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ABSTRACT. Let A = (\,;),>1be a nondecreasing sequence of positive numbers
tending to infinity such that Ay = 1 and A\,41 < A, + 1 for all n, and let
I, =[n—X\,+1,n] for n = 1,2,.... Then for any given nonzero sequence
u, we define by A*(u) the operator that generalizes the operator of the first
difference and is defined by AT (u)zr = prp(zr — Txe1). In this article, for
any given integer r > 1, we deal with the AT7(u)-statistical convergence that
generalizes in a certain sense the well-known A7-statistical convergence. The
main results consist in determining sets of sequences x and x’ of the form sg
satisfying x C [V, NJo(AT" (1)) C x’ and sets k and «’ of the form s¢ satisfying
Kk < [ViNoo(AT" (1)) < k’. This study is justified since the infinite matrix
associated with the operator A™" (1) cannot be explicitly calculated for all r.

1. INTRODUCTION AND PRELIMINARIES

1.1. Statistical convergence. The notion of statistical convergence, first intro-
duced by Fast [8], was later studied by Fridy ([9], [10]), Fridy and Orhan [11],
and Connor [4]. The sequence X = (z,),>1 is said to be statistically convergent
to the number L if

lim lHkgnz|xk—L|25}|:O for all ¢ > 0,

n—oo 1

where the vertical bars indicate the number of elements in the enclosed set. Note
that lacunary statistical convergence, which was introduced by Fridy and Orhan
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([11], [12]) and further studied by Alotaibi et al. [I], can be considered as a
special case of statistical convergence. Recall that [6] defined the \['-statistical
convergence where A = (\,), is a nondecreasing sequence of positive numbers
tending to infinity such that A\; = 1 and \,.1 < A, + 1 for all n (see also
2], [3], [7], [5], [19]). For a given Banach space E, the sequence (x,,),>1 is said to
be AL -statistically convergent if

.1 ,
nlggo)\_nHk el,:[|[ATz, — L|| > EH =0,

where I, = [n — X\, + 1,n] for n = 1,2,...; ATy, = xp — xpyq; and A2y, =
> im0 (=1 ()@

In the present article, we will take £ = R or C, L = 0 and replace A*" by
A'(p) = (D,AT)" and deal with the AT (u)-statistical convergence to zero. (In
all that follows, the subscripts are greater or equal to 1.) We will also consider the
infinite matrix of first difference A" = (apm)nm>1 defined by ap, = 1, ap i1 =
—1 and ay,,, = 0 otherwise. Let D,, be the diagonal matrix defined by [D, ] = fir,
for all n and consider the set U of all sequences such that u,, # 0 for all n. Then
we let A*(p) = D, A" for pe U.

From the generalized de la Vallée-Poussin mean defined by

tn(X) = )\i Z z  for X = (x,)n,

" kel,

we are led to define the following sets for » > 1 integer

[V Ao (AT () = {X cs: Jirgo%n,;mﬂ(“)xkl = O}>
[V, Moo (AT (1)) = {X €s: Slip )\in ker’A”(,u)x;g’ < oo}

In the case when )\, = n, we will write the previous sets [V]o(A™ (1)) and
[V]oo (AT (). For the convenience of the reader, note that

1
[V Ao (A () = {X €5 7}1_{{.10/\— Z’,uk(xk - $k+1)‘ = 0},
" kel

n

and that in the previous definitions of [V, AJo(A™" (1)) and [V, Ao (A1 (1)), for
r = 2, we have

AT () = ppae — p(pr 4 a1 )Trar + paftor1 ez for all k.

Note that there is no general expression for AT (p)x, where r is any given integer.
Now we can state the definition of A\*"(u)-statistical convergence to zero.

Definition 1.1. A sequence X = (z,),>1 is said to be X" (u)-statistically conver-
gent to zero if, for every € > 0,

n—oo \

lim i‘{k €l,: ‘A”(u)xk‘ > 5}’ = 0.
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In this case, we write x — 0S\(AT"(u)). If A\, = n for all n, then we write
xp — 0S(AT" ().

Now we explicitly give both a relation between X € [V, Ao(A*"(u)) and
the condition xp — 0S\(A™"(u)) and a relation between the condition z; —
0S(A*"(n)) and the condition zp — 0Sy(A™"(x)). In this way we have the next
results.

