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ABSTRACT. We establish the short exact sequences associated with the alge-
bras generated by dual truncated Toeplitz operators on the orthogonal comple-
ment of the model space K2, and discuss spectral properties of dual truncated
Toeplitz operators.

1. Introduction

As a result of the seminal paper of Sarason [22], much work in the study
of truncated Toeplitz operators has been done over the past ten years (see [2],
[3], [15]). In particular, the algebra of truncated Toeplitz operators is an active
area of research (see [6], [23]). In [12], the first and third authors introduced
the dual truncated Toeplitz operators for the first time, which are defined on a
Hilbert space of harmonic functions that are closely related to truncated Toeplitz
operators. The present article aims to study the algebras associated with dual
truncated Toeplitz operators. The structure of these algebras can provide us with
more tools for studying the invertibility, Fredholmness, and spectral theory of
dual truncated Toeplitz operators.

Let H? be the classical Hardy space of open unit disk D = {z € C : |z| < 1},
and let L? = L*(T) be the usual Lebesgue space on the unit circle T = {z €
C : |z| = 1}. The space L> is the collection of all essentially bounded Lebesgue
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measurable functions on T, and the space H* consists of all the functions that
are analytic and bounded on . To each nonconstant inner function u, we denote
the model space

K?:= H> cuH*.
Letting M, and M denote the multiplication operators on L? induced by « and
@, P is the orthogonal projection from L? onto H?, and P, = P — M,PMj is the

orthogonal projection of L? onto K?2. For f in L?, the truncated Toeplitz operator
Ay with the symbol f is densely defined on K2, given by

Ajr = P,(fz), ze€ K:NH™.

Then we define the dual truncated Toeplitz operator D; on the orthogonal com-
plement of K2 as

ny:(I_Pu)(fy)a yE[Kz]lme'

Note that [K2]* = wH?@® zH?2, and Dy is an operator defined on a Hilbert space
of harmonic functions.

Recall that, for f and g in L*°, the Toeplitz operator T with symbol f and dual
Toeplitz operator S, with symbol g are defined on H? and [H?]*, respectively, as
follows:

Tix = P(fx), xz¢€ H?,
Sey=(I—P)(gy), yeHT"

In our situation, writing B([K2]*) for the set of all bounded linear operators
on [K2]4, let X be a closed self-adjoint subalgebra of L>°, and let

Dx = clos{iﬁD@j D € %}

i=1 j=1

be the smallest norm-closed subalgebra of B([KZ]*) containing {Dy,¢ € X}.
Hence Dy is a C*-algebra generated by {Dy, ¢ € X}. Let us call the closed ideal
of Dy, generated by all semicommutators

def
[D¢7D¢):D¢D¢_D¢w7 ¢7¢€%7
the semicommutator ideal GDyx; the commutator ideal €Dy of Dy is the closed
ideal generated by elements of the form

Dy, Dy] = DyDy = DDy, 6,1 € X.

In this article, we consider two kinds of closed subalgebras of B([KZ]*): the
algebra generated by all bounded dual truncated Toeplitz operators, and the
algebra generated by dual truncated Toeplitz operators with continuous symbol.

In the late 1960s, Coburn [7], [8] studied the C*-algebra generated by T, on
the Hardy space. For truncated Toeplitz operators, Garcia, Ross, and Wogen [16]
obtained an analogue of Coburn’s work. Here the symbol map on the Toeplitz
algebra in the Hardy space is an important tool for studying the structure of
Toeplitz algebras (see [1], [4], [13], [14]). Analogous to the symbol map in the
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classical Hardy space setting, in Lemma 2.3 we construct a symbol map on the
dual truncated Toeplitz algebra.

On the other hand, in the case of harmonic function spaces, Guo and Zheng
[17] investigated the C*-algebra generated by Toeplitz operators on the harmonic
Bergman space with continuous symbols and showed that the Toeplitz operators
with monomial symbols are invertible. We found that the C*-algebra generated by
dual truncated Toeplitz operators on [K?2]* with continuous symbols is similar to
the case of harmonic Bergman space. The invertibility of dual truncated Toeplitz
operators with monomial symbols is complicated; for example, if u(0) # 0, D, is
invertible, if u(0) = 0, D, is not invertible (see Example 4.4).

