Ann. Funct. Anal. 7 (2016), no. 2, 314-325
http://dx.doi.org/10.1215/20088752-3506016
ISSN: 2008-8752 (electronic)

ANNALS o . . .
/ http://projecteuclid.org/afa

FUNCTIONAL
ANALYSIS

A CHARACTERIZATION OF THE RIESZ FAMILY OF SHIFTS
OF FUNCTIONS ON LOCALLY COMPACT ABELIAN GROUPS

N. MOHAMMADIAN,"" R. A. KAMYABI GOL,” and R. RAIST TOUST?

Communicated by V. Runde

ABSTRACT. For a locally compact Abelian group G, we give a necessary and
sufficient condition for shifts of a function ¢ € Lo(G) to be a Riesz family. Also,
for a finite family ® of compactly supported functions in Ls(G), we show that
the shifts of ® constitute a Riesz family if and only if the nets (¢(£n)),er,

é € @, are linearly independent for all £ € G.

1. INTRODUCTION AND PRELIMINARIES

Shift-invariant spaces and Riesz families play an increasingly important role in
various areas of mathematical analysis and their applications. They appear in the
study of spline wavelets, approximation, regular sampling, Gabor systems, and
several others (see [1], [4], [8], [14]). A sequence (z,)nen for a Hilbert space H is
called a Riesz basis if it is a frame and is also a basis for H. Frames provide a
useful tool to obtain signal decomposition in cases where redundancy, oversam-
pling, and irregular sampling play a role (see [2], [6]). A frame for a vector space
equipped with an inner product also allows each vector in the space to be written
as a linear combination of the elements in the frame, but linear independence
between the frame elements is not required. Intuitively, one can think about a
frame as a basis to which one has added more elements (see [5]). One of the main
purposes of this paper is to give a necessary and sufficient condition for a finite
family of functions to constitute a Riesz family via linear independence of the
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Fourier transform of basis functions. The problem of linear independence of inte-
ger translates of basis functions stemmed from some questions about multivariate
splines. In [3], de Boor and Héllig considered the linear independence problem for
integer translates of a box spline. They gave a necessary condition for the integer
translates of a box spline to be linearly independent and conjectured that their
condition would be also sufficient. Their conjecture was confirmed independently
by Dahmen and Micchelli [7] and by Jia [11]. The general problem of linear inde-
pendence of integer translates of a function was studied in [7]. A characterization
for a Riesz family of shifts of a finite number of compactly supported functions
in L,(R) for 1 < p < oo was established in [13], based on the linear independence
of the Fourier transform of functions. Then Jia extended the result for a finite
number of compactly supported distributions in L,(R) for 0 < p < oo (see [12]).

In this paper we give conditions under which shifts of a finite number of com-
pactly supported functions constitute a Riesz family on a locally compact Abelian
(LCA) group.

Let G be an LCA group with identity 1, and let G be its dual group with Haar
measure yu. For a closed subgroup H of G, the annihilator of H in G is denoted
by Ht and is defined by {¢ € G;f’(H) = {1}}, which is a closed subgroup of
G. A subgroup L of G is called a uniform lattice if it is discrete and cocompact
(i.e., G/L is compact). Let L be a uniform lattice in G; then the subgroup L+
is a uniform lattice in G (see [9, Theorem 4.39]). For a uniform lattice L in
G, a fundamental domain is a measurable set Sy, in GG, such that every x € G
can be uniquely written as « = ks, for £ € L and s € Sp. The existence of a
relatively compact fundamental domain for a uniform lattice in an LCA group
G is guaranteed by [15, Lemma 2|, and it has been shown that S; has positive
measure (see [14], [15]). For a uniform lattice L, a closed subspace V' C Ly(G) is
called L-invariant if it is invariant under translations by elements of L. In other
words, V' is called shift-invariant if f € V implies Ty f € V, where T} is the
translation operator on Ly(G) defined by Ty f(z) = f(k™'z) for all z € G, k € L.
Also in [15], it was seen that Ly(G/L) = Lo(SL), when G is a second countable
and LCA group and L is a uniform lattice in G.

