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ABSTRACT. This article deals with the approximation properties of the bivari-
ate operators which are the combination of Bernstein—-Chlodowsky operators
and the Szdsz operators involving Appell polynomials. We investigate the
degree of approximation of the operators with the help of the complete mod-
ulus of continuity and the partial moduli of continuity. In the last section of
the paper, we introduce the generalized Boolean sum (GBS) of these bivariate
Chlodowsky—Szasz—Appell-type operators and examine the order of approx-
imation in the Bogel space of continuous functions by means of the mixed
modulus of smoothness.

1. INTRODUCTION

Appell in [2] introduced a sequence of polynomials P,(z) of degree n which
satisfies the differential equation

d
DP,(z) =nP,_1(z), =
known as Appell polynomials. These polynomials have been studied widely
because of their remarkable applications not only in mathematics (see [5]) but
also in physics and in chemistry. In [18], Sheffer extended the class of Appell
polynomials and called these zero-type polynomials. Using Appell polynomials,
Jakimovski and Leviatan [14] introduced a generalization of the Favard-Szész
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operators as

Pu(fix) = (%), (1)
n
where g(u)e" = 7 pr(z)u” is the generating function for the Appell polyno-
mials pg(z) > 0 with g(z) = > 7 a,2", |2| < R, R > 1, and ¢(1) # 0.
Subsequently, the Stancu-type generalization of the operators (1.1) was intro-
duced by Atakut and Biiyiikyazici [4], wherein the authors established some

approximation properties. A generalization of the operators given by (1.1) is
defined as

P:(f;x)

() f < ) (1.2)

where (b,), (¢,) denote the unbounded and increasing sequences of positive real
numbers such that b, > 1, ¢, > 1, and limnﬁwi = 0, lc’—: =14+ O(i) as
n — oo. In the special case g(z) = 1, these operators reduce to the modified
Szész operators studied by Walczak [20]. Also, for b, = n = ¢,, these operators
coincide with the operators (1.1). (For more details the reader should consult the
recent work on approximation theory in [3], [12].)

On the interval [0, a,] with a, — oo, as n — oo, the Bernstein—Chlodowsky
polynomials are defined by

pin =3 (1)) (-2 (6) o

n

where z € [0, a,,| and lim,,_,, % = 0. In approximation theory, Chlodowsky-type
generalizations of certain operators have been studied intensively (see [16], [15]).

By combining the Bernstein-Chlodowsky operators (1.3) and the operators
(1.2), we introduce the bivariate operators as follows:

Tyl fi,1) zz( )(E) (-5 s (k2. L)

m

for all n,m € N, f € C(A),, with 4,, = {(z,y) : 0 <z < a,,0 <y < oo},
and C(A,,) :={f : A, — R is continuous}. Note that the operator (1.4) is the
tensorial product of ,B,, and ,P},; that is, T}, ,,, = B, 0 , P, where

Bn<f;x7y>—§(z> (2) (- 2)5(k0)

(o)
Our purpose here is to establish the degree of approximation for the bivariate

operators (1.4) by means of the moduli of continuity and the Lipschitz class. The
rate of convergence of these operators for a weighted space is studied with the

and

y P (f32,y)
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aid of the modulus of continuity introduced in [13]. Subsequently, the GBS case
of these operators (1.4) is introduced, and the approximation degree for the GBS
operators is obtained by means of the mixed modulus of smoothness.

2. PRELIMINARIES

To examine the approximation properties .Of the operators (1.4), we give some
basic results using the test functions e; ; = t's’ (i,j = 0,1, 2) as follows.

Lemma 2.1. We have

(1) Tom(eo0; v, y) = 1;
(ii) Tnm(el 0;T,Y) =
(iil) Thm(eon; @, y) = oy + CLL));
@) o (eagi.3) = 2 + (o 2)
(v) Thm(eoo;z,y) = E”y (299,((11)) + 1y + %(L(l)) + g;/Lll)))’
(Vi) Tpm(es0;z,y) = 3 + n—)(:c(Bn —2)+ay,),
() Tomeosin,y) = Gy + G5 + 4" + &5 + 850 + Ly +
7 (G + 450 + 56,
(viii) Tyom(eao;z,y) = 2* + W(@rﬂ —5n+2)+ M(23:(371 2)+an) +

z2an (an—2)(n—1)
3 )

