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ABSTRACT. We extend the notion of completely rank-nonincreasing (CRNT)
linear maps to include the multilinear maps. We show that a bilinear map
on a finite-dimensional vector space on any field is CRNI if and only if it is a
skew-compression bilinear map. We also characterize CRNI continuous bilinear
maps defined on the set of compact operators.

1. INTRODUCTION

Rank-preserving or rank-nonincreasing linear maps, and in particular their
characterizations, have been studied extensively in recent years. Let A and B
be two operator algebras, and let (P) be a property of operators such as spec-
trum, invertibility, class of operators, and so on. If a linear map ¢ : A — B leaves
(P) invariant, we say that it is a linear preserver or, more exactly, (P)-preserving.
The linear preserver problem asks how to characterize the linear preservers.

Rank-nonincreasing linear maps and rank-preserving linear maps are examples
of linear preservers that have been studied in [10]. Let £(V') be the space of linear
maps on a vector space V. A linear map ¢ : S — T between two linear subspaces
S and T of L(V) is said to be rank nonincreasing if rank(¢(A)) < rank(A)
for every A in A, where the rank of operator A is the dimension of its range.
Let B(H) be the set of bounded linear maps on the Hilbert space H. Suppose
that S is a linear subspace of B(H) and that ¢ : S — B(H) is linear. We are
not assuming that S is norm-closed or that ¢ is bounded. We say that ¢ is
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a similarity if there is an invertible operator W such that, for every S € S,
#(S) = WISW, and we say that ¢ is a compression if there is an operator V'
such that, for every S € S, ¢(S) = V*SV. We say that ¢ is a skew-compression
if there are operators A, B such that, for every S € S, ¢(S) = ASB. If {¢,\}
is a net of maps on S, we say that ¢, — ¢ point-strongly (resp., point-weakly)
if, for every S € S, ¢,(S) — ¢(S) in the strong operator topology (resp., weak
operator topology). It turns out that the characterization of limits of similarities
reduces to the discussion of rank-nonincreasing and rank-preserving linear maps
on F(H), the subspaces of finite-rank operators (see [8]).

Suppose that H and K are Hilbert spaces, that A is a unital C*-subalgebra
of B(#H), that the map 7= : A — B(K) is a unital *~homomorphism, and that
¢, A — B(K) are linear maps with ¢ unital and completely positive and 1)
completely bounded. Two unital representations 7, my of A are called approzi-
mately (unitarily) equivalent, denoted m; ~, o, if there is a net {U,} of unitary
operators such that

liin”Uj\km(x)U,\ —mo(z)|| =0

for every x € A. The following results relate to work by Hadwin in [4]-[6]. In
the following theorem, id 4 denotes the identity representation on A and F(H)
denotes the set of finite-rank operators in B(H).

Theorem 1.1 (]9, Theorem 1]). Suppose that A, H, M are separable and that
w, ¢, Y are as above.

(1) The following are equivalent.
(a) There is a unital representation p of A, with p ~, idy4, and an isom-
etry V' such that ¢(x) = V*p(x)V for every x € A.
(b) The map ¢ is rank nonincreasing and there is a representation p;
of ANF(H), with p1 ~, idanrmy, and an isometry W such that
o(x) = W*p1(x)W for every x € AN F(H).
(c) There is a sequence {V,,} of isometries such that VAV, — ¢(A) in
the weak operator topology for every A € A.
(2) The following are equivalent.
(a) There is a unital representation o of A, with o ~, idy, and operators
A, B with ||A||||B|| = [|¢||la such that ¥(x) = Ac(x)B for every
x € A.
(b) The map v is rank nonincreasing and there is a representation p;
of ANF(H), with p1 ~, idanrm), and operators Ay, By such that
W(x) = Ai1p1(x)By for every x € ANF(H).
(¢) There are norm-bounded sequences {Cy}, {D,} such that C,AD,, —
W(A) in the weak operator topology for every A € A.

