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ABSTRACT. In this article, we give equivalent conditions for the hypercyclicity
of bilateral operator-weighted shifts on L?(K) with weight sequence {4, }2° _
of positive invertible diagonal operators on a separable complex Hilbert space
IC, as well as for hereditarily hypercyclicity and supercyclicity.

1. Introduction and preliminaries

Let L(X) denote the space of continuous linear operators on a separable,
infinite-dimensional complex Fréchet space X. An operator " € L(X) is said
to be hypercyclic if there is a vector x € X such that the orbit orb(T', z) = {T"x :
n > 0} is dense in X. In such a case, x is called a hypercyclic vector for T'. Accord-
ingly, ' € L(X) is called supercyclic if there exists a vector x € X such that the
projective orbit {AT"x : n > 0, € C} is dense in X. It is well known that if T
is hypercyclic, then the set of hypercyclic vectors of T is a dense G subset of X
(see [7]). Many fundamental results regarding the theory of hypercyclic operators
were established by Kitai in [10]. The excellent books by Bayart and Matheron
[2] and by Grosse-Erdmann and Peris [8] also provide a solid foundation and give
an overview of the dynamics of linear operators.

The first example of a hypercyclic operator was offered by Rolewicz [12], who
showed that if B is the unweighted unilateral backward shift on ¢?(N), then the
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scaled shift AB is hypercyclic if and only if |A| > 1. After that, Salas [13] character-
ized the hypercyclic unilateral weighted backward shifts and hypercyclic bilateral
weighted shifts on 7(Z) (1 < p < 00) in terms of their weight sequences. In recent
years, the dynamics of weighted shifts have been studied by many authors. For
example, Bes, Martin, Peris, and Shkarin [4] verified that for any mixing bilateral
weighted shift 7" on £7(Z) (1 < p < 0o) and any positive integer r, (T, T?,...,T")
is d-mixing. Bes, Martin, and Sanders [5] studied the disjoint hypercyclicity of
unilateral and bilateral weighted shift operators. In addition, Hazarika and Arora
[9] characterized the hypercyclicity of the bilateral operator-weighted shift 7" on
L*(K) with weight sequence {A,}°° __ of positive invertible diagonal operators
on a separable complex Hilbert space K. Inspired by Hazarika and Arora’s work,
Liang and Zhou [11] discussed the supercyclicity and hereditarily hypercyclicity
of operator-weighted shifts. In the present article, we provide a counterexample to
show that the characterization in [9] is not a necessary condition for hypercyclicity.
Moreover, we give new equivalent conditions for the bilateral operator-weighted
shifts to qualify as hypercyclic, hereditarily hypercyclic, and supercyclic.

The following criterion, due to Bes [3], will be used several times in this article.

Theorem 1.1 (Hypercyclicity criterion [2, Definition 1.5]). Let X be a separable
F-space, and let T € L(X). If there are dense subsets Xo,Yy C X, an increasing
sequence (ng)y of positive integers, and maps Sy, : Yo — X,k > 1 such that

(1) T™(xz) — 0 for any z € X,
(2) Sn.(y) = 0 for any y € Yo,
(3) TSy, (y) — y for each y € Yo,

then we say that T satisfies the hypercyclicity criterion with respect to (ng)x; in
particular, T is hypercyclic.

We note that the hypercyclicity criterion is not necessary for hypercyclicity
(see [1]). Moreover, the above criterion has been shown in [6] to be equivalent to
hereditarily hypercyclic; that is, there exists some increasing sequence of positive
integers (ng) such that for each subsequence (m)y of (n)x, {T"*} is hypercyclic.

Before proceeding further, let us specify some terminology about operator-
weighted shifts on the space L?(K). Let Z be the set of integers, and let K be a
separable complex Hilbert space with an orthonormal basis { f;.}3°,. Then L?(K)
is the separable Hilbert space

L2(K) = {x = (ceosapfwolzn, ) ra € Kand Y ) < oo}

€L

under the inner product (z,y) = > .., (7, y:) for v = (;)icz and y = (y;)iez in
L3(K).