. 4 3 /
(%) Tomleoa; @, y) = Sy + SyP (420 410) + Zey2(6L 8 + 30210 4 14) +

1 ( ) 1" 1 1
Sy (A 4+ 3045 + 2880 1) 4 (Yt + 107 + 14485 + ).
Proof. By using simple calculations, we can easily prove the above results. Hence

the details are omitted. O

As a consequence of Lemma 2.1, we obtain the following lemma.
Lemma 2.2. For the operator (1./), we have the following results:
(1) Tn,m (61,0 - x)Qa z, y) = x(an - $)
(60,1_y>2;x7y) = ( _1) Y +(2%&_lgg((1)) "‘ )y+ ( ((11)) +

(
( g(1)

g// 1))

g(1) /7’ 5
(iil) Tnm((e10 — 2 4533:9) = (% - %)‘734 wx +a (% - %) n—g
iv) Tom((eon —y)* 2, y) = (22— 1)y 4+{—( (1) ) 110) + 6o (2 gg +1

b2 / /

420 (350 + 4) — égg—l))} + {& (69((11)) + 3028 + 14) — abp (328 +

g'(1) 6 (g"(1) g'( bm g" (1) g"(1) g()

825 T)ch??)(g(l) + 505 )}y +<){ (4 oy +30 ()(q)t28 8 +1) —

4 111 1 1" 1 1

(G A5+ Sy + Gy + 109 D 1425+ 2).

Lemma 2.3. Taking into account the conditions on (an), (bn), (cn), and using
Lemma 2.1 and Lemma 2.2, we may write

(1) Tom((e10 — 2)*2,y) = O(%2)(2® + x), as n — oo,
(i) Tom((eoq — )% 2,y) < L2(2 +y+1),
(iii) Thm((er0 — )% 2, y) = O(%2)(x* + 2° + 2® + ), as n — oo,
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(iv) T ((e01 — 9)% 2, y) < 29 (g4 4o 492 4y 4 1),

Cm

where 1n(g) and p(g) are certain constant depending on g.

3. MAIN RESULTS

In this section, we establish the degree of approximation of the operators given
by (1.4) in the space of continuous functions on compact set I, := [0, a] x [0,b] C
A,, . For f € C(I,), the complete modulus of continuity for the bivariate case is
defined as follows:

w(f;0) =sup{[f(t,s) — f(z,y)] : (t,5), (x,) € Loy
and \/(t —x)2+ (s —y)2 < 6}

The partial moduli of continuity with respect to  and y is given by

wi(f;0) = sup{|f(z1,y) — f(z2,9)| : y € [0,b] and |z — x| < 6},

and
wa(f;0) = sup{|f(z,y1) — f(x,y2)| : © € [0,a] and |y; — yo| < b},
Clearly, these moduli satisfy the properties of the usual modulus of continuity.

Theorem 3.1. For all (x,y) € I, and f € C(1y), we have the following inequal-
1ty

T (f3 2, 9) — f2,y)| < 20(f; 0nm),
where 8, = (O(2) (22 + x) + L2 (y + 1)2)1/2.
Proof. From the definition of the complete modulus of continuity, we have
T (f52,9) = (2, 9)| < To (| f(t,8) = f(2,9)];2,9)
< Ton (W (s V/(t = 2)2 + (s = 9)?)s 2, 9)
< w(fi0nm) {14 =T (VT 27+ G~ p%2,9) }

n,m

Using the Cauchy—Schwarz inequaltiy and Lemma 2.3, we have

‘TH,M(fS z, y) - f(x7y)|

< w(f;0nm) :1 + (51 {Tn,m((el,o — ) + (eoq — y)*; xafl/)}lp]

S UJ(f, 5n,m) :1 + %{Tn,m<(el,0 - z)Q; Z, y) + Tn,m<(6071 - y)27 xz, y) }1/2}
_ 1 . /

< w(f;0nm) _1 + 5n’m{0<%>( 2 4 x) + @( + 1)2}1 2}’

m

from which the desired result is immediate. O
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Theorem 3.2. For f € C(Iy) and all (x,y) € Ly, the following result holds:

T (fi2,y) = fla,y)| < 2(wi(f;00) + wa(f30m)),

52— (b_m_1)2y2+ (zb_mg’(l) 2 g'(1) bm> +i<g’(1) g”(l))_

Eg1)  emg(l) )7

Proof. Using the definition of the partial moduli of continuity, Lemma 2.2, and
the Cauchy—Schwarz inequality, we have