Hadwin and Larson [9] introduced the notion of CRNI maps in order to provide
a different characterization, solely in terms of rank, of the above theorem. Let S
and T be subspaces of B(H), and let ¢ : S — T be linear. We regard ¢ as CRNI
if, for each n € N, the map ¢,, : M,,(S) — M,,(S) defined by ¢,,(s;;) = (¢(s45)) is
rank nonincreasing, where M,,(S) is the set of n x n matrices with entries from S.
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Hadwin and Larson conjectured that a linear map ¢ : S — B(H) is a point-
strong limit of skew-compressions if and only if ¢ is CRNI. Several results in sup-
port of this conjecture have been obtained in [7] and [11]. In fact, those authors
proved this conjecture for the case where S is a C*-algebra. More precisely, they
proved the following. Suppose that H is a separable Hilbert space and that § is
a separable unital C*-subalgebra of B(H). Let ¢ : S — B(H) be a linear map.
Then ¢ is a point-strong limit of skew-compressions if and only if ¢ is CRNI.

The following theorem is the main result in [9].

Theorem 1.2 ([9, Theorem 2]). Suppose that H and M are separable Hilbert
spaces, that A is a separable unital C*-subalgebra of B(H), and that ¢, : A —
B(H) are linear maps with ¢ unital and completely positive and v completely
bounded. Then we have the following.

(1) There is a unital representation p of A with p ~,idy and an isometry V
such that ¢(x) = V*p(x)V for every x € A if and only if ¢ is CRNI.

(2) There is a unital representation o of A, with o ~, idy and operators A,
B with ||A|| = ||B| = |¥]|e such that p(x) = Ao(x)B for every x € A if
and only if ¥ is CRNI.

The notions of completely bounded and completely positive linear maps have
already been extended to include multilinear maps by Christensen and Sinclair
2], [3]. Our goal in this article is to follow their steps by introducing and studying
the notion of CRNI multilinear maps. We will prove analogues of a few results
known for CRNI linear maps. We make a similar conjecture, that every CRNI
bilinear map should be a point-strong limit of skew-compressions.

Most of the results in this article are generalizations of those in [7] and especially
the ones in [9]. An important aspect to point out is that we present most of these
results using only basic facts of linear algebra and functional analysis.

2. DEFINITIONS

Throughout this article, H, H1, Hs, and K are separable Hilbert spaces over
the field of complex numbers C; B(H) denotes the set of all bounded operators on
H; and F(H) denotes the set of finite-rank operators in B(#). The set of all k x k
matrices over C is denoted by M, = M (C), and I, means the identity matrix in
M (C). The n x n diagonal matrix with entries dy, ..., d, on its main diagonal is
denoted by diag(dy, ..., d,). And by E;; € My, we mean the k X k matrix whose
entries are all 0 except the (7, j)th entry, which is 1. In general, if a € B(H), then
by aE;; we mean the k x k operator matrix whose entries are all zero operators
except the (i,7)th entry, which is the operator a. The transpose of the matrix
A € M, is denoted by AT. For x,y € H, we use the notation  ® y to denote the
rank 1 operator defined by (x ® y)h = (h,y)x. Note that if A, B € B(H), then
A(x ® y)B = Az ® B*y. If ‘H is a Hilbert space, we let H" denote a direct sum
of n copies of H, and we give H" the ¢?>-norm. We then have, for any n € N, that
B(H"™) is isomorphic to M, (B(H)), the set of all n X n matrices with entries in
B(H).
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Definition 2.1. Let V', W, Z be vector spaces over a field F, and let £(V') denote
the set of linear maps on V. Suppose that A C L(V) and B C L(W), and let
¢: Ax B — L(Z) be a bilinear map. We say that ¢ is

(1) a skew-compression if there are linear maps A:V — Z, B: W — V' and
C : Z — W such that ¢(a,b) = AaBbC for all a € A,b € B,

