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ABSTRACT. In this article we introduce a method of constructing functions
with claimed properties by using the Tychonoff theorem. As an application of
this method we show that the Carathéodory distance c¢p of convex domains D
in a complex, locally convex, Hausdorff, and infinite-dimensional topological
vector space is approximated by the Carathéodory distances cpny in finite-
dimensional linear subspaces Y. Originally this result is due to Dineen, Timo-
ney, and Vigué who apply ultrafilters in their proof.

Introduction

In this article we introduce a method which allows us to avoid using ultrafil-
ters and ultranets in some proofs. We demonstrate this method in the proof of
the Dineen—Timoney—Vigué result, which states that the Carathéodory distance
cp of convex domains D in a complex, locally convex, Hausdorff, and infinite-
dimensional topological vector space is approximated by the Carathéodory dis-
tances cpny in finite-dimensional linear subspaces Y. This general result and the
Lempert theorem are the basic tools in the proof of the fact that the Carathéodory
pseudodistance, the Kobayashi pseudodistance, and the Lempert function are
equal on each convex domain in every complex, locally convex, and Hausdorff
topological vector space. It seems that ultrafilters (or ultranets) are too sophisti-
cated a notion to be used in the proof of the above-mentioned result. In our proof
of Theorem 2.1 we simply apply the Tychonoff theorem and nets, which is a more
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accessible approach since there exist proofs of the Tychonoff theorem which do
not use ultrafilters and ultranets. It is worth noting here that our method can be
applied to Banach space theory, for example, to a new proof of the Hahn—-Banach
theorem, to a new definition of ultraproducts of Banach spaces, to constructions
of new norms with claimed properties, and so on. We describe these applications
in a forthcoming work.

1. Basic notions and facts

In this article we use the standard definitions of net and subnet and their prop-
erties connected with compactness, which can be found in [8]. As we mentioned
in the Introduction, one of the basic tools used in this article is the Tychonoff
theorem. The statement of this theorem can be found in [14], where Tychonoff
mentions that the proof is the same as the one he gave for a product of bounded
and closed intervals in [13].

Theorem 1.1 ([14, p. 772]). Let {(X;,T;)}jeq be a family of compact topological
spaces. Then the product Hjej X with the product topology is compact.

We use the standard definition of a locally bounded set of functions. Now we
recall the following facts (see [2], [3]) which will be used in this article. If (X, Ty)
is a complex, locally convex, and Hausdorff topological vector space, and if D,
and Dy are domains in (X, Tx) and C, respectively, then we denote the set of all
Gateaux differentiable functions from D; to Dy by Hg(D1, Ds). Next f : Dy — Dy
is said to be holomorphic if f € Hg(Dy, Dy) and f is continuous. We denote the
set of all holomorphic functions from D; to Dy by H (D1, Ds).

The following elementary fact is very useful. If (X, 7Tx) is a complex, locally
convex, and Hausdorff topological vector space, and if D; and D, are domains in
(X, Tx) and C, respectively, then f € Hg(Dy, Ds) is holomorphic if and only if
it is locally bounded. This result combined with the Montel theorem shows that
we may use the finite-dimensional criteria to prove that a function f : D — A
is holomorphic, where A is the unit open disk in C. Therefore, we recall the
definition of the compact open topology on H(D,C) and the Montel theorem.
Assume that (X, 7x) is a complex, locally convex, and Hausdorff topological
vector space, and that D is a domain in (X, Tx ). The compact open topology on
H(D,C) (or the topology of uniform convergence on the compact subsets of D) is
the locally convex topology generated by the seminorms pg (f) := maxex |f(x)|,
where K ranges over all compact subsets of D. We denote this topology by 7y. The
Montel theorem states that if D is a domain in C" and a family 7 ¢ H(D,C)
is locally bounded, then the compact open topology 7 and the topology 7, of
pointwise convergence coincide on F and F is a relatively compact subset of
H(D,C). We will also apply the well-known maximum principle for a holomorphic
function f: D — C, where D C C" is a domain.