< T (| (£, 5) = fl2,9)]5 2, 9)
STn,m(‘f(tJS)_f(x7S) L, )+Tn,m(|f(x,s)—f(x,y)|;x,y)

—a));2,y) + Tom (w2 (fi s — yl); 2, v)

1
1+ _Tn,m(‘t - x‘;l’,y):| +C<J2(f; 5m) |:1 + 5_Tn,m(‘8 - y!;x,y)]
1

1+ 5—(Tn7m((€1’0 — )%z, y))l/z}

n

N
3
s 3
&
N— ;
=

Fun(fi8,)[14 (SL(TW((eO,1 —yPie)”]

m

Choosing 62 = £(a, — x) and 42, = ( b )22 + (27’“% - %L)) + TZ)y +
C%(% + —()) we obtain the requlred result. O

Now, we establish the degree of approximation for the bivariate operators (1.4)
with the aid of the Lipschitz class. For 0 < v; < land 0 < vy, < 1and f € C(Iy),
we define the Lipschitz class Lip,,(v1,72) for the bivariate case as follows:

f(t,s) = fz,y)| < M|t — 2" |s — y|2.

Theorem 3.3. Let f € Lipy;(71,72). Then we have

where 6,, and d,, are the same as in Theorem 3.2.

Proof. Since f € Lip,,(71,72), we may write

T (f52,y) — fl2,y)] m([f(E, ) = f(z,y)];2,9)
(Mlt—ﬂi|”|8—y|”'x y)

T
M, By ([t — x5 2, y), Pr(ls =y 2, y).

IA A I/\
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) and (p27QQ) = (%’ 2372)7

2 2

Applying Holder’s inequality with (p1,q1) = (%, —

we have

Tonfi2,9) = F(.9)| < MBo((eno = )%5,9) ™5 Buleopi w,9)* )7
* 2 * _
Xy Pr((eon = y)%i y)wy/ J P (e0,0;m,y) 2712/
= Moo

This proves the theorem. (]

Now we estimate the degree of approximation of the bivariate operators (1.4)
in a weighted space. Let B, be the space of all functions f defined on R{ x R,
Ry = [0,00) having the property |f(z,y)| < M;p(z,y), where My is a positive
constant depending only on f and p(z,y) = 1 + 2% + y? is a weight function.
Let C, be the subspace of B, of all continuous functions with the norm | f|, =

SUD, ycpt |£ ((ig)) | and let C? be the subspace of all functions f € C, such that

lim, o0 % exists finitely. For all f € CS, the weighted modulus of continuity

is defined by

w,(f;01,02) = sup sup (@t oy & ) — flz, y)|. (3.1)

$,y€R3' |h1]<81,|h2|<d2 p(*ray)p(hlv h2)

Further details of the weighted modulus of continuity can be found in [13].

Theorem 3.4. If f € CS, then, for sufficiently large n, m, the following inequality
holds:

sup 3
yeR? p(z,y)

S C’wp(fa 5717 6m)’

where 6, = (%)%, §,, = (Uc(—j))l/?, o(g) = max{n(g),u(g)}, and C is a constant
depending on n, m.

Proof. From ([13], p. 577), we may write

50:9) = Flas)] < 80+ (s 0) (14151 (14 B2
X (1 + (t — x)z) (1 +(s— y)z)
Thus
T (f:2,9) — f(2,9)]

< 8(1+ 2% + y*)w,(f; 6n, Om) i (Z) (%)%1 - %)n_k <1 + % ka—; - D
(14 (2 =) ) X S (5 5| L =) (0 (£ -0))
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Applying the Cauchy—Schwarz inequality, we have

<8(1—|—x + 42 wpfén,5 [1+T 610—@;%9)

6 \/Tnm elO_x 27$,y):|
X 6_\/Tn,m( 610—ZL’ 27I7y Tnm( 610_1‘) ;xay)

)
) + %\/T m((eo1 —y)% 2, y)

m

X [1+Tnm( (e01 —y) ,x,y

1
X(s_\/Tnm( €01 — Y 2a$ay)Tnm( 601—9) x7y)]
Using Lemma 2.3, we have

T (f52,y) — f(2,9)]

< 8(1+ 22 + y2)wp(f: 60, Om) [1 n O(%’“‘) (22 +2) + l\/O<a—”> (22 + )

—\/ x2+x)0<%”>(x4+a:3+x2+a:)]

[1+M(y+1)2+L )

5m Cm

—l——\/ (g) —(y+ 1)4].