We denote by [(L) the linear space of all functions on L, and by c.(L) the
linear space of all finitely supported functions on L. Given a € [(L), the formal
Laurent series ), ., a(k){(k) for £ € G is called the symbol of a and is denoted
by a(§). If a € l1(L), then the symbol a is a continuous function on Sy .. If f and
g are measurable functions on G, then the convolution of f and ¢ is the function
defined by

fgla) = / F()gly'z) dy,

for all z € G whenever the integral exists. Suppose that 1 < p < oo, f € L1(G),
and that g € L,(G). By [9, Proposition 2.39], the above integral converges abso-
lutely for almost every z, and we have

frgely(G) and  |[f*gll, < [Ifllllgllp- (1.1)
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In the case of discrete groups, letting a,b € I(L), the convolution of a and b is
given by

axb(l)=> a(k 'b(k), l€L,

kel

whenever the above series exists. If §(k) = 1 for k = 1 and 6(k) = 0 for k # 1,
then § € [;(L) and a % § = a. Note that if a,c € [;(L) and a(§)e(§) = 1 for all
€ € Sp1, then a* ¢ = 4§, which is followed by [9, Proposition 4.36].

Let ® = {¢1,...,¢,} be a finite family of functions in Ls(G). The family of all
shifts of ® is called a Riesz family for the span{Ty¢,k € L, ¢ € @} if there exist
two positive constants C; and Cy such that

Cv Y il < “Zzai(k)Tk¢i
i=1 i=1 keL

< CQZ||ai||12(L)7 (12)
=1

L2(G)

for all elements ay, as, ..., a, € lo(L).
In this paper we show that the set of shifts of a function ¢ € Ly(G) is a Riesz

family if and only if 0 < essinf. s> j 1 |6(€n)|? and ess SUD¢ecr D pert lp(En)|? <
0o. We define a set of nets, {(¢21<€77))n€]4l, e (q@n(é’n))neﬁ}, to be linearly inde-
pendent on G if >y Ci(le(f’r/))neLL = 0 implies that ¢; = - - - = ¢, = 0. We show
that the shifts of a finite number of compactly supported functions {¢y, ..., ¢,} in
Lo(G) constitute a Riesz family if and only if the nets (éi(gn))n@l,z’ =1,...,n,

are linearly independent for all £ &€ G. This paper is organized as follows. In
the second section, we investigate conditions under which shifts of a function
¢ € Lo(Q) constitute a Riesz family. In the third section, we give a necessary and
sufficient condition for shifts of a finite number of compactly supported functions
in Ly(G) to be a Riesz family.

2. RIESZ FAMILY OF A FUNCTION

In this section, we establish a necessary and sufficient condition for shifts of a
single function in Ly(G) to form a Riesz family.

Theorem 2.1. Let G be a second countable LCA group, and let ¢ € Lo(Q).
The shifts of ¢ constitute a Riesz family in the sense of (1.2), if and only if

0 <essinfocs D2, cpn |6(En) |2 and ess SUDgccr D pert |6(En)|? < oo

Proof. Let Vy :=span{Ty¢,k € L}, and let f € V. Then

f(x) =Y ak)o(k'x),  (alk)),e, € (D).

keL
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Also, T defined by T(€) = 3., a(k)é(k) is in Ly(L). Indeed, using the fact that
{¢(k), k € L} is an orthonormal basis for Ly(L), we have

I, / T(©) de

kel leL
:/X]a(k)\ d¢ < o
Lper

Taking the Fourier transform of f, we obtain

F© =" ab)Tio)(©) = Y alk)E(R)S(€) = T(E)H(E).

keL kel

Therefore,

T =/|T<5>|2\a%<s>\2dg

- [ S Imtenl el as

neLt

- / T S Jbien| de.

nelL

Let F(§) = > et |6(€n)|2. Then F(€) is measurable, and D omert 6(€n)]? < 0.
Set

M, = esssup F(§), M, = essinf F(§).
fEG §€G

If M, < oo and M; > 0, then (1.2) follows. On the other hand, if M; = 0, then,
for some € > 0, the measure of the set E. defined as {¢ € G, F(§) < €} is positive.
Set pu(E.) = 8, where p is the Haar measure of G. Let T(€) be defined by

T(§) = {“% £ © B

0 otherwise

Then 7 € Ly(L) and 1T,z = 1. Suppose that T(&) = X-,cp a(k)E(k) and
f(x) =3 e alk)Tié(z). Then Y, ; |a(k)[* = 1. On the other hand,

AP = 1117

=/£!T<5>!2 S |oten) de

neLt
- /E T()PF(E) de < <.

which implies that there is no constant A > 0 such that the left-hand side of (1.2)
holds for all {a(k)}ker € la(L). Similarly, if M, = oo, then there exists M € R,
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such that the measure of Ey; defined as {¢€ € G,|F(€)] > M} is positive. Then,
as before, one can show that there is no constant B > 0 such that the right-hand
side of (1.2) holds for all {a(k)}rer € l2(L). O

We show that, by Theorem 2.1, the following example does not satisfy the Riesz
family condition (1.2).

