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ABSTRACT. In the following we generalize the concept of Birkhoff-James
orthogonality of operators on a Hilbert space when a semi-inner product is con-
sidered. More precisely, for linear operators T and S on a complex Hilbert space
H, a new relation T L5 S is defined if T and S are bounded with respect to
the seminorm induced by a positive operator A satisfying |7+ vS|| 4 > || 4
for all ¥ € C. We extend a theorem due to Bhatia and Semrl by proving that
T LB S if and only if there exists a sequence of A-unit vectors {z,,} in H such
that lim, 4o [|[T2n| 4 = |74 and lim, oo (T2y, Szp) 4, = 0. In addition,
we give some A-distance formulas. Particularly, we prove

Virel}cCHT‘FA/SHA = SUP{|<Txay>A|§ ”x”A = HyHA =1, <Sx7y>A = 0}~

Some other related results are also discussed.

1. Introduction and preliminaries

Let B(H) denote the C*-algebra of all bounded linear operators on a complex
Hilbert space H with an inner product (-,-) and the corresponding norm || - |.
The symbol [ stands for the identity operator on H.If T' € B(H), then we denote
by R(T') and N (T') the range and the kernel of T, respectively, and by R(T) the
norm closure of R(7"). Throughout this article, we assume that A € B(H) is a

positive operator and that P is the orthogonal projection onto R(A). Recall that
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A is called positive if (Az,x) > 0 for all z € H. Such an A induces a positive
semidefinite sesquilinear form (-,-) , : H x H — C defined by

<x’y>A: <AZL‘,y>, xa?JG'H'

Denote by || - ||, the seminorm induced by (-, ) ,; that is, ||z]|, = /(z,z) , for
every x € H. It can be easily seen that || - ||, is a norm if and only if A is an
injective operator, and that (,] - || ,) is a complete space if and only if R(A)
is closed in H. For x,y € H, we say that x and y are A-orthogonal, denoted by
x Lay,if (x,y), = 0. Note that this definition is a natural extension of the usual
notion of orthogonality, which represents the I-orthogonality case. Furthermore,
we put

Bai2(H) ={T € B(H): Jc > 0Vx € H;[|Tz| , < c|lz|,}.

We consider an operator 7' € B(H) to be A-bounded if T" belongs to B 41/2(H). It
can be shown that B 41/2(?) is a unital subalgebra of B(?) which, in general, is
neither closed nor dense in B(H) (see [2]). We equip B 41/2(H) with the seminorm
| - || 4 defined as follows:
IT], = swp A2l
seR@azo 17

In addition, for T' € B 41/2(H), we have

=inf{c > 0; |Tz| , < c||z|/ 4,z € H} < o0.

1Ty = sup |Tx|,=sup{[{Ta,y),|;2.y € H, |zl , = llyll, =1}

€M, ||z|| 4=1

Of course, many difficulties arise. For instance, it may happen that |7, = oo
for some T' € B(H). In addition, not any operator admits an adjoint operator for
the semi-inner product (-, -) ,. (For more details about this class of operators, we
refer the reader to [2].) In recent years, several results covering some classes of
operators on a complex Hilbert space (H, (-, -)) have been extended to (H, (-, -) 4)
(see [2], [3], and the references therein).

The notion of orthogonality in B(#) can be introduced in many ways (see,
e.g., [13]). When T, S € B(H), we say that T is Birkhoff-James orthogonal to S,
denoted T' 1.2 S, if

T +~S| > ||T| forall v e C.

In Hilbert spaces, this orthogonality is equivalent to the usual notion of orthogo-
nality. This notion of orthogonality plays a very important role in the geometry
of Hilbert space operators. For T, S € B(H), Bhatia and Semrl in [4, Remark 3.1]
and Paul in [14, Lemma 2] independently proved that 7' 1% S if and only if there
exists a sequence of unit vectors {z,} in ‘H such that

lim ||Tx,|| = ||T| and lim (T'x,, Sz,) = 0.
n—oo n—oo

It follows then that if the Hilbert space H is finite-dimensional, 7" L7 S if and
only if there is a unit vector € H such that ||Tz| = ||T|| and (T'z, Sx) = 0.

