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Abstract. We consider two types of maximal operators. We prove that,
under some conditions, each maximal operator is bounded from the classi-
cal dyadic martingale Hardy space Hp to the classical Lebesgue space Lp and
from the variable dyadic martingale Hardy space Hp(·) to the variable Lebesgue
space Lp(·). Using this, we can prove the boundedness of the Cesàro and Riesz
maximal operator from Hp(·) to Lp(·) and from the variable Hardy–Lorentz
space Hp(·),q to the variable Lorentz space Lp(·),q. As a consequence, we can
prove theorems about almost everywhere and norm convergence.

1. Introduction and preliminaries

Variable Lebesgue spaces, a new field of mathematics, is currently a topic of
intensive study. Instead of the classical Lp-norm, the variable Lp(·)-norm is defined
by

‖f‖p(·) := inf
{
λ > 0 :

∫
Rd

∣∣∣f(x)
λ

∣∣∣p(x) dx ≤ 1
}
,

where 0 < p(x) < ∞ for all x ∈ Rd. The variable Lp(·) spaces contain all mea-
surable functions f , for which ‖f‖p(·) < ∞. When the exponent function p(·) is
constant, we get back the classical Lebesgue spaces. Variable Lebesgue spaces
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share many common properties with classical Lebesgue spaces (see, e.g., Kováčik
and Rákosńık [26], Cruz-Uribe and Fiorenza [6], Diening, Hästö, and Růžička
[11], Cruz-Uribe, Fiorenza, and Neugebauer [8], Cruz-Uribe, Fiorenza, Martell,
and Pérez [7]). The classical Hardy–Littlewood maximal operator is bounded on
the variable Lp(·) spaces if the exponent function p(·) is log-Hölder continuous and
1 < p− ≤ p+ < ∞, where p− denotes the infimum and p+ the supremum of p(·)
(see, e.g., [8], [10], [30]). This field could experience rapid development with the
help of log-Hölder continuity. The variable Hardy spaces Hp(·)(Rd) were defined
by Nakai and Sawano [29] and Cruz-Uribe and Yang [9].

The martingale Hardy spaces have given new direction and impetus to the
development of harmonic analysis. These spaces are defined on a complete prob-
ability space (see, e.g., [1]) which has no natural metric structure. Therefore,
it is necessary to redefine log-Hölder continuity. In this paper, instead of the
log-Hölder conditions, we suppose (2.1), which in some sense is a generalization
of log-Hölder continuity. The condition (2.1) was introduced very recently in [24]
(see also [23]). We investigate the martingale Hardy space Hp(·) defined by the
variable Lp(·)-norm of the maximal function. Other martingale Hardy spaces can
also be defined (see, e.g., Weisz [35], [37] for the classical case or Jiao, Zhou,
Hao, and Chen [22], [23] or Jiao, Zhou, Weisz, and Wu [24] for the variable case).
Jiao, Zuo, Zhou, and Wu [25] recently introduced and investigated the variable
Hardy–Lorentz space Hp(·),q for the first time in the case where 0 < q < ∞, while
Yan, Yang, Yuan, and Zhou [38] did the same in the setting q = ∞.

In the classical case, Herz [21] and Weisz [35] gave one of the most powerful
techniques in the theory of martingale Hardy spaces, the so-called atomic decom-
position. Some boundedness results, duality theorems, martingale inequalities,
and interpolation results can be proved with the help of atomic decomposition
(see, e.g., [2], [3], [4]). These results were generalized in [22], [23], [31], and [24]
for variable Hardy spaces Hp(·) and variable Hardy–Lorentz spaces Hp(·),q.

The atomic decomposition and martingale inequalities can be applied in Fourier
analysis. In the classical case, Schipp, Wade, and Simon [32] and Weisz [37] stud-
ied the boundedness of the maximal Fejér operator on the classical Lp space and
on the dyadic martingale Hardy space Hp. The second author proved in [37] that
the maximal Fejér operator is bounded from the spaceHp,q to the space Lp,q in the
cases where 1/2 < p < ∞ and 0 < q ≤ ∞. Similar results were obtained in numer-
ous other papers (see, e.g., Gát [13]–[15] and Goginava [17]–[19]). This bounded-
ness result was generalized for variable Hardy–Lorentz spaces in [24]. There, the
authors showed that if the exponent function p(·) satisfies condition (2.1) and
1/2 < p− < ∞, then the maximal Fejér operator is bounded from Hp(·) to Lp(·)
and from Hp(·),q to Lp(·),q (0 < q ≤ ∞). They used the Marcinkiewicz–Zygmund
density theorem (see, e.g., [27, Theorem 1]) to prove a number of convergence
theorems in [24].

The so-called Cesàro means and Riesz means are generalizations of the Fejér
means (see Section 3 for the definition). In [36] and [37], Weisz considered the
maximal operators of these means and proved that the Cesàro and Riesz maximal
operators are bounded from Hp,q to Lp,q (0 < α ≤ 1 ≤ γ, 1/(α + 1) < p < ∞,
0 < q ≤ ∞). In this paper, we will generalize this result for Hardy spaces with
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variable exponents and show that if the exponent function p(·) satisfies condition
(2.1) and 1/(α+1) < p− < ∞, then the Cesàro and Riesz maximal operators are
bounded from Hp(·) to Lp(·) and from Hp(·),q to Lp(·),q (0 < q ≤ ∞). We will also
prove almost everywhere and norm convergence theorems.

Throughout this article, we will denote the set of natural numbers by N and the
set of integer numbers by Z. The symbol α ∼ β means that there exist constants
A,B > 0 such that Aβ ≤ α ≤ Bβ. We denote by C a positive constant which
can vary from line to line, and we denote by Cp(·) a constant depending only on
p(·).

2. Background

2.1. Variable Lebesgue spaces. Consider a probability space (Ω,F ,P).
A function p(·) belongs to P(Ω) if p(·) : Ω → (0,∞), p(·) is measurable, and
0 < p− ≤ p+ < ∞, where p− := p−(Ω) := ess inf{p(x) : x ∈ Ω} and p+ :=
p+(Ω) := ess sup{p(x) : x ∈ Ω}. Then we say that p(·) is an exponent function.
For a measurable set A ⊂ Ω, we will use the notation

p−(A) := ess inf
{
p(x) : x ∈ A

}
and p+(A) := ess sup

{
p(x) : x ∈ A

}
.

Let us define the modular

%p(·)(f) :=

∫
Ω

∣∣f(x)∣∣p(x) dx.
We can define the space Lp(·) with the help of this modular. A measurable function
f belongs to the space Lp(·) if there exists λ > 0 such that %p(·)(f/λ) < ∞. This
modular generates the quasinorm

‖f‖p(·) := inf
{
λ > 0 : %p(·)

(f
λ

)
≤ 1

}
.