(2) rank nonincreasing if rank(¢(a, b)) < min{rank(a), rank(b)} for all a € A,
b€ B, and

(3) CRNI if for each k € N, the bilinear map ¢, is rank nonincreasing, where
br : My(A) x Myp(B) = Mp(L(Z)) is defined by

Ok ((ai), (bij)) = (i Qb(a/is,bsj))

Hence ¢ is a CRNI bilinear map if, for each & € N and for all (a;;) €
My (A), (bij) € My (B), we have

rank(¢k((aij), (b”))) < min{rank(aij), rank(bij)}.

Note that the definition of ¢y is intimately related to the definition of matrix
multiplication.

The multilinear definition of CRNI can be similarly constructed. In this article,
we focus on the more interesting case where ¢ : A x B — B(H) with A C B(H;)
and B C B(Hsz). In fact, for the sake of simplicity, we only consider the bilinear
maps for which H; = Hy = H. The reader should note that most of our proofs
may be trivially modified to cover the multilinear maps in the most general form.

The following example shows bilinear maps that are rank nonincreasing, but

not CRNI.

Ezample 2.2. Define ¢ : My x My — C and ¢ : My x My — Ms by ¢(A, B) =
tr(AB) and (A, B) = BT AT. For

ij

v (FEu Ep\ _
A= (E21 E22> = (Bij) € Mz(Mo),

we have ¢y(A,A) = 2I, and ¢y(A,A) = (Ej;). We have rank(4) = 1,
rank(¢2(A, A)) = 2, and rank(¢9(A, A)) = 4. Then ¢ and v are not CRNI,
but they are clearly rank-nonincreasing bilinear maps.

It is worth pointing out some very basic facts about CRNI linear and bilinear
maps.

Remark 2.3. The following simple facts can be easily verified.

(1) If ¢ : AxB — B(H) is a skew-compression bilinear map, then ¢ is CRNI.

(2) Let v : A — B(K) be a linear map, and define the bilinear map ¢ :
A x C — B(K) by ¢(a,c) = cp(a). Then ¢ is a CRNI map if and only if
¢ is a CRNI bilinear map.

(3)If ¢ : Ax B — B(H) is a CRNI bilinear map, then for fixed Ay € A
and By € B, the maps B — ¢(Ao, B) and A — ¢(A, By) are CRNI linear

maps.
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(4) If ¢: Ax B — B(H) is CRNI and X,Y € B(H), then the bilinear map
Y : AXx B — B(H) defined by v¥(a,b) = X¢(a,b)Y is CRNI.

If {¢»} is a net of maps on A, we say that ¢, — ¢ point-strongly if, for
every a € A, ¢r(a) — ¢(a) in the strong operator topology. Suppose that ¢ :
A x B — B(H) defined by ¢(a,b) = lim AyaB)bC) is a point-strong limit of
skew-compressions. Then for each k € N and each (a;;) € My(A), (b;;) € Mp(B),

we have

oul(o), (1)) = (3 Bt s),

A, 0 0 By, 0 0 Cy 0 0
=(o . o )@lo - o]®y)|o . o0
0 0 A, 0 0 B, 0 0 Cy

Therefore, ¢ is CRNI. Hence, a necessary condition for a bilinear map to be a
limit of skew-compressions is that it be CRNI. We make the following conjecture,
similar to that in [9].

Conjecture 2.4 ([9, Conjecture 1]). A bilinear map ¢ : Ax B — B(H) is CRNI
of and only if ¢ is a point-strong limit of skew-compressions.

As in [9], our results require a more general notion of CRNI.

Definition 2.5. Let k,s € N. A bilinear map ¢ : A x B — B(H) is said to be
(k, s)-rank nonincreasing if

rank ¢(a,b) < min{k - rank(a), s - rank(b)}, Va € A,Vbe B

We say that ¢ is completely (k, s)-rank nonincreasing if ¢, is (k, s)-rank non-
increasing for every m € N. Bilinear maps that are completely (k,k)-rank-
nonincreasing maps are called completely k-rank nonincreasing.