Taking 6, = (%)'/2, 6, = (U(g))l/2 with o(g) = max{n(g),u(g)}, we reach the
desired result O

y+1)2

4. CONSTRUCTION OF GBS OPERATORS OF THE
CHLODOWSKY—SZASZ—APPELL TYPE

The continuity and the differentiability of a function in a Bogel space were first
examined by Bogel in [8] and [9]. After this, Dobrescu and Matei [11] used the
definitions of B-continuity and B-differentiability to obtain the approximating
properties of GBS of bivariate Bernstein polynomials. In [6], Badea et al. proved
the Test function theorem for the functions defined in the Bogel space of contin-
uous functions. In the same space, the quantitative variant of a Korovkin-type
theorem was given by Badea and Badea in [7, Theorem 2.2]. Recently, Manjari et
al. [19] constructed the GBS operators of a Bernstein—Schurer—Kantorovich type
and obtained the degree of approximation for these operators. Agrawal and Ispir
[1] established the degree of approximation for the bivariate Chlodowsky—Szasz—
Charlier-type operators and the associated GBS operators.

First we give some basic definitions and notation.



CHLODOWSKY-SZASZ-APPELL-TYPE OPERATORS 453

A real-valued function f on the rectangle A = ([a,b] X [c,d]) is called B-
continuous if for every (z,y) € A there holds
lim Ao f(z,y) =0,
ey S0 09)
where A(u,v)f(xa Z/) = f(xvy) - f(l’,/l]) - f(uay) + f(u,v).

We denote by Cy(A) the space of all B-continuous functions on A. B(A), C(A)
denote the space of all bounded functions and the space of all continuous (in the
usual sense) functions on A endowed with the sup-norm || - || It is known that
C(A) C Cy(A) (see [10], page 52).

The mixed modulus of smoothness of f € Cy(A) is defined as

Wmixed(f; 517 52) = Sup{ |A(x+h1,y+h2)f($7 y) ‘ }7

where the supremum is taken over all (z,y) € A, (hi,hy) € R x R such that
(x 4+ h1,y + he) € A, 0 < |hy] < 81, 0 < |hg] < d2, and where A, , f(x,y) is as
defined above. The mixed modulus of continuity involving upper bounds and the
total modulus of continuity were introduced by Marchaud [17, p. 410].

A real-valued function defined on A is called a uniformly B-continuous function
if and only if

lim wmlxed(.f 517 52) = 0.
01,02—

Furthermore, for all nonnegative numbers A\, Ay, there holds
Wnixed (f; A101, A202) < (1 +A1[) (1 4 Ao[) wimiea (f5 01, 02),

where |A[ denotes the largest integer which is smaller than A.
A function f: A — R is called Bdgel differentiable if, for every (z,y) € A,

1 A(u,v)f(xa y)
im
(u,v)—=(z,y) (U — $) (U — y)
Here Dpg is called the B-derivative of f, and the space of all B-differentiable
functions is denoted by Dy(A).
In this section, we introduce the GBS case of the operators defined in (1.4).
For every f € Cy(A), the GBS operator associated with the operator
Tom(f;x,y) is defined as follows:

Ut =25 (1) (2) (1= 2) <o)

k=0 j=0

D) s D) D))

n - n' cm

= Dpf(x,y) < oc.

Let 1.4 :=[0,¢] x [0,d] C Aa,

Theorem 4.1. For every f € Cy(I.q) and for all (z,y) € I.q4, we have the follow-
ing inequality for the operator defined in (4.1):

Unn (f32,9) = f(2,9)| < 4wmixea(f; Ons ), (42)

where 6, = (22(? 4+ ¢))'2, 6y == nlg) = (’;(—?)1/2, and p(g) is a constant
depending on g.



454 M. SIDHARTH, A. M. ACU, and P. N. AGRAWAL

Proof. Using the definition of wiixed(f;0n, dm) and the elementary inequality, we
have

wmixed(f; /\157“ /\257") S (]‘ + /\1)(1 + )‘Q)Wmixed(f; 57’“ 6m)7 /\17 /\2 > 0.
Therefore,
‘A(Ly)f@a 8)’ < wmixed(f; |t - JI|, |8 — y|)
il s —
< o LS. 2} . : ‘
- <1 s ) (1 s )“’mlxed(fﬁmfsm) (4.3)

for every (z,v),(t,s) € I.4 and for any 9,,9,, > 0. Further, by the definition of
Ay f(t,s), we get

f(ZL',S) + f(t7y) - f(t78) = f(xay) - A(x,y)f(ta 5)'
Applying the operator defined in (1.4) to both sides of the above equality, we get

