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Abstract. We consider nets (Tj) of operators acting on complex functions,
and we investigate the algebraic and the topological structure of the set {f :
Tj(|f |2) − |Tjf |2 → 0}. Our results extend and improve some known results
from the literature, which are connected with Korovkin’s theorem. Applications
to Abel–Poisson-type operators and Bernstein-type operators are given.

1. Introduction and main result

Let X be a nonempty set, and let B(X) be the algebra of all complex-valued
bounded functions on X equipped with the supremum norm. Let A(X) be a
subalgebra of B(X) closed under complex conjugation. Suppose that the constant
function 1 is in A(X).

A linear operator T : A(X) → B(X) is called positive if Tf is real-valued and
nonnegative whenever f ∈ A(X) is real-valued and nonnegative. The main result
of this paper is the following.

Theorem 1.1. Let Tj : A(X) → B(X) be a net of positive linear operators such
that Tj1 = 1 for all j. Let E(X) := {f ∈ A(X) : Tj(|f |2)− |Tjf |2 → 0}. Then

(a) E(X) is closed under complex conjugation, and 1 ∈ E(X),
(b) E(X) is a closed subalgebra of A(X).

This result is related to, and motivated by, the results obtained in [2], [1], [4],
and in [8]–[12] in connection with Korovkin’s theorem. In particular, suppose
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that X is a compact Hausdorff space and that A(X) = C(X) is the algebra of
all continuous complex-valued functions defined on X. Suppose also that E(X)
separates the points of X; that is, for all x1, x2 ∈ X with x1 6= x2 there exists
f ∈ E(X) such that f(x1) 6= f(x2). Then from Theorem 1.1 and the Stone–
Weierstrass theorem, we conclude that E(X) = A(X) = C(X).

Details and applications will be presented in Section 3 (see Theorems 3.1, 3.2,
and Corollary 3.3). In Examples 3.4 and 3.5 we construct nets of operators (of
Abel–Poisson type and of Bernstein type, respectively) for which our general
results can be applied.

2. Proof of Theorem 1.1

Let T : A(X) → B(X) be a positive linear operator such that T1 = 1, and let
f, g ∈ A(X). The following relations are well known (see, e.g., [12]):∣∣T (fg)∣∣2 ≤ T

(
|f |2

)
T
(
|g|2

)
, (Cauchy–Schwarz) (2.1)

Re(Tf) = T (Re f); Im(Tf) = T (Im f), (2.2)

|Tf |2 ≤ T
(
|f |2

)
, (2.3)

Tf = T (f), (2.4)

‖Tf‖ ≤ ‖f‖. (2.5)

We must also refer to the following proposition.

Proposition 2.1. With the above notation,∣∣T (fg)− T (f)Tg
∣∣2 ≤ (

T
(
|f |2

)
− |Tf |2

)(
T
(
|g|2

)
− |Tg|2

)
. (2.6)

Proof. From (2.3) we get∣∣T (f + ag)
∣∣2 ≤ T

(
|f + ag|2

)
, a ∈ C.

This implies, according to (2.4), that

(Tf + aTg)
(
T (f) + aT (g)

)
≤ T

(
(f + ag)(f + a g)

)
,

and also that

|Tf |2 + aTgT (f) + aTfT (g) + |a|2|Tg|2

≤ T
(
|f |2

)
+ aT (gf) + aT (fg) + |a|2T

(
|g|2

)
. (2.7)

Set a = α + iβ, α, β ∈ R, and

T
(
|g|2

)
− |Tg|2 = ϕ1,

T (fg)− T (f)Tg = ϕ2 + iψ2,

T
(
|f |2

)
− |Tf |2 = ϕ3,

where ϕ1, ϕ2, ϕ3, ψ2 are real functions; according to (2.3), ϕ1 ≥ 0, and ϕ3 ≥ 0.
From (2.7) we deduce that

(α2 + β2)ϕ1 + (α + iβ)(ϕ2 + iψ2) + (α− iβ)(ϕ2 − iψ2) + ϕ3 ≥ 0,

for all α, β ∈ R.
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This leads to

(α2 + β2)ϕ1 + 2αϕ2 − 2βψ2 + ϕ3 ≥ 0, α, β ∈ R. (2.8)

We will prove that

ϕ2
2 + ψ2

2 ≤ ϕ1ϕ3. (2.9)

Indeed, let x ∈ X; then ϕ1(x) ≥ 0. If ϕ1(x) = 0, then (2.8) yields

2αϕ2(x)− 2βψ2(x) + ϕ3(x) = 0

for all α, β ∈ R; hence ϕ2(x) = ψ2(x) = 0, and (2.9) is proved.

If ϕ1(x) > 0, we may take in (2.8) α = −ϕ2(x)
ϕ1(x)

and β = ψ2(x)
ϕ1(x)

; this yields (2.9).