The map ¢ defined in Example 2.2 is not CRNI, but it is easy to see that it is
completely rank 2 nonincreasing.

3. MAIN RESULTS

Our first result reduces the above conjecture to the case of bilinear functionals
(see Theorem 3.1). The process is very similar to that in [9], and the key idea is a
classical identification of the set of all linear maps from a vector space V' into My
and the set of linear functionals on My (V). This correspondence has been used
in the study of completely positive and completely bounded maps (see [1], [12])
and also in the study of CRNI maps in [9]. Let ¢ : Ax B — My(C) be a bilinear
map, and for a € A and b € B write ¢(a,b) = (¢i;(a,b)). For (a;;) € Mn(A) and
(bij) € MN(B), define ¢ : MN(.A) X MN(B) — C by

(E((aw bij)) = % i— [i Gij(is, bsj>:|-
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If aE,, = (agj) € My(A) and bEy, = (béj) € My(B), then for i # p or j # 1 we
have aj; = 0 or b,; = 0. Hence

gb(aqu, bEkl) = %qﬁpl(a, b)

The above relation allows us to recover ¢ from qg In fact, for a € A and b € B,

let A = [aB;j] € My2(A) and B = [bE;;] € My>(B). Then

(3In(A.B) = [(Zcb 4B, D) )|
= [%(a,bﬂ = ¢(a,b),

and

-~

rank(A) = rank(a), rank(é) = rank(b).
Now suppose that
A:(aij) EMN(A), B:(b”) GMN(B),
and that G = (1,1,...,1) is the 1 x N? matrix. Then
QZ(A, B) = Gdiag(Eu, E227 ey ENN)¢N(A7 B) diag(Eu, E227 ey ENN)GT
= Con(A, B)CT,

where C = Gdiag(En, EQQ, c. ,ENN).
We are ready to reduce our conjecture to the case of bilinear functionals.

Theorem 3.1. Let ¢ : A x B — Mny(C) be a bilinear map. Then
(1) ¢ 1s completely (p, q)-rank nonincreasing if and only if ngS is completely
(p, q)-rank nonincreasing,
(2) ¢ is skew-compression if and only if ¢ is skew-compression,
(3) ¢ is a point-SOT limit of skew-compressions if and only if ¢ is a point-SOT
limit of skew-compressions.
Proof.

(1) Suppose that ¢ is completely (p, ¢)-rank nonincreasing. Let A = (a;;) €

My (A) and B = (b;;) € Mn(B). It was shown above that $(A, B)
Con(A, B)CT. For (A;;) € My(My(A)) and (By;) € My(Mn(B)), we

have
(@) ((A3), (Bij)) = (Z Cqu(Ais,st)OT)ij

— diag(C, ..., C)(én)m( Ay, Byy) diag(C7, ..., CT).
Then

rank[(gb) (Aij, Bij )} Srank[(QbN) (Aij, Bi )}
< min{prank(4;;), grank(B;;) }.
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Therefore, gg is completely (p, ¢)-rank nonincreasing.
Now suppose that ¢ is completely (p, ¢)-rank nonincreasing. Recall that for
a € Aand b € B we have ¢(a,b) = ¢n(A, B), where A = (aE;;) and B =

(bE;;), and that rank(A) = rank(a), rank(B) = rank(b). Then a similar
argument as above shows that ¢ is completely (p, ¢)-rank nonincreasing.
Suppose that ¢(a,b) = zaybz for some operators z,y, z. Let A = (a;;) €
MN(.A) and B = (blj) € MN(B) Then

~

®(A,B) =Con(A,B)D
= Cdiag(z,...,x)Adiag(y,...,y)Bdiag(z,...,2)D.

