such that
p"Of C U. This proves the continuity of K — B3y /BT%. O

4.6.4

In general, if R is a topological ring and M is a finitely generated R-module, then
we have a canonical topology of M as follows. Take a surjective R-homomorphism
h:R" — M for some n >0, and endow M with the quotient topology of the
product topology of R™. Then this topology of M is independent of the choice
of (n,h). With this topology, M is a topological R-module.

4.6.5
For r € Z, B}y is regarded as a topological B{z-module by Section 4.6.4. For
i > j, the topology of Biy coincides with the restriction of that of B§R~

Fix a finitely generated Z,-submodule Lz, of L such that L =Q, ®z, Lz,
and let G denote the automorphism group of (L,W,L) regarded as a smooth
group scheme over Z,,.

LEMMA 4.6.6

Let 6 € G(Bgr). Let ¢ > 2, n>0. Then there exists a neighborhood U of 1 in
G(BYR) such that for any g € U, the class of 6g6~* in G(Bar)/G(B3g) belongs
to the image of G(B¢)=1 mod p~ -

Proof

Let g(Q,) be the Q,-vector space of all Q,-linear maps L — L which respect W, L,
and let g(Z,) be the Z,-module of all Zy-linear maps Lz, — Lz, which respect
WeLy, . Take an integer m > 1 such that §(Bfj; ®q, 6(Q,))0 ™" C Big ®q, 8(Qp),
and take an integer m’ > 1 such that 6! (BS"F; ®q, 8(Q;))d C Bir ®q, 8(Qp). Take
an integer 7 > 0 such that §(BJg ®q, 8(Q,))0~! C Bii ®q, 8(Qp). If g € G(BYR)
is sufficiently near to 1, g6~ is sufficiently near to 1 in By} ®q, 8(Qp), and
we can write §gd ! =1+ x4y, where x € p""t ™" Acyys ® 9(Zp) and y € Bg}é ®q,
9(Qp). Since 6 ' (1+2)d —g=—0""yd € Bl Qq, 8(Qp) C Big ®q, 8(Qp), we
have 671(1 + z)0 € G(BR). Hence 671(1 + 2)71§ € G(BYR), and this proves
that 0~ *(1+ ) 'yd =61 (1+2)10-6 'y € B} ®q, gp- Hence (1+ )"ty €
Blg ®q, 8p- This shows that 1+ (1+2) 'y € G(BjR) and hence shows that the
class of 6g6~ ' = (1 +2)(1+ (1 + ) 'y) in G(Bar)/G(BYR) coincides with the
class of 1 + 2 € G(B:)=1 mod p»- O
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LEMMA 4.6.7

Fixa=(F,p) € NrD, and let V =V,(N, F). Fiz a representative ji : (L, W,L) 5
(V,WoV) of p. Let ¢ > 2, n>0. Then there is a neighborhood U of F in nD
such that for any F' € U, the image of hj(F") under the canonical map

G(B%yS)/G(Qp) — G(Bar)/G(Bdr)
belongs to the image of G(B.)=1 mod pn -

Proof
Take an isomorphism v : (Hy, W) — K ®q, (L, W,L) of K-vector spaces with
filtrations. Let 6 € G(Bgr) be the composite isomorphism

Bar ®q, L — Bgr ®q, V = Bar @k Hi 5 Bar ®q, L

If g€ G(K) and if F":= (v~ 'gv)F € D belongs to x D, then as is easily seen, the
image of h(F") under

G(BEy:)/G(Qp) — G(Bar)/G(Bag)

crys
coincides with the class of 6g6~! € G(Bqgr). If F’ € yD converges to F', we can

write F’ = gF with g € G(K) which converges to 1. By Lemma 4.6.3, g converges
to 1 in G(BYg). Hence we are reduced to Lemma 4.6.6. O

LEMMA 4.6.8
Let ¢>2, n>1. Then the map

G(Ac)zl mod p" - G(Bc)zl mod p" ;@ a_1<p(a)

1S surjective.

Proof

Let b e G(BC)El mod pn - Since G is a smooth group scheme over Z, and since 1 —
¢ A. — B, is surjective (see Proposition 4.5.3), we can find b,,, € G(BC)El mod pm
and a,, € G(/lc)El mod pm for integers m > n such that b, =b and b, = a;t x
bm+1¢(am) for any m >n. Let a € G(Ac)zl mod . be the limit of @y rmnim—_1 -

e Qpyolni10y (M — 00). Then b=a"ty(a). O

LEMMA 4.6.9
Let ¢>2, n>1, b€ G(Bet1)=1mod pn- Then the class of b in G(BC)/G(AC)
belongs to the image of G(Bf=1)=1 mod -

Proof

By Lemma 4.6.8, we have b~ '¢(b) = a~'¢(a) in G(B,) for some a € G(A.). Let
Y =ba~' € G(B,). Then ¢(V') =V, and hence b’ belongs to G(B#="). O
LEMMA 4.6.10

Let ¢>2, n>1, and let h be an element of G(B£5Y)/G(Q,) whose image in

crys
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G(Bar)/G(BSR) belongs to the image of G(Bet1)=1mod pn- Then h belongs to
the image of G(B£™)=1 mod pr -

Proof

Assume that the image of h in G(Bgr)/G(BYg) coincides with the image
of b€ G(Bct1)=1mod pn- By Lemma 4.6.9, we can write b = b'a with V' €
G(BP=")=1 mod p» and a € G(A.)=1 mod pn- In G(B.[1/p])/G(A[1/p]), the class
of h and that of ¥ coincide. Since ((B.)*=1)[1/p] N A.[1/p] = Q,, the map

G((B.)*='[1/p])/G(Qp) — G(B.[1/p])/G(A.[1/p]) is injective. Hence in
G((B.)¥*='[1/p])/G(Qy), the class of h coincides with that of ¥. Since B. N
Bc[1/p] = Be, b’ belongs to G(BE=")=1 mod pn- O
4.6.11

Now Proposition 4.4.7 follows from Lemmas 4.6.7 and 4.6.10. In fact, by Lemma
4.6.7, there is a neighborhood U of F in y D such that for any F’ € U, the image
of h;(F") in G(Bar)/G(BYg) belongs to the image of G(Bet1)=1mod pn- By
Lemma 4.6.10, h; (F") belongs to the image of G(B#=')=1 mod p= . This completes
the proof of Proposition 4.4.7. a

5. p-Adic period domains D and - D (finite residue field case)

In Section 5, assuming that the residue field k£ of K is finite and modifying the
formulation in Section 4 slightly, we consider p-adic period domains D and rD.
The difference from Section 4 is that in Sections 5 and 6, we consider f-adic
Galois representations for all prime numbers £. The space 1D is a refinement
of the space D by taking f-adic level structures for all prime numbers ¢ into
account.

5.1. Notation in Sections 5 and 6

5.1.1

We use the notation explained in Section 3.1. In Sections 5 and 6, we assume
that k is a finite field, that is, K is a finite extension of Q,.

5.1.2
Let

Q,=Q®zZ with Z=1imZ/nZ

n
be the nonarchimedean part of the adele ring of Q. Let ngnon_p be the non-p-part

of Q.
In Sections 5 and 6, assume that we are given a quadruple

(H, W, (hw,i)u;,iez,‘ﬁ).

- H is a free (K( x @Q’non_p)—module of finite rank. Write H = H, X Hyon-p,
where H), is the Ko-component of H and Hyon-p is the non-p component of H.
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We assume that we are given a Frobenius-linear bijection ¢ : H, — H, and a
continuous QQnon_p—linear action of Gal(k/k) on Hyon-p, which satisfy condition
(C) in Section 5.1.3. For each prime number ¢ # p, let Hy be the Qp-component
of Hpon-p-

- W is an increasing filtration on H by (Kjy X Q£7non_p)—submodules W
(w € Z) such that W, = H for w>> 0 and W,, =0 for w < 0. We assume that for
any w € Z, W, is a free (Ky x Qi’non_p)—module and is a (Ko x Qﬁ’non_p)—direct
summand of H, that W,, H,, is stable under ¢, and that Wy, Hyon-p is stable under
the action of Gal(k/k).

- hy, are integers which are zero for almost all (w,i) and which satisfy
> hui =rankgrl? for all w € Z.

- 9 is a finite-dimensional Q-vector subspace of the space of all (Ky X
(@Qnon_p)—linear homomorphisms N : H — H such that Ny = ppN on Hp,
sNs™' = k(s)N on Hyon-p for any s € Gal(k/k), where x is the cyclotomic
character, and NW,, C W,, for all w € Z. We assume that the canonical map
(Ko X Qﬁ’non_p) ®o N — Endy | or (H) is injective and that the image of

‘A,non-p

this injection is a (Ko % Qﬁ’non_p)—direct summand.