A number of authors have recently extended the well-known result of Bhatia
and Semrl (see, e.g., [6], [17], [19]). Moreover, Wojcik [17], [19] showed other
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ways of proving the Bhatia—Semr] theorem. Other authors have studied different
aspects of orthogonality of operators on various Banach spaces and elements of
an arbitrary Hilbert C*-module (see, e.g., [1], [5], [7], [10], [11], [15], [18], [20]).

Now, let us introduce the notion of A-Birkhoff-James orthogonality of opera-
tors in semi-Hilbertian spaces.

Definition 1.1. An element T' € B 41/2(H) is called A-Birkhoff-James orthogonal
to another element S € B 41,2(H), denoted by T' L5 S, if

T +~S||, > IT||, forall y e C.

This is a generalization of the notion of Birkhoff-James of Hilbert space oper-
ators. Notice that the A-Birkhoff-James orthogonality is homogenous; that is,
T 188 & () L5 (BS) for all a, 3 € C.

This paper is organized as follows. In Section 2, we obtain characterizations of
A-Birkhoff-James orthogonality for bounded linear operators in semi-Hilbertian
spaces. In particular, for T, S € B,1/2(H), we show that T 1§ S if and only if
there exists a sequence of A-unit vectors {x,} in H such that

Jdim [Ty, =[Tll,  and L (T, Sa), =0,

Furthermore, for the finite-dimensional Hilbert space H, we show that T 15 S
if and only if there exists an A-unit vector x € H such that ||Tz||, = ||T]| , and
(T'x,Sx) 4 = 0. The mentioned property extends the Bhatia-Semrl theorem.

Finally, in Section 3, some specific formulas for inf,cc [|T"+ 7S] 4, where we
have that T, S € B 41/2(H), are given. In particular, we show that

inf |17+ 981y = sup{ [ (T, ) ali 1l = gl = 1,52 La g}
We then apply it to prove that infcc |7 +~vS||5 = SUD 4 =1 @;T’S)(x), where
2 Tx,Sz) 412 .
T (4 {uTqu - EE2mal it ||Sal 4 # 0,
A = .
T if [|Sz][, = 0.
Our results cover and extend the works of Fujii and Nakamoto in [9] and Bhatia
and Semrl in [4].
2. A-Birkhoff-James orthogonality of operators

We first prove a technical lemma that we need in what follows. We use tech-
niques from [3, Theorem 3.2 to prove this result. In fact, the following lemma
extends Magajna’s lemma in [12].

Lemma 2.1 ([12, Lemma 2.1]). Let T, S € B 41/2(H). Then the set
WA(T,5) = {€ € C:3(x,} € M.y = 1. lim_ [T, = 7],
and lim (T'x,,Sz,), =&}

n—-4o0o

18 monempty, compact, and convez.
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Proof. Since the seminorm of T' € B 41/2(H) is given by
|||,y = sup{ | Tz|| ;= € R(A), [|z]| 4 = 1},

there exists a sequence of A-unit vectors {x,} in R(A) such that

i ([T, = T

Furthermore, using the Cauchy—Schwarz inequality, we have
(T, Saa) 4| <N T2l 41520l < N TS 4-

Hence, {(T'x,,, Sx,) 4} is a bounded sequence of complex numbers, so there exists a
subsequence {(T'xy,, , Sy, ) 4} that converges to some & € C. Thus & € Wa(T, 5)
and hence Wy(T, S) is nonempty.