So (2.9) is proved, and it implies (2.6). �

Now we are in a position to prove Theorem 1.1. Item (a) is obvious. Let f, g ∈
E(X). Clearly, af ∈ E(X) for each a ∈ C. Moreover,

Tj
(
|f + g|2

)
−

∣∣Tj(f + g)
∣∣2 = Tj

(
(f + g)(f + g)

)
− (Tjf + Tjg)(Tjf + Tjg)

=
(
Tj
(
|f |2

)
− |Tjf |2

)
+
(
Tj
(
|g|2

)
− |Tjg|2

)
+
(
Tj(fg)− TjfTj(g)

)
+
(
Tj(fg)− Tj(f)Tjg

)
.

The first two terms tend to 0 since f, g ∈ E(X). By using Proposition 2.1, we
infer that the last two terms tend also to 0; hence f + g ∈ E(X). This shows that
E(X) is a linear subspace of A(X).

Now let u := f 2f , v := ff . Then by (2.6),∣∣Tj(|ff |2)− ∣∣Tj(ff)∣∣2∣∣
≤

∣∣Tj(fu)− Tj(f)Tj(u)
∣∣

+
∣∣Tj(f)Tj(fv)− Tj(f)Tj(f)Tj(v)

∣∣+ ∣∣Tj(f)Tj(f)Tj(ff)− Tj(ff)Tj(ff)
∣∣

≤
(
Tj
(
|f |2

)
− |Tjf |2

) 1
2
(
Tj
(
|u|2

)
− |Tju|2

) 1
2 +

∣∣Tj(f)∣∣(Tj(|f |2)− |Tjf |2
) 1

2

×
(
Tj
(
|v|2

)
− |Tjv|2

) 1
2 +

∣∣Tj(ff)∣∣∣∣Tj(|f |2)− |Tjf |2
∣∣.

By using (2.5) and the fact that

Tj
(
|f |2

)
− |Tjf |2 → 0,

we conclude that

Tj
(
|ff |2

)
−
∣∣Tj(ff)∣∣2 → 0;

that is, ff ∈ E(X) for each f ∈ E(X). For f, g ∈ E(X) we have

f + ig ∈ E(X), f + g ∈ E(X).

It follows that

ff + gg + i(fg − fg) = (f + ig)(f + ig) ∈ E(X),

ff + gg + fg + fg = (f + g)(f + g) ∈ E(X).

Since ff+gg ∈ E(X), we deduce that fg−fg ∈ E(X) and that fg+fg ∈ E(X).
Thus fg ∈ E(X), which shows that E(X) is a subalgebra of A(X).
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Finally, let fn ∈ E(X), fn → f ∈ A(X), and let ε > 0. There exists n1 such
that ∥∥|f |2 − |fn|2

∥∥ ≤ ε

3
for all n ≥ n1. This entails that∥∥Tj(|f |2)− Tj

(
|fn|2

)∥∥ ≤ ε

3
for n ≥ n1 and all j. (2.10)

On the other hand,∣∣|Tjfn|2 − |Tjf |2
∣∣ = ∣∣|Tjfn| − |Tjf |

∣∣ · ∣∣|Tjfn|+ |Tjf |
∣∣

≤ |Tjfn − Tjf |
(
|Tjfn|+ |Tjf |

)
.

Since fn → f ∈ B(X), there exists M > 0 such that ‖fn‖ ≤ M , n ≥ 1. Then
‖|Tjfn|+ |Tjf |‖ ≤ 2M for all n and all j. Moreover, there exists n2 such that

‖Tjfn − Tjf‖ ≤ ‖fn − f‖ ≤ ε

6M

for all j and all n ≥ n2. Hence∥∥|Tjfn|2 − |Tjf |2
∥∥ ≤ ε

3
(2.11)

for all j and all n ≥ n2.
Let n0 = max{n1, n2}. There exists j0 such that∥∥Tj(|fn0|2

)
− |Tjfn0 |2

∥∥ ≤ ε

3
, j ≥ j0. (2.12)

From (2.10), (2.11), and (2.12) it follows that∥∥Tj(|f |2)− |Tjf |2
∥∥ ≤

∥∥Tj(|f |2)− Tj
(
|fn0|2

)∥∥+
∥∥Tj(|fn0|2

)
− |Tjfn0|2

∥∥
+
∥∥|Tjfn0|2 − |Tjf |2

∥∥ ≤ ε

for all j ≥ j0. Thus Tj(|f |2) − |Tjf |2 → 0; that is, f ∈ E(X). This shows that
E(X) is closed and that the proof of Theorem 1.1 is finished. �

3. Remarks, applications, and examples

(I) Let h ∈ A(X), and let g ∈ E(X). By applying (2.6) to g and to f = h, we
get ∣∣Tj(hg)− Tj(h)Tj(g)

∣∣2 ≤ (
Tj
(
|h|2

)
− |Tjh|2

)(
Tj
(
|g|2

)
− |Tjg|2

)
≤ 2‖h‖2

(
Tj
(
|g|2

)
− |Tjg|2

)
→ 0.

It follows that

Tj(hg)− Tj(h)Tj(g) → 0

uniformly on X for all h ∈ A(X), g ∈ E(X). This is a kind of asymptotic multi-
plicativity of the net (Tj). The degree of nonmultiplicativity of linear operators
is investigated in [7] and the references therein.