Let C(T) denote the set of continuous complex-valued functions on T. The set
of all compact operators on [K2]*+ will be denoted by K.

This article is organized in the following way. In Sections 2 and 3, we discuss
the structures of the dual truncated Toeplitz algebras D - and D¢ () and obtain
two short exact sequences

0 —6Dr0 — Do — L —0
and
0 —K — D¢om — C(T) — 0.

We give a necessary and sufficient condition for the semicommutator of two dual
truncated Toeplitz operators to be a compact or finite rank operator. In the final
section, we discuss spectral properties of dual Toeplitz operators and prove a spec-
tral inclusion theorem analogous to the spectral inclusion of Toeplitz operators on
Hardy space. Moreover, we obtain the spectrum and essential spectrum of dual
truncated Toeplitz operators with symbols in K2, N H* and QC, respectively.

2. Dual truncated Toeplitz algebra O~
For f € L?, define an operator V on L? by

Vf(w)=wf(w).

It is easy to check that V is antiunitary. The operator V' satisfies the following
properties:

V=V VT = SFV. (2.1)
The Hankel operator H; with symbol f is densely defined by
Hix = (I — P)(fx), forxze H™,
and H is densely defined by
Hiy = P(fy), forye€ [H*FnNL>.

Write M for the multiplication operator defined on L? by My¢p = f¢. If M is
expressed as an operator matrix with respect to the decomposition L? = H? &
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zH?, then the result is of the form
Ty H:
M; = .
! (Hf Sf)

U:L*=H*®2H?> — [K}*" =uH?*® 2H?

M, 0
U_<0 IzH2>’

where [ is the identity on zH?, and M, is a unitary operator:

Define the unitary operator

by

M, : H> — uH?

Clearly, U* maps [K2]* to L? and equals

*x Mﬁ O
U_(O fzm)'

The next lemma shows that Dy is unitarily equivalent to an operator on L? and
gives a matrix representation of Dy. The representation is useful in this article
and shows that the dual truncated Toeplitz operators on [K?2]* are closely related
to the Toeplitz operators and Hankel operators on H?2.

Lemma 2.1 ([21, Lemma 2.2]). On L*(T) = H? & zH?,

T, H*.
* —= u¢
U*DyU (sz» 5 ) . (2.2)

In the following, for '€ B([K?2]!), define
T =U'TU.

Since T and T are unitarily equivalent, 1T ||ix2pr = IT||2. Thus, we will fre-
quently omit all norm subscripts when the contextual meaning is clear. As the
first application of Lemma 2.1, we have the following lemma.

Lemma 2.2 ([12, Property 2.1]). Let f € L*. Then D; is bounded on [K2|* if
and only if f € L. If Dy is bounded, then ||Dy| = || f|]oo-

Proof. By the definition of Dy, we have
D4l = || (T = P || < 1 flloo-
Using (2.2),

D=5 2 (7 0)| =1 = .
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Let k. denote the normalized reproducing kernel
1— |27
1 —wz
of H? at the point z € D. Given f € L2, the harmonic extension of f is given by
2
Y i0 i0y 2 40
— k. =
fr) = [ relielen] 57
= <fkr§7 kr§>7

where |ky¢|? is the Poisson kernel for r§ € D. Then f is harmonic on . By Fatou’s
theorem,

lim f(ré) = £(¢)
r—1
for almost all £ € T.
For every operator L in B([K?2]*), define
Lo (&) = (Lukye, ukye).
If lim,_, ;- Er(ﬁ ) exists for almost all £ € T, let

L(¢) = lim L,(¢),

r—1-
as |(Lukye, uke)| < ||L]|, and L is a bounded function a.e. on T.