If the space Lp(·) is equipped with this quasinorm, then we get a quasi-Banach
space. In the case where p(·) = p is a constant, we get back the usual Lp spaces
(for details, see the monographs [6] and [11]). Let us denote p := min{p−, 1}. The
function p′(·) is the conjugate exponent function of p(·) if 1/p(x) + 1/p′(x) = 1
(x ∈ Ω). The well-known Hölder’s inequality can be generalized for variable
Lebesgue spaces (see [6, p. 27] or [11, p. 74]).

The next formula is a very useful statement. The proof can be found in [11,
p. 77].

Lemma 2.1 (Norm conjugate formula). Let p(·) ∈ P(Ω), let p− ≥ 1, and let p′(·)
be the conjugate exponent function of p(·). Then for all measurable functions f

1

2
‖f‖p(·) ≤ sup

‖g‖p′(·)≤1

∫
Ω

|fg| dλ ≤ 2‖f‖p(·).

The following lemma can be found in [9, Lemma 2.3].

Lemma 2.2. Let p(·) ∈ P(Ω). Then for all s > 0 and f ∈ Lp(·)(Ω),∥∥|f |s∥∥
p(·) = ‖f‖ssp(·).



678 K. SZARVAS and F. WEISZ

2.2. Variable Lorentz spaces. Let p(·) ∈ P(Ω) and 0 < q ≤ ∞. Then the
variable Lorentz spaces Lp(·),q contain those measurable functions f for which

‖f‖Lp(·),q :=

{
(
∫∞
0

tq‖χ{|f |>t}‖qp(·)
dt
t
)1/q if q < ∞,

supt>0 t‖χ{|f |>t}‖p(·) if q = ∞

is finite. These spaces are quasi-Banach spaces. The space Lp(·),∞ (p(·) ∈ P(Ω))
is defined as the set of all measurable functions f for which

lim
n→∞

‖fχAn‖Lp(·),∞ = 0

for every sequence (An)n∈N with limn→∞ P(An) = 0. Then Lp(·),∞ is a closed
subspace of Lp(·),∞. Moreover, for every p(·) ∈ P(Ω), Lp(·) ⊂ Lp(·),∞ ⊂ Lp(·),∞ (see
[24]). Note that if 0 < q < ∞, then for every f ∈ Lp(·),q

lim
n→∞

‖fχAn‖Lp(·),q = 0

for every sequence (An)n∈N such that limn→∞ P(An) = 0.

2.3. Variable martingale Hardy spaces. Let Ω := [0, 1), P be the Lebesgue
measure. The interval Ik,n := [k2−n, (k + 1)2−n) (n ∈ N, k = 0, . . . , 2n − 1) is
said to be a dyadic interval. For x ∈ [0, 1) and n ∈ N, let us denote by In(x) the
dyadic interval of length 2−n which contains x. Let Fn (n ∈ N) be the σ-algebra
generated by {In(x) : x ∈ [0, 1)}. In this case, (Fn)n∈N is regular ; that is, there
exists a positive constant R (which is independent of n) such that for all A ∈ Fn

there exists B ∈ Fn−1: A ⊂ B and P(B) ≤ R · P(A). Moreover, (Ω,F ,P) is a
complete probability space and for every n ∈ N, Fn ⊂ Fn+1.

The expectation and conditional expectation operators relative to Fn are
denoted by E and En, respectively. An integrable sequence f = (fn)n∈N is said
to be a martingale if fn is Fn-measurable for all n ∈ N and Enfm = fn in case
n ≤ m. For n ∈ N, the martingale difference is defined by dnf := fn − fn−1,
where f = (fn)n∈N is a martingale and f0 := f−1 := 0. Thus d0 = 0.

The maximal function is defined by

M(f) := sup
n∈N

|fn|,

where f = (fn)n∈N is a martingale. Now we can define the variable martingale
Hardy spaces by

Hp(·) :=
{
f = (fn)n∈N : ‖f‖Hp(·) :=

∥∥M(f)
∥∥
p(·) < ∞

}
.

The variable martingale Hardy–Lorentz spaces can be defined similarly:

Hp(·),q :=
{
f = (fn)n∈N : ‖f‖Hp(·),q :=

∥∥M(f)
∥∥
Lp(·),q

< ∞
}
.

The space Hp(·),∞ is the space of all martingales such that M(f) ∈ Lp(·),∞. More
details about martingale Hardy spaces in the classical case can be found in [35]
and [37]; see [22], [23], and [24] for the variable case.
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2.4. Atomic decomposition. First of all, we need the definition of atoms. For
p(·) ∈ P(Ω), a measurable function a is called a p(·)-atom if there exists a stopping
time τ such that

(1) En(a) = 0 for all n ≤ τ ,
(2) ‖M(a)‖∞ ≤ ‖χ{τ<∞}‖−1

p(·).

The set of dyadic intervals of length 2−n is denoted by A(Fn). For all f ∈ L1,
the conditional expectation operator relative to Fn can be written as

En(f) =
∑

A∈A(Fn)

( 1

P(A)

∫
A

f dP
)
χA (n ∈ N).

Now we can define the most important condition of the exponent function p(·).
We will suppose that there exists a constant Kp(·) ≥ 1 such that

P(A)p−(A)−p+(A) ≤ Kp(·)

(
A ∈

⋃
n

A(Fn)
)
. (2.1)

If Ω = [0, 1) and the exponent function p(·) satisfies the so-called locally log-Hölder
condition, then p(·) satisfies (2.1) (see [6]). The spaces Hp(·) and Hp(·),q have the
following atomic decomposition (see, e.g., [24]). The classical case can be found
in [35] and [37].

Theorem 2.3. Let p(·) ∈ P(Ω) satisfy (2.1), and let 0 < q ≤ ∞. Then the
martingale f = (fn)n∈N ∈ Hp(·) or f = (fn)n∈N ∈ Hp(·),q, respectively, if and
only if there exist a sequence (ak)k∈Z of p(·)-atoms and a sequence (µk)k∈Z of real
numbers such that for every n ∈ N,

fn =
∑
k∈Z

µkEna
k almost everywhere, (2.2)

where µk = 3 · 2k‖χ{τk<∞}‖p(·). Moreover,

‖f‖Hp(·) ∼ inf
∥∥∥(∑

k∈Z

( µkχ{τk<∞}

‖χ{τk<∞}‖p(·)

)t)1/t∥∥∥
p(·)

,

‖f‖Hp(·),q ∼ inf
(∑

k∈Z

2kq‖χ{τk<∞}‖qp(·)
)1/q

,

respectively, where 0 < t ≤ p is fixed and the infimum is taken over all decompo-
sitions of the form (2.2).

