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ABSTRACT. We consider two types of maximal operators. We prove that,
under some conditions, each maximal operator is bounded from the classi-
cal dyadic martingale Hardy space H,, to the classical Lebesgue space L, and
from the variable dyadic martingale Hardy space H,,.y to the variable Lebesgue
space L,.y. Using this, we can prove the boundedness of the Cesaro and Riesz
maximal operator from H,.y to L,.) and from the variable Hardy-Lorentz
space Hp(.) 4 to the variable Lorentz space L, ,. As a consequence, we can
prove theorems about almost everywhere and norm convergence.

1. Introduction and preliminaries

Variable Lebesgue spaces, a new field of mathematics, is currently a topic of
intensive study. Instead of the classical L,-norm, the variable L,)-norm is defined
by

p(

fz)

)
dr < 1},

I fllpey == inf{)\ >0: /Rd

where 0 < p(z) < oo for all z € R% The variable L,.) spaces contain all mea-
surable functions f, for which || f||,.) < co. When the exponent function p(-) is
constant, we get back the classical Lebesgue spaces. Variable Lebesgue spaces
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share many common properties with classical Lebesgue spaces (see, e.g., Kovécik
and Rékosnik [26], Cruz-Uribe and Fiorenza [6], Diening, Hésto, and Ruzicka
[11], Cruz-Uribe, Fiorenza, and Neugebauer [8], Cruz-Uribe, Fiorenza, Martell,
and Pérez [7]). The classical Hardy-Littlewood maximal operator is bounded on
the variable L, ., spaces if the exponent function p(-) is log-Holder continuous and
1 < p_ < p; < oo, where p_ denotes the infimum and p, the supremum of p(-)
(see, e.g., [8], [10], [30]). This field could experience rapid development with the
help of log-Holder continuity. The variable Hardy spaces Hp()(R?) were defined
by Nakai and Sawano [29] and Cruz-Uribe and Yang [9].

The martingale Hardy spaces have given new direction and impetus to the
development of harmonic analysis. These spaces are defined on a complete prob-
ability space (see, e.g., [1]) which has no natural metric structure. Therefore,
it is necessary to redefine log-Holder continuity. In this paper, instead of the
log-Holder conditions, we suppose (2.1), which in some sense is a generalization
of log-Holder continuity. The condition (2.1) was introduced very recently in [24]
(see also [23]). We investigate the martingale Hardy space H)) defined by the
variable Ly.-norm of the maximal function. Other martingale Hardy spaces can
also be defined (see, e.g., Weisz [35], [37] for the classical case or Jiao, Zhou,
Hao, and Chen [22], [23] or Jiao, Zhou, Weisz, and Wu [24] for the variable case).
Jiao, Zuo, Zhou, and Wu [25] recently introduced and investigated the variable
Hardy-Lorentz space H,.), for the first time in the case where 0 < ¢ < oo, while
Yan, Yang, Yuan, and Zhou [38] did the same in the setting ¢ = oc.

In the classical case, Herz [21] and Weisz [35] gave one of the most powerful
techniques in the theory of martingale Hardy spaces, the so-called atomic decom-
position. Some boundedness results, duality theorems, martingale inequalities,
and interpolation results can be proved with the help of atomic decomposition
(see, e.g., [2], [3], [4]). These results were generalized in [22], [23], [31], and [24]
for variable Hardy spaces H,,(.) and variable Hardy—Lorentz spaces H,.) ,.

The atomic decomposition and martingale inequalities can be applied in Fourier
analysis. In the classical case, Schipp, Wade, and Simon [32] and Weisz [37] stud-
ied the boundedness of the maximal Fejér operator on the classical L, space and
on the dyadic martingale Hardy space H,. The second author proved in [37] that
the maximal Fejér operator is bounded from the space H,, , to the space L, , in the
cases where 1/2 < p < oo and 0 < ¢ < oo. Similar results were obtained in numer-
ous other papers (see, e.g., Gat [13]-[15] and Goginava [17]-[19]). This bounded-
ness result was generalized for variable Hardy—Lorentz spaces in [24]. There, the
authors showed that if the exponent function p(-) satisfies condition (2.1) and
1/2 < p_ < oo, then the maximal Fejér operator is bounded from H,.y to Ly,
and from Hp() 4 to Ly.y4 (0 < ¢ < 00). They used the Marcinkiewicz—Zygmund
density theorem (see, e.g., [27, Theorem 1]) to prove a number of convergence
theorems in [24].

The so-called Cesaro means and Riesz means are generalizations of the Fejér
means (see Section 3 for the definition). In [36] and [37], Weisz considered the
maximal operators of these means and proved that the Cesaro and Riesz maximal
operators are bounded from H,, to L,, (0 < a <1 <7, 1/(a+1) <p < o0,
0 < ¢ < 00). In this paper, we will generalize this result for Hardy spaces with
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variable exponents and show that if the exponent function p(-) satisfies condition
(2.1) and 1/(av+1) < p_ < oo, then the Cesaro and Riesz maximal operators are
bounded from H,.y to L,y and from Hpy 4 to Ly (0 < ¢ < 00). We will also
prove almost everywhere and norm convergence theorems.