Lemma 2.3. Let f, fi, fo, ..., fn € L.
(1) The radial limit

r—1-

for almost all £ € T.
(2) Assume that T,,,T € B([K2|*), n € Z7,

lim |7, —T| =0,
n—aoo
and that lim,_,,- (T,)),(€) exists for almost all € € T. Then

lim 7,(¢) = lim T,(£).
lim T,.(6) = lim T,(¢)
(3) We have Dlef2 cee Dfn — Dflfz---fn € 6D .
(4) If A € 6D, then

lim <Aukr5, Ukr§> = 0.

r—1-

(5) The uniform limit of a dual truncated Toeplitz operator is also a dual
truncated Toeplitz operator.
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Proof. (1) We will prove this lemma by induction on n. For n = 1, we have

lim (D ukye, ukye) = Um (fruk,e, uk,e)
r—1- r—1-
= hmﬁ <f1kr£7 kr&)
r—1

2m
= lim J1(€7) | ke ()

r—1- 0

gdG

5= = fi§)

for almost all £ € T. Let n > 2. Assume that the result is true up to m — 1.

Observe that

<Df1 e Dfm_1DfmUkr£a ukr§> = <Df1 Dfm lDfm fm(€ Uk’rg,uk’rg)
+ fm(f)(Dfl T Dfm,luhga Ukr§>-

Also

|<Df1 e Dfm_lDfm_fm(g)ukTg, uk,@‘
SN Dsy -+ Dy s 1D g iy el

< ”Dfl : "Dfm—lHH(fm - fm(é))kTﬁH
=105+ D ([ 1) = £l el

— 0, ae. ([r]—=1).

By induction hypothesis, the result holds.

5

(2) If Ty, is a sequence in B([K?]1) that converges uniformly to 7', then

lim ||T, — T = 0
n—oo

and

for almost all £ € T. Hence

(T0)r(&) = (Tn)o(€)| = [{(T0 — Ton)tthine, ukive)| < |IT,,

Taking limits as r approaches 1~ yields
75(6) = Tl < T = Tl
Therefore, fn(f) is a Cauchy sequence. Let
E©) = lim T,(¢).

n—oo

For almost all £ € T, we have

T.(6) — E()| = |T,(€) — (

~

< |7, =TI

1) (&) + (To)r(€) — Tul€) + Tole
< T (&) = (T)e(©)] + [(To)e(€) = Tu(&)| + | T(€) — E(€))|
+ (T (&) = Tu(©)] + |T0(€) — E(€)).

(2.3)

(2.4)

— Tl

(2.5)
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According to (2.3), (2.4), and (2.5), it follows that

lim 7,(¢) = lim T,,(€).

r—1-1 n—00
(3) For n = 2, we have
Df1Df2 - Df1f2 € 6D .
Let n > 2. Assume that the result is true up to m — 1. Observe that
Dy Dy, -+ Dy, — Dy fofy = Dy Dy, - Dy, — Dy, Dy, ...,
+ Dp Diyefy = Dii o fon
= Dy, (Dy, -+ Dy, — Dy,..1,.)
+ Dp Dyyefe = Diy oo -

By induction hypothesis, the result holds.
(4) By the definition of 69D,

A= Span{DﬁDfQ o 'Dfn[DfaDg)Dm o 'ng 20,091,092, -+, 9m € Loo}
is a self-adjoint dense (unclosed) subset of G0 . Since
DDy, -+ Dy, [Dy, Dg) Dy, -+ Dy,
=Dy Dy, -+ Dy, Dy Dy Dy, - - - Dy,
— Dy Dypy -+ Dy, Dyg Dy, -+ - Dy,

by Lemma 2.3(1), for T € A, we have
lim (Tuky¢, ukye) = 0.

r—1-
For any A € 69, there exists {4, : n € ZT} C A such that
lim |4, — A =0.
n——oo
Note that