The next results will be applied many times in this paper. The proofs can be
found in [22], [23], or [24].

Lemma 2.4. Let p(·) ∈ P(Ω), let 1 ≤ p− ≤ p+ < ∞, and suppose that p(·)
satisfies (2.1). If f ∈ Lp(·) and ‖f‖p(·) ≤ 1/2, then for any atom A ∈ ∪nA(Fn),( 1

P(A)

∫
A

∣∣f(x)∣∣ dP)p(x)

≤ K

P(A)

∫
A

(∣∣f(x)∣∣p(x) + 1
)
dP (x ∈ A).
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Theorem 2.5. Let 0 < q ≤ ∞, let p(·) ∈ P(Ω) satisfy (2.1), and let 1 < p− ≤
p+ < ∞. Then the space Hp(·) is equivalent to the space Lp(·), and the space Hp(·),q
is equivalent to the space Lp(·),q.

3. Walsh system and the Cesàro and Riesz means

The Rademacher system is defined by

r(x) :=

{
1, if x ∈ [0, 1/2),

−1, if x ∈ [1/2, 1)
and rn(x) := r(2nx)

(
x ∈ [0, 1), n ∈ N

)
.

The Walsh system is the product system generated by the Rademacher system.
For n ∈ N, let

wn :=
∞∏
k=0

rnk
k , where n =

∞∑
k=0

nk2
k (0 ≤ nk < 2).

The Walsh–Dirichlet kernels

Dn :=
n−1∑
k=0

wk

satisfy

D2n(x) =

{
2n if x ∈ [0, 2−n),

0 if x ∈ [2−n, 1)
(n ∈ N). (3.1)

For f ∈ L1, the nth Walsh–Fourier coefficient of f is

f̂(n) := E(fwn) (n ∈ N).

The definition can be extended to martingales as well (see, e.g., [37]). Let snf be
the nth partial sum of the Walsh–Fourier series of a martingale f , that is,

snf :=
n−1∑
k=0

f̂(k)wk (n ∈ N).

It can be seen that s2nf = fn (n ∈ N), therefore limn→∞ s2nf = f in the Lp-norm,
if f ∈ Lp (1 ≤ p < ∞). Schipp, Wade, and Simon [32] extended this result for
snf : if f ∈ Lp (1 < p < ∞), then limn→∞ snf = f in the Lp-norm. Jiao, Zhou,
Weisz, and Wu [24] generalized this result for Lp(·): if p(·) ∈ P(Ω) satisfies (2.1),
and 1 < p− ≤ p+ < ∞, then for all f ∈ Lp(·), limn→∞ snf = f in the Lp(·)-norm.

Unfortunately, these results are not true if p ≤ 1 or if p− ≤ 1 (see, e.g., [5], [20]).
However, for p ≤ 1, or p− ≤ 1, we can prove convergence results with the help of
summability means.

For k ∈ N and α ∈ R \ Z ∪ N (i.e., R 3 α 6= −1,−2, . . .), let us denote

Aα
k :=

(
k + α

k

)
=

(α + k)(α + k − 1) . . . (α + 1)

k!
.
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For α > 0, the Cesàro means of a martingale f is defined by

σα
nf :=

1

Aα
n−1

n∑
k=1

Aα−1
n−kskf =

1

Aα
n−1

n−1∑
k=0

Aα
n−k−1f̂(k)wk (1 ≤ n ∈ N).

For 0 < α ≤ 1 ≤ γ, the Riesz means of a martingale f is defined by

σα,γ
n f :=

1

nαγ

n−1∑
k=0

(nγ − kγ)αf̂(k)wk (1 ≤ n ∈ N).

If f ∈ L1, then these means can be written as

σα
nf(x) =

∫ 1

0

f(t)Kα
n (xu t) dt

(
x ∈ [0, 1)

)
,

σα,γ
n f(x) =

∫ 1

0

f(t)Kα,γ
n (xu t) dt

(
x ∈ [0, 1)

)
,

where “u” is the dyadic addition (see [37], [32]), and the kernels are defined by

Kα
n :=

1

Aα
n−1

n−1∑
k=0

Aα
n−k−1wk (1 ≤ n ∈ N)

and

Kα,γ
n :=

1

nαγ

n−1∑
k=0

(nγ − kγ)αwk (1 ≤ n ∈ N).

The previous kernel functions can be estimated pointwise. The proof of the
following theorem can be found in Weisz [37, Theorem 3.3].

Theorem 3.1. Let 0 < α ≤ 1 ≤ γ. If

n = 2n1 + 2n2 + · · ·+ 2nv ,

where v ∈ N, n1 > n2 > · · · > nv, nk ∈ N (k = 1, . . . , v), then∣∣Kα
n (x)

∣∣, ∣∣Kα,γ
n (x)

∣∣ ≤ Cn−α

v∑
k=1

nk−1∑
j=0

nk−1∑
i=j

2i(α−1)2jD2i(xu 2−j−1)

+ Cn−α

v∑
k=1

2nkαD2nk (x).

The Cesàro and Riesz maximal operators are defined, respectively, by

σα
∗ f := sup

n∈N
|σα

nf | and σα,γ
∗ f := sup

n∈N
|σα,γ

n f |.

4. Boundedness of maximal operators

Motivated by Theorem 3.1, we will consider two maximal operators: U (α) and
V (α). It will be shown that, under some conditions, each maximal operator is
bounded from Hp to Lp and bounded on Lp(·) with p− > 1. These maximal
operators differ from the maximal operators U and V in [24].
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4.1. Boundedness of the maximal operator U (α). Let α ∈ (0, 1] and t, r > 0.
Then the maximal operator U (α) is defined by

U (α)f(x) := sup
x∈I

n∑
m=1

m−1∑
j=0

2(j−n)t

m−1∑
i=j

2α(i−n)t2(n−i)r/(r−t)

× 1

P(I u [2−j−1, 2−j−1 u 2−i))

∣∣∣∫
Iu[2−j−1,2−j−1u2−i)

fn

∣∣∣,
where I is a dyadic interval of length 2−n and f = (fn) is a martingale. If Ik,n :=
[k2−n, (k + 1)2−n) (n ∈ N, k = 0, . . . , 2n − 1), then

U (α)f(x) = sup
n∈N

2n−1∑
k=0

χIk,n

n∑
m=1

m−1∑
j=0

2(j−n)t

m−1∑
i=j

2α(i−n)t2(n−i)r/(r−t)

× 1

P(Ik,n u [2−j−1, 2−j−1 u 2−i))

∣∣∣∫
Ik,nu[2−j−1,2−j−1u2−i)

fn

∣∣∣.
A measurable function a is called a simple p-atom if there exist j ∈ N and
I ∈ A(Fj) such that

(1) the support of a is contained in I,
(2) ‖M(a)‖∞ ≤ |I|−1/p,
(3) Ej(a) = 0.