Unin(fi2,9) = f(2,9)Tam(e00; 2,Y) = Tnm (D) (¢, 5);2,9).
Since T},.m(€0,0; ,y) = 1, applying the Cauchy—Schwarz inequality,

|Un,m(f;xay) - f(x,y)}
< T (| D) (25 9) |5 2, 9)

S (Tn,m(eo,o; x, y) + 5;1\/Tn,m((61,0 - x)Q; Z, y) + 5;7,1 \/Tn,m((eo,l - 9)27 xz, y)

+ 5;15;} \/Tn,m<(el,0 - x)Q; x, y) \/Tn,m<(60,1 - y)2; x, y))wmixed(f; 6n7 6m)

(4.4)
By Lemma 2.2 and for all (z,y) € 1.4, we have
x(a, —x
Tn,m((el,o - I)za z, y) - %
<@ ra) < +o). (4.5)
-n n
Similarly,
Tn,m((e(),l - 9)27 l‘,y) S @(yQ + ) + 1)
< M(d2+d+ 1):@, (4.6)
Cm Cm

where p(g) is a constant depending on g. Choosing 8, = (%(c? 4 ¢))"/? and
S = Om(g) = (29)1/2 we get the required result. O

Cm

In our next theorem, we obtain the degree of approximation of the U, ,, in
terms of the Lipschitz-class which is defined as follows:

Lipy(&1,6) = {f € Co(Lea) : |Awy f(t,8)] < Mt — 2l ]s — y[*,
for (t73)7 ($7y> S ch}a
where f € Cy(Iq) and 0 < &,& < 1.
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Theorem 4.2. For f € Lip,;(&1,&) and (z,y) € 1.4, we have
‘Un,m(f7 l’,y) - f(xvy)‘ S M5§1/267%/27

where 6, = ||.Bn((t — )% )loos Om = [y P5((s — ¥)% )|, and M is a certain
positive constant.

Proof. By the definition of U,,(f;-,-) and using the linearity of the operator
Tom(f;+, ), we may write

Un,m(f; ) ) = Tmm(f(:L‘,S) + f(tuy) - f(t75);$7y)
= Tmm (f(:v,y) - A(a:,y)f(t’ 3); l’,y)
= f(xv ?/)Tn,m(e&o; xz, y) —Thum (A(aay)f(t: 5)? z, y)-

By our hypothesis, we get
|Un,m(fa xv?/) - f(xa y)} S Tn,m(}A(x,y)f(ta S) ,(L’,y)
< MTy ([t — 2l |s =yl 2, y)
— MTn,m(|t — x|51;x,y)Tn,m(|s —yl*®z, y).

Now, applying the Holder’s inequality with (p1,q1) = (2/&,2/(2 — &)) and
(P2, q2) = (2/£2,2/(2 — &)), we obtain
&1/2 _
|Un,m(f7 z, y) - f('ra y)l < M:EBTL((t - $)2, 517) 1/ ;,;Bn(eo;l‘)@ £1)/2
* §2/2 px —
Xy Pl ((s = )% y) ™ Pl ey y) @2,

Taking 6, = |[oBn((t — 2)*; ) lloc and 8, = ||y Py, ((5 = 4)?; )|l oo; we get the desired
result. O

Theorem 4.3. If f € Dy(I.q) and Dgf € B(l.q), then, for each (x,y) € I.q, we
get

Unn (f52,9) — f(2,9)]
< C{3HDBfHoo + 2wmixed(f; 5n7 5m)\/x2 + l‘\/y2 +y+ 1}5n5m
+ {Wimixed (f; Ons O ) (O VXt + 23 + 22 + o2y 41
oY P+ Y+ Va2 + 1)},
where 6, = /%, 6 = \/%i), o(g) = max{n(g),u(g)}, and C is a constant

depending on n, m only.