‘(Auk,,g, uk;,@‘ = K(A — A, + Ap)uke, ukr5>‘
< (A = Ap)ukre, ukve )| 4 [(Anukve, ukve) |
<A = All + [(Antkye, ukye) |,
and thus
lim (Auk,e, uk,e) = 0.

r—1-

Furthermore, if T" € ® o, then the Cauchy—-Schwarz inequality yields
[(TAukye, ukive) | < | T||[| Aukyel]
1
= [IT|[{Aukye, Aukre)>
= | TIA” Aukye, ukie)?
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and
[(ATuk e, k)| = |(ukre, T* A ukie) |
< [T [l A ukne |
= | TI(A"ubye, A"ukye)®
= | T|[(AA wkye, ukye) 2.
Since A*A and AA" are in 69, it follows that
lim (TAuk,¢, uk,¢) = 0,

r—1-

lim (ATuk,e, uk,¢) = 0.
r—1-
(5) If lim,, o0 | Dy, — T|| = 0, then T is a bounded operator on L2. Under the
decomposition L*(T) = H? ® zH?, write T' = (f; ). We have
1Dy, =Tl =Dy, =T
> |P(Dy, = T)P|
= [Ty, — All

Since the uniform limit of a Toeplitz operator on H? is also a Toeplitz operator,
A is a Toeplitz operator on H?, by [25, Theorem 3.2]. Let

A =Ty,
where 1) = A1 — A1(0) + A*1. By Lemma 2.2, we have
1T, — Tyll = Ifn — Ylloo = 1D, — Dyll-
Hence T'= Dy. O

Remark 2.4 (of Lemma 2.3(2)). Let T/ be another sequence in B([K?2]*) that
converges uniformly to 7', and let

lim (77,),(€) = T",(€)

r—1-

for almost all £ € T. For a positive integer k, there exist T, , T, such that

1
T, —T| < —,
ITo, =TI < 57
1
T, —T| < —.

Hence
1
1T, — 10, |l < T, = T+ (1T, =T < o
~ ~ 1
Tal€) - )] < 7.
That means that

lim T, (€) = lim T, (¢)

k—o00
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and

lim T",(€) = lim T,(€) = E(€).

n—oo n—oo
Then for any T' € D, there exist
{Th}nz0 C {ZHD% L s € LOO}
i=1 j=1
such that
lim ||T,, —T|| =0.
n—a=oo
We define the mapping
P D —» L
T — p(T),
where

p(T)() = lim (Tukye, ukve) = lim T,(¢)

for almost all £ € T. We call p the symbol map on the dual truncated Toeplitz alge-
bra ®;~. We have the following analogue of the result by Stroethoff and Zheng
[26, Theorem 8.4] of the dual Toeplitz algebra on the orthogonal complement of
the Bergman space.

Theorem 2.5. The sequence
0 — 6910 — Dpoc — L — 0

is a short exact sequence; that is, the quotient algebra D /GD =~ is *-isometri-
cally 1somorphic to L.

Proof. By the definition of p, we have
lp(D)]l, < IT1. (2.6)
Furthermore,

p(T)(€) = lim (T ukye, ubye)

r—1-1

= hm (ukre, Tuk¢)

= p(T)(é”)-

Since linear combinations of operators of the form Dy Dy, --- Dy, span a dense
subset of D,

H Df7 ':1 fi + H ij - DH?:l fi
j=1 =1

and by Lemma 2.3(3), it follows that operators of the form
D=Dy+ A, ¢€L” AcBD~ (2.7)

form a dense subset of ® . If Dy € D [, then by Lemma 2.3(1), (4), we have
that ¢ = 0 a.e. on T. According to Lemma 2.3(5), since 6D~ is closed, every
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operator in D« is of the form (2.7). In fact, the mapping p has a more precise
form

p:D¢—|—AI—>¢.

Its kernel is precisely the semicommutator ideal G0 p~ of D . By Lemma 2.3(4),
we have [|p(Dy + A)|| = ||¢||co. For any Dy + ED e € Do /ED oo, we define
the mapping

ﬁ: @Loo/GQLoo — LOO7
D¢+6@Loo — ¢

Then p is a bijection. For every ¢ € L*>, we define the mapping

0: L% — D,
@+ D,.