The definition of the Poincaré metric p in A and the definitions of the Carathéo-
dory pseudodistance cp, the Kobayashi pseudodistance kp, and the Lempert func-
tion dp on a domain D in a complex, locally convex, and Hausdorff topological
vector space (X, Tx) can be found in [1], [5], [9], and [12]. In particular, we have
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p(0,2) = tanh™'|z| for z € A. Directly from these definitions we get that if
(X1, Tx,) and (Xs, Tx,) are complex, locally convex, and Hausdorff topological
vector spaces, and if D; and Dj are domains in (X7, Tx,) and (X», Tx, ), respec-
tively, then each holomorphic f : D; — D, is nonexpansive with respect to the
Carathéodory and Kobayashi pseudodistances and the Lempert function. Addi-
tionally, for a domain D in a complex, locally convex, and Hausdorff topological
vector space (X, Tx) we also have

cp < kp < 0p.

Remark 1.2. In [6], Harris introduced the so-called Schwarz—Pick systems of pseu-
dometrics in domains in Banach spaces which include the Carathéodory and
Kobayashi pseudodistances as the smallest and the largest pseudometrics, respec-
tively.

Remark 1.3. Observe that directly from the definitions of the Carathéodory pseu-
dodistance, the Montel theorem, and the maximum principle we get that for a
convex domain D C C" w,Z € D, and w # Z, there exists a holomorphic
f:D — A such that f(w) =0, f(2) =0¢ >0, and

cp(,2) = p(0,0) = tanh ™' 0.
In the case of C", Lempert proved the following fundamental theorem.
Theorem 1.4 ([10, p. 259]). Let D C C" be a convex domain. Then
Cp = ]iID = (SD.
2. Modifications of the Dineen—Timoney—Vigué proof

In [4], Dineen, Timoney, and Vigué generalized Theorem 1.4. They showed that
the Carathéodory pseudodistance, the Kobayashi pseudodistance, and the Lem-
pert function coincide on each convex domain in every complex, locally convex,
and Hausdorff topological vector space. The crucial role in their proof is played by
Theorem 2.1 given below. In the original proof of Theorem 2.1, Dineen, Timoney,
and Vigué used the ultrafilter technique to build a suitable holomorphic function.
In our proof we present a different construction of such a function.

Theorem 2.1 ([4, Théoreme 2.1]). Let (X,T) be a complez, locally convex, and
Hausdorff topological vector space, and let D be a convexr domain in (X, T). We
denote by Y the family of all finite-dimensional linear subspaces Y of X, and for
z,y € D we denote by YV, the family of allY € Y containing both v andy. Then
for w,z € D there exists a holomorphic function f: D — A such that

,O(f(ﬁ}), f(%)) = Yérjllfi,g cDﬁY(w7 2) = CD<U~J’ ’2)

Proof. Choose w, Z € D, and assume that w # Z. Setting Y7 < Y5, if ¥1,Y5 € Vg 2
and Y) C Ya, then we get a directed set (Vg z, <). Clearly, the set Vg : can be
treated as a net {¢(Y)}yey, ., where ¥(Y) =Y for Y € Vs

Now we can construct a holomorphic function f : D — A such that f(w) =0,
f(2) =0 >0, and

CD(U]’ 2) = p(f(?I)), f(Z))
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in the following way. Let Y € )V ;. First, observe that for each x € DNY we
have

DNYz.,CDNY CD,
where Yy, = span{w, z} C Y. This implies that
cp(W, ) < epry (W, x) < cpry,, (W0, ) < o0.

Next, by Remark 1.3 there exists a holomorphic function fpny : DNY — A such
that fDmy(TI}) = O, fDmy(g) =0y > O, and

cpny (0, 2) = p(fpry (@), foryv (2)) = p(0, fony (2)).
Hence the function fy : D — A given by

if DNnY
fy(x) _ fDmy(CE) I r € . N N
0 otherwise

is an element of

H B(0, tanh (cpny, , (0, x)))

xzeD
with the product topology, where

B(0,tanh(cpny, , (0,2))) = {z € A: |2| < tanh(cpny,, (@0, 2)) }

and
tanh (cpny,,, (0,2)) < 1

for each € D. By the Tychonoff theorem [, ., B(0, tanh(cpny, , (@, z))) with
the product topology is compact. In this way we obtain a net {fy }yey, . in the
compact space; therefore, there exists a subnet { fy, }ses of {fy }yey, . such that
{fv. }ses converges to some f in