Theorem 1.2. Let o, ;n € U, and let v > 1 be an integer. Then

(a) X € [V, Mo(AT"(n)) implies that x, — 0S\(AT" (1)) and the inclusion is
proper;

(b) if X € Io(AT (1)) and x — 0S\(AT" (1)), then X € [V, No(AT" (1)),
where loo (AT (1)) == {X € s :sup;, | AT (u)zy |< 00}

Proof. (a) This follows easily from the following:

1
= DA W] = |{k € L AT ()| = £}

kel,

The following example shows that the inclusion is proper. Let X = (x,),>1 be
defined such that

AT (p)ay, = {

Then X ¢ [, and for 0 <e <1,

k forn— [V ] +1<k<n,
0 otherwise.

[VA]
A

A_lnl{kefn:}mm)xk}ze}}z =0 (n— o0);

that is, z;, — 0S\(A™"(u)). But

)\i DA (w)ax| - 0;

" kel,

that is, = ¢ [V, \o(A™" (1))
(b) Let X € lw. Then |xi| < M for all k, where M > 0. For € > 0, we have

R S| R DRI MPANRIN SIS

kel, " kel, " kel,
|ATT ()| >e |ATT (u)|<e

M

< Hk:E]n: ’A”(,u)xk’ 26}{—1—6.

n

Hence zp — 0S\(A™" (1)) implies that X € [V, AJo(AT"(w)). O

Remark 1.3. Tt is easy to see that Sy(A1"(u)) € S(A*"(u)) for all A, since
An/n < 1.

D %

Now we establish the reverse inclusion.
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Theorem 1.4. We have that S°(AY"(n)) € SY (AT (w)) if and only if

A
lim inf — > 0, (1.1)

n—oo N

where by X € SY(A™(u)) (or X € SYAT (1)), we mean that xy, — 0S(AT ()
(or that x — 0S\(AT"(w))).

Proof. For € > 0, we have
{k €I, |A" (w)z| > e} c {k<n:|AT (Wi >}

Therefore,

1 1
EHk <n: AT (pa| > e} > ﬁl{k €L, : |[AT(n)ay| > e}
A 1 )

Letting n — oo and using (1.1), we get the inclusion.
Conversely, suppose that
An
lim inf — =0.
n—oo N

Choose a subsequence (n(j));>1 such that % < % Define a sequence X =

(xk)r>1 such that

A (o = {

Then X € [V]o(A*" (1)), and hence by Theorem 1.2(a), we have X € 0S(A™"(u)).
But X ¢ [V,Ao(A™ (1)), and therefore by Theorem 1.2(b), we have X ¢
0S5 (AT (u)). To get a subset for each of the sets [V]o(AT (1)) and [V]oo (AT (1)),
we need the following. 0

1 for ke [n(j)yj =1,2,3,...;
0 otherwise.

1.2. Some properties of the set 61. We write cg, ¢, and [, for the sets of null,
convergent and bounded sequences, respectively. If we then put Ut = {(u,), €
s : u, > 0 for all n} and use Wilansky’s notation (see [20]), we define, for any
sequence « = (ay), € UT and for any set of sequences F, the set

(1/a) '« E={(zy)n € 5: (zp/an)n € E}.

To simplify, we will write D,FE = (1/a)~! * E, where D, is the diagonal matrix
defined in Section 1.1, and we put s, = Dalso, si = D,cy, and S&C) = D,c. Recall
that a Banach space E C s is a BK space if each projection X — P, (X) = z,, is
continuous. Each of the spaces D, F, where E € {l, co, c}, is a BK space normed
by || X ||s. = sup,,(|z.|/an), and s,, has AK (see [14]).

Now let o = (), 5= (Bn)n € UT. By S, 3, we denote the set of all infinite
matrices A = (@pm )n,m>1 such that

1 [ee]
1Alls, , = Sup<ﬂ— Z |anm|am> < 00.
n " m=1

The set S, with norm ||A||s, , is a Banach space with the norm.
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Let £ and F be any subsets of s. When A maps E into F', we will write
A € (E,F) (see [13]). So for every X € E, AX € F (AX € F will mean that,
for each n > 1, the series defined by A, (X) = > °_| Gumoy, is convergent and
(An (X)), € F). It was shown in [17] that A € (s,,sp) if and only if A € S, 5. So
we can write (Sa, Sg) = Sa.g-

When s, = sg, we obtain the Banach algebra with identity S, 3 = S, (see [17])
normed by ||A|s, = ||A|ls,.. We also have A € (sq, s,) if and only if A € S,.