Hence g/g is skew-compression. Conversely, if qg is skew-compression, then
it follows from the relation ¢(a,b) = (¢)n((aEij), (bE;;)) that ¢ is skew-

compression.
The proof is similar to statement (2) above. O

It is reasonable to think that if ¢ : A x B — B(#H) is a CRNI bilinear map,

(1)
(2)

Proof.

(1)

then for fixed by € B, the linear map A : A — B(H) defined by A(a) = ¢(a,b)
should also be CRNI. The main reason that this is true is because if A € M,,(.A)
and By = diag(bg, by, - - ., bg), then we have \,(A) = ¢,,(A, By).

Lemma 3.2. Let ¢ : A x B — B(H) be a bilinear map, and let n € N. Then

¢ s skew-compression if and only if ¢, is skew-compression,

if @ is completely (p,q)-rank nonincreasing, then for each ag € A and
by € B, the maps Ay, (a) = ¢(a,by) and ., (b) = P(ap,b) are completely
p-rank- and g-rank-nonincreasing linear maps, respectively.

We only prove the backward direction. Suppose that there are matrices
X, Y, and Z such that (;Sn((aij), (blﬂ)) = X(CL,L])Y(bl])Z For a € A and
b € B, we define the operator (block) matrices A and B by

a --- 0 .
a
A=aFy = |1 . :{O O}GMMA)
0 ---
and
b 0
B =0bE; = [0 0] € M, (B).
We can write X, Y, and Z as
X X Y Yo
X = Y —
{le X22}’ {Ym YzJ

and
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Therefore,
a,b) 0
= XAYBZ
_ XpaYi bz Xi1aY1ibZis
Xo1aY11bZ1y  Xo1aY11bZia |-
Then ¢(a,b) = X11aY11bZ11, and hence ¢ is skew-compression.
(2) Let by € B be fixed, and let A € M,,(A). For By = diag(by, bo, . . ., by), we
have (Apy)n(A) = ¢, (A, By). Then
rank [ (A, )n(A)] = rank[¢, (4, By)]
< min{prank A, grank By}
< prank A.

Hence ), is completely p-rank nonincreasing. Similarly, p is completely
g-rank nonincreasing. 0

It is evident that the product of two CRNI linear maps gives a CRNI bilinear
map. The next corollary is a slight generalization of this.

Corollary 3.3. Let ¢y : A — B(H) and ¢ : B — B(H) be linear maps, and
define ¢ : A x B — B(H) by ¢(A, B) = 11 (A)e(B).

(1) If 11 and 9 are completely ky-rank- and ko-rank-nonincreasing linear
maps, respectively, then ¢ is a completely (ky, ks)-rank nonincreasing bilin-
ear map.

(2) The converse of statement (1) holds if 1 and 1y have invertible operators
i their ranges.

Proof.

(1) Let 9y and 1 be completely kj-rank- and ko-rank-nonincreasing linear
maps, respectively. We have

0 (A (By)) = (- v (Aia(By))
= [(1/]1)71(A’LJ):| ’ [(@Z}Q)n(Bm)]

Hence

rank [gbn((A,-j), (BZ]))] < min{rank(wl)n(/lij), rank(wg)n(Bij)}
S min{k:1 rank(Aij)ij, k2 rank(Bij)ij}.

Therefore, ¢ is completely (k1, ko)-rank nonincreasing.

(2) Let ¢ be completely (ki, kz)-rank nonincreasing. Choose By € B such
that 19(By) is invertible. It follows from Lemma 3.2 that ¢(A, By) =
Y1 (A)a(By) is completely kj-rank nonincreasing. Since ¢9(By) is invert-
ible, then 1, is completely k;-rank nonincreasing. Similarly, 15 is com-
pletely ko-rank nonincreasing. O
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To see why the extra assumption in statement (2) of Corollary 3.3 is needed,

define 1,19 : C — M3(C) by
1 0 0 0 0 O
Yi(a)=a |0 1 0 and Pa(b)=b10 1 0
0O 0 O 0 0 1
Then
0 0 O
S(a,b)= |0 ab 0
0 0 O

is CRNI, but v; and 1)y are not even rank nonincreasing.