The mapping o is obviously linear and contractive. Observe that for f, g € L>(T),
we have

o(f)olg) —o(fg) = DyDg — Dgg € D pee.

So p is homomorphism. O

3. Dual truncated Toeplitz algebra D)

Let C(T) denote the set of continuous complex-valued functions on T.

Lemma 3.1 ([20, Theorem 5.5)). Let f € L>. The Hankel operator Hy is compact
if and only if f € H*® 4+ C(T).

Since MM, = My,, we have
Ty, = 4T, + H}H, (3.1)
Hyg = HyTy + SpH,.
We consider the compact semicommutator of the dual truncated Toeplitz opera-

tor. By the matrix representation (2.2), we have

HfuTg -+ Sngu Hqugu + Sng

and

T, H*—
U*Dy,U = ( fg ufg) .
Hufg ng
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Using (3.1) and (3.2), we have
5Ty + H;ngu —Tyg = T5Ty + Taggu — TafTgu — Ty
=TT, — TafTyu,
Hfu —|—st —ng—V(Hqugu+TfT T )V
= V(Tagu — TraTgu + T5ly — T5;)V
= V(IT; — TrT5,)V,
HpTy+ SpHgy — Hypy = Hp Ty — HyToy,
and
(TyH,; + HZ =Sy — H:;fg)* = HuT5 + SgH,; — H,75
Hence, we have the following theorem.
Theorem 3.2. If f,g € L™, then DyD, — Dy, is compact (finite rank) if and
only if TyTy — TasTou, T5Ty — TraTgu, HuyTy — HyTyy, and HygTy — HgT, 5 are all
compact (finite rank).
Remark 3.3. We can find that the conditions of TyT, — Ty Tgu, Ti Ty — T Thu,

H, Ty — HyT,y, and H,317 — HyT, 7 are finite rank in [11, Theorem 3.4] and [10,
Theorem 4.2].

Corollary 3.4. If f € L™ and g € QC = [H® + C(T)] N [H> + C(T)], then
D;D, — Dy, is compact.

Proof. By Lemma 3.1 and the fact that H* + C(T) is a closed subalgebra of L>,
we have g, gu, g, and gu € H*+ C(T); hence Hy, H,,, H;, and Hy, are compact.
Due to (3.1) and (3.2), it follows that
TiTy — Tas Ty = TyTy — Tig + Ty — TusTgu
=TTy — Tyg + Taggu — TasTgu
= —HpH, + H:H,q,
Trlg — Tralgu = T5ly — Ty + T — Tralgu
- Tf_Tf - ng + Targu — Tralgu
Hp Ty — HyTyg = HfuTg - HUfg + Sf qu
= Squg + Sngu.
According to Theorem 3.2, D;D, — Dy, is compact. OJ

Next, we investigate the dual truncated Toeplitz operators with continuous
symbol.

Lemma 3.5. Let ¢ be in C(T). Then
[1Delle = lllloo-
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Proof. Since ¢ isin C(T), up and uip are in H>*°+C(T). It follows from Lemma 3.1
that both H  and H,, are compact. From the matrix representation (2.2), we
have that

D =150 =t { | (7, ")
-ur{]| (5 3.)

165 2

0 2 (s 2

_ (T;OTw (S@()J w) v

*S
1/2
T, 0
= |r, [ %% . re 1s essential spectral radius
A

= maX{re(T;Tgp>7 Te((S@)*SW) }1/2
= max{HT@He, ||SL,0||8}
= max{ ||, |le, [VTLV e} = [|¢]lo-

The last equality follows from the fact that ||T,| = [l¢|l« (see [19, Corol-
lary 4.5.3]). O

, K is a compact operator}

, I{ is a compact operator}

e

Lemma 3.6. We have that D¢t is an irreducible C*-algebra.