If & = (")p>1, Ly Sa» Sa» S, and s$9 are denoted by [y, Sy, 5., s°, and s

(c)
respectively. When r = 1, we obtain s; = lo, 80 = ¢y, and sgc) = ¢, and putting
e=(1,1,...) we have S; = S,. It is well known (see [13]) that (s1,$1) = (co,51) =
(¢,s1). We also have A € (¢, ) if and only if A € Sy and lim,_,o apym = 0 for
all m > 1.

For any subset E of s, we put
AE ={Y € s:Y = AX for some X € E}.
If F'is a subset of s, we denote
F(A)=Fys={Xes:Y =AX € F}.

Define now the set 61 of sequences o € U™ satisfying the condition
sup, (> r_; @)/, < oo. Let A be the well-known operator defined by Az, =
Tp — Tp_1 for all n, with 29 = 0. Note that AT = A*. Therefore, we get the next
result (see [14]).

Lemma 1.5. Let « € Ut. The following conditions are equivalent:
(i) a € O,
(i) the operator A is bijective from s, to itself,
(iii) the operator A is bijective from sO to itself.

It can easily be deduced that if o € 61, then for any given integer » > 1 the
operator A" is bijective from s, to itself, and s,(A") = s4. It is the same for
the operator A considered as an operator from s to itself. Recall the following
result.

Lemma 1.6 ([14, Corollary 3.4, p. 1795]). Letr > 1 be an integer. The following
properties are equivalent:
(i) a € O,
(ii) sa(A) = 54,
(iil) $o(A”) = Sa,
(iv) C(a)(Z ) € l.
In the remainder of this article, we will also use the next result (see [16, Propo-

sition 2.1, p. 1656]), where I' is the set of all & € U* such that lim,_e(ct,_1/
ay) < 1.

Lemma 1.7. Let « € UT. Then
(i) if a € 61, then there are K > 0 and v > 1 such that o, > K~™ for all n;
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(ii) the condition o € T' implies that o € Cy and there is a real b > 0 such
that

[Cla)a] < 1X+bx forn>q+1 and x = ,(a) €10, 1].

n— ]
To state some results on the sets [V]O(A+( ) and [V]eo (AT (1)), we will give
some properties on the sets s, (AT (1)) and sO (AT (1)).

2. SOME PROPERTIES OF THE SETS s,(A™" (1)) AND s (AT (u))
FOR r > 1 INTEGER

First, recall the following lemma (see [18, Theorem 3.5]).

Lemma 2.1. Let o, 3 € UT. Then s = 3% if and only if there are K1, Ko > 0
such that

K, < — <Ky foralln.

We also need the next result.

Lemma 2.2. Let r > 1 be an integer, and let o« € UT. The operator represented
by the infinite matriz AT is surjective from sO(AT") to s0.

Proof. Consider the matrix A*"(eq, eq,. .., e,) obtained from A™" by addition of
the rows e, €,_1,..., ej, respectively. Similarly for any B = (b,), € s, we will
write B(uy,us, ..., u,) for the vector obtained from B by addition of the scalars
Upy Up_1, - .., uy; that is, B(uy, ug, ..., u,) = (U1, U, .., Up, by, ..o by, .. )T Since
the infinite matrix A™"(eq,eq,...,€,) is a triangle, the equation AT"X = B,
where B € s2 has infinitely solutions in s (A*") given by

X =[A%(er,ea,...,¢,)] _IB(ul, Uy vy Uy
for all scalars wu,, u,_1,..., u;. This completes the proof. O

We will now use the convention x,, = 1 for all n < 0, and put (x,_,), for
the sequence (1,...,1,21,...,2,_,...), where zy is in the (r + 1)-position. The
following theorem extends some results given in [15] and [16].

Theorem 2.3. Let « € Ut and r > 1 be an integer. Then

(1) (an—1/0n)n €l if and only if 3(()%71)" C sO(AT);
(ii) the followz'ng statements are equivalent:

) € Cl,
(b) so(AT) = Sgan D’
<C> ( ) (an—l)n
(iii) (a) (an/an_1)n € leo if and only if, for any given integer r > 1,

L s (AT) - CS2 (AT
(b) the conditions «a € C’l and (ap/an_1)n € ls are equivalent to
Sa(AT) =
(iv) the following statements are equivalent:

(a) so(AT) =
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(b) 82 (ATF) = 80 (ATE+DY) for all k > 0 integer,
(c) sY(AT*) =52 for all k > 0 integer.