The following result characterizes specific completely (p, ¢)-rank-nonincreasing
bilinear functionals defined on the set of compact operators. In the following
result, when we say that k; and ks are the smallest numbers for which the bilinear
map ¢ : A x B — C is completely (k1, k2)-rank nonincreasing, we mean that if ¢
is also completely (p, ¢)-rank nonincreasing, then k; < p and ky < g.

Lemma 3.4. Suppose that T, T1, and T are nonzero trace-class operators.

(1) Let ¢ : K(H) x K(H) — C be defined by ¢p(A, B) = tr(T'AB). Then the
smallest positive integers ki and ks for which ¢ is completely (kq, keo)-rank
nonincreasing is when ki = ko = rank(7).

(2) Let v : K(H) x K(H) — C be defined by (A, B) = tr(T1A) tr(12B).
Then the smallest positive integers ky and ko for which 1 is completely
(k1, ka)-rank nonincreasing is when ki = rank(T7) and ko = rank(7T5).

(3) Let ¢ : K(H) x K(H) — C be defined by ¢(A, B) = tr(11AT2B). Then the
smallest positive integers ky and ko for which ¢ is completely (ky, ko)-rank
nonincreasing is when ky = ko = min{rank(77), rank(73)}.

Proof.

(1) Suppose that ¢(A, B) = tr(T'AB) is completely (ki, k2)-rank nonincreas-
ing, and fix By € K(H). Then the map a : K(H) — C defined by
a(A) = tr(TABy) = tr(ByT A) is completely kj-rank nonincreasing. By [9,
Lemma 1], we have that rank(By7T") < k; for any By € K(H). Therefore,
rank(7") < k;. Similarly, rank(7") < k. On the other hand, if rank(7") = 1,
then T'=e ® f; hence

5(A, B) = tr((c © )AB)
=tr(ABe ® f)
= (ABe, f)

is a skew-compression, which is CRNL. If rank(7") = k, then T is the sum
of k rank 1 transformations. So ¢ is the sum of k¥ many CRNI maps, and
hence it is completely (k, k)-rank nonincreasing.

(2) This follows from Lemma 1 in [9] and Corollary 3.3.

(3) Suppose that ¢ is completely (kq,ko)-rank nonincreasing. Then for
fixed Ag and By, the linear maps o, 5 : K(H) — C defined by a(A) =
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tr(T1ATyBy) = tr(ToBoThA) and B(B) = tr(T1AqT>B) are completely
ki-rank and kp-rank nonincreasing, respectively. By [9, Lemma 1],
rank(T5BoT1) < ky and rank(T1AgT,) < ko for every Ag € K(H) and
By € K(K). Then

min{rank(7}), rank(73)} < k;

and
min{rank(7}), rank(73)} < ko.

On the other hand, suppose that min{rank(7}),rank(73)} = 1. Without
loss of generality, assume that rank(75) = 1. So T, = e ® f and

#(A, B) = tr(BT1A(e ® [))
= (BTiAe, f)

is therefore a skew-compression map. Hence ¢ is CRNIL If
min{rank(7}),rank(73)} = k = rank(T3), then Ty is the sum of k rank 1
transformations. So Th = Zle e; ® f; and

$(A, B) = Ztr(BTlA(ei ® )

k
= Z(BTlA% fi)
i=1

is the sum of &k CRNI maps. Hence ¢ is completely (k, k)-rank nonincreas-
ing. 0

As an immediate consequence of the preceding lemma, the nonzero bilinear
maps ¢ : M, x My — C defined by ¢(A,B) = tr(XA)tr(YB), ¢(A,B) =
tr(XAB), or ¢(A,B) = tr(XAY B) are CRNI if and only if rank(X) = 1 =
rank(Y).