On the other hand, considering the definition of W4 (T, S), it follows that

Wa(T,S) c {€€C el < TNl 4}

Therefore, to prove that W4(T', S) is compact, it is enough to show that W4 (T, S)
is closed. Let &, € W4(T,S), and let lim,,_, 1 &, = &. Since &, € Wy(T, S), there
exists a sequence of A-unit vectors {x], } in H such that lim,, ,yoo|| T2 || 4 = | T|| 4
and lim,, oo (T2}, Sa7) 4 = &, Now, let € > 0. Hence

Tzl — TN 4| < (2.1)
and also
€
|<Tx”m,5xfn)A—€n‘ < 5 (2.2)

for all sufficiently large m. From (2.1) and (2.2), we get

1T lla = 1Tl 4| <<

and
|<T$m75xm>A - g‘ S }<Tl’m,SIm>A - én‘ + |§n - §| < 5 + 5 =&
for all sufficiently large m. Therefore, we deduce that lim,,, oo ||z} || 4, = [|T]| 4

and lim,, oo (T2, Sat) 4 = & Thus £ € Wu(T, S) and so W4(T, S) is closed.

We next show that W,(T,S) is convex. Since H can be decomposed as H =
N(A) @ R(A), every z € H can be written in a unique way into z = y + z with
y € N(A) and 2z € R(A). Furthermore, since A > 0, it follows that N (A) =
N (AY?) which implies that ||z|| , = ||2]| ;- Thus

Wa(T,S) = {€ € C;3{ (g, 20) } € N(A) x RCAY, [l2all = 1,
nl_lfil HT Yn +Zn ||A = ||T||Aa and
nl_lffoo (Tyn, Szn) 4 + (Tzn, Szn) 4 = 5}-

Since T, S € B41/2(H), then T(N(A)) € N(A) and S(N(A)) € N(A). Hence,

we get
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Wa(T, 8) = {¢ € C;3{zu} C R(A), zull4 = 1,
hm | Tzp|l 4 = IT|| 4, and hm (Tzn,Szp) 4 =&}

= {5 € C; Iz} CR(A), lzall, = 1,
ngrfoo | PT 2| 4 = HPT|W“A’ and nBrJPoo (PTz,, PSz,) 4 = 5}

= WAO (f7 §>7
where Ay = A’W’ T = PT’W’ and S = PS’W' By [12, Lemma 2.1], we
conclude that W (T, S) is convex. O

Recall that the minimum modulus of S € B(H) is defined by
m(S) = inf{||Sz| : z € H, ||z|| = 1}.

This concept is useful in studying linear operators (see [13] and the references
therein). The A-minimum modulus of S € B 41/2(H) can be defined by

ma(S) = inf{||Sz|, : x € H,||z|, = 1}.
We are now in a position to establish the main result of this section. To establish
the following theorem, we use some ideas from [16, Theorem 2.
Theorem 2.2. Let T, S € B 41/2(H). Then the following conditions are equivalent:

(i) there exists a sequence of A-unit vectors {x,} in H such that

hrf Tzl 4= 1T 4 and lim (T, Sx,), =0,
n—-+oo

n—-+o0o

(ii) [T +7S|% 2 ITI% + WPmi(S) for all v € C,

(iii) 7 L% S.
Proof. (i)=-(ii) Suppose that (i) holds. We have

17+ 815 > (T +38)aall
= HTanA + Y (Twn, Szp) 4 + (S0, TTn) 4 + ’7’2“53771“2A
for all v € C and n € N. Thus
T+ 381 = T + B2 lim sup |Szal3 = 113 + i (5)

for all v € C.

(ii)=-(iii) This implication is trivial.

(ili)=() If ||S]|4, = O, then since T" is a seminorm, there exists a sequence of

A-unit vectors {z, } in H such that lim,_, || Tz,| 4 = ||T|| 4. So, the Cauchy-
Schwarz inequality implies that

(T2, St0) 4| < T2l 4l Sznll g < NTNANS]L =0.