Note that N : H — H is nilpotent for any N € 91.
See Section 5.4 for the motivation to consider this space 91 from the point of
view of motives.

5.1.83
Condition (C) is as follows.

Let f = [k : F},]. Define polynomials P(T") for all prime numbers £ as follows.
Let P,(T) € Ko[T] be the eigenpolynomial of the Ky-linear operator ¢/ on H,,.
For £ # p, let o be the element of Gal(k/k) defined by o(z) = a= VP for x €k,
and let Py(T) € Q¢[T] be the eigenpolynomial of the Q,-linear action of o on Hy.

(C) Py(T) € Q[T] for any prime number ¢, and P»(T') is independent of the
prime number ¢. Write P,(T") as P(T). Then for any root a of P(T) in C, there
is an integer w € Z such that all conjugates of a over Q have complex absolute
value pf*/2.

5.1.4
We define an increasing filtration W on H, which we call the filtration by Frobe-
nius weights.

Let the notation P(T) € Q[T], o € Gal(k/k), and f = [k:F,] be as in Sec-
tion 5.1.3.

Clearly we have a unique decomposition P(T) = [[,c; P™"“)(T) with
P)(T) € Q[T] such that all roots of P(*)(T) in C have absolute value p/*/2,
e
defined as follows. If £ =p, H,(,w) is the kernel of the K-linear operator P(*) ()
on H,. If {#p, Héw) is the kernel of the Qj-linear operator P(*)(c) on H,.

For each prime number ¢, we have a direct decomposition Hy = &P
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We show that there is a unique decomposition

(13) H=PH™

wEZ

as a (Ko x QQ non-p )-module such that the Ky-component of H(*) is H(w) nd

the Qg- component of H™) for any prime number £ # p is H( “) Write 7 = Ly X
Znon-p, where Znon_ =1l £p Zy. Take a Gal(k/k)-stable free Zpon- -p-submodule
Thon-p of Hyon-p of finite rank which generates Hyon-p over Q A, non-p- If w,w eZ
and w # w’, then P()(T) and P(*)(T) are prime to each other in Q[T]. Hence
there is a ﬁmte set S of prime numbers such that p € .S and such that if £ is a
prime number which is not contained in S, then P(")(T) € Z,[T)] for any w € Z
and P (T)Zy[T) + P™)(T)Zy|T| = Z,[T) for any integers w,w’ € Z such that
w # w'. For any prime number ¢ # p, let T; be the Z;-component of Tyon-p, and
write Thon-5 = He gTe. Then Thon-s =P,z Trggg g, Where T(OIB_S is the kernel
of PM)(g) in Tnon_ 5. This proves that we have the direct decomposition (13).
We define the increasing filtration W on H by

= @ HW),

w’' <w

Note that
(14) NW, CW,_o forany N €9 and any w € Z.

5.1.5
Let d be the rank of the (K x QQnon_p)—module H. To discuss level structures,
we fix a free Qg—module L of rank d endowed with an increasing filtration W, L
having the following property. For each w € Z, W, L is free and is a direct sum-
mand of L as a (@Q—module, and its rank is the same as the rank of W, C H as a
(Ko x (@Qnon_p)—module. For each prime number /, let L, be the Qy-component
of L.

Let G be the automorphism group of (L, W, L), which we regard as a group
scheme over Qfg.

5.1.6
Let

HK:K®K0 Hp.

As in Section 4.1.4, let D be the set of all decreasing filtrations on the K-module
Hy such that hy,; = dimg gr%ngKK for any w, 1.

5.1.7

The triple (Hp,, WeHp, (hy,i)) becomes a triple in Section 4.1. The Q,-component
(Lp, WeL,) of (L,W,L) becomes (L, W,L) of Section 4.1. When we refer to Sec-
tion 4, we take the data in Section 4.1 in this way.
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5.1.8

Thus we consider ¢-adic structures for all prime numbers ¢ in Sections 5 and
6, though we considered only p-adic structures in Section 4. We intend to apply
Sections 5 and 6 to motives over K (see Section 5.4) which have ¢-adic realizations
for all prime numbers ¢ and whose adelic level structures are considered. On the
other hand, Section 4 can be applied also to objects like p-divisible groups which
have p-adic realizations (but not ¢-adic realizations for ¢ # p) and whose p-adic
level structures are considered.

5.2. Spaces C' of monodromy operators and p-adic period domains D
5.2.1
Let C' C 91 be the set of all elements IV of 91 satisfying the following condition.

(i) W is the relative monodromy filtration (see Section 2.3.2) of N: H — H
with respect to W.

5.2.2
We define

D={(N,F)|NeC,FeyD}.

5.2.3
We define the analytic structure over K of D by regarding it as the disjoint union
over N € C of the analytic manifolds yD over K (see Section 4.2.4).

5.3. Level structures and the space r D
5.8.1
For (N, F) € D, we define a representation V (N, F) over (@£ as follows.

First, for N € 9, let Vion-p(IN) be the following representation of Gal(K /K)
over (@ﬁ’non_p. Asa (@Q’non_p—module, Vaon-p(IN) = Hyon-p- For each prime number
¢ #p, let Vy(N) be the space H, having the action of Gal(K/K) associated to
N defined as in Section 3.3.3. Then the subset Hpop-p Of He#p H, is stable under
this action. This is the action of Gal(K/K) on Vion-p(N).

For (N,F) € D, let V,(N,F) be the representation of Gal(K/K) over Q,
associated to the admissible filtered module (Hp, N, F) (see Section 3.2.6). We
define

V(N,F)=V,(N,F) X Vaonp(N).

5.3.2
Let I' be a compact open subgroup of G(Qf;).

Let V be a free Qi-module of finite rank endowed with a continuous action of
Gal(K/K) and with a Gal(K /K )-stable filtration W,V by Qﬁ—direct summands
such that rank V' =rank L and rank W,,V = rank W,, L for all w € Z.
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For isomorphisms p; : (L, W,L) 5 (V,W,V) (i=1,2) of @fl—modules with
filtrations, we say that p; and pg are T-equivalent if 'z €T.

By a I'-level structure on V' we mean a I'-equivalence class of an isomorphism
w:(L,W,L) 3 (V,W,V) such that p=tsu €T for any s € Gal(K/K).

For example, if L, is a finitely generated Z-submodule of L such that L =
(@f; ®y Ls and I' = Auty (Ly, We L), where W, L; denotes the restriction of W, L
to Ly, then a I'-level structure on V' corresponds in a one-to-one manner to a
Gal(K /K)-stable finitely generated Z-submodule T of V such that V = Qf; ®;T
(see Section 4.3.3).

5.38.8
For a compact open subgroup I" of G(Qf;), define

rD= {(N,F,u) ‘ (N,F) e D,uis a I'-level structure of V(N,F)}.

5.3.4
We define the analytic structure over K of rD as follows, by using the results in
Section 4.4.
Let « = (N, F,u) € pD. Then for a sufficiently small neighborhood U of

F in yD, we have a canonical map e, : U — D defined as follows. Let V =
V(N,F),let ji: (L,W,L) = (V,W,V) be a representative of 1, and let fp (resp.,
finon-p) be the Q,, (resp., (@Q’non_p)—component of fi. We have the map hg, : D —

G(Bg3d)/G(Qy) (see Section 4.4.2). Take a finitely generated Zj,-submodule Lz,
of the Q,-component L, of L which satisfies L, = Q, ®z, Lz, and which is stable
under the action of I" through I' — G(Q,). By abuse of notation, we use the letter
G also for the automorphism group of (Lz, X Hyon-p, We(Lz, X Hyon-p)) regarded
as a smooth group scheme over Z, x (@Qnon_p. Take integers ¢ > 2 and n >0
such that G(Zp)=1 mod p» C ' NG(Q)). As in Section 4.4.6, let Uy, ¢, be the set
of all F" € yD such that hj, (F”) belongs to the image of G(Bf=)=1 mod p» —

G(B£54)/G(Qp). Then by Section 4.4.2(4), Uq,c,n is independent of the choice of
the representative fi of u and, by Corollary 4.4.10, U, 4,» is an open neighborhood
of F in yD. We define the map

€o : Ua,c,n - FD

as follows. Let F' € Uy c.n, and let h be an element of G(Bf=')=1 mod p» Whose
image in G(Bfrysl)/G(Qp) coincides with hj (F'). Let p’ be the I'-equivalence
class of (fiph, finon-p) : (L, WeL) = (V(N, F"),WoV,(N, F")). Then ' is indepen-
dent of the choices of the representative i of u and the element h. We define
ea(F")Y=(N,F' 1.