Let {A,}22 . be a uniformly bounded sequence of invertible operators on I,
where the operators {4, }52 __ are all positive diagonal with respect to the basis
{fe}32,- We define the bilateral forward and backward operator-weighted shift
on L*(K) as follows.
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(i) For z = (z;) € L*(K), the bilateral forward operator-weighted shift 7" on
L*(K) is defined by

T( -, L1, [$0],l’1, .. ) = ( .. ,A_Ql’—% [A_ll’_l],AoZL’o, .. )

Since {A,}5°_
oo. For n > 0,

is uniformly bounded, 7" is bounded and ||T|| = sup;y [|Ai]| <

T”(. c X1, [Tol, 1, - ) = ( s Y-1, Yol v, - - .),

where
yj=Aj1Aje o Ajnion o0 Wiy = A1 Ajin—e - Ay (11)

also, we have

n—1 n—1
Y; = H Aj+3—nxjfn or Yn+j = H Aj+s$j? (1'2)
s=0 s=0

since A, A, = A, A, for any n,m € Z.
Hence

n—1
T 45
s=0

(ii) For z = (x;) € L*(K), the bilateral backward operator weighted shift 7" on
L?(K) is defined by

77| = sup
J

T( o, T, [xo],xl, .. ) = ( .. ,AQ.CE(), [A1I1]7A2.T2, .. )
Then

Tn( e, X1, [.To],.%h .o ) = ( Y1, [y(]],yl, .. .),

where
n n
Yj = H Aj-‘rsxj-i-n or Yj—n = H Aj—l—s—nxj-
s=1 s=1
Then we have

7 = sup | TT A+
J s=1

Since each A, is an invertible diagonal operator on K, we conclude that

1

Al = sup || A, [l A;l =su A;l , sup || A4, =
Al = o A Al A = s DA A s Al = e
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2. Hypercyclic operator-weighted shift

The following statement is the core theorem in [9], which provides a character-
ization for the hypercyclicity of bilateral operator-weighted shifts on L?(K).

Theorem 2.1 ([9, Theorem 3.1]). Let T be a bilateral forward operator-weighted
shift on L*(KC) with weight sequence {A,}_ ., where {A,}, is a uniformly
bounded sequence of positive invertible diagonal operators on K. Then the fol-
lowing are equivalent:
(a) T is hypercyclic;
(b) for e > 0 and q € N, there exists n arbitrarily large such that for all
il <4,
n—1 n
T A <2 ana TTa%] <=
s=0 s=1

However, we found a simple counterexample, which is a hypercyclic operator-
weighted shift on L?(K) that does not satisfy Theorem 2.1(b).

Ezample 2.2. Let {A,}5°__ be a uniformly bounded sequence of positive invert-
ible diagonal operators on C, defined as follows:

%f’m 0 S k < n,
ifn>0 A.,(fx) =12 fr, k=n,
2fk7 k> n,

. , k=0,
if n = 0: Ao(fk)—{g’}k b >0

ifn<0: A,(fx)=2fx forall k>0,

where {fp}7°, is the orthonormal basis of IC. Let T" be the bilateral forward
operator-weighted shift on L?(K) with weight sequence {A,}%2__ . Then T is
hypercyclic but does not satisfy Theorem 2.1(b).

Proof. For each (ig, jo) € NXZ, set e;, j, == (..., 2-1,[20], 21, - . .), where z;, = fi,
and z; = 0 for all j # jo. It is obvious that the set span{e;; : (i,j) € N x Z}
is dense in L?(K). To prove that T is hypercyclic, we apply the hypercyclicity
criterion to the whole sequence of integers (n;) = (k), the same dense set Xy =
Yo = span{e;; : (i,j) € N x Z}, and the maps Sy = S*, where S is the backward
operator-weighted shift defined by

S( T, [xo],ﬂfl, .. ) = ( cey Boxo, [BlIl],BQ.Z’z, .. .)7 (21)

where B; = A7, for each j € Z. Now we check that conditions (1), (2), and (3)
of Theorem 1.1 are satisfied. Indeed, (3) holds because T'S = I on Y. To prove
(1) and (2), it is enough to check that for any (i,7) € N x Z, both T*(e; ;) and
S*(e; ;) tend to zero as k — oo (then we conclude by using linearity). But this is
clear, since for any k > 2i + 2|j| 4+ 1, we have

|7 ()|l = ||TT Ast
s=0
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= || AjA 1 Ay fill
_ { [Aj - A Ay fill i 5 <4,
|AjAj 1 Aja il if g >

_ { A A= fi) || i 5 <4,

||2kaz|| ifj>1
<{?ﬂ-r§ﬁ5: if j <4,

oF iy >
colilgiig. b 1

ok—|jl—i—1 — 9k—2[j|-2i—1"

and

k
||Sk(€i,j) H = HH Bj+s—kfi
s=1

T
s=1

:{HA;_I AJ A e ALl i #0,

IMjAl _um if j=0
ok Ji it7=0
<ol 1 1

ok—Jj| — ok—2lj]"

However, for any n € N, j € Z

n—1
H H As+j
s=0

Therefore, T does not satisfy Theorem 2.1(b). O

= supHH Asﬂka =2">1.