Proof. (i) We have s o 1)y C 8 O(A™) if and only if I € (s? e sU(AT)).
Thus ATX € s° for all X € s, ,, and A" € (s, ), a) This means
D1/oA Do, ). € (co,co), where Dy/oAY Do, 1y, = (Gnm)nm>1 With ap, =
Qp1/0n, Gp 1 = 1 and g, = 0, otherwise. Using the characterization of (¢, ¢)
given in the Introduction, we have Dy/oAT Dy, ), € Si and (p—1/an)n € lso
We conclude that s?an_l)n C sY(A™) if and only if (p_1/0n)n € loo
’ (ii). First show that (c) implies (a). We have I € (s(A"), s, . ) if and only
i
B=A*X es) implies that X € s{, ) forall X €s. (2.1)

Using elementary calculations (see [15]), and Lemma 2.2 for every B € s2, there
is X € s2(A*) such that B = A*X with @, = u — .11 by, for all u € C. Then
(2.1) implies that, for every B = (b,), € 59,

u—Sr"1b

—&k=1F .0 (p— o0) for any given u € C.

Qp_1

So if we take u = 0, then (Y271 b)/m_1 — 0 (n — o0); that is, for every B € 52,
we have ¥~ B € s(()an_l)n, where

Yo

We conclude that ¥~ € (s, s? , which means that

ap+ -+ ap
On—1

1),); that is, 7 € S o

(an n— 1

=0(1) (n— o0) and ae .

Thus we have shown that (c) implies (a).

Let us show now that (a) implies (b). Assume that o € Cy and let X € sV(AT).
We have B = ATX € 52 and for every n, we have z,, = u — Zk L by for u € C.
As we have seen above, the condltlon a € Cy implies that ¥~ € S, (an_1), and

Y™ Be s(an_l) for all B € s . Then
x u—S""1p,
n_o_ k=1 —_ 1 - .
I Ml (1) (n > oo

that is, X € s?an )..» and we conclude that s O(AT) C ( .- Nowa € C, implies
that (ap-1/an)n>1 € leo, and by (i), s{, ). C sa(AT). So s o(AY) =5, ., and
we have shown that (a) implies (b). We conclude that (b) implies (c) and that
(c) implies (a) and that (a) implies (b). This completes the proof of (ii).
(iii)(a) Let X € s2. Then condition (ay41/®n)n>1 € loo implies that
Tn — Tnt1 _ Tn Tpgl Fngl

=— — —0 (n— o)
Qp, Qp, Opy1 Oy
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and s C s2(A™). Now assume that, for any given integer 1 > 1, X € s2(A™);
then Y — AHX € 50, and with s¥ C sY(A"), then Y € s (A*) and X €
sO(ATHD) S we have s (A“) s (A*0+D) which shows the necessity.
Conversely, the inclusion s C s%(A™) implies that ATX € s2 for all X € s0.
Thus AT € (sY, a) and (an+1/an)n €lyw
)

(iii)(b) If v € C, and (an/@n—1)n € loo, then there are Ky, Ky > 0 such that

K < < Ky for all n.

Qp—1
Then by Lemma, 2.1, we have s(()a e = sY. By (ii), we conclude that the condition
a € Cy implies that s(A+) = =Y.

(O‘n n

Conversely, assume that s2(AT) = s%. Then I € (s%,s9(AT)) and AT €

(s2,89); that is, (n/@n_1)n € lo. Now as we have just seen in the proof of
(c) implying (a) in (ii), for every B € s there is X € s such that B = ATX with
Ty =U— EZ;} by, for all u € C. Then for every B € s with B = AT X, we have

that X € s2; that is,
u-— ZZ: by,

—0 (n—o00) forany given u € C.
an

Then if we take u = 0, we have ¥~ € (s, s{, ) ); that is, 57 € Sy (a, 1), S0

(an—1
a4+ ap
On—1

=0(1) (n— o0) and ae .

The proof of (iv) is elementary and left to the reader. O
We immediately deduce the following corollary.

Corollary 2 4. Letr >1 be an mteger and assume that (o, [, —1)n € loo. Then
Y (AT C 8 implies that s2(ATT) = 0

Proof. By Theorem 2.3(111)( ), the condition (v /ot — 1) €l implies that s? C
sY(A*7). So the condition s (A*") C sY implies that s (A1) = sY O

Remark 2.5. Note that in Theorem 2.3, the conditions a € Cl and (a, /1), €

loo are equivalent to sp(A*) =s{, | =sp.