The following theorem can be found in Weisz [37, Theorem 1.34].

Theorem 4.1. Let 0 < p < ∞, and suppose that the σ-sublinear operator T :
L∞ → L∞ is bounded from L∞ to L∞. If

‖TaχIc‖p ≤ Cp

for all simple p-atoms a, where I is the support associated with a and Ic denotes
the complement of I, then for all f ∈ Hp,

‖Tf‖p ≤ C‖f‖Hp .

We use Theorem 4.1 to help us prove that the operator U (α) is bounded from
Hp to Lp.

Theorem 4.2. Let α ∈ (0, 1], 0 < p ≤ ∞, and t, r > 0 be such that αt <
r/(r − t) < (1 + α)t. Then for all f ∈ Hp,

‖U (α)f‖p ≤ Cp‖f‖Hp .

Proof. Observe that

‖U (α)f‖∞ ≤ sup
n∈N

2n(r/(r−t)−(1+α)t)

n∑
m=1

m−1∑
j=0

2jt
m−1∑
i=j

2i(αt−r/(r−t))‖f‖∞ ≤ C‖f‖∞.

Let a be a simple p-atom with support J = [0, 2−K). If i ≤ K, then∫
Iu[2−j−1,2−j−1u2−i)

a = 0;
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that is, we can suppose that i > K, and thus n ≥ m > K. If x /∈ [0, 2−K), x ∈ I,
and j ≥ K, then Iu [2−j−1, 2−j−1u2−i)∩ [0, 2−K) = ∅. Therefore, we can suppose
that j < K. Similarly, if x ∈ [2−j−1 + 2−K , 2−j), then the set I u [2−j−1, 2−j−1 u
2−i) ∩ [0, 2−K) = ∅, so we may assume that x ∈ [2−j−1, 2−j−1 + 2−K). Using this
and the assumption that a is a simple p-atom, we have∣∣U (α)a(x)

∣∣
≤ sup

n>K
χI(x)

n∑
m=K

K−1∑
j=0

2(j−n)t

m−1∑
i=K

2α(i−n)t2(n−i)r/(r−t)

× 1

P(I u [2−j−1, 2−j−1 u 2−i))

∣∣∣∫
Iu[2−j−1,2−j−1u2−i)

a
∣∣∣χj,K(x)

≤ 2K/p sup
n>K

χI(x)2
n(r/(r−t)−(1+α)t)

n∑
m=K

K−1∑
j=0

2jt
m−1∑
i=K

2i(αt−r/(r−t))χj,K(x)

=: A(x),

where χj,K := χ[2−j−1,2−j−1+2−K). We can estimate A(x) by

A(x) ≤ 2K/p sup
n>K

(n−K)2(n−K)(r/(r−t)−(1+α)t)2−Kt

K−1∑
j=0

2jtχj,K(x)

≤ Cα,r,t2
K/p2−Kt

K−1∑
j=0

2jtχj,K(x).

We have used the fact that for all γ > 0 and x > 0, the function x 7→ x2−γx is
bounded, where γ := (1 + α)t− r/(r − t) > 0, x := n−K > 0. We obtain that∫

Jc

A(x)p dx ≤ Cp2
K2−Ktp

K−1∑
j=0

2jtp2−K ≤ Cp,

and therefore ∫
Jc

∣∣U (α)a(x)
∣∣p dx ≤ Cp.

The theorem follows from Theorem 4.1. �

Theorem 4.3. Let α ∈ (0, 1] and t, r > 0 be such that αt < r/(r− t) < (1+α)t,
p(·) ∈ P(Ω), 1 < p− ≤ p+ < ∞, and suppose that p(·) satisfies (2.1). Then for
all f ∈ Lp(·),

‖U (α)f‖p(·) ≤ Cp(·)‖f‖p(·).

Proof. We assume that ‖f‖p(·) ≤ 1/2. Since for arbitrary fixed x ∈ Ω, the function

t 7→ tp(x)/p− is convex and the intervals Ik,n (k = 0 . . . 2n − 1) are disjoint we get
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that∫
Ω

∣∣U (α)f(x)
∣∣p(x) dP

≤ C

∫
Ω

(
sup
n∈N

2n−1∑
k=0

χIk,n

( n∑
m=1

m−1∑
j=0

2(j−n)t

m−1∑
i=j

2α(i−n)t2(n−i)r/(r−t)

× 1

P(Ik,n u [2−j−1, 2−j−1 u 2−i))

∫
Ik,nu[2−j−1,2−j−1u2−i)

|f |
) p(x)

p−
)p−

dP

≤ C

∫
Ω

(
sup
n∈N

2n−1∑
k=0

χIk,n

n∑
m=1

m−1∑
j=0

2(j−n)t

m−1∑
i=j

2α(i−n)t2(n−i)r/(r−t)

× 1

P(Ik,n u [2−j−1, 2−j−1 u 2−i))

∫
Ik,nu[2−j−1,2−j−1u2−i)

(
|f |

p(x)
p− + 1

))p−
dP

≤ C
∥∥U (α)

(
|f |

p(x)
p− + 1

)∥∥p−

p−
≤ Cp,

where we have used Lemma 2.4 and Theorem 4.2. �

4.2. Boundedness of the maximal operator V (α). For α ∈ (0, 1], t, r > 0,
the maximal operator V (α) is defined by

V (α)f(x) := sup
x∈I

n−1∑
m=0

2(n−m)(r/(r−t)−(1+α)t) 1

P(I u [0, 2−m))

∣∣∣∫
Iu[0,2−m)

fn

∣∣∣,
where I is a dyadic interval of length 2−n and f = (fn) is a martingale. Of course,

V (α)f(x) = sup
n∈N

2n−1∑
k=0

χIk,n

n−1∑
m=0

2(n−m)(r/(r−t)−(1+α)t)

× 1

P(Ik,n u [0, 2−m))

∣∣∣∫
Ik,nu[0,2−m)

fn

∣∣∣.
Theorem 4.4. Let α ∈ (0, 1], 0 < p ≤ ∞, and t, r > 0 be such that αt <
r/(r − t) < (1 + α)t. Then for all f ∈ Hp,

‖V (α)f‖p ≤ Cp‖f‖Hp .