Example 2.2. Let ¢(x) = xjo,2)(x). Then b(€) = e ¢ and

i§
.2
364 ok |? = sin® &
%W& )| %—( gy
= sin fé +k7r
B sin? & B ¢
= sinz(g) = 4cos2<§).

Hence ", ., (- + 2km)|2 = 4 cos ?(3) is a continuous function vanishing at { = .
Therefore, {¢(- — k) }rez is not a Rlesz basis for its span.

3. RIESZ FAMILY OF A FINITE NUMBER OF FUNCTIONS

In this section, we give a necessary and sufficient condition for shifts of a finite
number of compactly supported functions in Ls(G) to be a Riesz family. To
express and prove our results, we require the following lemmas.

Lemma 3.1. Suppose that a;; € c.(L), i = 1,....m, j = 1,...,n, where L is
a uniform lattice in G. Let the matriz A(§) = (@ij(&))mxn have rank n for every
& € Spi; then there exist two positive constants Cy and Cy such that

clznanQ =3 )i

=1 j=1

, S sz [[s]2, (3.1)

for all uy,us, ..., u, € ls(L).

Proof. The right-hand inequality in (3.1) is followed by (1.1). To prove the left-
hand inequality in (3.1), set

yZ:Zaij*uj, 1=1,...,m. (3.2)
j=1

Fori=1,...,mand j=1,...,n,let bj;(k) be the complex conjugate of a;;(k~);
that iS, bﬂ(k’) = aij(k—l) for all k € L. Then bﬂ(é) = dw(é) for all 5 c SLJ_. Set

B(§) = (bi(€) 1,y and  G(§) = B(§)A(£),€ € Sy

The nxn matrix G(§) has n-rank, so it is nonsingular. Hence there exist functions
hij,i,5 =1,2,...,n, such that H({)B(§)A(§) =1 for all € € Sp1, where H(&) =
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(hij(€))nxn and I is the n x n identity matrix. As a result, if we set
n
Cri :Zh”*bti, r=1,...,ne=1,...,m,
=1

then

By (3.2) we have

m m n
E Cri*Vi:E E Cri ¥ Qij ¥ Uj = Up, T =1,... 0.
i=1

i=1 j=1

Hence by (1.1), there exists C' > 0 such that

n n m
Z [urlla < Z Z [erillallvilla
r=1

r=1 =1

m
<O vl
i=1

This completes the proof. Il

Lemma 3.2. Let U be a compact subset of G, and let L be a uniform lattice in G.
Then U N kS # 0, only for a finite number k € L.

Proof. Without loss of generality, we can suppose that 1 € S;. As G is locally
compact, and S;, has compact closure, there exists a symmetric neighborhood
V' of 1 with compact closure such that S, C V, and so |J,., kV is an open
covering for U. Therefore, there are ki, ..., k, € L such that U C U?:l k;V. Set
w = U?:1 k;V and W = wUw™!; then W is a symmetric neighborhood of 1 with
compact closure. Note that W contains k; Sy, for alli =1,...,n. Fix 1 <iy < mn;
therefore W N kk;, Sy, # () for finitely many k € L. Indeed, W N kk;, Sy, # () if and
only if k € WW. Also WW N L is compact and discrete. So it is finite in L. Thus
U N kk;, Sy, # O for finitely many k € L. O

Now we state and prove the main result of this section. We assume that G is
a second countable and LCA group.

Theorem 3.3. Let & = {¢1,...,¢n} be a finite number of compactly supported
functions in Lo(G). Then shifts of ® = {¢1,...,¢,} constitute a Riesz family if
and only if, for any & € G, the nets (p(&n))perr. ¢ € ® are linearly independent.

