
Ann. Funct. Anal. 10 (2019), no. 3, 337–349

https://doi.org/10.1215/20088752-2018-0033

ISSN: 2008-8752 (electronic)

http://projecteuclid.org/afa

ENDPOINT ESTIMATES FOR MULTILINEAR FRACTIONAL
INTEGRAL OPERATORS ON METRIC MEASURE SPACES

YUAN ZHAO,1 HAIBO LIN,1 and YAN MENG2*

Communicated by A. D. Baranov

Abstract. Let (X , d, µ) be a metric measure space such that, for any fixed
x ∈ X , µ(B(x, r)) is a continuous function with respect to r ∈ (0,∞). In
this paper, we prove endpoint estimates for the multilinear fractional integral
operators Im,α from the product of Lebesgue spaces L1(µ) × · · · × L1(µ) ×
Lpk+1(µ)× · · · × Lpm(µ) into the Lebesgue space Lq(µ), where k ∈ [1,m) ∩ N,
α ∈ [k,m), pi ∈ (1,∞) for i ∈ {k + 1, . . . ,m} and 1/q = k +

∑m
i=k+1 1/pi − α.

We furthermore prove that Im,α is bounded from Lp1(µ) × · · · × Lpm(µ) into
L∞(µ), where pi ∈ (1,∞) for i ∈ {1, . . . ,m} and

∑m
i=1 1/pi = α ∈ [1,m).

1. Introduction

The fractional integral operator is an important tool in the theory of harmonic
analysis, especially in the study of the differentiability and smoothness of func-
tions. In the classical Euclidean spaces with Lebesgue measures, Kenig and Stein
[3] and Grafakos and Kalton [1] respectively studied the boundedness of multi-
linear fractional integral operators. Recently, Komori-Furuya [4] established the
endpoint estimates for these type of operators.

With the development of the theory, people find that many results in the classi-
cal Euclidean spaces still hold true in metric measure spaces (see, e.g., [2], [5]–[9]).
In what follows, we always assume that (X , d, µ) is a metric measure space with
µ being a Radon measure. Sihwaningrum and Sawano [8] established the bound-
edness of fractional integral operators on Morrey spaces over (X , d, µ).
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The purpose of the present article is to generalize the endpoint estimates for
multilinear fractional integral operators on the classical Euclidean spaces with
Lebesgue measure, obtained by Komori-Furuya [4], to the metric measure spaces.
In what follows, let N := {1, 2, . . .}.

Let m ∈ N and α ∈ (0,m). We define the multilinear fractional integral oper-
ator Im,α on (X , d, µ) by setting, for any fi ∈ L∞

b (µ), i ∈ {1, . . . ,m}, x ∈ X ,

Im,α(f1, . . . , fm)(x)

:=

∫
Xm

f1(y1) · · · fm(ym)
[µ(B(x, 6max{d(x, y1), . . . , d(x, ym)}))]m−α

dµ(y1) · · · dµ(ym),

(1.1)

where L∞
b (µ) represents the set of L∞(µ) functions with bounded support, and

for any x ∈ X , r ∈ (0,∞), B(x, r) := {y ∈ X : d(y, x) < r}. When m = 1, we
simply denote I1,α by Iα and, moreover, if we replace 6 with 2, then I1,α is the
fractional integral operator introduced by Sihwaningrum and Sawano in [8]. In
what follows, we always assume that m ∈ [2,∞) ∩ N.

In this paper, unless otherwise stated, we always assume that (X , d, µ) is a
metric measure space such that, for any fixed x ∈ X , µ(B(x, r)) is a continuous
function with respect to r ∈ (0,∞). Our main results are stated as follows.

Theorem 1.1. Let k ∈ [1,m) ∩ N, α ∈ [k,m), and the multilinear fractional
integral operator Im,α be as in (1.1). Then, for p1 = · · · = pk = 1, pk+1, . . . , pm ∈
(1,∞), and 1/q = k +

∑m
i=k+1 1/pi − α, there exists a positive constant C such

that, for all fi ∈ L∞
b (µ), i ∈ {1, . . . ,m},

∥∥Im,α(f1, . . . , fm)
∥∥
Lq(µ)

≤ C
k∏

i=1

‖fi‖L1(µ)

m∏
i=k+1

‖fi‖Lpi (µ). (1.2)

Via Theorem 1.1, we can obtain the following corollary.