Throughout this article, we will denote the set of natural numbers by N and the
set of integer numbers by Z. The symbol a ~ [ means that there exist constants
A, B > 0 such that Af < a < Bf. We denote by C' a positive constant which
can vary from line to line, and we denote by C).) a constant depending only on

p().
2. Background

2.1. Variable Lebesgue spaces. Consider a probability space (Q,F,P).
A function p(-) belongs to P(Q) if p(:) : @ — (0,00), p(-) is measurable, and
0 < p. < py < oo, where p_ := p_ () := essinf{p(z) : z € Q} and p, =
p+(Q) := esssup{p(z) : x € Q}. Then we say that p(-) is an ezponent function.
For a measurable set A C €2, we will use the notation

p—(A) :=essinf{p(z) : z € A} and  pi(A) :=esssup{p(z):z € A}.

Let us define the modular
oo (f) = /Q F(@) [ da.

We can define the space Ly.) with the help of this modular. A measurable function
[ belongs to the space Ly if there exists A > 0 such that op)(f/A) < co. This
modular generates the quasinorm

1fllp() == inf{A >0 0y (%) < 1}-

If the space Ly is equipped with this quasinorm, then we get a quasi-Banach
space. In the case where p(-) = p is a constant, we get back the usual L, spaces
(for details, see the monographs [6] and [11]). Let us denote p := min{p_, 1}. The
function p/(-) is the conjugate exponent function of p(-) if 1/p(z) +1/p/(x) = 1
(x € Q). The well-known Hélder’s inequality can be generalized for variable
Lebesgue spaces (see [6, p. 27] or [11, p. 74]).

The next formula is a very useful statement. The proof can be found in [11,

p. 77].

Lemma 2.1 (Norm conjugate formula). Let p(-) € P(Q2), let p— > 1, and let p'(-)
be the conjugate exponent function of p(-). Then for all measurable functions f

1
My < s [ [fglax< 2010

lgllpr () <1
The following lemma can be found in [9, Lemma 2.3].

Lemma 2.2. Let p(-) € P(Q?). Then for all s > 0 and f € L,y (),
171y = 110
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2.2. Variable Lorentz spaces. Let p(-) € P(2) and 0 < g < oo. Then the
variable Lorentz spaces Ly, contain those measurable functions f for which

[l ._ (fooo tq||X{\f|>t}HZ(.) %)1/(1 if ¢ < o0,
p(:)q T ¢ T
SuP ¢ X #1513 () if ¢ = o0

is finite. These spaces are quasi-Banach spaces. The space L) (p(-) € P(Q))
is defined as the set of all measurable functions f for which

n—oo

0. Then L) is a closed
s Ly C Lp),00 C Lip(),00 (see
),

p(:

for every sequence (A, )neny with lim, ., P(A,)
subspace of Ly(.) .. Moreover, for every p(-) € P(
[24]). Note that if 0 < ¢ < oo, then for every f €

~—

q

SENS

7}1~>I20 ||fXAn ||Lp(4),q =
for every sequence (A, )nen such that lim,, ., P(A,) = 0.

2.3. Variable martingale Hardy spaces. Let Q := [0, 1), P be the Lebesgue
measure. The interval [y, == [k27",(k+1)27") (n € N, k =0,...,2" — 1) is
said to be a dyadic interval. For € [0,1) and n € N, let us denote by I,,(x) the
dyadic interval of length 27" which contains z. Let F,, (n € N) be the o-algebra
generated by {I,(x) : x € [0,1)}. In this case, (F,)nen is regular; that is, there
exists a positive constant R (which is independent of n) such that for all A € F,,
there exists B € F,_1: A C B and P(B) < R-P(A). Moreover, (22, F,P) is a
complete probability space and for every n € N, F,, C F, 1.

The expectation and conditional expectation operators relative to F, are
denoted by E and E,, respectively. An integrable sequence f = (f,)nen is said
to be a martingale if f, is F,-measurable for all n € N and E, f,, = f, in case
n < m. For n € N, the martingale difference is defined by d,f = f, — fn_1,
where f = (f,)nen is a martingale and fo := f_; := 0. Thus dy = 0.

The maximal function is defined by

M(f) := sup|[fal,
neN

where f = (fu)nen is a martingale. Now we can define the variable martingale
Hardy spaces by

p() "= {f fn neN - ||f||Hp(> = HM(f)”p() < OO}

The variable martingale Hardy—Lorentz spaces can be defined similarly:

a =S = Gadner s Il = (1M

p(-).q < OO}
The space Hp(), is the space of all martingales such that M (f) € L,),0c. More
details about martlngale Hardy spaces in the classical case can be found in [35]
and [37]; see [22], [23], and [24] for the variable case.
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2.4. Atomic decomposition. First of all, we need the definition of atoms. For
p(+) € P(Q2), ameasurable function a is called a p(-)-atom if there exists a stopping
time 7 such that

(1) E,(a) =0 for all n < 7,
@) IM(@)oe < Igront ).