(II) Let C[a, b] be the algebra of real-valued continuous functions defined on
[a, b], endowed with the supremum norm and usual ordering. As a consequence
of the results of [8], the following result was presented in [10, Théorème 1].
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Theorem 3.1. Let An : C[a, b] → R, n = 1, 2, . . . be positive linear functionals
An(1) ≤ 1, and let x0 ∈ [a, b]. Then

S :=
{
f ∈ C[a, b] : An(f) → f(x0), An(f

2) → f 2(x0)
}

is a closed subalgebra of C[a, b].

The next result was obtained in [11, Theorem 2].

Theorem 3.2. Let An : C[a, b] → R, n = 1, 2, . . . be positive linear functionals
An(1) ≤ 1. Then ∑

:=
{
f ∈ C[a, b] : An(f

2)− A2
n(f) → 0

}
is a closed subalgebra of C[a, b], and S ⊂

∑
.

Obviously, Theorem 1.1 is an extension of Theorem 3.2. At the same time,
Theorem 1.1 extends the results of [9]. (This area of research is clearly related to
Korovkin’s theory, see, e.g. [3]; it also relates to the results mentioned above, see
[2], [1], [4]–[6], [8], [12].)

(III) We conclude by presenting some applications and examples.
Let C2π([−π, π],C) be the algebra of complex-valued, continuous, and

2π-periodic functions defined on [−π, π]. Then g : [−π, π] → C, g(t) = eit is
in C2π([−π, π],C).

Let

Tj : C2π

(
[−π, π],C

)
→ C2π

(
[−π, π],C

)
be a net of positive linear operators such that Tj1 = 1.

Corollary 3.3. If |Tjg| → 1, then

Tj
(
|f |2

)
− |Tjf |2 → 0 for all f ∈ C2π

(
[−π, π],C

)
.

Proof. According to Theorem 1.1, the set

V :=
{
f ∈ C2π

(
[−π, π],C

)
: Tj

(
|f |2

)
− |Tjf |2 → 0

}
is a subalgebra of C2π([−π, π],C), closed under complex conjugation, closed under
uniform convergence, and 1 ∈ V . We also have

Tj
(
|g|2

)
− |Tjg|2 = Tj1− |Tjg|2 = 1− |Tjg|2 → 0

so that g ∈ V . It follows that the trigonometric polynomials are in V . We infer
that

V = C2π

(
[−π, π],C

)
,

and this concludes the proof. �

Example 3.4. We construct a net of operators satisfying the hypotheses of Corol-
lary 3.3. Let

vj : [−π, π] → [−π, π], j ∈ (0, 1)

be continuous functions.
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For f ∈ C2π([−π, π],C), let

Tj(f)(x) :=
1− j2

2π

∫ π

−π

f(vj(x)− t)

1− 2j cos t+ j2
dt, x ∈ [−π, π], j ∈ (0, 1).

Then Tj are positive linear operators, Tj1 = 1,

Tjg(x) = j
(
cos vj(x) + i sin vj(x)

)
, j ∈ (0, 1).

Thus |Tjg| = j, and limj→1 |Tjg| = 1.
According to Corollary 3.3,

lim
j→1

(
Tj
(
|f |2

)
− |Tjf |2

)
= 0, f ∈ C2π

(
[−π, π],C

)
.

In particular, if limj→1 vj(x) = x uniformly on [−π, π], then Tj cos → cos, Tj sin →
sin, and Korovkin’s theorem guarantees that Tjf → f , f ∈ C2π([−π, π],C) (see
[3, Section 5.4.8]).

Example 3.5. Let un : [0, 1] → [0, 1], n = 1, 2, . . . , be continuous functions. For
f ∈ C([0, 1],C) let

Tnf(x) =
n∑
k=0

(
n

k

)(
un(x)

)k(
1− un(x)

)n−k
f
(k
n

)
, x ∈ [0, 1].

Then Tn are positive linear operators, Tn1 = 1.
Let g(x) := x, x ∈ [0, 1]. Then

Tng(x) = un(x), Tn(g
2)(x) = u2n(x) +

un(x)(1− un(x))

n
.

Thus

Tn
(
|g|2

)
− |Tng|2 =

un(1− un)

n
→ 0.

According to Theorem 1.1,

V :=
{
f ∈ C

(
[0, 1],C

)
: Tn

(
|f |2

)
− |Tnf |2 → 0

}
is a subalgebra of C([0, 1],C), closed under complex conjugation, closed under
uniform convergence, and containing the functions 1 and g.

We deduce that it contains all the algebraic polynomials, and so V =
C([0, 1],C). This entails that

Tn
(
|f |2

)
− |Tnf |2 → 0, f ∈ C

(
[0, 1],C

)
.

Of course Tn are Bernstein-type operators. Similar q-Bernstein-type operators
can be constructed, but we omit the details.

Acknowledgment. The authors are grateful to the referee for valuable sugges-
tions and comments.
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