Corollary 1.2. Let k, l ∈ N with k+ l ∈ (1,m− 1], α ∈ [k, k+ l), and the multi-
linear fractional integral operator Im,α be as in (1.1). Then, for p1 = · · · = pk = 1,

pk+1, . . . , pk+l ∈ (1,∞), pk+l+1 = · · · = pm = ∞ and 1/q = k+
∑k+l

i=k+1 1/pi−α >
0, there exists a positive constant C such that, for all fi ∈ L∞

b (µ), i ∈ {1, . . . ,m},

∥∥Im,α(f1, . . . , fm)
∥∥
Lq(µ)

≤ C
k∏

i=1

‖fi‖L1(µ)

k+l∏
i=k+1

‖fi‖Lpi (µ)

m∏
i=k+l+1

‖fi‖L∞(µ).

Theorem 1.3. Let α ∈ [1,m) and the multilinear fractional integral operator
Im,α be as in (1.1). Then, for p1, . . . , pm ∈ (1,∞), and

∑m
i=1 1/pi = α, there

exists a positive constant C such that, for all fi ∈ L∞
b (µ), i ∈ {1, . . . ,m},

∥∥Im,α(f1, . . . , fm)
∥∥
L∞(µ)

≤ C
m∏
i=1

‖fi‖Lpi (µ).

From Theorem 1.3, we can deduce the following corollary.
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Corollary 1.4. Let k ∈ N, l ∈ [2,∞) ∩N with k + l ∈ (2,m), α ∈ [k + 1, k + l),
and the multilinear fractional integral operator Im,α be as in (1.1). Then, for
p1 = · · · = pk = 1, pk+1, . . . , pk+l ∈ (1,∞), pk+l+1 = · · · = pm = ∞, and

k +
∑k+l

i=k+1 1/pi = α, there exists a positive constant C such that, for all fi ∈
L∞
b (µ), i ∈ {1, . . . ,m},∥∥Im,α(f1, . . . , fm)

∥∥
L∞(µ)

≤ C
k∏

i=1

‖fi‖L1(µ)

k+l∏
i=k+1

‖fi‖Lpi (µ)

m∏
i=k+l+1

‖fi‖L∞(µ).

Remark 1.5. In the case where (X , d, µ) = (Rn, | · |, dx) and µ(B(x, r)) = |B(x, r)|
for any x ∈ Rn and r ∈ (0,∞), Komori-Furuya [4, Theorem 1] proved that
Theorem 1.1 holds true for the classical multilinear fractional integral operator
Ĩm,β defined by setting, for all fi ∈ L∞

b (Rn), i ∈ {1, . . . ,m}, x ∈ Rn,

Ĩm,β(f1, . . . , fm)(x) :=

∫
(Rn)m

f1(y1) · · · fm(ym)
(
∑m

i=1 |x− yi|)mn−β
dy1 · · · dym

with β = αn. In [4] it was also demonstrated that the range of the indices k and β
in the above result cannot be improved by giving counterexamples. Checking the
argument used in [4], we see that it is also valid for the operator Im,α in classical
Euclidean space Rn with n-dimensional Lebesgue measure. Thus, the range of the
indices k and α in Theorem 1.1 cannot be improved.

We end this section by establishing some notational conventions. Throughout
this paper, C denotes a positive constant independent of the main parameters,
but which may differ from line to line. The positive constants with subscript such
as C0 do not vary in different situations. The expression f . g means that there
exists a constant C such that f ≤ Cg. For any given p ∈ (1,∞), p′ represents the
conjugate of p. We denote by L1

loc(µ) the function space of all µ-locally integrable
functions.

2. Proofs of Theorem 1.1 and Corollary 1.2

We begin this section with an important tool of the ρ times modified centered
maximal function. Let ρ ∈ (1,∞). For all f ∈ L1

loc(µ), the ρ times modified
centered maximal function is defined by setting, for all x ∈ X ,

Mρf(x) := sup
r>0

1

µ(B(x, ρr))

∫
B(x,r)

∣∣f(y)∣∣ dµ(y).
Nazarov, Treil, and Volberg [6] first introduced the modified centered maximal
function with ρ = 3, and proved that M3f is weak-(1, 1) bounded on the sepa-
rable metric measure space. In the metric space (X , d, µ) with µ(B(x, ·)) being
a continuous function in (0,∞), Terasawa [9] obtained that Mρ(f) is weak-(1, 1)
bounded when ρ ∈ [2,∞). Sawano in [7, Theorem 1.2] obtained the same result
when (X , d, µ) is separable and in [7, Section 2.3] proved, moreover, that the
range of ρ is sharp by giving a counterexample.