Proof. Since

‖V (α)f‖∞ ≤ sup
n∈N

2n(r/(r−t)−(1+α)t)

n−1∑
m=0

2m((1+α)t−r/(r−t))‖f‖∞ ≤ C‖f‖∞,

V (α) is bounded on L∞.
Let a be a simple p-atom with support J , where J = [0, 2−K). If m ≤ K, then∫

Iu[0,2−m)
a = 0. If m > K, x /∈ J , but x ∈ I, where I is a dyadic interval of length

2−n, then I u [0, 2−m) ∩ J = ∅. This means that V (α)a(x) = 0 (x /∈ J). Hence

‖V (α)f‖p ≤ Cp‖f‖Hp

for all f ∈ Hp. �
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Theorem 4.5. Let α ∈ (0, 1] and t, r > 0 be such that αt < r/(r− t) < (1+α)t,
p(·) ∈ P(Ω), 1 < p− ≤ p+ < ∞, and suppose that p(·) satisfies (2.1). Then for
all f ∈ Lp(·),

‖V (α)f‖p(·) ≤ Cp(·)‖f‖p(·).

Proof. The proof is similar to the proof of Theorem 4.3. �

5. Boundedness of the Cesàro and Riesz means in Hp(·)

In this section we will use the boundedness results of U (α) and V (α) above. The
following theorem can be found in [24].

Theorem 5.1. Let p(·) ∈ P(Ω) satisfy (2.1), and let 0 < t < p. If the σ-sublinear
operator T : L∞ → L∞ is bounded and∥∥∥∑

k

2kt‖χ{τk<∞}‖tp(·)T (ak)tχ{τk=∞}

∥∥∥
p(·)
t

≤ C
∥∥∥∑

k

2ktχ{τk<∞}

∥∥∥
p(·)
t

, (5.1)

where τk is the stopping time associated with the p(·)-atom ak, then

‖Tf‖p(·) ≤ C‖f‖Hp(·)

for all f ∈ Hp(·).

Now we will prove that the Cesàro and Riesz maximal operators satisfy condi-
tion (5.1).

Theorem 5.2. Let 0 < α ≤ 1 ≤ γ, let p(·) ∈ P(Ω) satisfy (2.1), and suppose
that 1/(α + 1) < t < p. Then∥∥∥∑

k

2kt‖χ{τk<∞}‖tp(·)σα
∗ (a

k)tχ{τk=∞}

∥∥∥
p(·)
t

≤ C
∥∥∥∑

k

2ktχ{τk<∞}

∥∥∥
p(·)
t

,

where τk is the stopping time associated with the p(·)-atom ak. The same holds
for σα,γ

∗ .

Proof. We will use the estimation for the kernels Kα
n and Kα,γ

n given in Theorem
3.1; therefore, it is sufficient to prove the theorem only for the Cesàro means. The
sets {τ = j} are disjoint, and there exist disjoint dyadic intervals I ij ∈ Fj such
that

{τ = j} =
⋃
i

I ij.

Hence

{τ < ∞} =
⋃
j∈N

⋃
i

I ij,

where the dyadic intervals I ij are disjoint. Since a is an atom,
∫
Iij
a dP = 0. For

simplicity, instead of I ij (resp., aχIij
), we write Il (resp., b

l). Then

a =
∑
j∈N

∑
i

aχIj,i =
∑
l

bl.
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Suppose that P(Il) = |Il| := 2−Kl with a suitable Kl ∈ N. The sets Il are disjoint
and

∫
Il
bl dP = 0.

Assume that x ∈ {τ = ∞}. If n < 2Kl , then b̂l(n) = 0; therefore, σα
nb

l = 0.
Thus we can suppose that n ≥ 2Kl . If j ≥ Kl and x /∈ Il, then x u 2−j−1 /∈ Il.
Thus for x /∈ Il, t ∈ Il and i ≥ j ≥ Kl,

bl(t)D2i(xu t) = bl(t)D2i(xu tu 2−j−1) = 0.

Since a is a p(·)-atom, we have that ‖bl‖∞ ≤ ‖χ{τ<∞}‖−1
p(·). By this and Theo-

rem 3.1, we get for x /∈ Il that∣∣σα
nb

l(x)
∣∣ ≤ n−α

v∑
k=1

nk−1∑
j=0

nk−1∑
i=j

2i(α−1)2j
∫ 1

0

∣∣bl(t)∣∣D2i(xu tu 2−j−1) dt

+ Cn−α

v∑
k=1

2nkα

∫ 1

0

∣∣bl(t)∣∣D2nk (xu t) dt

≤ C‖χ{τ<∞}‖−1
p(·)n

−α

v∑
k=1

nk≥Kl

Kl−1∑
j=0

Kl−1∑
i=j

2i(α−1)2j
∫
Il

D2i(xu tu 2−j−1) dt

+ C‖χ{τ<∞}‖−1
p(·)n

−α

×
v∑

k=1
nk≥Kl

Kl−1∑
j=0

nk−1∑
i=Kl

2i(α−1)2j
∫
Il

D2i(xu tu 2−j−1) dt

+ C‖χ{τ<∞}‖−1
p(·)n

−α

×
v∑

k=1
nk<Kl

nk−1∑
j=0

nk−1∑
i=j

2i(α−1)2j
∫
Il

D2i(xu tu 2−j−1) dt

+ C‖χ{τ<∞}‖−1
p(·)n

−α

v∑
k=1

nk<Kl

2nkα

∫
Il

D2nk (xu t) dt

=: I + II + III + IV.

By (3.1), we can see (cf. [37]) that for x /∈ Il, if j ≤ i ≤ Kl − 1, then∫
Il

D2i(xu tu 2−j−1) dt = 2i−KlχIlu[2−j−1,2−j−1u2−i)(x),

if i ≥ Kl, then∫
Il

D2i(xu tu 2−j−1) dt = χIlu[2−j−1,2−j−1u2−i)(x) = χIlu2−j−1(x),

and for all i ∈ N, ∫
Il

D2i(xu t) dt = 2i−KlχIlu[2−Kl ,2−i)(x).
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Since n ≥ 2n1 and n1 ≥ Kl, we have that

I ≤ C‖χ{τ<∞}‖−1
p(·)2

−n1α(n1 −Kl + 1) (5.2)

×
Kl−1∑
j=0

2j
Kl−1∑
i=j

2i(α−1)2i−KlχIlu[2−j−1,2−j−1u2−i)(x)

≤ C‖χ{τ<∞}‖−1
p(·)2

−Klα

Kl−1∑
j=0

2j
Kl−1∑
i=j

2i(α−1)2i−KlχIlu[2−j−1,2−j−1u2−i)(x)

= C‖χ{τ<∞}‖−1
p(·)2

−(1+α)Kl

Kl−1∑
j=0

2j
Kl−1∑
i=j

2iαχIlu[2−j−1,2−j−1u2−i)(x), (5.3)

where we have used the fact that the function x 7→ x2−x is bounded in case
x ≥ 1.