H B(0,tanh(cpry, , (@0, z))).
zeD
It is obvious that f(D) C A, f(w) = 0, and f(Z) > 0. Now observe that for
each finite-dimensional subspace ¥ € Y the functions fy, pqy : DNY — A are
holomorphic for all sufficiently large s and therefore, after applying consecutively
the Montel theorem and the boundedness of the limit function f, we obtain that
f is holomorphic. Finally, we get

en(i,2) 2 p(f(@), f(2)) = limp(fy. (@), f1.(2)) = lim p(0, f,(2))

= lslergl CDNY, (?I), 5) = Yg)lif CDmy(ﬁj, 5) > CD(IZ}, 2) 0

W,z

Remark 2.2. Let D = B be the unit open ball in an infinite-dimensional Banach
space. For some spaces the equality
S5 inf I
cp(w, 2) Ylt;}w’chmy(w,z)
can be obtained in a simpler way. As an example, consider a Hilbert space H and
a Hilbert ball By. Then it suffices to apply Mobius transformations (see [5]).
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The second example is the following. Let (X, || - ||) be a Banach space having
a Schauder basis {e;}22, with the basis constant 1; that is, sup;<,.. | Pl = 1,
where Pox = Zlexel for v = Y 0 2'¢; € X and k = 1,2,... (see [L1]).
Consider the unit open ball B C X. Then for each natural 1 < k£ < oo and
each w,z € X = P,(X), we have cg(w, 2) = cpnx,(w, z). Now take arbitrary

w,Z € X. Then there exists 0 < r < 1 such that ||@| < r and ||Z|| < r. For
sequences {wi 52, = {Pw}2,, {z}i2, = {P2}2,, we have limgw, = 0,
limy 2z, = Z in the norm || - || and wy, € Xy, ||wil < 7, 2 € Xi, |zl < 7 for

k=1,2,.... Let Xg 45z =span(X,U{w, z}) for k =1,2,.... Let us take ky such
that || —wyg|| < 1—rand ||Z2—z|| < 1—7r for each k > ko. Then for each k > ko,
we have (see [5])

CBAX,, ,: (W, W) < tanh1<Hw _ wk”) 0
5, — k
enu ) < tann ! (12220 g

1 —Tr k
5) < hl(HZk—ZH)
CBNX), = (2, 2) < tan =) — 0.
cp(Z, z) < tanh‘1<||Z — zk“) .0
1—r ) &

and therefore
CB<U~J7 2) < CBNX} 5,z (UNJ7 2)

< eBnxy o (W, Wi) + €8x, o2 (Why 28) + CBmX,c,@k,g(Zm Z)

< tanh™ <H wk”) + cnx, (Wk, 21,) + tanh ™! (HZlk——ZH>

= tanh™* (M> + cp(wg, 2zx) + tanh™! <M>
1—r 1—r
< 2tanh™! (” 1:?”) +ep(,2) + 2tanh1<w> —> ep(, 2)

So we get the claimed result.

Finally, for the purpose of completeness of this article, we give the Dineen—
Timoney—-Vigué theorem with their proof.

Theorem 2.3 ([4, Théoreme 2.5]). Let (X, Tx) be a complex, locally convex, and
Hausdorff topological vector space, and let D be a convex domain in (X, Tx). Then
we have

Cp = ]{?D = (Sp.
Proof ([4]). For each w,z € D and each Y € ), ., we have
op(w,z) < dpny(w, 2)

and therefore

dp(w,z) < Yg)l}; dpry (w, 2).
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Now direct applications of Theorem 2.1 and the inequalities

cp < kp <dp

give
ep(w,z) < kp(w, z) < dp(w, z) < FiIJl}f dpnr(w, z)
€Vw,z
= Fér)liiz cpnr(w, z) = ep(w, z)
and the proof is complete. |

Remark 2.4. Observe that all pseudometrics assigned to a convex domain D in a
Banach space by the Schwarz—Pick systems coincide (see Remark 1.2). If, in addi-
tion, D is assumed to be bounded, then this unique distance is sometimes called
the hyperbolic metric. (For more information on this metric and its applications,
see, e.g., the books [5] and [12].) We also note that, in the case of bounded sym-
metric domains in Banach spaces, another proof of the coincidence of all metrics
in the Schwarz—Pick systems can be found in [12, Corollary 3.2, Remark 3.3].
This proof is based on the following deep results: the Riemann mapping theorem
due to Kaup (Theorem 4.9 in [7]) and homogeneity of symmetric domains due to
Vigué (Théoreme 3.2.6 in [15]).
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