Applying the fact that Mρ(f) is weak-(1, 1) bounded when ρ ∈ [2,∞) along
with the Marcinkiewicz interpolation theorem, one can deduce the following
result.
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Lemma 2.1. For any p ∈ (1,∞), Mρ is bounded on Lp(µ) when ρ ∈ [2,∞).

Via [8, Theorem 1.2], we obtain the following boundedness of the fractional
integral operator Iα on the Lebesgue spaces over (X , d, µ).

Lemma 2.2. Let α ∈ (0, 1), p ∈ (1, 1/α), 1/q = 1/p − α. Then Iα is bounded
from Lp(µ) to Lq(µ).

By Lemma 2.2 and an argument used in [3, Lemma 7], we obtain the following
boundedness of the multilinear fractional integral operator Im,α on the product
Lebesgue spaces over (X , d, µ).

Lemma 2.3. Let the multilinear fractional integral operators Im,α be as in (1.1).
Then, for p1, . . . , pm ∈ (1,∞), α ∈ (0,m), and 1/q =

∑m
i=1 1/pi − α > 0, Im,α is

bounded from Lp1(µ)× · · · × Lpm(µ) to Lq(µ).

Proof. Without loss of generality, we may assume that fi is a nonnegative function
for i ∈ {1, . . . ,m}. We note that if there exist positive constants ci, i = 1, . . . ,m
satisfying α ∈ (0,

∑m
i=1 ci), then one can choose αi ∈ (0, ci) such that α =

∑m
i=1 αi.

Let ci = 1/pi and 1/qi = 1/pi − αi with αi ∈ (0, ci). By α =
∑m

i=1 αi, we have
1/q =

∑m
i=1 1/qi. In view of αi ∈ (0, 1/pi) ⊂ (0, 1) and m−α =

∑m
i=1(1−αi), we

deduce that, for all x, yi ∈ X with i ∈ {1, . . . ,m},
m∏
i=1

[
µ
(
B
(
x, 6d(x, yi)

))]1−αi ≤
[
µ
(
B
(
x, 6max

{
d(x, y1), . . . , d(x, ym)

}))]m−α
,

which implies that, for any x ∈ X ,

Im,α(f1, . . . , fm)(x) ≤
m∏
i=1

Iαi
(fi)(x).

By Lemma 2.2, we know that Iαi
is bounded from Lpi(µ) to Lqi(µ). This together

with Hölder’s inequality gives us the desired result of Lemma 2.3. �

Now we turn to the proof of Theorem 1.1.

Proof of Theorem 1.1. Without loss of generality, we may assume that fi is non-
negative for each i ∈ {1, . . . ,m}. We consider the following two cases.

Case (I): α ∈ (k,m). In this case, for any x ∈ X ,

Im,α(f1, . . . , fm)(x)

≤
k∏

i=1

‖fi‖L1(µ)

∫
Xm−k

fk+1(yk+1) · · · fm(ym)
[µ(B(x, 6max{d(x, yk+1), . . . , d(x, ym)}))]m−α

× dµ(yk+1) · · · dµ(ym)

=
k∏

i=1

‖fi‖L1(µ)Im−k,α−k(fk+1, . . . , fm)(x).

By the fact that 1/q =
∑m

i=k+1 1/pi − (α− k) and Lemma 2.3, we have
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∥∥Im−k,α−k(fk+1, . . . , fm)
∥∥
Lq(µ)

.
m∏

i=k+1

‖fi‖Lpi (µ).

The above two estimates yield that (1.2) holds true in this case.
Case (II): α = k. In this case, we use mathematical induction on m. Consider

m = 2 at first. It then follows that α = 1. Without loss of generality, we assume
that p1 = 1 and p2 ∈ (1,∞). For any nonnegative function g ∈ Lp′2(µ), we have∫

X
I2,1(f1, f2)(x)g(x) dµ(x)

=

∫
X
g(x)

∫
X 2

f1(y1)f2(y2)

µ(B(x, 6max{d(x, y1), d(x, y2)}))
dµ(y1) dµ(y2) dµ(x)

=

∫
X
f1(y1)

∫
X 2

f2(y2)g(x)

µ(B(x, 6max{d(x, y1), d(x, y2)}))
dµ(y2) dµ(x) dµ(y1).