The set of dyadic intervals of length 27" is denoted by A(F,). For all f € L,
the conditional expectation operator relative to F,, can be written as

E.(f) = Z)(ﬁéfd@)xA (neN)

AEA(Fn

Now we can define the most important condition of the exponent function p(-).
We will suppose that there exists a constant K.y > 1 such that

P(A)P-A-+) < F¢ ) (A € UA(fn)). (2.1)

If Q = [0, 1) and the exponent function p(-) satisfies the so-called locally log-Hélder
condition, then p(-) satisfies (2.1) (see [6]). The spaces H,.y and Hy.) 4 have the
following atomic decomposition (see, e.g., [24]). The classical case can be found
in [35] and [37].

Theorem 2.3. Let p(-) € P(Q) satisfy (2.1), and let 0 < q < oo. Then the
martingale f = (fo)nen € Hpy or f = (fu)nen € Hp(yq, Tespectively, if and
only if there exist a sequence (a*)rez of p(-)-atoms and a sequence (ux)rez of real
numbers such that for every n € N,

fo= Z pxEna®  almost everywhere, (2.2)
keZ

where pu, = 3 - 2%|| X {r,<o0} lp() - Moreover,

”fHHp(,) ~ ian <Z <M)t> 1/t

. 1/q
10y, ~ 08 (D2 2oy 1))

kEZ

p()

respectively, where 0 <t < p is fived and the infimum is taken over all decompo-
sitions of the form (2.2).

The next results will be applied many times in this paper. The proofs can be
found in [22], [23], or [24].

Lemma 2.4. Let p(-) € P(Q), let 1 < p_ < p, < 00, and suppose that p(-)
satisfies (2.1). If f € Ly and || flp) < 1/2, then for any atom A € U, A(F,),

1 p(z) K p()
(M/AU(Q:)MP> SM/A(U(J:)\ 1) dP (x € A)
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Theorem 2.5. Let 0 < ¢ < oo, let p(-) € P(Q) satisfy (2.1), and let 1 < p_ <
p4+ < 0o. Then the space Hy.y is equivalent to the space L.y, and the space Hy.) 4
is equivalent to the space Ly 4.

3. Walsh system and the Cesaro and Riesz means

The Rademacher system is defined by

1, itee1/2), — on
r(z) == {_17 it e [1/2,1) and  r,(z):=r2") (z€0,1),neN).

The Walsh system is the product system generated by the Rademacher system.
For n € N, let

o0 o
Wy, = Hr,’;"“, where n = anQk (0 <np <2).
k=0 k=0

The Walsh—Dirichlet kernels

n—1
Dn = Zwk
k=0
satisfy
2" if x €0,277),
2 () {0 ifz €2 1) (n €N) (3:1)

For f € Ly, the nth Walsh—Fourier coefficient of f is

f(n) :=E(fw,) (neN).

The definition can be extended to martingales as well (see, e.g., [37]). Let s, f be
the nth partial sum of the Walsh—Fourier series of a martingale f, that is,

spf = Zf(k:)wk (n € N).
k=0

It can be seen that son f = f,, (n € N), therefore lim,,_,o son f = f in the L,-norm,
if fe L, (1 <p < o0). Schipp, Wade, and Simon [32] extended this result for
spfrif f € L, (1 <p < o0),then lim, o s, f = f in the Ly-norm. Jiao, Zhou,
Weisz, and Wu [24] generalized this result for L,: if p(-) € P(2) satisfies (2.1),
and 1 < p_ <p, < oo, then for all f € Ly, lim,,o s, f = f in the L,)-norm.

Unfortunately, these results are not true if p < lorif p_ <1 (see, e.g., [5], [20]).
However, for p < 1, or p_ < 1, we can prove convergence results with the help of
summability means.

For ke Nand a e R\ZUN (i.e., R> a# —1,-2,...), let us denote

o (k+a\ (a+k)(at+tk—-1).. (a+1)
Ak'_( k )_ k!
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For a > 0, the Cesaro means of a martingale f is defined by

n n—1
1 _ 1 . =
ot = g Anisef = o= > AL f(Rwe (1<neN).
n—1 k=1 n—1 k—0

For 0 < a <1 <, the Riesz means of a martingale f is defined by

n—1
1 —~
o fi= 2 ) (0 =K f(k)w, (1<neN).
noz
k=0

If f € Ly, then these means can be written as
1
wifle) = [ 0K+ (o€ ),
0

Uﬁﬂwzlf@KW@+ﬂﬁ (x€[0,1),

where “+” is the dyadic addition (see [37], [32]), and the kernels are defined by

n—1
1
Ky = — ZA%_,C wr (1 <neN)
A k=0
and
1 n—1
K= —— (n" — k") %w, (1 <neN).
nOé
k=0

The previous kernel functions can be estimated pointwise. The proof of the
following theorem can be found in Weisz [37, Theorem 3.3].