Hence, lim,,_ oo (T2p, Sxy) 4 = 0. Now let [|S||, # 0. It is enough to show that
0 € Wa(T,S), where W4(T,S) is defined as in Lemma 2.1. Let 0 ¢ Wy(T,S).
Lemma 2.1 implies that W,4(T,S) is a nonempty, compact, and convex sub-
set of the complex plane C; hence, because of the rotation, we may suppose
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that W4(T,S) is contained in the right half-plane. Therefore there is a line
that separates 0 from W,(7,S). In other words, there exists 7 > 0 such that
ReWu(T,S) > 7. Let

H, = {x € H;|lz]| 4, =1, and ReWy(T,95) < g}
and
§ =sup{||Tz| ;;z € H,}.

We first claim that § < ||T||,. Suppose that § > ||T||,. Hence § = ||T’|| ,. Thus
there exists a sequence of vectors {z,} in H, such that lim, ., ||[T2,|, =
|7 4. As x, € Hr, so [|zn|l, = 1 and ReWy(T,S) < 7. Now the sequence
{(T'x,, Szy) 4} is bounded, and hence it has a convergent subsequence; so with-
out loss of generality we can assume that {(T'z,, Sx,) 4} is convergent. If we set

§ = limy 400 (Tp, Sty 4, then Re(§) < 7, and this contradicts the fact that

ReWy(T,S) > 5. Thus § < [|T|| 4. Let v = max{%;]i, 62_”|L,T”|LA}. Then ~, < 0.

We claim that ||7"+ 79S|, < ||T]| 4- Let « be an A-unit vector in H. If z € H,
then

(T +708)[| , < 1Tzl 4+ olllSzll4 < 6 = llS1 4

Il =6, g _ 0, 1Tl
<o+ A0S, =5+
2T, T2

and so ||(T + 9z, < 3+ —HT2HA.
If v ¢ H,, then we can write Tx = (r +it)Sx +y with 7, € R and Sz L4 y.
Thus

2r||S|% > 2r||Sz |’ = 2Re (Tw, Sz), > = > =S|I,

N

and hence 2r + 79 > 0. Now, let us put
. 2
0:= mf{”&EHA;x ¢ Hellzlla = 1}-
Since 12 + 21y < 0, we obtain

H(T+ ’yoS)acH?4 = (((r+70) +it)Sz +y, ((r + ) + it) Sz + y>A
= ((r +70)* + ) 1Szll3 + llyll%
= 1T l% + (38 + 2ry0) 15213
<N Talls + (8 + 2ry0) inf {[| S5 @ & Mol 4 = 1}
< ITI% + (36 + 2r70)8.
Hence ||(T +705)z|% < IT|1% + (78 + 2r70)6. Thus in all cases

o T
5, 17l

2
52 ) ITIE + (38 + 2r0)0

(T + 705’):10”?4 < max{ (

whence
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T
0 i + 03+ 20000,

Since max{(2 + Z1ay2 | 7% + (42 + 2r0)8} < | T, we obtain ||T + 05|, <
|T|| ;- Therefore we deduce that 7' /5 S, which contradicts our hypothesis. The
proof is thus completed. O

17+ 50817 < masf{ (2 +

The following corollary gives a direct application of Theorem 2.2 for the case
A=1.

Corollary 2.3 ([4, Remark 3.1], [14, Lemma 2|). Let H be a complex Hilbert
space, and let T, S € B(H). Then the following statements are equivalent:
i) T 1B S,

(ii) there exists a sequence of unit vectors {x,} in H such that

hm | Tz, || = ||T|| and lim (Tx,,Sxz,) = 0.

n—-+o0o

In what follows, for T € B 41/2(H), we denote by MY the set of all A-unit
vectors at which 7" attains the seminorm || - || ,; that is,

My ={zeH |zl =1 Tz, =T}

(For more information on norm-attaining sets, see [8].) In the next theorem, we
consider a finite-dimensional Hilbert space and we characterize the A-Birkhoff—
James orthogonality of operators in semi-Hilbertian spaces.