By duality, to prove Theorem 1.1 with m = 2, we only need to prove that, for
any y1 ∈ X ,∫

X 2

f2(y2)g(x)

µ(B(x, 6max{d(x, y1), d(x, y2)}))
dµ(y2) dµ(x) . ‖f2‖Lp2 (µ)‖g‖Lp′2 (µ)

. (2.1)

To this end, for any y1 ∈ X , write∫
X 2

f2(y2)g(x)

µ(B(x, 6max{d(x, y1), d(x, y2)}))
dµ(y2) dµ(x)

≤
∫
d(x,y2)≤2d(x,y1)

f2(y2)g(x)

µ(B(x, 6max{d(x, y1), d(x, y2)}))
dµ(y2) dµ(x)

+

∫
d(x,y2)>2d(x,y1)

f2(y2)g(x)

µ(B(x, 6max{d(x, y1), d(x, y2)}))
dµ(y2) dµ(x)

:= E(y1) + F(y1).

For the term E(y1), by Hölder’s inequality and Lemma 2.1, we obtain that for
any y1 ∈ X ,

E(y1) ≤
∫
X

g(x)

µ(B(x, 6d(x, y1)))

∫
d(x,y2)≤2d(x,y1)

f2(y2) dµ(y2) dµ(x)

. ‖g‖
Lp′2 (µ)

{∫
X

1

[µ(B(x, 6d(x, y1)))]p2

×
[∫

d(x,y2)≤2d(x,y1)

f2(y2) dµ(y2)
]p2

dµ(x)
}1/p2

≤ ‖g‖
Lp′2 (µ)

∥∥M3(f2)
∥∥
Lp2 (µ)

. ‖g‖
Lp′2 (µ)

‖f2‖Lp2 (µ).

We now turn to estimate F(y1). Noting that d(x, y2) > 2d(x, y1), we deduce that

d(x, y1) ≤ d(y1, y2) ≤ 2d(x, y2).

From the fact that B(y2, 4d(y2, x)) ⊂ B(x, 5d(x, y2)), and by Hölder’s inequality
and Lemma 2.1, we deduce that, for any y1 ∈ X ,
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F(y1) ≤
∫
X

f2(y2)

µ(B(y2, 4d(y2, x)))

∫
d(y2,y1)≤2d(y2,x)

g(x) dµ(x) dµ(y2)

≤ ‖f2‖Lp2 (µ)

{∫
X

1

[µ(B(y2, 4d(y2, x)))]p
′
2

×
[∫

d(y2,y1)≤2d(y2,x)

g(x) dµ(x)
]p′2

dµ(y2)
}1/p′2

≤ ‖f‖Lp2 (µ)

∥∥M2(g)
∥∥
Lp′2 (µ)

. ‖f‖Lp2 (µ)‖g‖Lp′2 (µ)
.

Therefore, we have proved Theorem 1.1 for m = 2.
Now assume that, for any positive integers m ∈ [2,∞), k ∈ [1,m − 1] (k = 1

when m = 2) and α = k, Theorem 1.1 holds true. We will prove that Theorem
1.1 remains true when m+ 1 and α = k. We consider the following two cases.

Case (i): k = m. In this case, α = m, p1 = · · · = pm = 1 and pm+1 ∈ (1,∞),
q = pm+1. For any nonnegative function g ∈ Lp′m+1(µ), we have∫

X
Im+1,m(f1, . . . , fm+1)(x)g(x) dµ(x)

=

∫
X
g(x)

∫
Xm+1

∏m+1
i=1 fi(yi)

µ(B(x, 6max{d(x, y1), . . . , d(x, ym+1)}))
× dµ(y1) · · · dµ(ym+1) dµ(x)

=

∫
Xm

m∏
i=1

fi(yi)

∫
X 2

fm+1(ym+1)g(x)

µ(B(x, 6max{d(x, y1), . . . , d(x, ym+1)}))
× dµ(ym+1) dµ(x) dµ(y1) · · · dµ(ym).