To estimate II observe that n−α = n−α/3n−2α/3 and n−2α/3 ≤ 2−2α/3i. There-
fore,

II ≤ C‖χ{τ<∞}‖−1
p(·)n

−α/3(n1 −Kl + 1)

Kl−1∑
j=0

2jχIlu2−j−1(x)
∞∑

i=Kl

2i(α/3−1)

≤ C‖χ{τ<∞}‖−1
p(·)2

−Klα/3

Kl−1∑
j=0

2jχIlu2−j−1(x)2Kl(α/3−1)

= C‖χ{τ<∞}‖−1
p(·)2

−Kl

Kl−1∑
j=0

2jχIlu2−j−1(x). (5.4)

Furthermore,

III ≤ C‖χ{τ<∞}‖−1
p(·)2

−αKl

×
v∑

k=1
nk<Kl

nk−1∑
j=0

2j
nk−1∑
i=j

2i(α−1)2i−KlχIlu[2−j−1,2−j−1u2−i)(x)

= C‖χ{τ<∞}‖−1
p(·)2

−(1+α)Kl

×
Kl−1∑
m=1

m−1∑
j=0

2j
m−1∑
i=j

2iαχIlu[2−j−1,2−j−1u2−i)(x) (5.5)

and

IV ≤ C‖χ{τ<∞}‖−1
p(·)2

−αKl

Kl−1∑
m=0

2mα2m−KlχIlu[2−Kl ,2−m)(x)

≤ C‖χ{τ<∞}‖−1
p(·)2

−(1+α)Kl

Kl−1∑
m=0

2(1+α)mχIlu[0,2−m)(x). (5.6)
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Note that the estimations (5.3), (5.4), (5.5), and (5.6) are independent of n. From
this it follows that

σ∗a(x) ≤
∑
l

σα
∗ b

l(x)

≤ C‖χ{τ<∞}‖−1
p(·)

∑
l

2−(1+α)Kl

Kl−1∑
j=0

2j
Kl−1∑
i=j

2iαχIlu[2−j−1,2−j−1u2−i)(x)

+ C‖χ{τ<∞}‖−1
p(·)

∑
l

2−Kl

Kl−1∑
j=0

2jχIlu2−j−1(x)

+ C‖χ{τ<∞}‖−1
p(·)

×
∑
l

2−(1+α)Kl

Kl−1∑
m=1

m−1∑
j=0

2j
m−1∑
i=j

2iαχIlu[2−j−1,2−j−1u2−i)(x)

+ C‖χ{τ<∞}‖−1
p(·)

∑
l

2−(1+α)Kl

Kl−1∑
m=0

2(1+α)mχIlu[0,2−m)(x)

=: C‖χ{τ<∞}‖−1
p(·)

(
A(x) +B(x) + C(x) +D(x)

)
. (5.7)

For the atom ak, we denote l, Kl, A, B, C, and D above by lk, Klk , Ak, Bk, Ck,
and Dk, respectively. That is, we have∥∥∥∑

k

2kt
∥∥∥χ{τk<∞}‖tp(·)σα

∗ (a
k)tχ{τk=∞}‖ p(·)

t

≤ C
(∥∥∥∑

k

2ktAt
k

∥∥∥
p(·)
t

+
∥∥∥∑

k

2ktBt
k

∥∥∥
p(·)
t

+
∥∥∥∑

k

2ktCt
k

∥∥∥
p(·)
t

+
∥∥∥∑

k

2ktDt
k

∥∥∥
p(·)
t

)
=: Z1 + Z2 + Z3 + Z4. (5.8)

Estimation of Z1 and Z3: Because of (1 + α)t > 1 and limr→∞ r/(r − t) = 1,
we can choose max{1, p+} < r < ∞ satisfying r/(r − t) < (1 + α)t. Note that
αt < r/(r − t), because αt < 1 < r/(r − t), and thus the inequality

αt <
r

r − t
< (1 + α)t

holds. Using Lemma 2.1, there exists a function g ∈ L(p(·)/t)′ with ‖g‖(p(·)/t)′ ≤ 1
such that

Z1 + Z3 ≤ C

∫
Ω

∑
k

2kt
∑
l

Klk∑
m=1

m−1∑
j=0

m−1∑
i=j

2−(1+α)Klk
t2jt2iαtχIlku[2−j−1,2−j−1u2−i)|g| dP

≤ C
∑
k

2kt
∑
l

Klk∑
m=1

m−1∑
j=0

m−1∑
i=j

2−(1+α)Klk
t2jt2iαt‖χIlku[2−j−1,2−j−1u2−i)‖ r

t

× ‖χIlku[2−j−1,2−j−1u2−i)g‖( rt )′
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= C

∫
Ω

∑
k

2kt
∑
l

χIlk

Klk∑
m=1

m−1∑
j=0

m−1∑
i=j

2(iα+j−(1+α)Kkl
)t(1/(r/t)+1/(r/t)′)2Klk

−i

×
( 1

P(Ilk u [2−j−1, 2−j−1 u 2−i))

∫
Ilku[2−j−1,2−j−1u2−i)

|g|(
r
t
)′
)1/(r/t)′

dP.

By Hölder’s inequality,

Z1 + Z3 ≤ C

∫
Ω

∑
k

2kt
∑
l

χIlk

(Klk∑
m=1

m−1∑
j=0

2(j−Klk
)t

m−1∑
i=j

2α(i−Klk
)t2(Klk

−i)(r/t)′

× 1

P(Ilk u [2−j−1, 2−j−1 u 2−i))

∫
Ilku[2−j−1,2−j−1u2−i)

|g|(
r
t
)′
)1/(r/t)′

dP

≤ C

∫
Ω

∑
k

2kt
∑
l

χIlk

[
U (α)

(
|g|(r/t)′

)]1/(r/t)′
dP.

Since (r/t)′ < (p(·)/t)′, by Hölder’s inequality, Theorem 4.3, and Lemma 2.2, we
get that

Z1 + Z3 ≤ C
∥∥∥∑

k

2kt
∑
l

χIlk

∥∥∥
p(·)
t

∥∥[U (α)
(
|g|(r/t)′

)]1/(r/t)′∥∥
(
p(·)
t

)′

≤ C
∥∥∥∑

k

2ktχ{τk<∞}

∥∥∥
p(·)
t

.

Estimation of Z2: Again by Lemma 2.1, there exists a function g ∈ L(p(·)/t)′

with ‖g‖(p(·)/t)′ ≤ 1 such that

Z2 ≤ C

∫
Ω

∑
k

2kt
∑
l

Kkl
−1∑

j=0

2(j−Kkl
)tχIklu2−j−1 |g| dP.

This is exactly the same as Z1 in [24]. We obtain that

Z2 ≤ C
∥∥∥∑

k

2kt
∑
l

χIkl

∥∥∥
p(·)
t

= C
∥∥∥∑

k

2ktχ{τk<∞}

∥∥∥
p(·)
t

.