Theorem 3.1. Let 0 < a<1<~.If
n=2" 42" 4.2

where v € N, ny >ng>--->mn,, npy €N (k=1,...,0v), then

v ng—1lng—1

Eoo()) <Cn) Y Yy 209Dy (z 2777

k=1 j=0 i=j

K ()]

+Cn~* ) 2" Done ().
k=1

The Cesaro and Riesz mazimal operators are defined, respectively, by

o f = Sup|0§f| and o f = Sup|ggﬂf|‘
neN neN

4. Boundedness of maximal operators

Motivated by Theorem 3.1, we will consider two maximal operators: U(®) and
V(@ Tt will be shown that, under some conditions, each maximal operator is
bounded from H, to L, and bounded on L,.) with p_ > 1. These maximal
operators differ from the maximal operators U and V' in [24].
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4.1. Boundedness of the maximal operator U(®). Let o € (0,1] and ¢, > 0.
Then the maximal operator U is defined by

n m—1

U(a)f = sup Z Z 2(] n) Z 2a i-n t2(n i)r/(r—t)

a:EIm 1 j=0

1
X - - - - - n|s
P(I + 2777127771 4 277)) ‘/l+[2—j—1,2—f—1—§—2—i) /
where [ is a dyadic interval of length 27" and f = (/f,,) is a martingale. If I}, :=
k27" (k+1)27") (ne N, k=0,...,2" — 1), then

2n—1 n m-—1

U(a)f _SupZXIanZ2] n)t22a2 n)t2n i)r/(r—t)

m=1 j=0
/ fn .
I p+[279-1275-14277)

1
* P(lop + 2791, 2791  2-1))

A measurable function a is called a simple p-atom if there exist 7 € N and

I € A(F;) such that

(1) the support of @ is contained in I,
(2) | M(a)]le < [1]71/7,
(3) Ej(a) = 0.
The following theorem can be found in Weisz [37, Theorem 1.34].

Theorem 4.1. Let 0 < p < 00, and suppose that the o-sublinear operator T :
Lo, — Ly is bounded from Ly to Ls. If

[Taxzell, < G,

for all simple p-atoms a, where I is the support associated with a and I¢ denotes
the complement of I, then for all f € H,,

ITFllp < CllF -

We use Theorem 4.1 to help us prove that the operator U® is bounded from
H, to L,.

Theorem 4.2. Let o € (0,1], 0 < p < o0, and t,r > 0 be such that at <
r/(r—t) < (1+ «)t. Then for all f € H,,

1T Flly < Coll £l
Proof. Observe that

n m—1
||U fHoo < Sup2n(r/(r t)—(14a)t) Z sztzzz (at—r/(r—t)) Hf” < CHfHoo
m=1 j=0 =7

Let a be a simple p-atom with support J = [0,27%). If i < K, then

/ a=0;
[+[2—3-1 231 }2-1)
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that is, we can suppose that i > K, and thusn >m > K. If x ¢ [0,27), z € I,
and j > K, then [4[27771 27971 4279)N[0,27 %) = (). Therefore, we can suppose
that j < K. Similarly, if x € [27771 4275 27J)  then the set [ 4 [27771 27771 |
27N [0,27%) = 0, so we may assume that x € [27771 27971 4 27K Using this
and the assumption that a is a simple p-atom, we have

|U(a)a(x)‘
n K-1 m—1
< sup Xl<x> 2(jfn)t Z 2a(ifn)t2(n7i)r/(r7t)
n>K m=K j=0 i=K

Xk ()

X - - - - - a
P(I 4 [27971,27771 4 277)) ‘/I+[2j1,2j1+2i)

K-1 —1
< 2K/p sup Xl(x)2n(r/(r—t)—(1+a)t) Z Z 2jt Z 2i(at—7’/(7‘—t))xj7K (ZE)

n>K m=K j=0 =K

=: A(z),

where Xk 1= X[p-i-12-i-142-x). We can estimate A(z) by

K-1
A(iL‘) < 2K/p SEE(" _ K>2(an)(r/(r7t)f(l+a)t)27Kt Z zthj,K(l')
K-1
< Ca 257275 " 2y e ().
=0

We have used the fact that for all v > 0 and x > 0, the function z +— x277% is
bounded, where v := (1 + a)t —r/(r —t) > 0, x :=n — K > 0. We obtain that

K—1
Alz)P do < G257 Ky iy K < ¢,
JC j:()
and therefore
‘U(a)a(a:)|p dx < C,.
JC
The theorem follows from Theorem 4.1. O

Theorem 4.3. Let a € (0,1] and t,r > 0 be such that at < r/(r—t) < (1+ a)t,
p(-) € P(Q), 1 < p_ < py < oo, and suppose that p(-) satisfies (2.1). Then for
all f € Lp(,),

1T flipy < Coe) I Fllp)-

Proof. We assume that || f||,) < 1/2. Since for arbitrary fixed = € €, the function
t + tP@/P- is convex and the intervals I, (k =0...2" — 1) are disjoint we get
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that