Similar to the proof of (2.1), we obtain that, for any y1, . . . , ym ∈ X ,∫
X 2

fm+1(ym+1)g(x)

µ(B(x, 6max{d(x, y1), . . . , d(x, ym+1)}))
dµ(ym+1) dµ(x)

. ‖fm+1‖Lpm+1 (µ)‖g‖Lp′m+1 (µ)
,

which implies that, for any nonnegative function g ∈ Lp′m+1(µ),∫
X
Im+1,m(f1, . . . , fm+1)(x)g(x) dµ(x) .

m∏
i=1

‖fi‖L1(µ)‖fm+1‖Lpm+1 (µ)‖g‖Lp′m+1 (µ)
.

It then follows from duality that our desired result holds true for k = m.
Case (ii): k ∈ [1,m− 1]. For any x ∈ X , write

Im+1,k(f1, . . . , fm+1)(x)

≤
∫
d(x,ym)≤d(x,ym+1)

fm(ym)

[µ(B(x, 6max{d(x, y1), . . . , d(x, ym+1)}))]m+1−k
dµ(ym)

×
m−1∏
i=1

fi(yi)fm+1(ym+1) dµ(y1) · · · dµ(ym−1) dµ(ym+1)
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+

∫
d(x,ym)>d(x,ym+1)

fm+1(ym+1)

[µ(B(x, 6max{d(x, y1), . . . , d(x, ym+1)}))]m+1−k

× dµ(ym+1)
m∏
i=1

fi(yi) dµ(y1) · · · dµ(ym)

=: L(x) + N(x).

For any x ∈ X ,

L(x) ≤
∫
Xm

∏m−1
i=1 fi(yi)fm+1(ym+1)

[µ(B(x, 6max{d(x, y1), . . . , d(x, ym−1), d(x, ym+1)}))]m−k

×

∫
d(x,ym)≤d(x,ym+1)

fm(ym) dµ(ym)

µ(B(x, 6d(x, ym+1)))
dµ(y1) · · · dµ(ym−1) dµ(ym+1)

≤ Im,k(f1, . . . , fm−1, fm+1)(x)M6(fm)(x).

Let r be a positive constant satisfying that 1/r =
∑m−1

i=k+1 1/pi + 1/pm+1. It
then follows that 1/q = 1/pm + 1/r. This, together with the above estimate,
Hölder’s inequality, Lemma 2.1, and the hypothesis that Theorem 1.1 is true for
any m, k ∈ [1,m− 1] and α = k, shows that∥∥L(·)∥∥

Lq(µ)
.

∥∥M6(fm)
∥∥
Lpm (µ)

∥∥Im,k(f1, . . . , fm−1, fm+1)
∥∥
Lr(µ)

. ‖fm‖Lpm (µ)

k∏
i=1

‖fi‖L1(µ)

m−1∏
i=k+1

‖fi‖Lpi (µ)‖fm+1‖Lpm+1 (µ).

Similarly, ∥∥N(·)∥∥
Lq(µ)

.
k∏

i=1

‖fi‖L1(µ)

m+1∏
i=k+1

‖fi‖Lpi (µ).

Combining the estimates for L(x) and N(x) yields that Theorem 1.1 holds true
in this case, which completes the proof of Theorem 1.1. �

Proof of Corollary 1.2. We still assume that fi is a nonnegative function for
each i ∈ {1, . . . ,m}. It is easy to see that there exists i0 ∈ {1, . . . , k + l}
such that d(x, yi0) = max{d(x, y1, ), . . . , d(x, yk+l)}. Let B0 := B(x, 6d(x, yi0)),
R0 := 6d(x, yi0). For s ∈ N, set

Rs := sup
{
R > 0 : µ

(
B(x, 5R)

)
< 2sµ(6B0)

}
> 0

and

A0 := B0, As := B(x,Rs) \B(x,Rs−1).

For s ∈ N, we have µ(As) ≤ µ(B(x,Rs)) < 2sµ(6B0), and if y ∈ As, then d(x, y) ≥
Rs−1, which implies that µ(B(x, 6(x, y))) ≥ µ(B(x, 6Rs−1)) > 2s−1µ(6B0). It then
follows that, for all s ∈ N and y ∈ As,

µ(As)

µ(B(x, 6d(x, y)))
≤ 2sµ(6B0)

2s−1µ(6B0)
,

from which we can deduce that, for any x ∈ X ,
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Xm−k−l

1

[µ(B(x, 6max{d(x, y1), . . . , d(x, ym)}))]m−α
dµ(yk+l+1) · · · dµ(ym)

.
m∏

j=k+l+1

∫
X

1

[µ(B(x, 6d(x, yi0))) + µ(B(x, 6d(x, yj)))]
1+ k+l−α

m−k−l

dµ(yj)

≤
m∏

j=k+l+1

{∫
A0

1

[µ(B0)]
1+ k+l−α

m−k−l

dµ(yj)

+
∞∑
s=1

∫
As

1

[µ(B(x, 6d(x, yj)))]
1+ k+l−α

m−k−l

dµ(yj)
}

≤
m∏

j=k+l+1

{ 1

[µ(B0)]
k+l−α
m−k−l

+
∞∑
s=1

2

[2s−1µ(6B0)]
k+l−α
m−k−l

}
.