It is a well-known fact that a continuous linear map ¥ : K(H) — C can be
written as 1)(A) = tr(AK) for some trace-class operator K. Peter Semrl pointed
out that, for a continuous bilinear map ¢ : K(H) x K(H) — C, there exists a
bounded linear map « : K(H) — T (#H) such that ¢(A, B) = tr(Aa(B)), where
T (H) denotes the ideal of the trace-class operators. This sparked the idea of the
proof of Theorem 3.5. Another key idea in the proof of the following theorem is
the fact that if M is a subspace of B(H) that contains only elements of rank 0
or 1, then M C 20 ® H or M C H ® zy for some zy € H.

Theorem 3.5. Let ¢ : K(H) x K(H) — C be a CRNI continuous bilinear
map. Then ¢ is CRNI if and only if there exist an operator D € K(H) and a
rank 1 operator F such that for all A, B € K(H), either ¢(A, B) = tr(ADBF)
or (A, B) = tr(AFBD). In particular, ¢ is skew-compression.

Proof. The backward direction follows from Lemma 3.4. For the forward direction,
suppose that ¢ is a non-identically zero CRNI continuous map, and fix B €
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IC(H). Since the map A — ¢(A, B) is a continuous linear functional, then there
exists a unique trace-class operator Cg such that ¢(A, B) = tr(ACp). Define
a: K(H) = T(H) by a(B) = Cp. Clearly « is linear and bounded, and since
¢ is not the zero map, then « is not identically zero. It follows from Lemma 3.4
that rank(a(B)) < 1 for all B € K(H). Since every element of a(K(#)) has
rank 0 or 1, then by the remark made above, we have «(B) = f(B) ® 2y or
a(B) =z ® f(B) for some zy € H and some bounded linear or conjugate linear
map f : K(H) — H. First, assume the case where o(B) = f(B) ® zp. The fact
that « is not identically zero allows us to choose z1,y; € H and A; € K(H) such
that (f(z1 ® y1), Ajz0) = 1. For 2,y € H and Ay € K(H), let

|t ®@n 11 ®y 7|4 0
S_{a:@)yl x®y] and A—[O A2:|€M2(IC<H)).

Then we have

o 1 (a1 @ y), Atz)
P2(A,S) = {(f(x ®uy1),Asz0)  (f(x ®@y), As20) ]

Since ¢ is CRNI and rank(S) = 1, then the columns of ¢5(A,S) must be lin-
early dependent. Hence (f(z ® v), A520) = v(v){(f(x ® 1), A520), where y(y) =
(f(x1®7y), Afz) € C. It follows that f(z®@y) =v(y)f(x®@y;). Since v : H — C
is continuous and conjugate linear, then 3hy € H such that v(y) = (hg, y). Define
the map D € B(H) by D(x) = f(z ®y1). Then

a(z®y) =7(y)D(r) ® 2
= D((ho,y)z ® 20)
Consequently, for every finite-rank operator F', we have o(F) = DF(hy ® zp).
It follows from the continuity of o and density of F(H) in K(H) that a(B) =
DB(hy ® z) for all B € K(H). Thus « is skew-compression and
¢(A, B) = tr(Aa(B))
= tI‘(ADB(hO X Zo))
— (ADBhy, z)).
Therefore, ¢ is skew-compression.
Now assume the case a(B) = zo ® f(B), where f is bounded and conjugate

linear. Choose x1,y; € H and A; € K(H) such that (A2, f(z1 ® y1)) = 1. For
x,y € H and Ay € K(H), let

Tty 1 ®y ~ A 0
S—[a;@yl x®y} and A_[O A2:|€M2<IC(H)).
Then we have

= 1 (Ar120, f(11 ®Y))
92(A,5) = [(Azzo,f(x Quy1)) (A2, flx®@y)) } '
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Since rank( = 1, then the rows of ¢s(A, S) must be lincarly dependent. Then