Now let us briefly recall the proof of “(a) = (b)” in article [9] and see what
leads to the contradiction. Suppose that T is hypercyclic, let € > 0, ¢ € N be
given, and choose ¢ > 0 such that 1%5 < e. For an arbitrarily fixed nonnegative
integer 4, consider the vector f = (... ,a_1,[ao), a1,...) in L*(K), where a; = f;
for all [j| < ¢ and a; = 0 if |j| > ¢. By the density of hypercyclic vectors, there
exists a hypercyclic vector x = (..., z_1, [zo], z1,...) such that

|z — fll <é. (2.2)

Also, since orb(T', x) is dense in L?(K), there exists an arbitrarily large integer n
(choose n > 2q) such that

[Tz — f|| <. (2.3)
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From (2.2), (2.3), and some details (which we omit here; interested readers are
referred to [9]), we get that, for all |j] < g,

n—1
H H AJJrSfi” < %7 (24)
T, Ay fill > 52

Then the authors of [9] claim that, for all |j]| < g,

1 1
ITTe=0 Ajsll = sup; || H" Ajisfill < 155,
inf; || [Teey Aj-ofill > 15,

since ¢ is arbitrarily fixed. The contradiction lies in the claims that

< L and

1—90

(2.5)

-0

J

j—sfi

n—1
sup H T Ase i
¢ s=0

Since the selection of the integer n depends on f;, we cannot obtain (2.5) directly
from (2.4).
We improve Theorem 2.1 with the following result.

Theorem 2.3. Let T be a bilateral forward operator-weighted shift on L*(KC) with
weight sequence {A, Y2 ., where {A,}22 . is a uniformly bounded sequence of
positive invertible diagonal operators on K. Then T is hypercyclic if and only if,
giwen € >0, ¢ € N, and K € N, there exists n arbitrarily large such that, for all

7] < 4q,

n—1
Tt < ma T4 "
s=0

where X = span{ fo, f1, fa, .- -, [} and {fr}32, is the orthonormal basis of K.

Proof. Suppose that T is hypercyclic Let e > 0,g € N, and K € N be given, and
choose 0 < § < 1 such that %5 < e. Consider the vector f = fo + fi + -+ fx
in Xg. For any i € Z, setf() (..o y-1,yol, v1,-..), where y; = fandyj:()
for all j # 4. Since the hypercyclic vectors are dense in L?*(K), one may find a
hypercyclic vector © = (..., x_q, [xg], 21, ...) and an integer n > 2¢ such that

Hx— 3 f(j)” <6 and HT”x— S f(j)H <4 (2.6)

l71<q l71<q

Looking at the first inequality of (2.6), we get
(Olpl<s bl .
(i) flz; = fll <o for |j] < g
Since each z; is in K, z; can be written as z; = Y o, a,(gj)fk, where al(cj) = (xj, fr)-
It follows from (2.7) that
if |7] > ¢ ]aj]<5 for all £,
o <5 for k> K, (2.8)

if |7] < ¢:
il<q |k])|>1 g for k < K.
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Now we denote

Ty = ( - Y-1, [y0]7y17 < ')7

where

n—1 n—1 00 n—1
Y = H Ajrs—nTjn or Ynt+j = H Ajsxy = Z Oé;(f]) H Ajis [
s=0 s=0 k=0 s=0
The second inequality of (2.6) gives

{ ()l <6 for |j|>q 29
(i) ly; — fIl <& for |j| <q

By the hypothesis n > 2¢, we have j+n > ¢ for all |j| < ¢, and hence |Yjnll <9
for all |j| < q. Moreover as Yjon = [1ig Ajrst; = Zzoo H" VA oS it
follows that \ak T, AJ+ka|] < 0 for all k € N and |j| < ¢. Then from (2.8),
we have || ], AJ+5fk|| < 2 for k =0,1,...,K and |j| < q. Since for each

m € Z, A,, is diagonal on IC, X is an invariant subspace of operator H’;& Ajyis.
Thus, we have

n—1 n—1
HH As+j|XKH = sup HHA]'-’FSfi
s=0 s=0

0<i<K

J
- <.
<1_5<5 for all |7] <gq

Again from z;_, = > 7, Oék )fk, we can get

n—1 o) n—1
_ _ (—n)
Yi = | | AjpsnTjn = E Qg | | Ajrsntr-
s=0 k=0 s=0

Therefore, (ii) of (2.9) gives

(i) “O‘k - Hn 11A]+s wfe — frll <0 for k < K, |j| <q, (2.10)
(i) flof ™ TTZ) Ajsanfill <0 for k> K, |j| < q.