Theorem 2.4. Let H be a finite-dimensional Hilbert space, and let TS €
B 12(H). Then the following conditions are equivalent:

(i) there exists x € M such that Tx 1 4 Sz,
(i) T LB S.

Proof. (1)=(ii) Suppose that (i) holds. Then there exists an A-unit vector x € ‘H
such that | Tz||, = ||T||, and Tz L4 Sx. Put z,, = x for all n € N. So, by the
equivalence (i)« (iii) in Theorem 2.2, we deduce that T' 1% S.

(ii)=-(i) First note that, by using the decomposition H = N(A) @ R(A) and
letting Ay = Alz, it can be seen that the set {z € R(A); 2[4, = 1} is
homeomorphic to the set {x € R(A); ||z|| = 1}, which is compact since R(A) is
finite-dimensional. Thus we get that the set {z € R(A); ||z[|,, = 1} is compact.

Now, suppose that (i) holds. Put T = PT |7z and S = PS|zay- Therefore,
by the equivalence (i)<>(iii) in Theorem 2.2, there exists a sequence of Ag-unit
vectors {z,,} in R(A) such that

dim [Tl = [Tll,,  and  lm (Ta,Sn),, =0
Since the set {z € R(A); [l ,, = 1} is compact, then {x,} has a subsequence

{z,, } that converges to some z € R(A) with [[z]| ,, = 1. This yields ||Tx||A0 =

My o0 || T, 4, = ||T||A0 and (T'z, Sm)A = limys oo (T, ank>AO 0. From
this it follows that x € M and Tx L 4 Sz. O
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As an immediate consequence of Theorem 2.4, we have the following result.

Corollary 2.5. Let H be finite-dimensional, and let T, S € B 41/2(H). Then the
following statements are equivalent:

() T 155,
(ii) there exists x € My such that, for every vy € C,

2 2 2
1T+ ySzl[3 = 1Tl + [y[*lIS[I-

3. Some A-distance formulas

In this section, we give some formulas for the A-distance of an operator to
the class of multiple scalars of another operator in semi-Hilbertian spaces. For
T,S € Byi2(H) we have, by definition, ds(7,CS) = inf,ec ||T"+ vS|| 4. The
following auxiliary lemma is needed for next results.

Lemma 3.1. Let T, S € B 41/2(H). Then there exists {y € C such that
da(T,CS) = [T + GoSl 4-
Proof. 1t ||S]| 4 = 0, then
1T+ SN a 2 1714 = VIISIL = 1714

for all v € C. It is therefore enough to put ¢y = 0. If ||S]|, # 0, then put D :=

{v € Gyl < QHHST”H/:‘} and define f : D — R by the formula f(y) = |7+ 7S] 4.

Clearly, f is continuous and attains its minimum at, say, (; € D (of course, there
may be many such points). Then ||[T'+~S||, > [T+ (S|4 for all v € D. If

v ¢ D, then |y| > 1';“'{;“ Since 0 € D, we obtain

1T+ 4514 = WISIA = [IT14 > 20T 4 = TN 4 = 1T 4 = 1T+ CoS |l 4-
Thus | T +~S|l, > [T+ S|, for all v ¢ D. Therefore, ||T+~S|, >

|T + ¢S] 4 for all v € C. So, we conclude that inf,cc [|T°+ 7S], = |17 + ¢S] 4
and hence da(T,CS) = ||T + (o5 4- O]

The following result is a kind of Pythagorean relation for bounded operators
in semi-Hilbertian spaces.