Estimation of Z4: There exists a function g ∈ L(p(·)/t)′ with ‖g‖(p(·)/t)′ ≤ 1 such
that

Z4 ≤ C

∫
Ω

∑
k

2kt
∑
l

Kkl
−1∑

m=0

2−(1+α)Kkl
t2(1+α)mtχIklu[0,2−m)|g| dP

≤ C
∑
k

2kt
∑
l

Kkl
−1∑

m=0

2−(1+α)Kkl
t2(1+α)mt‖χIklu[0,2−m)‖ r

t

× ‖χIklu[0,2−m)g‖( r
t
)′

= C

∫
Ω

∑
k

2kt
∑
l

χIkl

Kkl
−1∑

m=0

2(−(1+α)Kkl
t+(1+α)mt)(1/(r/t)+1/(r/t)′)2Kkl

−m
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×
( 1

P(Ikl u [0, 2−m))

∫
Iklu[0,2−m)

|g|(
r
t
)′
)1/(r/t)′

dP

≤ C

∫
Ω

∑
k

2kt
∑
l

χIkl

(Kkl
−1∑

m=0

2(Kkl
−m)(r/(r−t)−(1+α)t)

× 1

P(Ikl u [0, 2−m))

∫
Iklu[0,2−m)

|g|(
r
t
)′
)1/(r/t)′

dP

≤ C

∫
Ω

∑
k

2kt
∑
l

χIkl

[
V (α)

(
|g|(r/t)′

)]1/(r/t)′
dP.

By Hölder’s inequality, Theorem 4.5, and Lemma 2.2, we get that

Z4 ≤ C
∥∥∥∑

k

2kt
∑
l

χIkl

∥∥∥
p(·)
t

∥∥[V (α)
(
|g|(r/t)′

)]1/(r/t)′∥∥
(
p(·)
t

)′

≤ C
∥∥∥∑

k

2ktχ{τk<∞}

∥∥∥
p(·)
t

.

We get (see (5.8)) that∥∥∥∑
k

µt
kσ

α
∗ (a

k)tχ{τk=∞}

∥∥∥
p(·)
t

≤ C
∥∥∥∑

k

2ktχ{τk<∞}

∥∥∥
p(·)
t

,

which finishes the proof. �

By Theorems 5.1 and 5.2, we immediately get the following corollary.

Corollary 5.3. Let 0 < α ≤ 1 ≤ γ, p(·) ∈ P(Ω), 1/(α + 1) < p− < ∞, and
suppose that p(·) satisfies (2.1). Then for all f ∈ Hp(·),

‖σα
∗ f‖p(·) ≤ C‖f‖Hp(·) .

The same holds for σα,γ
∗ .

This theorem was proved for the maximal Fejér operator (α = 1) in [24]. Fujii
[12] proved the theorem for p = 1. For the Cesàro and Riesz maximal operators
and for constant p, the theorem is due to the second author [37]. If the exponent
function is constant and p ≤ 1/(α + 1), then the Cesàro and Riesz maximal
operators are not bounded from Hp to Lp (see Simon and Weisz [34], Simon [33],
and Gát and Goginava [16]).

The restriction of a martingale f to the dyadic interval I of length 2−k is defined
by fχI := (EnfχI : n ≥ k). This result implies the next corollary. The proof is
similar to that given in [24].

Corollary 5.4. Let 0 < α ≤ 1 ≤ γ, p(·) ∈ P(Ω), 1/(α + 1) < p− < ∞, and
suppose that p(·) satisfies (2.1) and f ∈ Hp(·).
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(1) Then σα
nf and σα,γ

n f converge almost everywhere on [0, 1) as well as in
the Lp(·)-norm.

(2) If in addition fχI ∈ L1, where I is a dyadic interval, then

lim
n→∞

σα
nf(x) = f(x) for almost every x ∈ I and in the Lp(·)-norm.

The same holds for σα,γ
n .

If p− ≥ 1 and f ∈ Hp(·), then f ∈ L1. The next corollary follows from this.

Corollary 5.5. Let 0 < α ≤ 1 ≤ γ, p(·) ∈ P(Ω), 1 ≤ p− < ∞, and suppose that
p(·) satisfies (2.1). Then for all f ∈ Hp(·),

lim
n→∞

σα
nf(x) = f(x) for almost every x ∈ [0, 1) as well as in the Lp(·)-norm.

The same holds for σα,γ
n .

6. Boundedness of the Cesàro and Riesz means in Hp(·),q

The following theorem was proved in [24, Theorem 7.28].

Theorem 6.1. Let p(·) ∈ P(Ω) satisfy (2.1), and let 0 < q ≤ ∞. If the
σ-sublinear operator T : L∞ → L∞ is bounded and∥∥|Ta|βχ{τ=∞}

∥∥
p(·) ≤ C‖χ{τ<∞}‖1−β

p(·)

for some 0 < β < 1 and all p(·)-atoms a, where τ is the stopping time associated
with a, then for all f ∈ Hp(·),q,

‖Tf‖Lp(·),q ≤ C‖f‖Hp(·),q .

If q = ∞, then the theorem holds in case f ∈ Hp(·),∞ instead of Hp(·),∞.

Theorem 6.2. Let 0 < α ≤ 1 ≤ γ, p(·) ∈ P(Ω), 1/(α + 1) < p− < ∞, and
suppose that p(·) satisfies (2.1). Then∥∥|σα

∗ a|βχ{τ=∞}
∥∥
p(·) ≤ C‖χ{τ<∞}‖1−β

p(·) (6.1)

for some 0 < β < 1 and all p(·)-atoms a, where τ is the stopping time associated
with a. The same holds for σα,γ

∗ .

Proof. Let t := βε, where 0 < β < 1, 1/(α+1) < ε < p such that βε > 1/(α+1).
Observe that (6.1) is equivalent with∥∥|σα

∗ a|βεχ{τ=∞}
∥∥

p(·)
ε

≤ C‖χ{τ<∞}‖−βε
p(·) · ‖χ{τ<∞}‖ p(·)

ε

. (6.2)

From the proof of Theorem 5.2 (see (5.7)), we get∥∥|σα
∗ a|βεχ{τ=∞}

∥∥
p(·)
ε

≤ C‖χ{τ<∞}‖−βε
p(·)

(
‖Aβεχ{τ=∞}‖ p(·)

ε

+ ‖Bβεχ{τ=∞}‖ p(·)
ε

+ ‖Cβεχ{τ=∞}‖ p(·)
ε

+ ‖Dβεχ{τ=∞}‖ p(·)
ε

)
=: C‖χ{τ<∞}‖−βε

p(·) (X1 +X2 +X3 +X4).

