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ON MULTIPLIERS BETWEEN BOUNDED VARIATION SPACES
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ABSTRACT. Wiener-type variation spaces, also known as BV,-spaces (1 <
p < o0), are complete normed linear spaces. A function g is called a multiplier
from BV, to BV, if the pointwise multiplication fg belongs to BV, for each
f € BV,. In this article, we characterize the multipliers from BV, to BV, for
the cases 1 <g<pand 1 <p<yq.

1. Introduction

Let E and F be spaces of real- (or complex-) valued functions defined on a
set X. A real- (or complex-) valued function g defined on X is called a multiplier
from FE to F' if the pointwise multiplication fg belongs to F' for every f € E. The
set of all multipliers from E to F'is denoted as M (E — F). When E and F are
normed spaces, then it is natural to consider the operator M, : E — F' defined
as

Mg(f) =fg.

The operator M, is called a multiplication operator induced by g, and the function
g is usually called the symbol of the multiplication operator.

It is then of interest to characterize the set M(E — F') as well as some prop-
erties of M, (such as boundedness, compactness, closed range, etc.) in terms of
conditions on the symbol g. For example, Takagi and Yokouchi [11] characterized
the set M(L, — L,), where L, stands for the usual Lebesgue space. Nakai [9]
studied the set of multipliers between Lorentz spaces. The author, Castillo, and
Ramos-Fernandez [5] studied multiplication operators defined on Orlicz—Lorentz
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spaces; the author and Castillo [4] also studied multiplication operators defined
on multidimensional Lorentz spaces. (We refer the reader to [10] for more infor-
mation about these topics.)

In order to introduce the bounded variation spaces, we recall that a partition
P of [0,1] is a finite set P = {to,1,...,t,} such that

O=ti<ti<ta<---<t,, =1

For a function f : [0,1] — R, we say that f has bounded p-variation (BV,) if
" p\ /P
Var,(f) = SgP(Z\f(tj) — [(tj)] ) < 0,
j=1

where the supremum is taken over all partitions P of [0, 1]. The set of all functions
f:10,1] — R with bounded p-variation will be denoted as BV, ([0, 1]). Bounded
variation spaces were introduced by Jordan [6] in 1881. Since then, the concept of
bounded variation has been generalized in many ways. The one we discuss here
was introduced by Wiener [12] in 1924.

There are some special features that distinguish BV ([0, 1])-spaces from other
spaces such as Lebesgue spaces L, (and their generalizations, e.g., Lorentz spaces,
Orlicz spaces, etc.). For example, for functions f and ¢ in L,, if f = g almost
everywhere, then their L,-norms are the same. This is not true for functions in
BV,([0,1]). Even if f, g € BV,([0,1]) differ only on one single point, their norms
can be very different. So, in the context of BV,([0,1]), f = ¢ means f(t) = g(¢)
for all t € [0,1].

Another important difference between BV, ([0, 1])- and L,-spaces is the lack of
the so-called lattice property: for f, g in L, if |f| < |g| almost everywhere, then
1 fllz, < llgllz,- This property does not hold in BV,([0,1]), as is easily shown by

defining on [0, 1] the functions

=) e wa -

(For more details about bounded variation spaces and different types of variations,

see [1].) There has been relatively little study of multipliers and multiplication

operators on bounded variation spaces. One of the few examples we can cite is

[2], where the authors obtained results about the multiplication operator M, :
In this article, we completely characterize the set

M(va([ov 1]) — BV‘I([Ov 1]))

To describe our result more precisely, we divide the argument into two cases:
CASE L. 1 < g < p, CASE II: 1 < p < ¢. In Section 2, we give some auxil-
iary results and definitions. In Section 3, we state some theorems regarding the
characterization described above.
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2. Auxiliary results

We present some auxiliary results that will be useful later. Let us denote by
B([0,1]) the set of all bounded functions f : [0,1] — R with the norm

Ifllec = sup |£(t)]-
0<t<1

It is a well-known fact that BV,([0, 1]) is a subspace of B([0,1]) (see [1, p. 85]).
Moreover, if we set

118V, = [[fllsc + Vary(f),

then (BV,([0,1]), || - ||sv,) becomes a Banach space. With this norm, BV, ([0, 1})
is a normalized Banach algebra; that is,

| fallsv, < | fllsv,llgllBv,- (2.1)

(See [7, p. 171] for a proof of the above inequality.) Besides, since the inequality
Var,(f)Y? < Var,(f)V?, 1<q¢<p< oo, (2.2)
holds, one concludes that
BV,([0,1]) € BV,([0,1]), 1<¢<p< oo.