Corollary 2.6. Let a € U™,
(i) Let r > 1 be an integer. The condition o € Cy implies s°(A*T) = s(an -
(ii) The conditions o € Cy and (v /1 )n € lso are equivalent to 2 (ATF) =
O for all k > 0.

Proof. For statement (i), the condition o € C, implies that s(AT) =

(Otn 1)n

by Theorem 2.3(ii). Now let j > 1 be an integer, and assume that s (A7) =
Sy n- Then X € s 0(ATU+DY) if and only if ATUFDX € s%. which in turn is

ATX € so(AT) = sf, ) . Sos 0(A+UHD) = Sy (AT). Since a € C}, then
(On—j)n € Cy and s?anfj)n(AJr) = sQ,(ATUTD) = f . This shows (i).

O (j+1))n
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For statement (ii), the conditions a € C, and anfon—1 = O(1) (n = o0)
imply that s%(A*) = ¥ = 59 by Theorem 2.3(iii)(b). This implies that

(an—l)n

sa(ATF) = s, ) = sq by what we have just shown. Conversely, assume that
sO(ATF) = s0 for all k > 0; then obviously s(AT) = s%, and by Theorem 2.3
this implies that o € Cy and oy, /a,—1 = O(1) (n — o0). O]

Corollary 2.7. Let « € UT. The following conditions are equivalent:

(i) SO(A%) £ 50;
(ii) there is k > 0 integer such that sO(A*F) # O (AT
(iii) either o ¢ C\ or there is a sequence of integers (n;); strictly increasing to
infinity such that oy, /o, -1 — 00 (i — 00).

Proof. Here (i) is equivalent to (ii) by Theorem 2.3(iv), and (i) is equivalent to
(iii) by Theorem 2.3(iii). O
Corollary 2.8. Let o € U+\(71. Then (an/0n-1)n € loo if and only if

Stan 1) 2 SalAT).

Proof. This result comes from Theorem 2.3 parts (i) and (iii). Indeed, by Theo-
rem 2.3(ii), w € U\C\ if and only if s, ) # so(AT). O

Using Theorem 2.3 and the equivalence (ii) and (iii) in Corollary 2.8, we get
the following.
Proposition 2.9. Let a € U+\61. Then (,/an—1)n € ls if and only if, for any
given integer k > 1,

S & 8a(AT) G- & sa(AT).

We immediately deduce the following.
Theorem 2.10. Let r > 1 be an integer, and let o« € U'. Then we have the
following.

(i) For any given 8 € U™, the condition

SO(ATT) C s) C SO (AT (2.2)
implies that 59, = sj = s9(A™T).

(ii) C’ondz’tign (2.2) implies that (O /tn—1)n € loo, a € Cy and s° = s?anﬂ_)n
forall 5 > 1.

Proof. (i) First, the inclusion s (A*") C s%(A*(+D) implies that
AT"X =Y €% implies ATY € 82 forall Y € s.

By Lemma 2.2, the operator represented by the infinite matrix A™ is surjective
from s (AT to s2. So AT € S, and (ay41/n)n € loo, and by Theorem 2.3(iii),
we have s? C sY(A*T).
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Now the condition s§ C s%(ATT) implies that I € (s4, s (ATFV)) and
that A*(+D € g .+ and since all the diagonal entries of A1 are equal to 1,
we successively get /a € [, and s% C Y. Then

O C so(AY") C sh C s)

and s), = s = s(AT).
(ii) By (i) and Theorem 2.3(iii), condition (2.2) implies that (c,/an_1)n € leo

and a € C}. Then the condition (a,/a, 1), € ls implies that s D s[()an+1)n D
C

and o € C, implies that (c,_1/an)n € lo and s° C s?an+1)n
. for all j > 1. This gives the conclusion. O

. 0
> S(anJrj)
“ e C S(()

Qntj)

n

Concerning the sets s% (A1 (u)) and s, (A" (1)), we deduce from the preceding
the next result.

Lemma 2.11. Let a, € U, and let v > 1 be an integer. If

a/p, (Oénfl/(ﬂnfLUn))na ) (OénfrJrl/(,UnfrJrl o ',un>)n € 61\1 (2.3)

holds, then we have

SO (AT () = s(() onr and 5o (AT (1) = 5(__enr .