1

[µ(B(x, 6max{d(x, y1), . . . , d(x, yk+l)}))]k+l−α
. (2.2)

Applying (2.2), we have that, for any x ∈ X ,

Im,α(f1, . . . , fm)(x)

.
m∏

i=k+l

‖fi‖L∞(µ)

∫
Xk+l

∏k+l
i=1 fi(yi)

[µ(B(x, 6max{d(x, y1), . . . , d(x, yk+l)}))]k+l−α

× dµ(y1) · · · dµ(yk+l)

.
m∏

i=k+l

‖fi‖L∞(µ)Ik+l,α(f1, . . . , fk+l)(x).

Then, by the assumption that p1 = · · · = pk = 1, pk+1, . . . , pk+l ∈ (1,∞), α ∈
[k, k + l), and 1/q = k +

∑k+l
i=k+1 1/pi − α > 0, and Theorem 1.1, we deduce that

∥∥Ik+l,α(f1, . . . , fm)
∥∥
Lq(µ)

.
k∏

i=1

‖fi‖L1(µ)

k+l∏
i=k+1

‖fi‖Lpi (µ).

Combining the above two estimates, we obtain

∥∥Im,α(f1, . . . , fm)
∥∥
Lq(µ)

.
k∏

i=1

‖fi‖L1(µ)

k+l∏
i=k+1

‖fi‖Lpi (µ)

m∏
i=k+l+1

‖fi‖L∞(µ),

which completes the proof of Corollary 1.2. �

3. Proofs of Theorem 1.3 and Corollary 1.4

Proof of Theorem 1.3. Without loss of generality, we assume that fi is nonnega-
tive for i ∈ {1, . . . ,m}. To prove this theorem, we will adopt induction on m. We
first prove that Theorem 1.3 is valid when m = 2. For any x ∈ X ,
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I2,α(f1, f2)(x)

≤
∫
d(x,y2)≤d(x,y1)

f1(y1)f2(y2)

[µ(B(x, 6max{d(x, y1), d(x, y2)}))]2−α
dµ(y1) dµ(y2)

+

∫
d(x,y2)>d(x,y1)

f1(y1)f2(y2)

[µ(B(x, 6max{d(x, y1), d(x, y2)}))]2−α
dµ(y1) dµ(y2)

=: O(x) + P(x).

To deal with O(x), notice that, for any x ∈ X , and y1, y2 ∈ X satisfying d(x, y2) ≤
d(x, y1), we have d(y1, y2) ≤ 2d(x, y1) and B(y1, 4d(y1, x)) ⊂ B(x, 5d(x, y1)).
Then, for any x, y1 ∈ X ,

1

µ(B(x, 6d(x, y1)))

∫
d(x,y2)≤d(x,y1)

f2(y2) dµ(y2)

≤ 1

µ(B(y1, 4d(y1, x)))

∫
d(y1,y2)≤2d(y1,x)

f2(y2) dµ(y2) ≤ M2(f2)(y1). (3.1)

Due to α ∈ [1, 2), we have 1/p1 + 1/p2 = α ≥ 1, which means that p′1 ≥ p2. It
then follows from Hölder’s inequality, (3.1), and Lemma 2.1 that, for any x ∈ X ,

O(x) ≤
∫
X

f1(y1)

[µ(B(x, 6d(x, y1)))]2−α

∫
d(x,y2)≤d(x,y1)

f2(y2) dµ(y2) dµ(y1)

≤ ‖f1‖Lp1 (µ)

{∫
X

[
∫
d(x,y2)≤d(x,y1)

f2(y2) dµ(y2)]
p′1

[µ(B(x, 6d(x, y1)))](2−α)p′1
dµ(y1)

}1/p′1

≤ ‖f1‖Lp1 (µ)