We define the topology of 1D as follows. A subset U of D is open if and only
if for any o= (N, F,u) € D, e, (U’) C U for a sufficiently small neighborhood U
of Fin yD. Then rD — D is a local homeomorphism. We transfer the analytic
structure over K of D to rD via this local homeomorphism.
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The projection D — D becomes locally an isomorphism of analytic spaces
over K, and e, is a local section of it.

This topology and the analytic structure are independent of the choice of
Lz, (see Section 4.4).

5.4. Remarks on motives

By using the p-adic Hodge conjecture of Fontaine (see Conjecture 3.4.9), we
explain the ideas of some definitions in Section 5 from the point of view of
motives.

5.4.1
Fix a triple (M, W, (hw;)w,icz), where M is a mixed motive over k, W is an
increasing filtration on M by mixed submotives such that W,, = M for w >0
and Wy, =0 for w < 0, and h,,; are nonnegative integers such that for each 1,
>, hw,i is equal to the rank of the motive gr!V (M).

Then H,, in Section 5.1.2 is obtained as the crystalline realization of M and
Hpon-p in Section 5.1.2 is obtained as the (@Qnon_p—adic étale realization of M.
M in Section 5.1.2 is given as

‘ﬁzHom(M,M(—l)).

The filtration W in Section 5.1.4 is given by the weight filtration of the mixed
motive M over k.

For N e ), (M, W, N) belongs to the category Ci in Section 3.4.7 if and only
if N belongs to C C .

5.4.2
Let Diotive be the set of all isomorphism classes of pairs (M ,L), where

. M is a mixed motive over K whose de Rham realization Mgr satisfies
dimg gr},ng)VMdR = hy,; for any w,7 € Z, where W is the weight filtration of the
motive M over K and F is the Hodge filtration on MdR;

- tis an isomorphism (M’ W') = (M, W), where we denote by (M', W' N, F)
the object of Cj i corresponding to M in Conjecture 3.4.9.

If we assume Conjecture 3.4.9, the realization functors give an injection
C
Dmotive =D

into the space D in Section 5.2.
It seems to be a very difficult problem to determine the image of this injec-
tion.

5.5. Examples

In Sections 5.5 and 6.6, we describe the p-adic versions of Examples a—d in
Section 2. Most things written in Sections 5.5 and 6.6 are checked easily, but
their complete proofs will be given in a later part of this series of papers after
we develop some general theory.
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5.5.1. Example a
This is a p-adic analogue of Section 2.2, Example a. The multiplicative group C*
appeared in Section 2.2, Example a, and the multiplicative group K> appears
here.

In the formulation of Section 5.4, let (M, W, (hw,i)w,icz) be as follows:

0=W_3 C@(1)2W72:W71 C M =Wy,
hoo="h_o,—1 =1, other h, ; are zero.

In the formulation in Section 5.1, we take a quadruple (H, W, (hy, ;), M) as follows.
H is a free (K x Qi’non_p)—module of rank 2 with basis e, ez, p: H, — Hp
is defined by
plerp) = p_lel’p, ple2p) = e2,p,
and the action of Gal(k/k) on Hyon-p is given by
$€1 non-p = K(5)€1 non-ps 5€2 non-p = €2 non-p (s € Gal(/;;/k)),
where k is the cyclotomic character,
0=W_3C (Kox Q) on,) e1=W_o=W_1 CH=W,
hy i are as above,
N=QN where N(e;) =0, N(ez) =e.
Then we have an isomorphism of analytic manifolds over K,
DEQx K,
where Q is discrete. Here (¢,2) € Q x K corresponds to (¢N, F(z)) € D, where
F=F(z) €D is defined as
0=F'CK(ze1p+e2p)=F'CHx=F"
We describe V,(cN, F'(z)). We have an exact sequence
0—Qy(1) — BEE N By — C, =0,

crys

where BETP = {2 € Berys | () = pr}. Recall that we denote by ¢ the generator
of Zy(1) C Beys corresponding to ((pn)n>0 as in Section 3.2. As a subset of
By ®k, Hp, Vp(cN,F(z)) is the two-dimensional Q,-subspace with basis tej ,
and (clg +b)e1 p + €2 p, where ¢ is as in Section 3.2.4 and where b is any element
of BESIN BYy whose image in C,, coincides with 2.

To consider level structures, let L be the free Qf;—module of rank 2 with basis

e1,r,e2,r, endowed with the weight filtration

0=W 3LcQl-e1p =W oL=W_LCL=W,L.

A/

Let
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Let pD° be the subset of D consisting of all elements (¢, F(z), i) such that
the restrictions of 1 to gr!?’ are the standard ones for all w. The last condition means
that some representative i : L — V(cN, F(z)) of p has the following properties:

fip(er,L,p) = teip, fip(€2,L,p) = €2, mod Byt - €1y,
ﬂnon—p(el,L,non-p) = €1,non-p;
- _ f
Mnon—p(GQ,L,non-p) = €2 non-p mod QA,non-p * €1, non-p-

Then 1 D° is open and closed in pD. We have an isomorphism of analytic man-
ifolds over K,

FDO%KX,

via which the projection 1 D° — D corresponds to (orde,log) : K — Q x K. We
describe this isomorphism.
Let

P(K) = {(an)nzl |an e K*,a" =a,(m,n>1),a; EKX}.

mn

Then P(K) is a torsion-free locally compact abelian group. We have an exact
sequence

0—7Z(1)— P(K)— K* —0,
where the map P(K) — K* sends (a,) to a;. Let
log: P(K) — B{™" :={x € Byt | (x) = px}

be the logarithm (see [7]). It is the unique homomorphism which sends (a,)n>1 €
P(K) such that a; € O tolog([(apr)n>1]) (where [(apn)n>1] is as in Section 3.2.4
and log : A% — Acrys[1/p] is the logarithm of Ac,ys (see [7])) and sends (€YY p>1
to lg. For a € K* and for an element @ of P(K) whose image in K* is a, we
have log(a) = orde(a)l¢ + b for some b e BESP N By such that the image of b in

C, is log(a). On the other hand, define the homomorphism

1080  PUK) = QA oy
as follows. Since k™ is finite and Ker(Oj; — k*) is a pro-p group, there is a unique
continuous homomorphism P(K) — Qf;)non_p which kills (¢Y/"),, € P(K) and
whose restriction to Z(1) € P(K) is Z(1) 2 Z — Qf;’non_p, where the isomorphism
is defined by ((n)n-

Then a € K* corresponds to (Ng, Fy, ftq) € 1 D°, where N, = ord¢(a)N, F, =
F(log(a)), and where p, is as follows. Take a lifting & of a to P(K). Note that
Vo (Ng, Fy) is generated by teq , and log(a)ey , + €2, over Q,. The level structure
g is the T-equivalence class of the following isomorphism fi, : L — V(N,, F,)
over Qf;:

fta,p(€1,0,p) =te1p, fia,p(€2,L,p) =log(@)e1,p + €2,p,
ﬂa,non—p(el,L,non-p) = €1,non-p;

fia,p(€2,Lnon-p) = 108,0n-p (@) €1 mon-p + €2,non-p-
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We describe a relation with Kummer theory. Let T'(a) be the Z-submodule of
V(N,, F,) generated by fis(ej,) (j =1,2). That is, T(a) is the Gal(K /K)-stable
Z-lattice in V(N,, F,) corresponding to p (see Section 5.3.2). Consider the exact
sequence of Gal(K /K)-modules

0—2Z(1)—T(a) = Z—0

in which the generator of Z(l) corresponding to ((y,)y is sent to fi(er,r) € T'(a)
and the map T(a) — Z sends fi(ea,r) to 1. This exact sequence determines an
element of Ext(l}al(l—(/K)(Z,Z(l)) = H'(K,Z(1)), where H™(K, ) (m € Z) denotes
the continuous Galois cohomology H™(Gal(K/K),). This element of H'(K,
Z(l)) coincides with the image of a under the canonical homomorphism K* —
HY(K,Z(1)) defined by Kummer theory. This is because the image of a in
H'(K,7(1)) by Kummer theory is the class of the exact sequence 0 — Z(1) —7? —
Z — 0 which is obtained from the exact sequence 0 — Z(1) — P(K) — K* — 0
by Z— K*,1—a.

We describe the map e, in Section 4.4.8. For a € K*, if a denotes the element
of 1 D° corresponding to a, then for integers ¢ > 2 and n >0, Uy, coincides
with the set of F(z) for z € K such that z =log(a) mod p"T¢Ok, and for such z,
eq(F'(2)) coincides with the element of pD° corresponding to aexp(z —log(a)) €
K*.