The hypothesis n > 2q implies that [j — n| > ¢ for all |j| < ¢; hence by (2.8)
]04( ]<5forallk€Nand |7] < . So from (i) of (2.10),

n—1
1-6
HHAijnka >~ when k< K.[j| <g.
s=0

Then it follows that

n—1
1 . . i<
ogl?ng ‘HO Airs nfi for all |j| < ¢,
which implies that for |j| < ¢,
su ‘H A7 fill = L
0<%<pK T infocicn 1 TT_y Aj—s fil
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1

mf0<z<K I Hn ) AJJrS*nfiH

L0
s

Hence for all || < ¢,

1T - g T

0<i<K

<—<E.
1—-4

Conversely, suppose that (x) holds. Let us show that T satisfies the hyper-
cyclicity criterion. For each & € N with £ > 1, let

1
k/’ Y
By (%), one can find an increasing sequence (ny)x of positive integers such that,
for all |7] <k,

£ = q:k7 K=k and Xk:Span{f07fl7f27"‘7fk}‘

1

3+j‘Xk < l{?

1
<7 and HHA <] x,

For any m,n € N, we set
Hpp o= {x = (2;) € L*(K) : 2; € X,, when |i| < m,and z; = 0 when [i| > m}.
Now let Xo = Yy = U,pneny Himn, Which is a dense subset of L*(K), and let
S Yy — L*(K) be the mapping defined by
S(...,zo, [wol, 2, .) = (oo, Alimo, [Ag e, AL M2, ).

Note that T'S = I on Yy. We just need to prove that for any g € Xy = Y,
both T (g) and S™(g) tend to zero as k — oo. Now fix ¢ € Xy = Y. By
definition, we can find N € N such that ¢ € Hy . Thus there exist vectors

J-N>G-N+1s---,9-1,90,91, - - - , gy in X such that
g="(--,0,0,9-N,9-N11,---9-1,[90), 91, - - -, g~ 0,0,...).
So for each k > 1,
T g = (---73/71, [yoLyl,---),

where
ne—1 ne—1
Ynp+j = H Asyig; or Yi = H Astj-niGi—ny.
= s=0

and for each k > 1,
S g = ( 221, [20] 21 - - .),

where

n
_ -1
Rj—mny = H Ajfsgj or H A] stngJit+mny-
s=1
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Since g € Hy n, for each & > N we have

[

s+ilxw | 14l

< sup
i<k

S+J‘Xk Hg“

1 k—o0
< —llgll ;> 0

and
sl < sup HHA x|l
Jl<
< supHHA x|l
Jl<
1 k—o00
< Zllgll ——=0
Thus T' is hypercyclic. 0

By the process of the above proof, we can also deduce the following two equiv-
alent conditions for hypercyclicity of operator-weighted shifts.

Theorem 2.4. Let T be a bilateral forward operator-weighted shift on L*(K) with
weight sequence {A,}o2 ., where {A,}2 . is a uniformly bounded sequence of
positive invertible diagonal operators on IKC. Then T is hypercyclic if and only if
there exists an increasing sequence of positive integers (ny)y such that

lim max{ s+l X, ,\j|§k}:O
k—o00
and
n
. —1 . .
klgg()max{”lj[lflj_s\xk ) < k} =0,

where X = span{ fo, f1, fo. ..., fe}-

Theorem 2.5. Let T be a bilateral forward operator-weighted shift on L?(K) with
weight sequence {A,}o2 ., where {A,}22 . is a uniformly bounded sequence of
positive invertible diagonal operators on K. Let (ny)g>1 be an increasing sequence
of positive integers. Then {T™ }y>1 is hypercyclic if and only if, given € > 0,
q €N, and K € N, there exists n € (ng)r>1 such that for all |j| < g,

n—1
“HAS+j|XK“ <é€ and HHA |XKH < g,
s=0

where X = span{ fo, f1, fo, ..., fx }-

To illustrate Theorem 2.3, let us see how it applies to Example 2.2.
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Ezxample 2.6. Let {A,}>° __ be the uniformly bounded sequence of positive
invertible diagonal operators on K given in Example 2.2. Let T" be the bilat-
eral (forward) operator-weighted shift on L?(K) with weight sequence {A, }>2
Then T is hypercyclic.