Theorem 3.2. Let T, S € B 41/2(H) with ma(S) > 0. Then there exists a unique
(o € C such that

(T + o) + Sy 2 1T+ GSI4 + Iy Pmii(S)
for every v € C.
Proof. By Lemma 3.1, there exists (; € C such that
inf [T+ 95]4 = 1T+ G5l
equivalently,

égé ||(T + (oS) +55HA = [T+ ¢S 4-
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Thus (T + (o5) L5 S. So, by the equivalence (i)<>(ii) in Theorem 2.2, for every
~v € C, we have

2
(T + GoS) + 7SIy 2 IT + GoS % + I Pmi(S)-
Now, suppose that (; is another point satisfying the inequality
2
(T +GS) +7S|[4 2 1T + QSIS + IPmi(S) (v € O).
Choose v = (y — (31 to get
1T+ GSI% = (T +GS) + (G — &S

> |7+ GSI% + (o — Gi*m3(S)
> || T+ oS5 + [ — Ci*m34(S).

Hence 0 > |¢o — (1]*m?%(S). Since m?(S) > 0, we get |{y — (1]* = 0; equivalently,
(o = (1. This shows that (y is unique. O

We now establish one of our main results. In fact, in what follows, we provide
a version of the Bhatia—Semrl theorem (see [4, p. 84]) in the setting of operators
in semi-Hilbertian spaces.

Theorem 3.3. Let T,S € B 1/2(H). Then

Aa(T,CS) = sup{ [(Te,y) 1| lall, = Iylls = 1, Sz La v}

Proof. Let z,y € H, |||, = |lyll, = 1, and let Sz L4 y. The Cauchy-Schwarz
inequality implies that

(Tz,y) 4] = (T + )z, y) | < (T +48)z|| lylly < IT+7S 4
for all v € C. Thus

sup{[(Tz,y) a|: 2l 4 = llylla = 1, Sz Lay} < T +75]4

for all v € C and so

sup{[(Tz,y)4; ll2lla = llyla = 1, 8w Lay} < Wf [T+ 7S],

Hence
sup{ [(Tz, y) 4| |zl 4 = llyll 4 = 1,5z Lay} < da(T,CS). (3.1)

On the other hand, by Lemma 3.1, there exists (5 € C such that ds(7,CS) =
|7+ (0S| 4~ We assume that {; = 0 (otherwise, we just replace 7" by T +
€0S). Thus d4(T,CS) = ||T||,; equivalently, T L% S. Then, by the equivalence
(i)<(iii) in Theorem 2.2, there exists a sequence of A-unit vectors {z,} in H
such that lim, i ||[T2,] 4, = |7, and lim, .o (T2, Sz,), = 0. Now, let
Tx, = 0, Sty + Bryn With Sz, La yn, [|yn]l 4 = 1, and ay,, 8, € C. Then we have
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2 . 2
B(T,CS) = |TIf, =l |[Ta

= lim <OénS$n + 5nyn, CVnsmn + ﬁnyn>A

n—-+00

= lim (@, ST, S, 4 + |Bul?

n—-+00

= lim <T33n - ﬁnym OénsxTZ)A + |ﬂn‘2

n—-+0o00

— 1 o 2 _ 1 2
—ngglooOMTxn,S:vn)A B (Yns Sn) 4 + | Pl ngrfmlﬁn! :

Consequently, we obtain
da(T,C8) = lim || = lim [(Byyn,yn) 4|

n—s-+oo n—-oo
< sup{‘(Tx,y)A|; lzll 4 = llyll, = 1,52 La y}:
whence
dA(T,CS) < sup{!(Tx, Y) 4
From (3.1) and (3.2), we conclude that
Aa(T,CS) = sup{| (T, ) 4] Izl = Iylly = 1, S Lay}. 0

For T' € B(H), Fujii and Nakamoto in [9] proved that d (7", CI) can be written
in the form

d(T,CI) = (sup (|T=|* - ‘(Tx,x)‘Q))l/Q = sup ||Tz — (Tz,z)x

llzll=1 llzll=1

llla = llylly = 1,82 Lay}. (3.2)

) (3.3)

which shows that d 4 (T, CI) is the supremum over the lengths of all perpendiculars
from T'x to x, where x passes over the set of unit vectors. In the following theorem,
for T,.S € B 41/2(H), we show that da(7,CS) can also be expressed in the form
generalizing (3.3).