5.5.2. FExample b
This is a p-adic analogue of Section 2.2, Example b. The unit disc without the
origin A* over C appeared in Section 2.2, Example b. The p-adic unit disc without
the origin A* appears here.

In the formulation of Section 5.4, let (M, W, (hy,i)w.icz) be as follows:

M=Q(1)®Q,
0=W_oCM=W_,
h_10=h_1,-1=1, other hy ; are zero.
In the formulation in Section 5.1, we take a quadruple (H, W, (hy ), ).
Define a quadruple (H, W, (hy ), M) as follows:

- H and 91 are the same as those of Example a,
c0=W_osCH=W_q,
« hy,; are as above.

Then we have an isomorphism of analytic manifolds over K,
D=(Q—-{0}) x K,
where Q — {0} is discrete. Let N € 91 be as in Section 5.5.1, Example a. Then in
this isomorphism, (¢,7) € (Q — {0}) x K corresponds to (¢N, F (7)), where F (1)
is defined in the same way as in Example a. The subset C of 91 in Section 5.2 in
this case is 91 — {0}.
We have the description of V,(¢N, F(7)) of the same form as in Example a.
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Let L and I' be the same as in Example a. Let - D° be the subset of D
consisting of all elements (cN, F'(7), ) such that ¢ > 0 and such that for some
representative fi: L — V(cN, F(7)), fi(e1,r.) and fi(ez,1) mod (Ko x Qinon_p) -eq
are given as in the definition of - D° in Example a. Then rD° is open and closed
in pD. We have an isomorphism of analytic manifolds over K,

rD° 2 A*,
where A* =A — {0}, A={¢e K| |q|, <1}. The projection rD° — D corre-
sponds to A* — Q x K, g~ (orde(q),log(q)). The level structure of the element
of rD° corresponding to ¢ € A* is described in the same form as in Example a.

Let E be the Tate elliptic curve K* /¢ with ¢ € myx — {0}. Then for any
prime number ¢, the ¢-adic Tate module T;(E) is the extension of Z, by Z,(1)
associated to ¢ by Kummer theory. The relation with Kummer theory explained
in Example a shows the following. Let ¢ = ord¢(q), and let 7 =log(q). Then
V(cN,F(r)) = (@Q ®y [, Te(E), and the level structure defined by ¢ € A* = D°
is identified with the integral structure [[, 7;(E) of (@J:‘ Qs [, Te(E).

The example of (D,TI") in the introduction related to Tate elliptic curves is
the (—1)-Tate twist of this Example b with I" as above. In general, Tate twists

D, rD, and also Dy, in Section 6 are canonically isomorphic to the original D,
'\ D, and I'\ Dy, respectively.

5.5.3. Example c
This is a p-adic analogue of Section 2.2, Example c. The universal elliptic curve
appeared in Section 2.2, Example c. The universal Tate elliptic curve appears
here.

In the formulation of Section 5.4, let (M, W, (hy,i)w,icz) be as follows:

M=Q(1)®QaQ,
0=W_, CQ(l)@Q@O:W,l CM=Wy,
hoo=h_10=h_1,-1=1, other h,; are zero.
In the formulation in Section 5.1, we take a quadruple (H, W, (hy ), M) as follows.
H is a free (K¢ x @fl’non_p)—module of rank 3 with basis e1, e2,e3; ¢ : H, — H,
is defined by
ple1p) :P71€1,p, p(e2,p) = €2, ples,p) = €33

the action of Gal(k/k) on Hyon-p is given by

S€1 non-p = E(s)el,non—pa 5$€2 non-p = €2 non-p; S€3 non-p = €3 non-p
(s € Gal(k/k)), where & is the cyclotomic character.

W is the increasing filtration on H defined by

2
0=W_o C P Fo x Q) on,) € =W_1 C H=TW,

j=1

hq,i are as above.
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N is the set of all (Ko x Q£ non-p)-linear maps H — H which send e; to zero
and ey and e3 into Qe;.
Then we have an isomorphism of analytic manifolds over K,

D=(Q~{0}) x Qx K?,

where (Q —{0}) x Q is discrete. Here (c,c/,7,2) € (Q—{0}) x Q x K? corresponds
to (N¢,er, F'(1,2)) € D, where N = N, s is defined by

N(e1) =0, N(ez2) = cey, N(e3)=ce,
and where F' = F(1,z) is defined by
0=F'CK(re1,+ea,)+K(zerp+es,)=F' CHg=F L.

Let L be the free Q/-module of rank 3 with basis (¢; 1)1<j<3 endowed with
the weight filtration W defined by

2
0=W_Lc Q) -e;=W_1LCL=WL.

j=1

I'= (GLE(Z) Z*X> C Aut(L), * = (%) )

Let pD° be the subset of D consisting of all elements whose restriction to W_4
belongs to the rD° of Example b and whose level structure induces on gry’’
the standard level structure. Then rD° is open and closed in rD. We have an
isomorphism of analytic manifolds over K,

FDOgA*XKX.

Let

Here (q,r) € A* x K* corresponds to (Nordg(q),ordg(r), F(log(q),log(r)),,u) erD°,
where p is the class of i defined by

flerrp) =terp,  filejrp)=1log(q (resp., 7))erp +ejp (=2, resp., 3),
ﬂ(el,L,nOn—p) = €1,non-p; ﬂ(ej,L,non-p) = 10g (q~ (I'esp.7 ’I:))el,non—p + €5 non-p
(j =2, resp., 3).

Here ¢ (resp., 7) denotes a lifting of ¢ (resp., r) to P(K) (see Section 5.5.1).
The space rD° is a p-adic analogue of I'y\ D over C in Section 2.2.
A p-adic analogue of I'3\ D in Section 2.2 is the quotient I'g\ rD° of rD°,
where

10 0
To=(0 1 Z|cAut(H).
00 1



Toroidal partial compactifications of p-adic period domains 615

This quotient Ty \ D° is also an analytic space over K, and we have a commuta-
tive diagram

I

(Q@—{0}) xQx K? D

I I

A* x K* rD°

I I

quA*KX/qZ = To\rD°

which is similar to a diagram in Section 2.2.5. Thus I'g \ p.D° is the universal
Tate elliptic curve over A*.

This action of the group I'g is understood in terms of motives as follows. In
general, in the formulation of Section 5.4, the group Aut(M, W) acts naturally
on Diotive by (M,1) — (M,ai) (a € Aut(M,W)). In this Example ¢, Ty is a
subgroup of Aut(M, W), and the action of 'y on rD° is compatible with the
action of Aut(M,W) on Dyotive (D in this case).

1%

5.5.4. Fxample d
This is a p-adic analogue of Section 2.2, Example d.
In the formulation of Section 5.4, let (M, W, (hy,i)w,icz) be as follows:

M=Q(2)sQ(1)sQ,
0=W_5CcQ2)=W_y4=W_3s3CW_3+Q(1)=W_o=W_1 CM=W,,
hoo=h_o2_1=h_4_o=1, other h,; are zero.
In the formulation in Section 5.1, we take a quadruple (H, W, (hy, ;), M) as follows.
H is a free (K¢ x Qﬁ’non_p)-module of rank 3 with basis ey, ez, e3; ¢ : H, — H,
is defined by
olerp) =p 2erp, pleap) =p leap, plesp) =esp;
the action of Gal(k/k) on Hyon-p is given by
8€1mon-p = K(5)* €1 non-ps  5€2.mon-p = K(8)€2.non-ps  5€3.non-p = €3 non-p

(s € Gal(k/k),  is the cyclotomic character).
W is the increasing filtration on H defined by

0=W_5C (KO X QJ/;,non—p) er=W_y=W_3
CWeg+ (Ko x Q) on,) - e2=W_o=W_y C H=W,
hy i are as above.

M is the set of all (K x @fl non-p)-linear maps H — H which send e; to zero,
es into Qeq, and e3 into Qes.
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Then we have an isomorphism of analytic spaces over K,
D=Q?*x K3,

where Q? is discrete. Here (c,c, 21, 22, 23) € Q% x K? corresponds to (N, F(z1,
z2,23)) € D, where N = N, is defined by

N(ep) =0, N(ez) = cey, N(e3) =cea,
and F = F(z1, 22, 23) is defined by
0=F'CK(zie1p+ 2069, +e3p)=F'CF'+ K(23e1, +e€a,)
=F'CHxk=F"

Let L be the free Q/-module of rank 3 with basis (e;.1.)1< ;<3 endowed with
the weight filtration

0=W_ sLCQ-e;=W_4L=W_ sLCW 3L+Q) - eaq=W sL=W_LCL

= WyL.
Let

A/ /

r=o0 72x %

0 0 Zx

Let pD° be the subset of p D consisting of all points whose level structures induce
on gr'V the standard level structures for all w. Then 1 D° is open and closed in
rD. Since the data given on W_g and on H/W_j3 are isomorphic to the data
given in Example a, the restriction to W_o and the projection to H/W_35 give

an analytic map over K,
rD° — K* x K*.