Proof. Suppose that D¢t is reducible. Then there exists a nontrivial orthogonal
projection Py which commutes with each D, for all ¢ € C(T). We have that

Py = U*PyU is an orthogonal projection on L?. Under the decomposition L*(T) =

H? ® 2H?, write
~ P 0
B = ( K P2> 7 (3.3)

where P, is an orthogonal projection on H?, and P, is an orthogonal projection
on zH?2. For each integer n, 2" € C(T),

anﬁo = ﬁoﬁzn
By the matrix representation (2.2), we have

= = o szl H;:EPQ
DZPO_( 0 VTZVPQ)

and

PT, PH,
PD. = (o PQVTV)'
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Thus
T.P, = PT,, VIT;VPy =P VTV,

By [18, Problem 147], P, is an analytic Toeplitz operator, and VP,V is a coana-
lytic Toeplitz operator. Since P? = Py, P§ = P, and the only idempotent Toeplitz
operators are 0 and 1 (see [5, Corollary 6)), it follows that P; is 0 or 1 and P; is
0 or 1. Thus, we distinguish four cases.

Case 1. By = I;
Case 2. Py = O,
Case 3.
~ I 0
PO - (0 0) )
Case 4.

= 0 0

Cases 1 and 2 contradict the assumption of F,. Case 3 is very similar to Case 4.
We only need to consider Case 3. In Case 3, where H 2 is the reducing subspace

for D.» and n is positive, we have

~ Tzn H;‘;Z"
Den = < 0 VTZnV> :

According to [9, Proposition 3.7], we have H}., = 0. Thus uz" € H?,

u € ﬂ 2"H? = {0}.
n=1

This leads to a contradiction. O

Lemma 3.7 ([21, Theorem 2.5]). Let f,g € L*. Assume that DD, = D,Dy.
Then either

(1) both f and g are analytic; or

(2) both f and g are coanalytic; or

(3) a nontrivial linear combination of f and g is constant.

Lemma 3.8. The set of all compact operators on [K2]* will be denoted by K.
Then
(1) £ C Doy,
(2) 6@0(11*) = Q:QC(’JT) =K.
Proof. (1) If f and g are in C(T), note that
DyDy = DyDy = DyDy — Dyg+ Dy — Dy Dy.

By Corollary 3.4, we have that DD, — DyDy is compact. Using Lemma 3.7 and
z,z € C(T), we have that D,D; — D;D, is a nonzero compact operator. A theo-
rem in [13, Theorem 5.39] states that the commutator ideal of every irreducible
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algebra contains the ideal of compact operators if it contains a nontrivial compact
operator. By Lemma 3.6, we have that D¢ r) is irreducible; therefore, X C D¢ (.

(2) By Corollary 3.4, if f and g are in C(T), then both [Dy, D,) and [Dy, D,
are in D¢(r). Since €Dy and D¢ty are closed two-sided *-ideals of D¢y and
K contains no proper closed ideal, it follows that &) = €D (1) = K.

Theorem 3.9. The sequence
0— K — D¢em — C(T) —0

is a short exact sequence; that is, the quotient algebra Do (ry/K is *-isometrically
isomorphic to C(T).

Proof. By (2.7) and Lemma 3.8, we have
Dem ={Ds+K:0€C(T),K € K}.
Let us define the symbol map 7 given by
(D, +K) = .

By Lemma 3.5, 7 is well defined. Thus 7 is *-isometrically isomorphic from
CDC(T)/IC to C(T) O

Recall that the Toeplitz algebra Tc(r) is the smallest closed subalgebra of
B(H?) containing {Ty : ¢ € C(T)}. Using [13, Theorem 7.23], we have the
following corollary.

Corollary 3.10. There exists a *-homomorphism ¢ from Do /K onto
Tem)/Kpzy. Hence, if f € C(T), then o.(Dy) = o.(T%).

Corollary 3.11. There exists a *-homomorphism ( from the quotient algebra
D /KK onto L® such that the diagram

Do i Dy /K

commutes. If ¢ € L> and D, is a Fredholm operator, then ¢ is invertible in L.