/ U f ()" dp
Q

2" —1 n m—1

m—1
< C'/ sup Z X1, n( 9(i—n)t Z ga(i—n)ty(n—i)r/(r—t)
i=j

neN m=1 j=0

1 / "
o 1)) ap
P(lgn +[27971, 27071+ 279)) Jp, n+[2—ﬂf—172—j—1+2—")

2"—1 n m—1

/ (sup Z Xlim Z Z 9(i—n)t Z ga(i—n)to(n—i)r/(r—t)

neN m=1 j—=0

1 P p—
N S — = +1)) ap
P(Iy,, + [27771, 27971 4 277)) /jk’n_;_[le,le-&-Qi) (|f| )

p(z)
<Cu@ (1= + Dl <G

where we have used Lemma 2.4 and Theorem 4.2. O

4.2. Boundedness of the maximal operator V(. For a € (0,1], t,r > 0,
the maximal operator V() is defined by

n—1
1
VO f(z) = sup § 2 m/r-0-(ta)) ’ / f
( ) zel mzz(] ]P)(] + [Oa 2—m)) -[0,2—m

where I is a dyadic interval of length 27" and f = (f,,) is a martingale. Of course,

V _Supleknzzn m)(r/(r—t)—(1+a)t)

)

X . ’/ f
P(lk + [0, 27™) 1, 0.2-m)
Theorem 4.4. Let o € (0,1], 0 < p < o0, and t,r > 0 be such that at <
r/(r—1t) < (1+a)t. Then for all f € H,
VO£l < Coll f -
Proof. Since

||V f“oo < sup gn(r/(r—t)—(1+a)t) Z2m( 1+a)t—r/(r—t)) ||f||C><> < C“f”ooa

neN m—0

V(@ is bounded on Lo
Let a be a simple p-atom with support J, where J = [0,27%). If m < K, then
f1+[0 g-my & = 0.Ifm> K,z ¢ J,but x € I, where [ is a dyadic interval of length

27" then I +[0,27™) N J = ). This means that V(®a(x) =0 (z ¢ J). Hence

IV flly < Coll Fll,
for all f € Hp. O
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Theorem 4.5. Let a € (0,1] and t,r > 0 be such that at <r/(r —t) < (1+ a)t,
p(-) € P(Q), 1 < p_ < py < oo, and suppose that p(-) satisfies (2.1). Then for
all f € Lp(.),

IV Flloey < Col1F loco-
Proof. The proof is similar to the proof of Theorem 4.3. 0

5. Boundedness of the Cesaro and Riesz means in Hyy

In this section we will use the boundedness results of U@ and V(® above. The
following theorem can be found in [24].

Theorem 5.1. Let p(-) € P(S2) satisfy (2.1), and let 0 < t < p. If the o-sublinear
operator T : Lo, — Lo 1S bounded and

|3 2% I rcont oy T(@) Xgrimoe)
k

k
2T | 6
t k t

where T, is the stopping time associated with the p(-)-atom a*, then
1T fllpe) < CNSlla,,
for all f € Hyy.

Now we will prove that the Cesaro and Riesz maximal operators satisfy condi-
tion (5.1).

Theorem 5.2. Let 0 < a < 1 < v, let p(-) € P(Q) satisfy (2.1), and suppose
that 1/(a+1) <t < p. Then

”Z 2% [X 4 <00y Iy 05 (@) X mimoc)
k

p()’
t

k
o SO 2 X
t k

where Ty is the stopping time associated with the p(-)-atom a*. The same holds
for a7,

Proof. We will use the estimation for the kernels K and K7 given in Theorem
3.1; therefore, it is sufficient to prove the theorem only for the Cesaro means. The
sets {7 = j} are disjoint, and there exist disjoint dyadic intervals I} € F; such

that
{r=jt=UJ1L.

Hence

{1 < 0} = UU[},

JEN

where the dyadic intervals I ; are disjoint. Since a is an atom, |[ riadP = 0. For
. J
simplicity, instead of I} (resp., ax Ijz;), we write I; (resp., b'). Then

a= ZZQXIM = Zbl.
!

jeN i
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Suppose that P([;) = |I;| := 275 with a suitable K; € N. The sets I; are disjoint
and fIz b dP = 0.

Assume that z € {7 = oo}. If n < 2%, then bl(n) = 0; therefore, c®b' = 0.
Thus we can suppose that n > 25 If j > K; and z ¢ [}, then x + 27971 & I,
Thus for z ¢ I, t € [ and i > j > K,

V' (t)Dyi(x 4 t) = b (t) Doi(x +t +27971) = 0.