Let u(K) be the finite group of all roots of 1in K, let (, ),(x) : K* x K* — pu(K)
be Hilbert symbol map, and let S = {(z,y) € K* x K* | (2,y),(x) = 1}. Then
S is an open set of K* x K*. It can be shown that the image of rD° —
K> x K* coincides with S, and that as an analytic space over K, pD° is an
H'(K,Z(2))-torsor over S. Here H'(K,Z(2)) denotes the continuous Galois coho-
mology H'(Gal(K/K),Z(2)), which is regarded as a compact Lie group over K
by transporting the analytic structure of K via the local homeomorphism

HY(K,7(2)) — H'(K,Q,(2)) = K,
where the last isomorphism is given by the exponential map exp: K =H YK,
Q,(2)) (see [4]). The action of H'(K,Z(2)) on rD° over S is characterized as

follows. Let x,y € K*. By Kummer theory, z and y determine extensions of
representations of Gal(K/K) over Z:

0— Z(2) = T(x) — Z(1) — 0, 0—7Z(1)—T(y)—Z—0.
The connecting map H*(K,Z(1)) — H2(K,Z(2)) in the exact sequence
0— HY(K,Z(2)) — H (K, T(z)) — H' (K,2(1)) — H*(K,Z(2)) — - -
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associated to the extension T'(x) sends the class of the extension T'(y) in H'(K,
7(1)) to the Hilbert symbol (2, ) ey € p(K) = H2(K,7(2)). Hence the condi-
tion (z,y) € S is equivalent to the following condition. There exists a represen-
tation T of Gal(K/K) over 7 having an increasing filtration by subrepresen-
tations W, T such that W_sT = 0; WoT =T; gtV T is Z(Z), 0, Z(l)7 0, Z for
w=—4,-3,—2,—1,0, respectively; and W_oT =T(z), T/W_sT =T(y). For a €
H'(K,Z(2)), the action of a on pD° sends (N, F, ;1) € pD° with F = F(zy, 23, 23)
to (N, F', '), where F' = F(z; +exp~'(a),22,23) and g is characterized by the
following property. Let T'(u) be the Z-lattice in V(N,F) corresponding to u.
Then T'(p) has the property of the above T, that is, W_oT'(1) = T'(x) and
T(1)/W_sT (1) = T(y). The extension 0 — T(z) — T(y') — Z — 0 is the Baer
sum of the extension 0 — T'(z) — T'(u) — Z — 0 and the pushout 0 — T'(z) —
?—7Z—00f 0— Z(2) — T(a) — Z — 0 corresponding to a by the inclusion map
7(2) — T(x).

6. Toroidal partial compactifications Dy,

Let the notation be as in Section 5.1. In particular, we assume that the residue
field k£ of K is finite.

In this section, we construct the toroidal partial compactifications Dy
of FD.

6.1. p-Adic nilpotent orbits in D
In Sections 6.1 and 6.2, we define the p-adic analogues (see Sections 6.1.5, 6.2.7)
of the notion of nilpotent orbit in Hodge theory (see Section 2.3.4).

6.1.1
Let
D={(N,F)|NeM, FeyD}.
We have
DcDc?MxD.
6.1.2

We call a subset o of 91 a nilpotent cone in 2N if the following conditions (i) and
(ii) are satisfied:

(i) o is a finitely generated Qx¢-cone; that is,
0=Q>oN1++QxoN,

for some n >0 and Ny,...,N, €;
(ii) NN'=N'N for any N,N’' € 0.

For a nilpotent cone o in N, let og be the Q-linear span of ¢ in M. That is,
og={a—"0b|a,be o} C N For a commutative ring R over Q, let cg = RQqog C
R ®qMN.
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6.1.3
Let o be a nilpotent cone in . Let

D(o)cC D

be the subset of D consisting of all elements (N, F) which satisfy the following
conditions (i) and (ii):

(i) NN'=N’'N for any N’ € o;
(i) N'F" C F"~! for all N’ € 0 and all r € Z (Griffiths transversality).

Note that for (N,F) e D, (N,F) e D(o) if and only if as a set of Ko-linear
maps Hy, — H,, 0g, is contained in the space 9 of (H,, N, F) in Section 3.5.1.

PROPOSITION 6.1.4

Let o be a nilpotent cone in N. Let (N,F) € D(o). Then for any b € ok and
c € og, we have (N + c,exp(b)F) € D(o).

This follows from Propositions 3.5.2 and 3.5.4.

6.1.5. p-adic nilpotent orbit in D
Let o be a nilpotent cone in I, and let Z be a subset of D. We say that Z is a
o-nilpotent orbit if the following conditions (i)—(iv) are satisfied.

(i) We have Z C D(0).

(ii) Let (N,F)e Z. Then Z ={(N 4 c,exp(b)F) | c€ og, b€ ok }.

(iii) Write 0 = Q>oN{ +---+Q>oN/. Let (N, F) € Z. Then N + Z;Zl yj X
NjeCify; €Qand y; > 0.

(iv) For any N’ € o, the relative monodromy filtration M(N',W) exists.
(This is a condition on o.)

REMARK 6.1.6 (COMPARISON WITH NILPOTENT ORBIT OVER C)
Condition (i) (resp., (ii), (iii), (iv)) in Section 6.1.5 is an analogue of condition (ii)
(resp., (i), (iii), (iv)) in Section 2.3.4.

PROPOSITION 6.1.7

Let o be a nilpotent cone in N, and let (N, F) € D(c). Let N' € ¢, and assume
that the relative monodromy filtration M (N', W) exists. Denote M(N', W) by W’'.
Then for any i € Z, the subobject W/(H,, N, F) of (H,,N,F) in MFg is admis-
sible.

Proof

Let V =V, (N, F). Let t be the generator of Z,(1) C Berys given in Section 3.2.
Then the filtration By ® x, W, H, on By Qk, H, is the relative monodromy

filtration of tN' : Bg, @k, Hp — Byt @k, Hp with respect to By, ® x, WeH,,. Hence

the map tN’:V — V (see Section 3.5.1; see also the proof of Claim 1 in the

proof of Proposition 3.5.2) has a relative monodromy filtration with respect
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to WeV, which we denote by W.V, and W/V induces the above filtration on
Byt ®k, Hy = Byt ®q, V. Since the map N':V — V(—1) is compatible with the
action of Gal(K /K), the filtration W/V is stable under the action of Gal(K /K).
Since W/(Hp, N, F) corresponds to the semistable Galois representation W)V,
W/(Hp, N, F) is admissible. O

6.2. p-Adic nilpotent orbits in D

6.2.1

For a compact open subgroup I' of G(Qﬁ), let 7D be the set of all triples
(N, F, ), where (N, F) € D (see Section 6.1.3) and where y is a I-level structure
on V<N7F) = VZD(N’ F) X Vnon—p(N)'

0.2.2
Let o be a nilpotent cone in N, let I' be a compact open subgroup of G(Qf;),
and let « = (N, F, ) € rD(0). Then we define a submonoid

ola)Co
as follows. By Section 3.5.1, for a € Qp(1) x Qﬁynon_p and N’ € ogp, we have
exp(aN') : V(N,F) — V(N,F). Let o(a) be the subset of o consisting of all
elements N’ such that for any a € Z,(1) X Znon-p, exp(aN’) : V(N,F) — V(N, F)
does not change the level structure p. Here the last condition means that if

f:L—V(N,F) is a representative of 4, then for each a € Z,(1) x Znon_p, there
is v € T such that exp(aN')i = 1.

LEMMA 6.2.3
The Z-linear span o(o)z ={a—b|a,b€ o(a)} of o(e) in N is a finitely generated
Z-module, o(a) =o(a)zNo, and g =Q ®z o(a)z.