{∫
X

1

[µ(B(y1, 4d(y1, x)))](2−α)p′1−p2

×
[∫

d(y1,y2)≤2d(y1,x)
f2(y2) dµ(y2)

µ(B(y1, 4d(y1, x)))

]p2
×

[∫
d(y1,y2)≤2d(y1,x)

f2(y2) dµ(y2)
]p′1−p2

dµ(y1)
}1/p′1

. ‖f1‖Lp1 (µ)

{∫
X

1

[µ(B(y1, 4d(y1, x)))](2−α)p′1−p2

[
M2(f2)(y1)

]p2‖f2‖(p′1−p2)

Lp2 (µ)

×
[
µ
(
B
(
y1, 4d(y1, x)

))](1−1/p2)(p′1−p2) dµ(y1)
}1/p′1

. ‖f1‖Lp1 (µ)‖f2‖
(p′1−p2)/p′1
Lp2 (µ)

{∫
X

[
M2(f2)(y1)

]p2 dµ(y1)}1/p′1

. ‖f1‖Lp1 (µ)‖f2‖Lp2 (µ).

Similarly, for any x ∈ X ,

P(x) . ‖f1‖Lp1 (µ)‖f2‖Lp2 (µ).

Combining the estimates for O(x) and P(x) yields that∥∥I2,α(f1, f2)∥∥L∞(µ)
. ‖f1‖Lp1 (µ)‖f2‖Lp2 (µ).
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Now assuming that Theorem 1.3 holds true for any positive integer m ∈ [2,∞)
and α ∈ [1,m), we will prove that Theorem 1.3 is valid when m + 1 and α ∈
[1,m+ 1). To this end, we consider the following two cases.

Case (I): α ∈ [(m+ 1)/m,m+ 1). In this case, an argument similar to that of
estimate (2.2) together with Hölder’s inequality gives us that, for any x ∈ X ,

Im+1,α(f1, . . . , fm, fm+1)(x)

≤
∫
Xm

[∫
X

1

[µ(B(x, 6max{d(x, y1), . . . , d(x, ym+1)}))](m+1−α)p′m+1

× dµ(ym+1)
]1/p′m+1

× ‖fm+1‖Lpm+1 (µ)

m∏
i=1

fi(yi) dµ(y1) · · · dµ(ym)

.
∫
Xm

∏m
i=1 fi(yi)

[µ(B(x, 6max{d(x, y1), . . . , d(x, ym)}))]
(m+1)−α− 1

p′m+1

× dµ(y1) · · · dµ(ym)
× ‖fm+1‖Lpm+1 (µ)

= ‖fm+1‖Lpm+1 (µ)Im,α−1/pm+1(f1, . . . , fm)(x).

We may assume that 1 < p1 ≤ p2 ≤ · · · ≤ pm ≤ pm+1 < ∞. From this and∑m+1
i=1 1/pi = α, we deduce that

α− 1

pm+1

=
m∑
i=1

1

pi
≥ m

pm+1

,

which implies that 1/pm+1 ≤ α/(m+ 1). By α ∈ [(m+ 1)/m,m+ 1), we further
have

α− 1

pm+1

≥ α− α

m+ 1
≥ 1. (3.2)

On the other hand, since p1, . . . , pm ∈ (1,∞), we have

α− 1

pm+1

=
m∑
i=1

1

pi
< m,

which, together with (3.2), shows that α− 1
pm+1

∈ [1,m). Thus, from the hypoth-

esis of induction, we conclude that∥∥Im+1,α(f1, . . . , fm, fm+1)
∥∥
L∞(µ)

. ‖fm+1‖Lpm+1 (µ)

∥∥Im,α−1/pm+1(f1, . . . , fm)
∥∥
L∞(µ)

.
m+1∏
i=1

‖fi‖Lpi (µ).

Case (II): α ∈ [1, (m+ 1)/m). For any x ∈ X , write
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Im+1,α(f1, . . . , fm, fm+1)(x)

≤
∫
d(x,ym+1)≤d(x,ym)

∏m+1
i=1 fi(yi)

[µ(B(x, 6max{d(x, y1), . . . , d(x, ym+1)}))]m+1−α

× dµ(y1) · · · dµ(ym) dµ(ym+1)

+

∫
d(x,ym+1)>d(x,ym)

∏m+1
i=1 fi(yi)

[µ(B(x, 6max{d(x, y1), . . . , d(x, ym+1)}))]m+1−α

× dµ(y1) · · · dµ(ym) dµ(ym+1)

=: Q(x) + R(x).