We will show that each term satisfies

Xi ≤ C‖χ{τ<∞}‖ p(·)
ε

(i = 1, 2, 3, 4).
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Estimation of X1 and X3: Choose max{1, βp+} < r < ∞ large enough to
satisfy that r/(r − βε) < (1 + α)βε. Using Lemma 2.1, there exists a function
g ∈ L(p(·)/ε)′ with ‖g‖(p(·)/ε)′ ≤ 1 such that

X1 +X3 ≤ C

∫
Ω

∑
l

Kl∑
m=1

m−1∑
j=0

m−1∑
i=j

2−(1+α)Klβε2jβε2iαβεχIlu[2−j−1,2−j−1u2−i)|g| dP

≤ C

∫
Ω

∑
l

Kl∑
m=1

m−1∑
j=0

m−1∑
i=j

2−(1+α)Klβε2jβε2iαβε‖χIlu[2−j−1,2−j−1u2−i)‖ r
βε

× ‖χIlu[2−j−1,2−j−1u2−i)g‖( r
βε

)′

≤ C

∫
Ω

∑
l

χIl

Kl∑
m=1

m−1∑
j=0

m−1∑
i=j

2(iα+j−(1+α)Kl)βε(1/(
r
βε

)+1/( r
βε

)′) 2Kl−i

×
( 1

P(Il u [2−j−1, 2−j−1 u 2−i))

∫
Ilu[2−j−1,2−j−1u2−i)

|g|(
r
βε

)′
)1/( r

βε
)′

dP.

By Hölder’s inequality,

≤ C

∫
Ω

∑
l

χIl

( Kl∑
m=1

m−1∑
j=0

m−1∑
i=j

2(iα+j−(1+α)Kl)βε
)1/( r

βε
)

×
( Kl∑
m=1

m−1∑
j=0

m−1∑
i=j

2(iα+j−(1+α)Kl)βε2(Kl−i)( r
βε

)′

× 1

P(Il u [2−j−1, 2−j−1 u 2−i))

∫
Ilu[2−j−1,2−j−1u2−i)

|g|(
r
βε

)′
)1/( r

βε
)′

dP

≤ C

∫
Ω

∑
l

χIl

[
U (α)

(
|g|(

r
βε

)′
)]1/( r

βε
)′
dP.

Note that since r > βp+ and ε < p−, we get that (r/(βε))′ < (p(·)/ε)′ and
((p(·)/ε)′)+ < ∞. By Hölder’s inequality, Theorem 4.3, and Lemma 2.2, we get
that

X1 +X2 ≤ C
∥∥∥∑

l

χIl

∥∥∥
p(·)
ε

∥∥[U (α)
(
|g|(

r
βε

)′
)]1/( r

βε
)′∥∥

(
p(·)
ε

)′

≤ C
∥∥∥∑

l

χIl

∥∥∥
p(·)
ε

‖g‖
(
p(·)
ε

)′

≤ C‖χ{τ<∞}‖ p(·)
ε

.

Estimation of X2: The estimation

X2 ≤ C‖χ{τ<∞}‖ p(·)
ε

can be found in [24].
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Estimation of X4: There exists a function g ∈ L(p(·)/ε)′ with ‖g‖(p(·)/ε)′ ≤ 1 such
that

X4 ≤ C

∫
Ω

∑
l

Kl−1∑
m=0

2−(1+α)Klβε2(1+α)mβεχIlu[0,2−m)|g| dP

≤ C
∑
l

Kl−1∑
m=0

2−(1+α)Klβε2(1+α)mβε‖χIlu[0,2−m)‖ r
βε

× ‖χIlu[0,2−m)g‖( r
βε

)′

= C
∑
l

Kl−1∑
m=0

2(−(1+α)Klβε+(1+α)mβε)(1/( r
βε

)+1/( r
βε

)′)2Kl−m

×
∫
Ω

χIl

( 1

P(Il u [0, 2−m))

∫
Ilu[0,2−m)

|g|(
r
βε

)′
)1/( r

βε
)′

dP

≤ C

∫
Ω

∑
l

χIl

[
V (α)

(
|g|(

r
βε

)′
)]1/( r

βε
)′
dP.

Hence

X4 ≤ C
∥∥∥∑

l

χIl

∥∥∥
p(·)
ε

∥∥[V (α)
(
|g|(

r
βε

)′
)]1/( r

βε
)′∥∥

(
p(·)
ε

)′
≤ C‖χ{τ<∞}‖ p(·)

ε

.

Combining the estimations, we have proved (6.2) as well as the theorem. �

By Theorems 6.1 and 6.2, we immediately get the following corollary.

Corollary 6.3. Let 0 < α ≤ 1 ≤ γ, p(·) ∈ P(Ω), 1/(α + 1) < p− < ∞, and
suppose that p(·) satisfies (2.1). Then for all 0 < q ≤ ∞,

‖σα
∗ f‖Lp(·),q ≤ C‖f‖Hp(·),q

for all f ∈ Hp(·),q. The same holds for σα,γ
∗ .

The following corollaries can be proved similarly to Corollaries 5.4 and 5.5.

Corollary 6.4. Let 0 < α ≤ 1 ≤ γ, 0 < q ≤ ∞, p(·) ∈ P(Ω), 1/(α + 1) < p− <
∞, and suppose that p(·) satisfies (2.1) and f ∈ Hp(·),q.

(1) Then σα
nf and σα,γ

n f converge almost everywhere on [0, 1) as well as in
the Lp(·),q-norm.

(2) If in addition fχI ∈ L1, where I is a dyadic interval, then

lim
n→∞

σα
nf(x) = f(x) for almost every x ∈ I.

(3) If 1 ≤ p− < ∞, then

lim
n→∞

σα
nf(x) = f(x) for almost every x ∈ [0, 1).

The same holds for σα,γ
n .

Since L1 ⊂ H1,∞, almost everywhere convergence also holds for f ∈ L1, which
was similarly shown in Weisz [37].
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operators on variable Lp spaces, Ann. Acad. Sci. Fenn. Math. 31 (2006), no. 1, 239–264.
Zbl 1100.42012. MR2210118. 676

8. D. Cruz-Uribe, A. Fiorenza, and C. J. Neugebauer, The maximal function on variable Lp

spaces, Ann. Acad. Sci. Fenn. Math. 28 (2003), no. 1, 223–238. Zbl 1037.42023. MR1976842.
676

9. D. Cruz-Uribe and L. D. Yang, Variable Hardy spaces, Indiana Univ. Math. J. 63 (2014),
no. 2, 447–493. Zbl 1131.42053. MR3233216. DOI 10.1512/iumj.2014.63.5232. 676, 677

10. L. Diening, Maximal function on generalized Lebesgue spaces Lp(·), Math. Inequal. Appl. 7
(2004) no. 2, 245–253. Zbl 1071.42014. MR2057643. DOI 10.7153/mia-07-27. 676
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