Proof. Let € >0, ¢ € N, and K € N be given. Set Xy = span{ fo, f1, f2, .-, fx }-
Then for all |j| < ¢ and n € N with n > 2¢g + 2K + 1, by the definition of
{A,}5° . we have

1 1

n—1 n—1

|| . — || . a,.9K 1. -

H OAS+]|XKH N 0325}(‘ OAsﬂka s2t-20 -1 on—q—K-1 — 9n—2¢—2K-1
S= —_ S=!

and

1 1
)HA] ska <27 on—q _ on-2¢’
1

Since limy, 0 gr=z7=srx= = 0 and lim,, 2n =2z = 0, there exists n € N such that

n—1
HHASH-]XKH<5 and HHA |XKH<€
5=0

By Theorem 2.3, T is hypercyclic. 0

L0 = g

0<k<K

3. Supercyclic and hereditarily hypercyclic operator-weighted shift

Liang and Zhou [11] investigated the hereditarily hypercyclic and supercyclic
operator-weighted shifts on L?(K), respectively. Their theorems are listed below.

Theorem 3.1 ([11, Theorem 3.2]). Let T be a forward bilateral operator-weighted
shift on X = L*(K) with weight sequence {A,}%_, where {A,}°22__ is a uni-
formly bounded sequence of positive invertible diagonal operators on K. Then T
15 supercyclic if and only if for every q € N,

j+n—1 h—1
1
[T Al IT 4]
k=3 k=h—n

Theorem 3.2 ([11, Theorem 2.6]). Let T' be a forward bilateral operator-weighted
shift on L*(K) with weight sequence {A,}5° . where {A,}°2__ is a uniformly
bounded sequence of positive invertible diagonal operators on K and {A; '} _
is also a uniformly bounded sequence. Also let (ng), C N. Then the following are
equivalent.

lim inf max{
n—oo

il b < qf =o0.

(1) T is hereditarily hypercyclic with respect to (ny)g.
(2) Foralle >0 and q € N, there exists ko € N satisfying: for all k > ko and
all 7] < q,

{()HH”IAHM<€,
(ii) I TI0, AL < e
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(3) Forall j €7,

11 A 11 4=
s=0 s=1

By the Beés—Peris theorem [6, Theorem 2.3, T is hereditarily hypercyclic if
and only if T satisfies the hypercyclicity criterion. It follows that the operator in
Example 2.2 is also hereditarily hypercyclic and supercyclic, but fails to satisfy
the characterizations in the two preceding theorems. Therefore, the conditions in
Theorem 3.1 and Theorem 3.2 are not equivalent to supercyclicity and hereditary
hypercyclicity, respectively.

Referencing the proof of Theorem 2.3, the improvements of the above two
theorems are listed below.

=0 and lim = 0.

k—o0

lim
k—o0

Theorem 3.3. Let T be a forward bilateral operator-weighted shift on X =
L*(K) with weight sequence {A,}52 ., where {A,}5° . is a uniformly bounded
sequence of positive invertible diagonal operators on K. Then T is supercyclic if
and only if, for every ¢ € N and K € N,

Jj+n—1 h—1
TT Aulxc||| TT A7k | 1t 101 < a} =0,
k=3 k=h—n

where X = span{ fo, f1, fa, .-, fx }-

Theorem 3.4. Let T be a forward bilateral operator-weighted shift on L*(KC) with
weight sequence {A, Y2 ., where {A,}2 . is a uniformly bounded sequence of
positive invertible diagonal operators on K and {A;1}5° s also a uniformly
bounded sequence. Also let (ng)r, C N. Then the following are equivalent.

lim inf maX{
n—oo

(1) T is hereditarily hypercyclic with respect to (ny)g.
(2) Foranye >0, ¢ € N, and K € N, there exists kg € N satisfying, for all
k> ko and all |j] < q,

. —1
1) 1 T15Ey Asrjlxell <e,
(i) I TR Al < e,

wh€ﬂ3)(K:::Span{jb,ji,jé,~--,fK}-
(3) For any j € Z and K € N,

JHng—1
limH [T Adse| =0
k—oo

s=0
and

Jt+ng
. —1
lim | | A~ |XKH =0,
k—oo 1

S:

where XK = Span{f07f17f27 ce 7fK}
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