Theorem 3.4. Let T, S € B12(H). Then
d4(T,CS) = sup CI>(AT’S)(:L’),

]l 4=1

where

T if |5z]| 4 = 0.

Proof. For every v € C and every A-unit vector x € H such that ||Sz||, # 0, we
have

2 (Tz,S5z) 4|2 .
219 () — {nTan ot i l1Sall, #0,

|(Tx 4+ vSx, Sx) 4|2
151
= T |l% + [y 1Sz + 2Re (T, vSx) ,
(T, Sz) > + [y S|4 + 2||Sx| Re (T, 7Sz) ,
1S1%

2
[Tz + S|y —
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= e, - LEm 55l
1Sz
Thus
(Tx + Sz, Sz) 42
[EEIW

< ||z + Szl < 1T + 7S5

o\ (x) = ||Tx + Sz |y —

Also, in the case ||Sz||, = 0 we have

7,5 2
O (2) = | T2l < (ITz+vSwl 4+ IvSall,)” = [Tz + 7Sl < |IT +4S|%.

Hence we obtain <I>E4T’S)(x) < ||T 4 7S|)% for every A-unit vector z € H and

every v € C. Therefore, supy, _; @;T’S)(x) < |IT + 4S|)% for every v € C and
consequently,
sup @4 (x) < inf | T+ 7S]
ye

llzll 4=1

Thus
sup 7 (z) < d3(T, CS). (3.4)

]l 4=1

Now, take A-unit vectors x,y € H such that Sz L4 y. If ||Sz||, = 0, then
2 2 112 7,8 7.8
[(Ty)al < ATyl = 0407 (@) < sup @l ().

llzll 4=1
If || Sx|| 4, # 0, then
(T, Sz) , 2
(Tz,y) " = [(Tx — =" A8uy
| A‘ ‘< ||S$||2A >A
< <T$ _ <Tx’—S€>ASx7Tx _ MS“‘>
15[ 15zl A

Tz, Sz) |
= - WEE0AE 090 < sup 09 (),
152 ol 4=1

So, we conclude that [(T'z,y) 4* < sup, (ID(AT’S) (x) for all A-unit vectors z,y €
‘H such that Sx 1 4 y. Therefore, Theorem 3.3 implies that

d%(T,CS) < sup T (). (3.5)
z|| 4=
Now, the result follows from (3.4) and (3.5). O]

We close this paper with the following inf-sup equality in semi-Hilbertian
spaces.

Theorem 3.5. Let T, S € B 41/2(H). Then

inf T +~S)z|, = inf (T +~9)z||’.
inf swp |[(T+98)ally = sup i [T+ 7)ol
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Proof. Let x € H with ||z||, = 1. If ||Sz||, = 0, then
(T +58)|| , = 1Tl s — WISzl 4 = 1T 5
for all v € C. Thus
ITall} 2 inf ||(7 +~S)all}, > |72,

whence inf,ec [[(T"+ fyS)a:HA = HT;I:HA Hence inf.ec |[(T + ’YS)ZUHA _ CID(TS)( ).
If | Sxz|| , # 0, then simple computations show that

s eone | (T2, 52) (T2, 52)
P I ekt RN L o iy
. ISzl 15|’
Thus ||(T + ~S)z||%, achieves its minimum at —% and the minimum value
Zlla
is | Tz — %. Hence inf.ec ||(T +~S)z|? = (I>E4T’S) (x) for every A-unit

vector x € H. From this, by Theorem 3.4, we conclude that

sup inf H T +~S) :CHA = sup <I>E4T’S)(a:)
|| , =1 7€C e y=1
= d%(T,CS)
mf IT +~S|% = inf sup H(T—i—'yS)xHi.

VEC ||z]| =
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