Hp—pbp—1’" Hp—r41"Hn—1

Proof. 1t is enough to show that under (2.3),s0(AY (1)) = sy /(o 1))

the other proof being similar. Since s{,(A*(u)) = s7,,,(A™) by Corollary 2.6(i),

we have sq (AT () = s, /., for a/u € C; and the lemma holds for r = 1.
Now let j be an integer with 1 < 57 < r — 1 and assume that

S (A+j(:u)) =Sy

By pn—1’"

for a/pt, (n 1/ (tn—11tn) s -+ (@nj41/ (fin—j1 -+~ ftn))n € C. Then
0 (A+(j+l)(u)) ={X €s: A () (AT (W)X) € sa}
={X €s: AT (WX € 5o (A (1))}
= Slatn /in—gein ) (AT (1)

Now the condition

n—j 1 -~
(o 1 g 2
Hp—j - hpn—1 Un/n

implies that

s?#)n(Aﬂu)):S? “n-1-j 1 )nIS?M

Hpn—j " Hn—1 Hn—1—35"""Hn—2 Hn—1 Hp—(j4+1)" " "Pn—1

In

Since condition (2.4) is equivalent to
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Qg —~
( G+1)+1 > e,
Mn—(G+1)4+1 " Mn/n

we haVﬁ\ shown how a/p, (n—1/(ptn—1tn))ns - - -5 (Qn—irryr1/ (-1 -+
tn))n € C1 implies that

HFp—(G+1) " "Hn—1

In’
This completes the proof. Il

Remark 2.12. We immediately see that o € 6’\1 successively implies that
Sa(A") = 54, so(A") = s, 5a(AT) = S(an_1)m and
S;(A+T) = S(()C‘ln—r)n'

3. PROPERTIES OF THE SETS [V]o(A1" (1)) AND [V]oo (AT (1))

In this section, we give some conditions to have z;, — 0S(A*"(x)). Among other
things we also make explicit interesting subsets of [V]o(A™ (1)) and
[V]oo (AT"(11)). In the following we will use the condition

n

S:p(% Zak> < 0 (3.1)

for given sequence o € UT. We will put £ = (n),,, and we will denote by C'(§) =
(Cnm )nm>1, or Cy for short, the Cesaro operator defined by ¢, = 1/n for m <n
and ¢, = 0 otherwise. It can easily be seen that C} € (¢, o) and co(AT" (1)) C
[V]o(A*"(w)). Since Y = A1 (u) X € ¢o implies that C1(]Y]) € co, it is interesting
to explicitly define a set EF C s such that

(A (1) € E C [VIo(A™ (1), (3.2)
We will see that we can take E = s (A (1)) for o ¢ 1., satisfying (3.1). In this

way we are led to state the following result.

Proposition 3.1. Let o € U*t. Assume there is a map ¢ : N* — N* strictly
increasing satisfying the following conditions:
(i) n?/o(n) = O(1) (n = o0),
(i) aum)/n =0(1) (n — c0),
(1) (Yyerpen an)/n = O(L) (n = 00) where I = [p(N')]°.
Then o € Ut\l satisfies (3.1).

Proof. Let n > 1 be an integer and let 7,, be the greatest integer less than n, for
which ¢(i,,) < n. So we have ¢(i,) < n < ¢(i, + 1). Then there is K > 0 such
that
Z}Zzl X Q1)+ + Q) + Zke[,kgn Ok
n n
1+24-+i, 1
<K —
o n * n Z Ak
kel ,k<n
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in (zn—l-l)
K

< Z a = (n — 00).

kEI k<n

So we have shown that a ¢ o and (>_7_; ax)/n = O(1) (n — c0).

For example, let a be a sequence satisfying g = ¢ for all ¢ > 1 and oy, < K
for given K > 0 and for all k € I, where I = {k € N* : k # 2" for all i > 1}.
Then (3.1) holds. O

Now we can state the main result.