Proof. Let S(®) be the shift-invariant space generated by ®, defined as
S(P) = span{Typ,¢ € &,k € L}.

Set U; = supp(¢;),i = 1,...,n. Then kU; N Sy # O (or U; N kSy, # 0) for only
finitely many k& € L by Lemma 3.2. Therefore, S(®)|g, is finite-dimensional.
Hence there exist functions v,..., ¥, € Lo(G) with support in S; such that



320 N. MOHAMMADIAN, R. A. KAMYABI GOL, and R. RAISI TOUSI
{¥jls, }j=1...m forms a basis for S(®)|s, . Every ¢;,7 = 1, ..., n, can be represented

= > ak)wy(kw), (3.3)

j=1 keL

where a;; € c.(L),j=1,...,m,i=1,...,n. Consider uy,...,u, € lz(L) and

=33 ik w)u(k)

i=1 k€L

Using (3.3) we obtain

= Z SN auk)ui(ly(k ' )

1 i=1 kel leL
:ZZ Mi(0a)
j=1 v€L
where
V]:Zaﬁ*ui, j=1,...,m. (3.4)

Thus f(kx) =377, vi(k)y;(z) for z € Sy and k € L (note that G = Uy, kSL).
Accordingly, there exist two positive constants C; and Cs such that, for all k € L,

(31 0) < Wlasr < (3 mf)

Jj=1 Jj=1

As [If113 = Xker 11l Lathsy), it follows that

(X Iwil3)" < 1lle < G (X Iwil) (3.5)
j=1 j=1

This, together with (3.4), yields

m n
11l < Co (30| D asixw
j=1 =1

for all uy,...,u, € ls(L), where C5 > 0 is a constant independent of uy, ..., u,.
Suppose that the Fourier transforms of ¢, ..., ¢, exist. Taking the Fourier trans-
forms of both sides of (3.3), we get

=3 5" au(k)ER)G5(€)

j=1 kel

= au(©)(9), €e€Gi=1,...n

j=1

2y 1/2 "
)= il (3.6)
=1
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Thus, if the nets (gzgi(fn))ne Li,i = 1,...,n, are linearly independent for every

¢ € G, then the matrix A(€) := (@;i(€))mxn has rank n for every € € S;.. By
Lemma 3.1, there exists a constant C; > o such that

n m
S uilla < € Iyl
i=1 j=1

This, along with (3.5), yields

Z luill2 < Cs|| f1]2 (3.7)
i=1
forall uy, ..., u, € l5(L), where C5 > 0 is a constant independent of uy, ..., u,. By

combining (3.6) and (3.7), the sufficient part of the theorem is proved. To prove
the necessity part of the theorem, suppose that the nets (¢;({n))perr,i =1,...,n,

are linearly dependent for some ¢ € G. Therefore, Yoy cidi(€n) = Oforallny € L+
for some complex numbers cq, ..., c,, which are not all zero. It follows that

n

D) cil(k)gi(k'z) = 0. (3.8)

i=1 kel

Indeed, if

n

flx) = Z Z (k™ w)gi(k™ ),

i=1 keL
then f is L-periodic and well defined. Consider
v(n)= | f(x)i(x)de, ne L.
St
We have
vin) = [ D bk e)gi(k )n(x) do

St =1 keL

- Z/Gci§($)¢z‘($)n(x) dx
= Zciéi(in)-

Thus (3.8) is true if and only if 320", ¢;¢;(€n) = 0 for all n € L*. Suppose
that V' is a symmetric compact neighborhood of 1 in G such that ¢y,..., ¢, are
supported in V. Now, let U be a symmetric compact neighborhood of the identity
1 in G such that V C U and U contains at least one nontrivial element of L. Set



322 N. MOHAMMADIAN, R. A. KAMYABI GOL, and R. RAISI TOUSI

Upn=UU---U (m factors). Then every U,, is a compact set that contains finitely
many k € L. Form e N, 1 =1,...,n, set

. if
aim() = ci&(k) 1 k€ UZ“
0 it ke U,

where a;m, € co(L). Let fo(x) = 30 > rer Gim(k)@i(k ). Then (3.8) implies
that

fm(z) = Z Z ci&(k)gi(k~ )