Proof
Take a representative fi : L — V(N, F) of u. We have an injective homomorphism
Q) ®@gog—GQ)),  a— i exp(ayt, anon-p)ii-

This is a continuous homomorphism and is a closed map. Hence the inverse image
I of T under this homomorphism is a compact open subgroup of Q’:‘ ®q 0Q-
Hence the intersection og N1 is a finitely generated Z-module which generates
og over Q. Since o(a) =0 N1, we have the lemma. O

6.2.4
Let the notation be as in Section 6.2.2. Let
orde : K* ®z 0(a)z — 0q, log: K* ®z0(a)z — ok

be the homomorphisms induced by ordg : K* — Q and log: K* — K, respec-
tively.



620 Kazuya Kato

6.2.5
Let the notation be as in Section 6.2.2. For a € K* ®z o(«)z, we define

aa= (N + orde(a), exp(log(a)) F,apn) € rD(0),

where ap is as follows.

Let P(K) be as in Section 5.5.1, let log: P(K) — BL " be the logarithm
(see [7]) as in Section 5.5.1, let log,q,,, : P(K) — Qf;,non_p be as in Section 5.5.1,
and let

log: P(K)®z0o(a)z — By ®g0g,  108non-p : P(K)@z0(a)z — Q) o0y @000

be the induced homomorphisms, respectively. Take an element a of P(K) ®z
o(a)z whose image in K* is a. Then define ap to be the I'-equivalence class
of aofi: L — V(N +orde(a),exp(log(a))F), where @ denotes the automorphism
(exp(log(a)), exp(10g,on-p(a))) of (Bst @k, Hp) X Hyon-p and where ji: L — V(N,
F) is a representative of u (see Propositions 3.5.2(2), 3.5.4(2)). By the definition
of o(a), ap is independent of the choices of @ and fi.

LEMMA 6.2.6
Let the notation be as in Section 6.2.2.

(1) Forae K* ®zo(a)z, we have o(aa) =o(c).
(2) Fora,be K* ®z0(a)z, we have (ab)a = a(ba).

This is shown easily.

6.2.7. p-adic nilpotent orbits in rD
Let o be a nilpotent cone in 9N, and let I' be an compact open subgroup of
G(Q)). )

By a (o,I")-nilpotent orbit, we mean a nonempty subset Z of rD(o) satisfying
the following conditions (i) and (ii):

(i) Z={aa|ac K* ®zo0(a)z} for some (and hence for any) a € Z;
(ii) let (N, F,p) € Z; then {(N +c,exp(b)F) | c € 0g,b € 0k} is a o-nilpotent
orbit (see Section 6.1.5).

PROPOSITION 6.2.8

Let o be a nilpotent cone in N, and let I’ be an compact open subgroup of G(Q'Z).
Let Z C vD(0) be a (o,T)-nilpotent orbit, and let ., 3 € Z. Then the element a
of K* ®z 0(a)z such that 8= a« is unique.

Proof

Assume that o/ € K* ®z0(a)z also has the property of a. Then exp(log(a/a’)) x
F =F, and hence log(a/a’) =0 by Proposition 3.5.5. Since N + ord¢(a) =N +
orde(a’), we have orde(a/a’) =0. Hence a/a’ is a root of 1. Next, since aa =
a'«, a/a’ does not change the level structure p of a. Let u be an element of



Toroidal partial compactifications of p-adic period domains 621

P(K) ®z o(a)z whose image in K* is a/a’. Since a/da’ is a root of 1, u belongs
to Z(1) ®z 0g in P(K) ®z 0g. It is sufficient to prove that u € Z(1) @z o(a)z.
Let (N;)lgjgn be a Z-basis of o(«)z, and write w in the form uy Ny + - + u,, N,
with u; € Qﬁ(l). If there is a j such that u; ¢ Z(1), there are j and a nonzero
integer m such that mu; ¢ Z(1) and mu; € Z(1) for j/ # j. Then exp of the
image of mu; N} in (Qp(1) x @fl’non_p) ®z o(a)z does not change p. This shows
that cNJ’» € o(a)z for some ¢ € Q which does not belong to Z, a contradiction. O

6.3. The space r Dy,

6.3.1

In Sections 6.3—-6.5, > denotes a nonempty set of nilpotent cones in 91 satisfying
the following conditions (i) and (ii).

(i) Any element o of ¥ is sharp (that is, o N (—o) = {0}).
(ii) If o € X, then all faces of o belong to X.

6.5.2
Let T be a compact open subgroup of G(Qi), and let ¥ be as in Section 6.3.1.
We define

rDs ={(0,2) | o €Y, Zisa (o,I')-nilpotent orbit}.

We denote an element (o, Z) of r Dy, as (o, class(a)) for a € Z.

6.5.3
We have an embedding

rD S Ds, a— ({0},{a}).

In fact, rD is identified with the subset of r Dy, consisting of all elements (o, Z)
such that o ={0}.

6.4. The analytic structure over K of 1 Dy,
Let I be an compact open subgroup of G(Qﬁ), and let X be as in Section 6.3.1.
We endow Dy, with a topology, a sheaf of analytic functions over K, and a log
structure (see Section 6.4.8).

In Sections 6.4.1-6.4.7, we fix 0 € ¥ and a = (N, F,u) € rD(0).

6.4.1
Let the affine toric variety toric, (o) be the set of all homomorphisms o)’ - K,
where K is regarded as a multiplicative monoid. Here o(a)” denotes the dual
monoid Hom(o(a),N) of o(«). (N is regarded as an additive monoid.) The torus
K* ®z 0(a)z =Hom(o', K*) is contained in toric,(,) as a dense open subset
and acts on toric,(q)-

For a face 7 of o, let 0, be the element of toric,(,) which sends an element
hof o(a)” to 1€ K if h:o(a) — N kills o(a) N7, and to 0 € K otherwise. Any
element of toric,(q) is written in the form a0, for some face 7 of o and for some
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a € K* ®@z0(a)z. (Here we have a0, by the action of K* ®z o (a)z on toric,(q).)
For a,b€ K* ®z 0(a)z, a0, = b0, if and only if a=1b € K* ®z (0(a) N7)z.

For g € toricy(q), the face 7 of o such that ¢ = a0, for some a € K* ®@z0(a)z
is uniquely determined by ¢ and is denoted by o(q).

LEMMA 6.4.2
Write 0 = Q>oNj + - -+ Q>oN,,. For ¢>0, let A, = {Z?Zl yijf | Yj > c} Co.
Then we have the following.

(1) Let U be a neighborhood of 05 in toric,(ny. Then there exists ¢ >0 such
that any element a of K* ®z o(a)z such that orde(a) € A belongs to U.

(2) Let ¢>0. Then there exists a neighborhood U of Oy in toric,() such
that orde (a) € A for any a € UN (K> @z o(a)z).

This is proved easily. (This lemma is essentially [20, Lemma 2.5.6].)

6.4.3
For an open set U of D, we define sets

Ema(U) C Ea,a(U) C tOI‘iCU(a) x D

as follows. Let E, (U) be the subset of toric,(q) X U consisting of all elements
(g, F') satisfying the following condition (i).

(i) F’ satisfies Griffiths transversality for all elements of the cone o(g). That
is, N'(F")" c (F")"~! for any N’ € 0(q) and r € Z.

Let E, o (U) be the subset E, o (U) consisting of all elements (¢, F”) satisfying
the following condition (ii).

(ii) Write ¢ = 0-a with a € K* ®z o(a)z, and write 7= Q>oN{ + --- +
Q>0Ny,- Then N +orde(a) + 377, y;Nj € Cif y; €Q and y; >0 (1 <j <n).

This condition does not depend on the choice of a such that ¢ =0,a.

Condition (ii) shows that {b3 | b € toric,(g)} with 8 = a« is a (,T)-nilpotent
orbit.

Endow E’g’a(U) with the topology as a subspace of toricy(q) X D, with the
pullback of the sheaf of analytic functions over K of toricy(q) X D, and with the
pullback of the canonical log structure of the affine toric variety toric,(q)-

Note that E, ,(U) is an open set of E, o(U). We endow E, o(U) with the
restrictions of these structures of Ey o (U).

Our method to endow Dy with a topology, a sheaf of analytic functions,
and a log structure is to relate 1Dy, to the spaces E, o (U) for various (o, ).