Proof. By our hypothesis,

Ay ft,s) =t —2)(s —y)Dpf(a,B) withae <a<ty<p<s.
Clearly,

Dpf(a, B) = Ay Def(e, 8) + Dpf(a,y) + Dpf(z, ) — Dpf(z,y).
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Since Dpf € B(l.), from the above equalities, we have
|Tn,m (A($,y)f(t7 S)? z, y) ‘
= ‘Tn,m(@ - JT)(S - y)DBf(Oé, 6)? l’,y)|
S Tn,m(‘t - ‘THS - yHA(w,y)DBf(avﬁ)L X, y)
< Tn,m(‘t - IHS - ylwmixed(DBf; |Oé - ZE', |6 - y|)7x7y)
—|—3HDBfHOOTn,m(|t—:EHs—y[;x,y). (4.7)
By the properties of the mixed modulus of smoothness wixeq, We can write
wmixed<DBf; |Oé - flf|, |B - y‘)
< Wmixed(DBf; |t - LL”, |S - yl)
< (1401t —2]) (146, s — yl)wmixea (DB 6s Om). (4.8)
Combining (4.7), (4.8), and using the Cauchy—Schwarz inequality, we find
\Unan (f32,9) — f(2,9)|
= |Tn,mA(x,y)f(ta 3)7 z, y|
< 301D f ooy T (¢ = )2(s = )% ,y) + (Toon (1t — 2lls — yli 7, y)
+ 57:1Tn7m((t —z)’ls —yl; =, y) + 5;11Tn,m(|t —z|(s —y)% y)
+ 6;157;1Tn,m((t — I)Q(S - y)2§ Z, y))wmixed(DBf; 5n7 6m)
< 31D flloey) T (¢ = 2)2(s = )% 2,9) + (y T (£ = 2)2(5 = )% 2,)
+ 5;1\/Tn7m((t — )4 (s —y)%w, y) +6 \/Tn,m((t —z)2(s —y)4 x, y)
+ 6;1577_11Tn,m((t - x)Q(s - y)Qa z, y))wmixed(DBf; 571) 6m) (49)
Since for (z,y), (t,s) € I.4 and i,j € {1,2} we have
Tn,m((t - :L’)%(s - y)zj; z, y) = xBn((t - :L’)2i; m)yP:z«S - 3/>2j3 y)7 (4.10)

and from Lemma 2.3,

Bt —2)2) =0 gn) (2* 4+ 2% + 2% + ),
JPr((s —y)%y) < @(ﬁ +y+1)
1(9)

JPir((s—y)hy) < W'+ +y*+y+1),

Cm

combining (4.9) and (4.10), on choosing 6, = /%, §,, = \/%‘j) and o(g) =
max(1(g), 1(g)), we reach the required result. O
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FIGURE 1. The convergence of T, ,,,(f;x,y) to f(x,y) (red f, blue
T0,40, yellow T5,5)-

FIGURE 2. The convergence of T, ,,,(f;x,y) to f(x,y) (red f, blue
T40’40, yellow T575).

5. NUMERICAL EXAMPLES

In this section, we give some numerical results regarding the approximation
properties of Chlodowsky—Szdsz—Appell operators defined in (1.4).

Ezample 5.1. Let us consider the function f(z,y) = e ¥ cos(mx), g(u) = u and
a, = /n, b, =n, cn:n—i—\%. For n = m =5 and n = m = 40 the convergence
of T,.m(f;2,y) to f(x,y) is illustrated in Figure 1.

Ezample 5.2. Let us consider the function f(z,y) = e ¥sin(nzx), g(u) = u and
a, =/n, by =n,c, =n+e " Forn=m =25 and n = m = 40 the convergence
of T (f;2,y) to f(x,y) is illustrated in Figure 2.

We notice from the above examples that for n = m = 40 the approximation of
the operator T;, ,, to the function f is better than n = m = 5.
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TABLE 1. Error of approximation for 715, ,,,
n=m an:\/ﬁ,bn:n,cn:n—k\/iH a, =+/n,b,=n,c,=n+e"
20 3.9062769320 3.9678794400
50 2.6253029800 2.6362709420
100 1.9595674840 1.9624455190
500 0.9975826189 0.9977048873
1000 0.7505644223 0.7505954100
1500 0.6370476284 0.6370614836
2000 0.5677575415 0.5677653628
2500 0.5196173630 0.5196223806
3000 0.4835609538 0.4835644444

Ezxample 5.3. If f € C(Iu), then

|Tn,m(.f;x7y) - f(xay)‘ < 2(w1(f75n) + W?(f;(sm»
< 214 oo + 1F O llocbm)

where ¢,, and §,, are defined in Theorem 3.2.
In Table 1 we compute the error of approximation of f(x,y) = xye™¥ by using
the above relation for I, = [0, 4] x [0, 4].
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