In the next lemma, we show that the above inclusion is strict. This fact will be
useful later.

Lemma 2.1. Given any strictly increasing sequence {t;}jen C [0, 1], there exists
a function f such that

(1) f € BV,((0,1)) but [ ¢ BV,([0,1]) if 1 <q < p,
(2) SUD¢e(t;,t,41) f(t) = f(tj);
(3) infte(tj,tj+1) f(t) = O.

Proof. (1) For some 6 > 0, consider the zigzag function Zy defined on [0, 1] as

0 ift<t001't:(tj+tj+1)/2,j:0,1,2,...,
Zo(t) = s Ht=1,7=012., (2.3)
linear otherwise.
It follows that
=1
Var,(Zy)F = Zl o (1<p<o0).
]:

This means that Zy belongs to BV,([0,1]) only if p > 1/6. In particular, for
1 < q < p, Zisg(t) € BV,([0,1]) and Zy/4(t) ¢ BV,4([0,1]) (see [1, p. 89] for a
similar discussion). It is clear that Z;,, also satisfies conditions (2) and (3). O

For any function f : [0,1] — R and any set F C [0, 1], we call

osce(f) =sup f(t) — inf f(t)
teE ter
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the oscillation of f on E. For 1 < p < oo, we define

) = sup(3oser ()
k=1

where the supremum is taken over all collections {1} of disjoint intervals con-
tained in [0, 1].

For the proof of Theorem 3.1, which is the main result of this paper, it will be
convenient to use v,(f) instead of Var,(f). We show that they are the same in
the following lemma.

Lemma 2.2. For any function f € BV,([0,1]),

Var,(f) = v,(f).

Proof. Given any partition P = {0 = tq,t,...,t,, = 1} of [0,1], we construct a
sequence of disjoint intervals

I = (to, t1), I = (t1,12), ces Ly = (tm—1,tm)-
It is clear that

(1)~ F(t50)] < sup £(5) — inf £() = oser, (/). =1.2.....m
tEIj tEIj
Then
Z‘ f(tj) — Z oscy, (
=1 =1
from which one concludes that

Var,(f) < v,(f). (2.4)

Now we will obtain the reverse inequality. Fix a sequence X1, X», ..., X,, of dis-
joint subintervals of [0, 1]. Then, for any € > 0, there exist z; € X; and x;_; € X;
(7 =1,...,m) such that

f(xj) > sup f(z) —¢ and f(xj—1) < inf f(z)+e.

z€X; z€X;
Therefore,
[F(a3) = flai-)] = Fla) = flajma) > sup f(x) = inf f(x) - 2.
And then we have
Var,(f)? > Z‘f(xj) — f(z;—1)|" > Z(oscxj(f) —2¢)".
J=1 j=1

From the above inequality, a standard argument shows that

v,(f) < Var,(f). (2.5)
Combining (2.4) and (2.5), we obtain the desired result. O
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3. Multipliers from BV, ([0, 1]) to BV,([0,1])

To facilitate our study of multipliers between BV, ([0, 1])- and BV ([0, 1])-spaces,
we separate it into two cases.
CASE I:1 < g < p. Lemma 2.1 and the inequality

Var,(f) < Var,(f) (1<gq<p),

show us that, for 1 < ¢ < p, BV,([0,1]) is a proper subset of BV,([0,1]). If we
take a function u belonging to BV, ([0,1]) \ BV,(]0, 1]), then we cannot induce a
multiplier from BV, ([0, 1]) into BV,([0, 1]). For the constant function f(t) =1 €
BV,([0,1]),

My(f) =u-f=u-1=ugBV,([0,1]).

Because of this, it is natural to restrict ourselves only to symbols u such that
u € BV,([0,1]).

For any subset A C [0, 1], we denote by #(A) the counting measure on A, that
is,

number of elements in A if A is a finite set,
#(A) = o .
00 if A is an infinite set.

Moreover, for a function « : [0, 1] — R, we define

0u(r) = #({t €[0,1] : |u(t)} > 7’})

In the next theorem, we will see that the function ¢, allows us to characterize
the set M(BV,(]0,1]) — BV,([0, 1])).