Since a is a p(-)-atom, we have that ||b!||, < HX{T@O}H;(?). By this and Theo-
rem 3.1, we get for x ¢ I, that

v np—1lng—1

oot ()| < n ) 0> )y 2ty /1|bl(t)|D2i(:v +tF279 Y at

k=1 j=0 i=j

v 1
+ Oy ame / |6 ()| Donic (x4 t) dt
k=1 0

v Kj—1K;—1

Clxemliy™ 3 X0 3202 [ Dottt
l

k=1 =0 i=j
> K, J J

+ C||X{‘r<oo}||;(?)”_a

IN

v Kl—l nk—l

<Y e [ Dyt e
k=1 =0 i=K; L
np>Kp

+ C||X{T<OO}||;(})TL_Q

v ng—1ng—1

x>y Zz%’ml)zj/DQi(ermzjl)dt
I

k=1 =0 i1=9
np<Kj J J

+ C||X{T<OO} ||;(%)n—a Z 2"k D2"k («75 ‘|‘ t) dt
— I
np <K ’

=14+ 114 I+ IV.
By (3.1), we can see (cf. [37]) that for x ¢ [}, if j <i < K; — 1, then
i Dyi(x +t 42771 dt = Qi_KlX1l+[2—j—1,2—j—1+2—i)(95)7
!
if 1 > K, then
i Doi(x +t 427771 dt = xppp-i-120-i-142-1) () = Xp12-i-1(2),
!
and for all 7 € N,

Dyi(x Ft)dt = 27 Rixp o 50y (2).
I
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Since n > 2™ and n; > K, we have that

I< CHX{T<00}'H;(})2_MQ(”1 - K +1) (5.2)
K-1 K;—1
% Z 9J Z 21(a71)217K1X11+[27j71727j71+27i)(:U)
j=0  i=j
K-1 K—1
< Clixgresyllph2751% Y 27 Y 20 02 iy 51 im0 (@)
J=0  i=j
K-1 K—1
= Cllixgresall )27 FO% DY 2O e g (1), (5.3)
j=0  i=j

where we have used the fact that the function x — 227* is bounded in case
z > 1.

To estimate II observe that n=® = n~%/3p"2¢/3 and n=2¢/3 < 2-29/31 There-
fore,

K—1 ~
I < Cllxgresellpyn™ 2 = Ki+1) Y 2xpiamm1 () Y 247D
Ki—1
< C\|X{T<Oo}\|;6)2*Klo‘/3 Z 2\ 1y 4a-i-1 (w)2KH@/3=1)
=0
Ki-1
- CHX{T<OO}H;6)27KZ Z 2JXII+27j71(:L’). (5.4)
=0

Furthermore,

I < C||X{T<oo}||;(?)2_aKl
v ng—1 ne—1

X Y 2 2 s (2)
T T

n<Kj

— O||X{T<OO} ||;(%)2—(1+a)Kz

Ki—1m—1 m—1

X3 VY 2 s g1 (@) (5.5)
m=1 j=0  i=j
and

K;—1
IV < Cllxtrean 2™ D 272" g 4pa-r1.2m) ()

m=0
K—1

< CHX{T<OO}H;(]:)2_(1+O£)KI Z 2(1+a)mXIl-i-[0,2*m)($)- (56)

m=0
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Note that the estimations (5.3), (5.4), (5.5), and (5.6) are independent of n. From
this it follows that

)< S oti(a)

K—1  K—1
< Clixtreoo 22 (Wl d 20y 2 it 212 ()
=0 =

K -1

+ Cllxreseillpy 2227 3 2 X2 @)
l j=0

+ Clixr<oot )

Kl—l m—1 m—1

x 2 HOKEN TN TN " 2 i g1 o (@)
l

m=1 j=0  i=j

K—1
+ CllXfreoet I Z 2~ (o) Z 205Ny o 2-my (@)
=1 C|Xr<oot |5 (A (93) + B(x) +C(95) D(x)). (5.7)

For the atom a*, we denote I, K;, A, B, C, and D above by I, K;, A, By, Ck,
and Dy, respectively. That is, we have

HZ 2kt Hx{m@o} )02 (@) X (m=oe [l 2
k
e[S 2], [S ], ¢ [t S 2]
k

= Zl + Z2 + Zg + Z4. (58)

FEstimation of Zy and Zs: Because of (1 + )t > 1 and lim, o r/(r — t) = 1,
we can choose max{1l,p,} < r < oo satisfying r/(r —t) < (1 + «)t. Note that
at <r/(r—t), because at < 1 < r/(r —t), and thus the inequality

-
< ——< (1 t
at < —— (1+«)

holds. Using Lemma 2.1, there exists a function g € L)y with || gy <1

such that

Ky, m—1m—1

n+zm<o | DI ST D S I ol 0P

m=1 j=0 i=j

Klkm 1m-—1

< CZthZ Z Z ZQ (14+a) Klkt2jt2wzt||xll Laim12-i-1 494

m=1 j=0 i=j

X ||Xllk+[2—J'—1,2—J—1+2—i)9||(%)
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Ky m—1m—1

— C/ Z okt Z Xn Z Z Z o(ia+j—(1+a) K 1/ (r/H)+1/ (r/t) ) o K, i
Qg ! *

m=1 j=0 i=j

1 (zy 1/(r/t)
X < P R e gl )
P([lk + [2 J 72 -1 42 )) I, +[2—i-1,2-i-142-1)

By Holder’s inequality,

Ky m—1

Zizy<C [ Y2 v, (33 20 S geti-1 g, e
Qg 1

m=1 j=0 =7

dP

1 o\ (/)
X i i—1 9—j—1 J_9—i / 19" >
P(]lk + [2_]_ , 2—J— + 2_2)) Ilk+[2_j_172_j_1+2_i)

< (J/ SO 23 xg, [U9 (19107 .
@ !
Since (r/t)" < (p(-)/t)’, by Holder’s inequality, Theorem 4.3, and Lemma 2.2, we
get that
PR DO
k !