PROPOSITION 6.4.4

Let I be a compact (additive) subgroup of ok, and let J be a compact subgroup of
0, . Then there exzists a neighborhood U of F in D such that exp(a)F’ € yy.D
forany F' €U, a€l, and ce J.
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Proof

This is proved by modifying the proof of Proposition 4.2.2 slightly as follows.
We may and do assume that there is w € Z such that W,, = H and W,,_; =0,

and that ty(Hy) =3, ; ihw,i- Let Ky =W (k) @w ) Ko, and let K’ = K @k, K{;

so K| (resp., K') is the completion of the maximal unramified extension of Ky

(resp., K). Let H' = K, ®k, H. For integers r > 0 and m, let

P = () € (NB') x 7 | oli) =9, + ) =0},

Pr,m = (ﬁ)r,m - {0})/(@;

Here Q) acts on Py by (z,¢) = (22,¢) (2 € Q,). Then P, ,, is compact. Note
that P, ,, are empty for almost all (r,m). Let

Srom = {(:c,c, F'.a)€Pryy x D x T ’ exp(a)¥ € (F')™H! (/T\HK/) }
K

Here 7 denotes a lifting of z to (/\;6 H') — {0}, and (F")™ "' (A Hg') is
induced by F”. Since P, ,,, x I is compact and S, ,, is closed in P, ,, X D x I, the
map Sy, — D;(x,¢,F’ a) — F' is proper. Hence the image of this map is closed
in D. Let U C D be the complement of the union of the images of this map for
all (r,m). Then U is open. Furthermore, since exp(a)F € yi.D for any a € ok
and c € o, by Propositions 3.5.2 and 3.5.4, we have F' € U. a

PROPOSITION 6.4.5

Fiz a finitely generated Z,-submodule Lz, of L which satisfies L =Qp, ®z, Lz,
and which is stable under the action of T via ' — G(Q,). Denote the automor-
phism group of (Lz, X Lnon-p, We(Lz, X Luon-p)) regarded as a smooth group
scheme over Zj, x Qﬁ,non—p by G. Fix a representative i : L — V (N, F) of p. Fix
integers ¢ > 2 and n > 0. Let Uy o.c.n be the subset of D consisting of all elements
F' of D satisfying the following condition (i).

(1) For anya € K* @zo0(a)z, we have exp(log(a))F' € U, c,n, where Ugq con
is as in Section 4.4.6.

Then Uy o,cn 15 an open neighborhood of F' in D.

Proof

This is proved by modifying slightly the proof of Proposition 4.4.7. Take a repre-
sentative i : L — V(N, F) of . By the proof of Proposition 4.4.7 given in Section
4.6, it is sufficient to prove that there is a neighborhood U of F in D such that
for any F' € U, any a € K* ®z o(a)z, and any lifting a € P(K) ®z o(a)z of a,
exp(log(a))F’ € N orde(a)D and the image of kg (F') in G(Bar)/G(BJg) belongs
to the image of G(B:)=1 mod p». Here afi denotes exp(log(a))f. Let v and 6 be as
in Lemma 4.6.7. As is easily seen, if g € G(K) and if F' = v~ 'gvF € yyoa,(a) D,
the image of ha;(F') in G(Bar)/G(BYR) is equal to P;gP; * mod G(BYy), where
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P; = i~ texp(—log(a))iid ~'vexp(log(a))v~!. (Here log(@) is understood as an
element of By ®g 0@, and log(a) is understood as an element of ox.) There is
a compact subset of Bz ®qg og (resp., o) which contains the elements log(a)
(resp., log(a)) for all a € K* ®z o(a)z. Hence by Proposition 6.4.4 and by the
proof of Lemma 4.6.6, there exists a neighborhood U of 1 in G(BJR) such that,
for any g € U, any a € K* ®z o(a)z, and any lifting @ of a to P(K) ®z o(a)z,
the class of Pangl in G(B4r)/G(BYg) belongs to the image of G(B:)=1 mod p» -
This proves Proposition 6.4.5. ]

6.4.6
Take n such that G(Zp)=1 mod p» CI'NG(Qp). Take ¢ > 2, and let Uy o, be as
in Proposition 6.4.5. We have a map

€o,a - Eo’,oz(Uo',a,c,n) - FD27
(a0, F') — (7, class(N + orde(a), eqa (exp(log(a)) F)))
(a € torus, (o) = K* ®z 0(a)z),

where €uq : Usa,e,n — Ntorde(a),rD 1 as in Section 4.4.8.
The following properties of this map e, are proved easily.

LEMMA 6.4.7
(1) Assume that N € C. For the unit element 1 € K* ®z o(a)z C toric,(q)
and for F' € Uy g.cn, we have

€oa(1,F') = (N,eq(F')) €rD.

(2) Let a € K* ®z o(a)z, and let F' € Uy qcn. Then exp(log(a))F’ €
Uo,aa,c,n- For q € torica(a): (qa,F’) € Ea,a(UU,a,c,n) if and only if (Q7
exp(log(a))F’) € Es a0 (Us,aa,cn)- If these equivalent conditions are satisfied, we
have

€o,aa (0, exp(log(a))F') = €s,a(qa, F').

(3) Let 7 be a face of o, let F' € Uyqn.cn, and assume that 8 := (N,
eo(F")) € rD belongs to FD(T). Then 7(8) =0 (a)NT, Usa,en CUr g e, and on
E: 8(Us,acn), the restriction of €s,0 : Ev.o(Us,a,cn) — rDx and the restriction
of er3: Er g(Urg.en) — rDs coincide.

6.4.8
We define the topology of 1 Dy, the sheaf of analytic functions on it, and the log
structure on it as follows.

Endow Dy, with the following topology. A subset S of Dy is open if and
only if for any 0 € X, any a = (N, F,) € pD(0), and any ¢>2 and n > 0 such
that G(Zp)=1 mod p» CI'N G(Q,), the inverse image of S under the map e, q :
Eo.o(Us,a,cn) = 1Dy (see Section 6.4.6) is open. We define the sheaf of analytic
functions on Dy as follows. For a K-valued function f on an open set S of
rDs, f is analytic if and only if for any o, a,c,n as above, the pullback of f on
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the inverse image of S in Ey o(Uy a,cn) is analytic. The log structure of r Dy, is
defined as the subsheaf of the sheaf of analytic functions as follows. For an open
set S of pDy and for an analytic function f on S, f belongs to the log structure
if and only if f does not have value zero on SNrD.

The topology, the sheaf of analytic functions, and the log structure of r Dy
are independent of the choice of Lz, (see Section 4.4).

6.4.9

The definitions in Section 6.4.8 are similar to the case over C in [20] and [14] IIL.
In the theory over C, we define a subset E, of the product space (a toric variety)
x D for each o € ¥, we define maps E, — I'\ Dy, and we define the topology, the
sheaf of analytic functions, and the log structure of I'\ Dy, by using these maps.
The above €54 : Fo.o(Us,a,c,n) — 1Dy are the p-adic analogues of E, — I'\ Dy,
over C.

6.4.10
Let 0 €%, and let a = (N, F, 1) € rD(0). Then when a € K* ®z o(a)z tends to
0, € toricy(q), the element (o, class()) of rDy is the limit of aa € pD.

Here 0, € toric, is the homomorphism o — K which sends the unit element
of o to 1 and all other elements to zero.

This is proved easily.

This is the p-adic analogue of Section 2.3.10.

6.4.11
We have

rDs = U rDo,
gEX
where Dy := 1 Dface(o)- This is an open covering. In particular, rD = rDyqy is
a dense open subset of rDy.

6.5. p-Adic log manifolds

6.5.1

We define the notion of a “log manifold” over K. This is the p-adic version of

the notion of a log manifold in the complex analytic case (see Section 2.3.11).
By a log manifold over K we mean a local ringed space over K endowed with

an fs log structure which has an open covering (U ), with the following property.

For each A, there exist an affine toric variety Z) endowed with the canonical log

structure, a finite subset Iy of I'(Zx,Qy (log)), and an isomorphism of local

ringed spaces over K with log structures between Uy and an open subset of

Sx = {z € Z, | the image of I, in Q(log) is zero},

where Sy is endowed with the induced topology in Z,, with the inverse image
Oz, of the sheaf of analytic functions Oz, on Z,, and with the inverse image
Mg, of the log structure Mz, of Zy.

A
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Here an affine toric variety means an analytic space over K of the form
Hom(S, K'), where S is the intersection of a finitely generated Q>¢-cone 7 and a
finitely generated Z-submodule of 7g, and Hom is the set of homomorphisms of
monoids where K is regarded as a multiplicative monoid. We regard Hom(S, K)
as an analytic space over K in the natural way. An affine toric variety is endowed
with a canonical log structure.

In the complex analytic case, we used the strong topology (that was important
for having a good theory). Here we do not need such strong topology.

PROPOSITION 6.5.2
Let the notation be as in Section 6.4.3. Then Eq o(U) and Eqo(U) are log man-
ifolds over K.