N )

i=1 keUg,

Therefore f,,(z) = 0 for z € (U,,V°) U (U5 V). In other words, the function f,,
is supported in £ := (U,, V)N (USV°)¢. Since U, contains the identity element
of G and V C U, we have E C U. Clearly, ¢;(k~'z) # 0 only if k € V. Now, if
r € E and ¢;(k™'x) # 0, then k € F := LN EV C U,. In other words, =z € E
and k ¢ F imply that f,,(x) = 0. As supp(f,,) C F, we have

Il Loy < leilll il e Y 1
i=1

keUsz
and
n n 1 n
2\ 2 1
S llaimlue =3 (D ec®F) = 3 leil.me.
i=1 i=1 kEUn i=1
Consequently,
n n 1
lim > izt laimlli) > D iy lci| - m2 — .
m—oo || finllLo(c) > i lCillldill o) 2ok, 1
This shows that the set of shifts of ¢, ..., ¢, is not a Riesz family. The proof of
the theorem is complete. O

As an example of Theorem 3.3, we give the following example.

Ezxample 3.4. Let {V;};cr be a multiresolution of Ly(R) that is a nested sequence
as follows:

e CVLC VeV T
such that

(1) Miez Vi = {0);

(i) UiesVi = Lo(R);

(iii) f(-) € V; if and only if f(2-) € Vj,1; and

(iv) there exists a function ¢ € V; such that {¢(- — n)}.ez is a Riesz basis
of V.
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As ¢ € Vj is also in Vi, we can expand ¢ into a linear combination of the basis
of V1; that is,

$(x/2) =D ard(x — k), (ar)rez € L(Z). (3.9)
keZ
Taking the Fourier transform of (3.9), we obtain
6(€) = mo(€/2)6(¢/2), (3.10)

where mgy(§) = >,z e ™. Denoting by W; the orthogonal complement of

Vi in V;.1, we have the orthogonal decomposition W; & V; = V.. Let v € W,.
Then there exists a sequence (bg)rez € l2(Z) such that

=Y bp(Dy1Tig), (3.11)
kEZ

which induces a Riesz basis {¢(2" - —k),k € Z} of W; (see [6]). Moreover,
{p(2"- —k),v(2" - —k),k € Z} forms a Riesz basis of V;,1. By taking the Fourier
transform of (3.11), we have

b() = my(£/2)0(¢/2), (3.12)
where my(§) = iz %e‘zm"’f. Therefore, by (3.10) we have $(£) =

mmw(f /2)¢(€). For more details on multiresolution, we refer to [6].

It is clear that mm¢((£ + 2km)/2) is not constant for every k € Z.

So, for every £ € R, {($(5 + 27k)) ez, (zﬁ(f + 27k))kez} is linearly indepen-
dent.

Using Theorem 3.3 we obtain the following example, which confirms [10, Ex-
ample 4.1].

Ezample 3.5. Let the scaling function ¢ := (¢1, ¢2) be given as follows (see Fig-
ure 1):
¢1 = (1 — 3% — 22%)x_1,09 + (1 — 322 + 22°) xp0.11,
P9 = (x + 22% + ) x 1,0 + (¢ — 22 + 2°) x[0,1)-
Then ¢(2¢) = a(€)(€), where the mask a is given by
T4 38 12 0 1/4  —3/8
a(-1) = [—1/16 —1/16} - al0)= { 0 1/41 all) = {1/16 ~1/16|

with a(k) = 0 for all k£ € Z \ {-1,0,1}. Consider a sequence b supported on
{-1,0,1} as

11-2 —15 10 11 =2 15
O P R O PO R e e N

512 512 512 512

and b(k) =0 for all k € Z\ {—1,0, 1}. Define

—221) o2z — k

kEZ

= 2(b(—1)¢(2z + 1) + b(0)p(2z) + b(1)p(2z — 1)).
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1 . . 0.15
0.8} | 0.1t
0.6l . 0.05¢
= 0
— 0.4 \S~ _0‘05 L
0.2+ 1 -0.1¢+
0 | | | 0.15 | | |
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
X X

FIGURE 1. ¢1(2), ¢o(x).

Then, by Theorem 3.3, ¢ = (1, 19) generates a Riesz wavelet basis for Ls(R),

since the set {(¢1(€ + 2k7))kez, (Va(€ + 2km) ez} for all £ € R is linearly inde-
pendent.
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