< CH Z 2ktX{Tk<oo}
k

« r/t) /(r/t)
QH[U( )(|g|( & )]1 o H(@)/

()’
t

Estimation of Z,: Again by Lemma 2.1, there exists a function g € L.y
with HgH(p(~)/t)’ < 1 such that

Ky, —1

Z<C [ SIS 20, |
Qo I j=0
This is exactly the same as Z; in [24]. We obtain that

Z2 S CHZ thlekl () — CHZ thX{Tk<OO}
k ! t k

Estimation of Zy: There exists a function g € Ly ey with [|g]|p) /e < 1 such
that

()’
t

Kkl_l
2, < 0/ sztz Z 2—(1+a)1<klt2(1+a)mtxlklHO’TM)
Qg I m=0

Ky, —1

S C Z 2kt Z Z 27(1+0¢)K;€lt2(1+a)mt ”XIkl+[O72_m) H%
k I m=0

X X5, +102-m) 9l (zy
Ky, —1

:C/QZWZX% Z o(=(14a) Ky, t-H(14a)mt) (1/(r/t)+1/ (r/t) ) 9 Ky =m
k l m=0

g dP
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( L / 1) ap
(ot g1&)
P(Ik, +(0,277)) Ji, 1102-m)

Ky, —1

< C/ S ( 7 2k me/-)-(1a)
L ! m=0

1 / | ’(E), 1/(r/t) P
S o)
P(Ikz + [07 2 )) Iy, +[0,27™)

< [ Y023, [Vl )] a.
€ % !

By Holder’s inequality, Theorem 4.5, and Lemma 2.2, we get that

Zy < CHZ thlekl
k 1

< 0|3 2 X<
k

” [V(a) (|g|(r/t)’)] 1/(r/t)

o al

()’
t
We get (see (5.8)) that

HZ 1405 (") X fry =0
k

k
»() < CHZQ tX{Tk<oo}
t k

p()’
t

which finishes the proof. 0

By Theorems 5.1 and 5.2, we immediately get the following corollary.

Corollary 5.3. Let 0 < o < 1 < v, p(-) € P(Q), 1/(a+ 1) < p_ < o0, and
suppose that p(-) satisfies (2.1). Then for all f € Hy.y,

102 Flloey < Cll Il
The same holds for c&7.

This theorem was proved for the maximal Fejér operator (v = 1) in [24]. Fujii
[12] proved the theorem for p = 1. For the Cesaro and Riesz maximal operators
and for constant p, the theorem is due to the second author [37]. If the exponent
function is constant and p < 1/(a + 1), then the Cesaro and Riesz maximal
operators are not bounded from H, to L, (see Simon and Weisz [34], Simon [33],
and Gat and Goginava [16]).

The restriction of a martingale f to the dyadic interval I of length 27% is defined
by fxr := (E.fxr : n > k). This result implies the next corollary. The proof is
similar to that given in [24].

Corollary 5.4. Let 0 < o < 1 <, p(-) € P(Q), 1/(a+ 1) < p_ < o0, and
suppose that p(-) satisfies (2.1) and f € Hp,.
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(1) Then o2 f and o f converge almost everywhere on [0,1) as well as in
the Ly.y-norm.
(2) If in addition fx; € L1, where I is a dyadic interval, then

lim oy, f(x) = f(x) for almost every x € I and in the Ly.y-norm.
n—oo

The same holds for o&7.
If p- > 1and f € Hy., then f € L;. The next corollary follows from this.

Corollary 5.5. Let 0 < a <1<+, p(-) € P(Q), 1 <p_ < o0, and suppose that
p(-) satisfies (2.1). Then for all f € Hpy,

lim oy, f(x) = f(x) for almost every x € [0,1) as well as in the Ly.)-norm.
n—oo
The same holds for oi7.

6. Boundedness of the Cesaro and Riesz means in H,,
The following theorem was proved in [24, Theorem 7.28|.

Theorem 6.1. Let p(-) € P(Q) satisfy (2.1), and let 0 < g < oo. If the
o-sublinear operator T : Lo, — Lo 1S bounded and

10l r=ocb ) < Cllxireoey gy

for some 0 < 8 < 1 and all p(-)-atoms a, where T is the stopping time associated
with a, then for all f € Hyq,
TN zpr0 < ClF g0

If ¢ = o0, then the theorem holds in case f € Hp() o nstead of Hpy() .