Proof

The statement for EU,Q(U) is proved easily just as in the proof of [20, Sec-
tion 3.5.10], where we proved that a space E, over C, whose definition is similar
to that of E,(U), is a log manifold. The statement for E, . (U) follows from
that for E, (U) because F, o(U) is an open set of E, o(U). O

6.5.3
Consider (o,class(a)) € rDy, a = (N,F,u). Take a K-linear subspace S of
Endg (Hg,Wk) such that

Endg (Hyg,Wg) = F'Endg (Hg ,Wg) @ o ® S.

Here FOEndy (Hg, W) is the set of all K-linear maps Hy — Hy which respect
W and F. The existence of such S follows from Proposition 3.5.5. For an
open neighborhood U of 0, in toric,(,) and for an open neighborhood U’ of
zero in S such that the exponential map into Autx (Hg, W) converges on U’,
let X(U,U') U x U’ be the set of all elements (g,z) of U x U’ such that
(N,exp(z)F) € D(0(q)) (i.e., such that exp(z)F satisfies Criffiths transversal-
ity for o(q)). Endow X (U,U’) with the sheaf of analytic functions which is the
pullback of that of U x U’, and define the log structure of X (U,U’) to be the
pullback of the canonical log structure of toric,(q)-

PROPOSITION 6.5.4
Let the notation be as in Section 6.5.3. Then X(U,U’) is a log manifold over K.

Proof
This can be seen easily also just as in the proof of [20, Section 3.5.10]. ]

PROPOSITION 6.5.5
Let the notation be as in Section 6.5.3. Let ¢ > 2, let n >0, and assume that
G(Zp)=1mod pr CT NG(Qp). Then if U and U’ are sufficiently small, (q,
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exp(z)F) € Ey o (Us,a,en) for any (q,z) € X(U,U’), and the composition
X(Ua U,) - Eo,a(Ua,a,C,n) - FDZ

s an open immersion of local ringed spaces over K with log structures. Here the
first arrow is (q,x) — (q,exp(z)F) and the second is €y, .

This can be deduced from Lemma 6.4.7.
Proposition 6.5.5 proves the following.

THEOREM 6.5.6
rDyx is a log manifold over K.

6.5.7

In the theory over C, it is proved that the toroidal partial compactification asso-
ciated to a weak fan in Section 2.3 is Hausdorff. Here in Theorem 6.5.6, we do
not tell whether Dy, is Hausdorff. The Hausdorffness will be discussed in the
later part of this series of papers.

6.6. Examples
Let the notation be as in Section 5.5. In Section 5.5, in each Example a—d, we
defined an open closed subset rD° of v D. In this section, in each Example a—d,
we define a subset r Dy, of Dy, where ¥ is as below, as the set of all elements
(0,7) of Dy, such that Z contains an element of pD°. Tt is an open and closed
subset of rDy.

6.6.1. Example a
This is a p-adic analogue of Section 2.3, Example a. The compactification P*(K)
of K* appears here.

Let the notation be as in Section 5.5.1.

Let ¥ = {{0},0,—0}, where o (resp., —o) denotes the cone of all elements
of M which send e; to zero and e into Q>¢ - e1 (resp., Q<p - €1). The isomor-
phism K* 2 D° in Section 5.5.1 extends uniquely to an isomorphism of analytic
manifolds over K,

PY(K) = DS,.

In this isomorphism, 0 € P! (K) (resp., co € P(K)) corresponds to (o, 2) € D
(resp., (—o,Z) € DY), where Z = D°.

Let o € rD° be the element corresponding to 1 € K*. We describe e, 4 :
Es.o(Us,a,c,n) = rDx. The monoid o(c) is generated by N, K* ®z0(a)z = K*,
where a @ N (a € K*) is identified with a, this identification is extended to
the identification toric, (o) = K, Ug,a,c;n = {F(2) | 2 € p°T" Ok }, Ega(Us,a,em) =
K x Uy a.en, €00 Eoa(Us,aen) — 1Dy, sends (a, F(z)) with a # 0 to the ele-
ment of pD° corresponding to aexp(z) € K*, and sends (0, F'(2)) to (o, Z), where
Z =rD°.
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6.6.2. Example b
This is a p-adic analogue of Section 2.3, Example b. The p-adic unit disc A (with
the origin) appears here.

Let the notation be as in Section 5.5.2.

Let ¥ = {{0},0}, where o denotes the cone of all elements of 9 which send
e1 to zero and ey into Q¢ - e1. The isomorphism A* = rD° in Section 5.5.2
extends uniquely to an isomorphism of analytic manifolds over K,

A=1DS.

In this isomorphism, 0 € A corresponds to (o,class(a)) € pDg, with o € pD°,
which is independent of the choice of a.

6.6.3. Example c
This is a p-adic analogue of Section 2.3, Example c. A model of the universal
Tate elliptic curve with degenerate fiber on 0 € A appears here.

Let the notation be as in Section 5.5.3.

For n € Z, let N,, €91 be the element which sends e; to zero, es to eq,
and e3 to mey. Let ¥ = {{0},0,(n € Z),0p nt1(n € Z)}, where o, = Q>0Ny,
Tnnt1 = Q>0Nn + Qo Np 1.

Then rDyg, is an analytic manifold over K and is the p-adic analogue of
I';\ Dy, over C in Section 2.3, Example c. The quotient I'g\rD$, of rDg, is
still an analytic manifold over K. It is a p-adic analogue of I's\ Dx over C in
Section 2.3, Example c, and is identified with the set of all K-rational points of a
proper model over A of the universal elliptic curve over A*. The fiber on ¢ € A*
of To\rDg — A is the Tate elliptic curve K*/q” (see Section 5.5.3), and the
fiber on 0 € A is PY(K)/(0 ~ 00), the quotient of P!(K) obtained by identifying
zero and oo.

Let S be the fiber on 0 € A in rD$,. Then S is an infinite chain of P! (K).
More precisely, for each n € Z, we have an open immersion

Uy : K* — S,a— (Jmclass(aa)),

where «, is the image of (¢,aq™) € A* x K* in pD°. (Then the class of the
(0, T')-nilpotent orbit containing «, is independent of the choice of g € A*.)
We have w,, (K*) Nu,(K*) =0 if m # n. This u, extends uniquely to a closed
immersion @, : PY(K) — S, and S = J,cp un(P(K)). If m,n € Z and
n ¢ {m—1,m,m+ 1}, then &, (P'(K)) N, (P*(K))=0. We have @, (P'(K))N
Up+1(PH(K)) = {8,(0)} = {tin+1(0c0)}, and this point @, (0) is (0, 5+1,class(a)),
where « is any element of rD°. (The (0, 5+1,)-nilpotent orbit containing « is
independent of the choice of such «.) The action of the standard generator T'g
sends @y, (a) (a € PY(K)) to @p41(a). The fiber on 0 € A of T'g\ rDg, — A is the
quotient of S by this action.

6.6.4. Example d
This is a p-adic analogue of Section 2.3, Example d. Let the notation be as in
Section 5.5.4.
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Let X be the set of the cones Q>¢N, where IV ranges over all elements of 9.

Then a remarkable fact is that rDyo has a slit and is not an analytic space.
We describe it. Let 0 = Q>oN with N(e;) = N(e2) =0, N(es) =ez. For u e
K*, let a(u) = (orde(u)N, F(0,log(u),0), ) € rD(0) N rD°, where p, is the
I'-equivalence class of fi,, which is defined by

fulerp) =te1p,  Aulearnp) =teap,  fulesrp) =log(@)esp + esp,
p’u(ej,L,non-p) = €j,non-p for .7 = 1a 2a
ﬂu(€3,L,non—p) = lognon—p(ﬂ’)ezanon'P + 63711011'17'

Here @ is a lifting of u to P(K) (see Section 5.5.1). Then there is an open
immersion of log manifolds over K from a sufficiently small open neighborhood
U of (0,0,0) in

{(Zl,U,Zg) e K3 | if u=0, then 23:0}

to rDs, which sends (21,u,23) € U with u # 0 to eqy) (F(zl,log(u),23)) and
sends (2,0,0) € U to (o,class(eq(1)(F(2,0,0)))). Here the log structure of U is
defined by the divisor u =0 on K3. The slit appears by Griffiths transversality:
(N, F(z1,29, 23)) satisfies Griffiths transversality if and only if z3 = 0.

The p-adic theory of dilog sheaves (a special case of the p-adic theory of
polylog sheaves) shows that there is a unique morphism P*(K) — D% of log
manifolds over K (here P!(K) is endowed with the log structure defined by
{0,1,00}) which sends u € K* C P}(K) with |ul, <1 to

x .n

u

Ca(u) (F(— Z F,log(u),log(l — u))) .
n=1

The image of 0 € P!(K) under this morphism is (o, class(a(1))). We plan to

discuss this in a later part of this series.
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