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Abstract. We study the extension property of isometries on the unit sphere
of the `1 -sum of strictly normed spaces, which is a special case of Tingley’s isometric extension problem. In this paper, we will give some sufficient conditions
such that such isometries can be extended to the whole space.

1. Introduction
Let E, F be real normed spaces. The classical Mazur–Ulam theorem states that
every surjective isometry T : E → F must be affine. P. Mankiewicz [5] extended
this result by showing that if U ⊂ E and V ⊂ F are either open connected
or convex bodies and V0 : U → V is a surjective isometry, then there exists a
surjective affine isometry V : E → F such that V |U = V0 . Motivated by these
results, Tingley [9] proposed the following isometric extension problem. Suppose
that E is a normed space, and let S1 (E) = {x ∈ E : kxk = 1} be the unit sphere
of E.
(IEP) Let E, F be real normed spaces. Suppose that V0 : S1 (E) → S1 (F ) is a
surjective isometry. Is V0 necessarily the restriction of a linear isometry
on the whole space?
If this problem has a positive answer, then the local geometric property of a
mapping on the unit sphere will determine the global property of the mapping
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