We first deal with Q(x). By using an argument similar to that of estimate (3.1),
we have that, for any x ∈ X ,

Q(x) ≤
∫
Xm

∏m
i=1 fi(yi)

[µ(B(x, 6max{d(x, y1), . . . , d(x, ym)}))]m−α

1

µ(B(x, 6d(x, ym)))

×
∫
d(x,ym+1)≤d(x,ym)

fm+1(ym+1) dµ(ym+1) dµ(y1) · · · dµ(ym)

≤
∫
Xm

∏m
i=1 fi(yi)

[µ(B(x, 6max{d(x, y1), . . . , d(x, ym)}))]m−α

1

µ(B(ym, 4d(ym, x)))

×
∫
d(ym,ym+1)≤2d(ym,x)

fm+1(ym+1) dµ(ym+1) dµ(y1) · · · dµ(ym)

≤
∫
Xm

∏m
i=1 fi(yi)M2(fm+1)(ym)

[µ(B(x, 6max{d(x, y1), . . . , d(x, ym)}))]m−α
dµ(y1) · · · dµ(ym)

. Im,α

(
f1, . . . , fm−1, fmM2(fm+1)

)
(x).

We may assume that 1 < p1 ≤ p2 ≤ · · · ≤ pm ≤ pm+1 < ∞. Then

1

pm
+

1

pm+1

≤ 2

m− 1

( 1

p1
+ · · ·+ 1

pm−1

)
.

From 1/pm + 1/pm+1 = α− (1/p1 + · · ·+ 1/pm−1), we deduce that

α−
( 1

p1
+ · · ·+ 1

pm−1

)
≤ 2

m− 1

( 1

p1
+ · · ·+ 1

pm−1

)
.

It then follows that
1

p1
+ · · ·+ 1

pm−1

≥ α
m− 1

m+ 1
.

Taking α ∈ [1, (m+ 1)/m) into account, we have

1

pm
+

1

pm+1

≤ α− α
m− 1

m+ 1
<

2

m
≤ 1.

Let r be a positive constant satisfying that 1/r = 1/pm+1/pm+1. Then r ∈ (1,∞),
which together with the hypothesis of induction, Hölder’s inequality, and Lemma
2.1, implies that
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∥∥Q(·)
∥∥
L∞(µ)

.
m−1∏
i=1

‖fi‖Lpi (µ)

∥∥fmM2(fm+1)
∥∥
Lr(µ)

≤
m+1∏
i=1

‖fi‖Lpi (µ).

Similarly, ∥∥R(·)∥∥
L∞(µ)

.
m+1∏
i=1

‖fi‖Lpi (µ).

Combining the estimates for Q(x) and R(x), we obtain

∥∥Im+1,α(f1, . . . , fm, fm+1)
∥∥
L∞(µ)

.
m+1∏
i=1

‖fi‖Lpi (µ),

which completes the proof of Theorem 1.3. �

Proof of Corollary 1.4. We still suppose that fi is nonnegative for i ∈ {1, . . . ,m}.
From (2.2), we know that, for any x ∈ X ,

Im,α(f1, . . . , fm)(x)

≤
k∏

i=1

‖fi‖L1(µ)

m∏
i=k+l+1

‖fi‖L∞(µ)

×
∫
Xm−k−l

∏k+l
i=k+1 fi(yi)

[µ(B(x, 6max{d(x, yk+1), . . . , d(x, yk+l)}))]k+l−α

× dµ(yk+1) · · · dµ(yk+l)

=
k∏

i=1

‖fi‖L1(µ)

m∏
i=k+l+1

‖fi‖L∞(µ)Il,α−k(fk+1, . . . , fk+l)(x).

Notice that α ∈ [k + 1, k + l), that is, α − k ∈ [1, l). This together with∑k+l
i=k+1 1/pi = (α− k) and Theorem 1.3 shows that

∥∥Il,α−k(f1, . . . , fm)
∥∥
L∞(µ)

.
k+l∏

i=k+1

‖fi‖Lpi (µ).

Therefore,

∥∥Im,α(f1, . . . , fm)
∥∥
L∞(µ)

.
k∏

i=1

‖fi‖L1(µ)

k+l∏
i=k+1

‖fi‖Lpi (µ)

m∏
i=k+l+1

‖fi‖L∞(µ),

which completes the proof of Corollary 1.4. �
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