Theorem 6.2. Let 0 < a <1 < v, p(:) € P(Q), 1/(a+1) < p_- < o0, and
suppose that p(-) satisfies (2.1). Then

H‘O_SG'WX{T:oo}Hp(,) < C’||X{7'<<>O}”;;(_)[3 (61)

for some 0 < B < 1 and all p(-)-atoms a, where T is the stopping time associated
with a. The same holds for o7

Proof. Let t := B¢, where 0 < 8 < 1, 1/(a+1) < e < psuch that B > 1/(a+1).
Observe that (6.1) is equivalent with

o2 al™xgrcc [l 62 < Cllxerasctllyly « Dxir<soylloa - (6.2)
From the proof of Theorem 5.2 (see (5.7)), we get
loZalXtems a2 < Cllxtreooy e (147 Xgomset s + 1B Xgr—set 1
+ 1% X qr=oc o2 + DX gr=s0) [l )
=: Cllxgrseyllpy (X1 + Xo + X3 + Xa).
We will show that each term satisfies

Xi < O||X{T<OO}||M (Z =1, 2’374)'
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Estimation of X; and X3: Choose max{l, fp;} < r < oo large enough to
satisfy that r/(r — fe) < (1 + a)fe. Using Lemma 2.1, there exists a function
9 € Lp(y/ey with [|gllp) /ey < 1 such that

K; m—1m-—1

X1+ X3< C/ Z Z Z Z 27(1+Q)K1’852jﬁ521'0‘&5)(][_{_[271'71727j71_i_27i)
&y

m=1 j=0 i=j

gl dP

K; m—1m-—1

= C/ Z Z Z Z 27(1+Q)K[ﬁ82j662m55HXJ;Hzfj—l,z—jflmfi)
Qo

m=1 j=0 i=j

r
Be

x ‘|XII-§-[2*j*1,2*j71+27i)g‘|(é)/
K, m—1m—1

S C/ ZXIZ Z Z Z 2(ia+j—(1+a)K1)65(1/(é)+1/(é)/) 2Kl*’i
Qo

m=1 j=0 i=j

< ( ! / 19/5) "%
P+ 271,274 27) Jipoiaiies |

By Holder’s inequality,

K; m—1m-—1

(ia+j—(1+a)K;)B )1/(55)
SC/QXZ:XA(ZZZQ ki)

m=1 j=0 i=j
K; m—1m-—1

X (Z Z Z 2(ia+j*(1+a)Kl)Bsz(Kl_i)(é)/

m=1 j=0 i=j

! / | |(5>’)1/(5;)'d19>
X . . — :
P(L 4 [27971,27971 4 279)) Jpip-i-10-i-140-4) g
a yN\11/(52)
SC/ZXIZ U (g )] ap.
@y
Note that since r > fp, and ¢ < p_, we get that (r/(Be)) < (p(-)/e) and

((p(+)/e) )+ < oo. By Holder’s inequality, Theorem 4.3, and Lemma 2.2, we get
that

01l 7))

X1+X2§CHZXIZ mH
l €

SCHZXIZ
I

< C||X{T<OO}||%

Estimation of Xs: The estimation
X2 < CHX{T<OO} H%

can be found in [24].
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Estimation of Xy: There exists a function g € Ly(.)/ey with ||g||p()/e) < 1 such
that
-1

Xy < C’/ Z Z 9~ (1+a) K1662(1+0‘)m5€)<11+02 m)|g| dP

m=0
Kz

< Cz Z 2_(1+Q)KZB€2(1+a)mBE”XIZJ}[0,2—’")

I m=0
 [[xn40,2-m9ll (2

K—
_ (=(A+e)KiBe+(1+a)mBe)(1/(5:)+1/(5:) ) 9 Ki—m
DM G

r
Be

T

/ 1 / 91 gp
X XI( : - Y )
: P(Il+[0 27™)) Jni0,2-m)

/(&)
Ao

Hence
[V (1 )] V(g

(20 y < CHX{T@O}HPU

X, < CHZX{;
I

Combining the estimations, we have proved (6.2) as well as the theorem. UJ

ol
E

By Theorems 6.1 and 6.2, we immediately get the following corollary.

Corollary 6.3. Let 0 < o <1 <, p(:) € P(Q), 1/(a+ 1) < p_ < o0, and
suppose that p(-) satisfies (2.1). Then for all 0 < q < o0,

oS flle,, < Cllflla,,
for all f € Hyyq. The same holds for o3,

The followmg corollaries can be proved similarly to Corollaries 5.4 and 5

Corollary 6.4. Let 0 < a<1<7,0<q¢< o0, p(-) € P(Q), 1/(a+1) <p_ <
00, and suppose that p(-) satisfies (2.1) and f € Hp()q
(1) Then o%f and o7 f converge almost everywhere on [0,1) as well as in
the Ly q-norm.
(2) If in addition fx; € L1, where I is a dyadic interval, then

lim o) f(x) = f(z) for almost every x € I.
n—oo
(3) If 1 < p_ < o0, then
lim o0 f(z) = f(x) for almost every x € [0,1).
n—oo

The same holds for o&7.

Since Ly C H1,0, almost everywhere convergence also holds for f € L,, which
was similarly shown in Weisz [37].
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