Theorem 3.2. Let a, p € U, and let r > 1 be an integer. Assume that (2.5)
and (3.1) hold. Then we have

z, — 0S(AY (1))

for all sequences (z,), € s such that lim Mxn =0.
n—oo gy
Proof. We have C'(&)|A™ (1) X| € ¢ if and only if
AT (1) X| € As{,, - (3.3)
Now (3.3) is satisfied when
|ATT (1) X| € s (3.4)
with
s0 C As(()n)n. (3.5)

Thus by Lemma 2.11, condition (2.3) implies that (3.4) holds if and only if
X € s0 (AT (w)) :s[()

anfr/(ﬂnfr"'linfl))n

and (3.1) means Dy, D, € (co, ¢o), which is equivalent to (3.5). Now for € > 0,
we get

n
S IAT Gy = Y A ] > (k< n AT G 2 <}
ke]s(n
We easily conclude, since as we have just seen

. MHn—1- " fp—r . . 1 = 4
lim ——x, =0 lies that — E A 0 :
im x implies that — |AT ()| =0 (n— o0)

n—oo Oy
n—r =1

0J
Remark 3.3. From Theorem 3.2 under (2.3) and (3.1), we have

o VI(A ().

Hn—1"""Hn—r

Using a similar argument, we also have s__oan—r | C [V]oo(A*" ().
Hp—1"""Hnp—r
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Remark 3.4. Note that for p = (27"),,, we immediately see that
co(AT (1) = 55 C [V]o (AT (),
and that
o (A7) = -y, = 81 € VIo (A7),
In fact for a = e, we get a/p = (2")n, (Qn_1/tn-1ftn)n = (2271), € a

Proposition 3.5. Let 3, u € U, and let r > 1 be an integer. Assume that

(n/ﬁn)n S loo (md 6/#7 (ﬁn—l/(/ln—l,un))na ceey (ﬁn—r—i—l/(ﬂ’n—r—ﬁ—l Tt H'n))n S C(1-
Then we have

[V](](A—i_r('u)) C S?ﬁnfr/(ﬂnfr"‘ﬂn—l))n and
[V]OO(A+T(#)) C S(ﬁ’ﬂ*’l‘/(ﬂ’ﬂ*’r'“ﬂn—l))n'
Proof. As we have seen above, X € [V]o(A™"(u)) if and only if

(3.6)

|AT (1) X € As(()n)n.

Now since (n/f8,) € loo, we have Dy,3AD,, € (co,cp) and As?n)n C s} There-
fore, A" (1) X| € sj and X € s3(A*"(u)). Finally by Lemma 2.11, we have

0 r _ .0
Sﬁ (AJF (/JJ)) - 8(5n—r/(ﬂn—r"'ﬂn—1))n

and the first inclusion given in (3.6) holds. The other inclusion can be shown
similarly. O

Corollary 3.6. Let 8, p € UT, and assume that (n/Bn)n>1 € loo and B/u € Ch.
Then we have

VIo(A (1) €8s jpnvye a0d  [VI(AT (1)) C S50 1 /00 1)
We also have the next result.

Proposition 3.7. Let o, p € U™T satisfy the conditions (,/an_1)n € loo and
(> py arpr)/n=0(1) (n — o). Then x, — 0S(AT () for all X € 2.

Proof. Let X € s2. First, we have D(1/n),XDpa = (Onm)nm>1 With oy, =
pmC /1 for m < n and o,, = 0 for m > n; and since (D", _; agur)/n = O(1)
(n = 00), we deduce that D¢ /), XDue € St and oy — 0 (n — 00) for all m.
So by the characterization of (co, cp), we conclude that D /n),XDua € (co,co).
Then (2D,)sg C s(,, and 3, C D1,As(, . Now, by Corollary 2.6 the condition
(n/On—1)n € ls implies that sO C s%(AT); we then have |[ATX]| € s for all
X € 8%, Then |ATX] € Dl/uAs(()n)” (i.e., C((n)n)|AT (1) X| € ¢ for all X € sY).

This concludes the proof. Il

These results lead us to compare Theorem 3.2 with Proposition 3.7. In this
way we can finish the next remark.
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Remark 3.8. Note that Theorem 3.2 does not imply Proposition 3.7, and con-
versely Proposition 3.7 does not imply Theorem 3.2. Indeed, let o be a sequence
defined by s =i for alli > 1 and o = 1 for all k € I, where I ={k € N* : k #
2! for all 4 > 1}. For u = (27™),, we deduce that Theorem 3.2 holds for r = 1
and that Proposition 3.7 cannot be satisfied. Now take o = 1/p = (2"),; then
x — 0S(A™ (1)) by Proposition 3.7 and « does not satisfy (2.3) and Theorem 3.2
with r = 1.

Acknowledgment. Mursaleen’s work was partially supported by the Depart-
ment of Science and Technology, New Delhi, under grant SR/S4/MS:792/12.
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