Theorem 3.1. Suppose that 1 < q < p, and let u be a function in BV,([0, 1]).
Then u € M(BV,([0,1]) — BV,([0,1})) if and only if p.(r) < oo for all r > 0.

Proof. Fix u € BV,([0,1]). Assume that ¢,(r) < oo for all » > 0, and take
arbitrary f € BV,([0,1]). We will prove that uf € BV,([0,1]).

There is no loss of generality in assuming that both u and f are positive.
Otherwise, we decompose v and f as

u=u"—u", f=r-r,

where the superscripts ™ and ~ stand for the positive and negative parts of the
functions; that is,

() = max{f(t),0}, f~(t) = max{—f(t),0}.
Note that
uf =utft—utfT —u frrutf
and that
Var,(uf)'? < Var,(u™ f7)? + Var, (u* f7)"/?
+ Var,(u™ f )P + Var, (u® f 7)1/

Then, it is sufficient to estimate each term separately.
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We prove the converse first. If p(r) < oo for all > 0, then for any interval
I C [0,1] there exists t; € I such that u(ty) = 0. Since u and f are positive
functions, it follows that

tléllf(uf)( ) = and tienlf u(t) = 0. (3.1)
We know also that
sup(u) (1) < [/ sup u(t) 32)

From (3.1) and (3.2), we conclude that

osc, (uf) < | flloo 0scr, ().

And then, adding over disjoint intervals Iy,

> oser (wf) < [ fll% Y oser, (u)?
k=1 k=1

Therefore,
Var, (uf) < || fllx Var,(u) < Var,(f) Var, (u)

In order to prove the direct implication, by way of contradiction, assume that
there exists a number ry > 0 such that ¢(r¢) = co. Then we can find an increasing
sequence {t, }nen C [0,1] such that u(t,) > ro. Recall the function 7/, defined
in the proof of Lemma 2.1. We know that v,(Z,,) < 0o and v4(Z;,,) = o0o. For
this function, it is true that

inf  Zy,,(t) =0, and also inf  w(t) - Zy/(t) = 0.

(tjtj+1) (t5ti+1)

Then
osc(t].,tjﬂ)(u < Ziyg) = sup (u-Zyg)(t) — inf (u- Zy)(1)

(tj,t541) (tj,ti+1)

= sup (u-Zy)(t)

(tj,t5+1)
> ulty) - Z1/q(t;)
> 7o - Zl/q( 7)
=79 sup Zy(t)

(tjtj+1)

=10 ( sup Zl/q(t) —( inf Zl/q( ))

(tjtj+1) i)
=10+ 08C(t;,t,,1) (Z1/q)-
From this one concludes that

Varg(u- Zysq)" > 1

> 75 Var,(
°°1
— ;E

= 0. O

Zl/q)q
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CASE II: 1 <p < q. The study of M(BV,([0,1]) — BV,([0,1])) for the case
1 < p < q is quite easy. We provide it here for the sake of completeness.

The following result relies on the fact that BV, ([0, 1]) is a normalized Banach
algebra, and also on the fact that, for 1 < p < ¢, we have the continuous embed-

ding BV, ([0, 1]) = BV, ([0, 1]).

Theorem 3.2. Suppose that 1 < p < q. Then u € M(BV,([0,1]) — BV,(]0,1]))
if and only if u € BV ([0, 1]). In this case, M, the multiplication operator induced
by u, is a bounded linear operator from BV,([0,1]) into BV ([0, 1]), and its norm
is giwen by || M| = |lu|gv,-

Proof. 1If uw € BV,([0, 1]), then from (2.1) and (2.2) we get

lufllsy, < llullv,llflBv, < lullsv,|IflBY, < oo (3.3)

Then uf € BV,([0,1]). Conversely, if u € M(BV,([0,1]) — BV,([0,1])), then,
since the constant function h(t) = 1 belongs to BV,([0,1]), we have

Myh(z) = u(z) - h(z) = u(z) - 1 = u(z), (3.4)
and so u € BV,([0,1]). Finally, from (3.3) and (3.4) we can also conclude that
Mol = [lullsv,- O

Remark 3.3. The results we have obtained in this article can be performed, with
some modifications, for functions of several variables. For more information about
bounded variation in this setting, we refer the reader to [1, p. 91], [3], and [8].
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