4. Spectrum
Theorem 4.1. If p € L™, then
R(p) C 0e(Dy) C a(Dy) C h(R()),

where R(yp) is the essential range of ¢ and h(R(yp)) is the closed convex hull of
R(yp).

Proof. Let A ¢ h(R(y)). Since h(R(y)) is a compact subset of the complex plane,
there is disk B = B(a,r) such that R(¢) C B and A ¢ B. Thus

A= al > esssuplp —a| = Jlp = alloe = [[De-all
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We deduce that A\l — D, = (A — a)l — D,_, is invertible, so A ¢ o(D,,). Using
Corollary 3.11 and D,_y = D, — A, we have R(p) C o.(D,). O
Example 4.2. Using Theorem 4.1, we have o(D,n zn) = R(2" + 2") = [—2,2],
where n € Z.

If ¢ € L™, then write ¢ = ¢, + ¢_, where ¢, = Py and ¢_ = (I — P)ep.
Assume that ¢, p_ € K2, N H*. Then H,, = H,, =0 and H,; = H, = 0.
Therefore, D, is unitarily equivalent to a diagonal operator matrix, that is,

o (To 0
UrD,U = (0 VTJ) :
Since o(T,) = o(VI;V), o(D,) = o(T,) Uo(VIsV) = o(T,). By [13, Theo-
rem 7.21], we have Theorem 4.3(1). We provide an alternative proof as follows.
Theorem 4.3. Let p € L*°.

(1) If ¢ € K2, N H>®, then o(D,) = clos(p(D)), where ¢ is its harmonic
extension of ¢ to D.

(2) If p € QC, then o.(D,) = R(p).

Proof. (1) Recall that k), = \/1_;11)}\‘2 denotes the normalized Hardy reproducing

kernel at \. For A € D, we have
Dguky = (uPu+ I — P)puk)
=uPpky+0

= p(Nuky;

hence (D) C ¢(D,,). For each nonzero constant A and A ¢ clos(p(D)), we have
A L uzH?. Then ¢ — X € K2,. For some € > 0, we have |p(z) — A| > ¢, a.e. z € T.
Then ﬁ is in L. Moreover,
U'D,_\U = ( 0 S@_/\) :

Hence Dcp,)\Dﬁ = DﬁDw,A =1,s0 A ¢ o(D,).

(2) By Theorem 4.1, we have R(p) C 0.(D,). If X\ ¢ R(yp), then for some € > 0
we have |p(z) — A| > ¢, a.e. z € T. Then g = ﬁ is in L. By Corollary 3.4,

Dy sDy=1+Ki,  DyD, =1+ Ko,

where K; and K, are compact. We have that D,_ + K is invertible in the Calkin
algebra, so A ¢ o.(D,,). O

Evample 4.4. Let D = {2 € C D 2] < 1} If w(0) = 0, then 2 L wuH?. By
Theorem 4.3(1), we have o(D,) = D.

If u(0) # 0, note that
~ T, H.
o (5 1)
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For all 2" € L?, we have

and

~ 0 0 0
DZ (ZerQ) - (SZZerQ) - <§m+1)’ m Z 0.

This implies that, for all integers n,

n n __ n+1
D.2" =w,z""",

1 if n# -1,
TN a0),  (0< u0)] <1) ifn=—1.

By [24, Theorem 2(a)], there exists an invertible operator A on L? such that
AM, = D, A, (4.1)

where M, is the bilateral shift and

L ifn < —1.

{1 if n >0,
oy =
0)

Under the decomposition L? = H? @ zH?,

o IH2 0 -1 IHQ O
A_(O ﬁfﬂ) 4 _(0 ﬂ(0>fzm)’

where I is the identity on H?. Due to (4.1), l~)z and M, are similar. Note
that M, is the bilateral shift and o(M,) = T (see [13, Example 4.25]). Hence
o(D,)=0(D,)=T.
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