)
(Aszo, f(x @ y) v(x){(A120, f(z1 ® y)), where y(x) = (As2o, f(z @ y1)) € C.
Hence f(x ® y) = 7(x)f(x1 ® y). Since the map v : H — C is continuous and
linear, then 3hy € H such that y(x) = (z, hg). Since f is conjugate linear, then
the map D : H — H defined by D(y) = f(x; ® y) is in B(H). Then we have

a(z ®y) = 2 ® v(z)D(y)
= 20 @ (ho, ) D(y)
= 20 ® (Dy ® x)hg
= (20 ® ho)(Dy @ )"
= (20 ® ho)(x @ y)D*.

It follows again that a(B) = (2o ® ho) BD* for all B € K(H). O
Let ¢ : A x B — B(H) be bilinear, and let
P = {diag(a,...,a) € M,(A):a € A}.

Define B similarly, and define ¢, ) : AP x B@ — M, (B(H)) by ¢p.e) (A, B) =
¢(a,b). It is clear that ¢ is completely (p, ¢)-rank nonincreasing if and only if ¢, 4
is CRNI.

Theorem 3.6. Suppose that ¢ : K(H) x K(H) — M, is a continuous bilin-
ear map. Then ¢ is completely (p, q)-rank nonincreasing if and only if there are
operators R, S, and T such that

¢(A,B) = RAP SBW
for every A, B € K(H).

Proof. Suppose that ¢ is completely (p, ¢)-rank nonincreasing. Then the bilinear
map ¢pq @ K(H)P x K(H)@ — M,(C) defined above is CRNI. The result
follows from Theorem 3.5. The other direction of the theorem is easy to prove. [J

The following theorem is a special case of Theorem 3.5 when F = C and d = c.
An interesting aspect of the next theorem is its elementary constructive proof.

Theorem 3.7. Suppose that F is a field and that ¢ : M(F) x My(F) — C is a
CRNI bilinear map. Then ¢ is skew-compression.

Proof. We assume that ¢ is not identically zero. We prove the statement for the
case where ¢ = d = k; the general statement is proved similarly. We also assume
that ¢(E11, E1q) = 1. Since rank((£;;)) = 1, then rank(¢,((E;;),G)) < 1 and
rank (¢, (G, (E;;))) < 1 for any G € M, (M(C)). Let G € M, (M,(C)) be the
matrix that has Fj; in its (1, 1)-position, let matrices G1,Ga, ..., G, be in its
second row, and let the matrix Opxr be elsewhere. Since ¢ is CRNI, then the
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following matrix has rank 1:

En 0 0 Enn o Ers
G1 Gy G, Ey  Ea
¢” : : ? :
0 0 0 E,. E,»
¢(E11, Ell) ¢(E117 Elz)

> i1 0(Gi, Ein)

0

Y1 6(Gi, Eia)

0

Let p;
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Eln
E2n
Enn
o(En, Evg)
Zi:l ¢(Gia Em)

0

¢(En, By ) for j = 1,...,n. Since the jth column of the above matrix

is p; times the first column (for any choice of G;), then we have

¢(G7 EZ]) = p]¢(G7 E’il)a

Also, the rank of the following matrix is 1:

VG € M,,(C), Vi, Vj.

Eyn Erpp Ein Ey Gy 0
Ey  Ea Es, 0 Go 0
Enl En2 Enn O Gn O
(B, Ein) D25, ¢(Ey, Gy) 0
O(Eo, En) D05, ¢y, Gj) 0
O(Ent, ) 205, OBy, Gy) 0
Let ¢; = ¢(FE;, Eqq) for i = 1,...,n. Since the ith row of the above matrix is ¢

times the first row (for any choice of G;), we have

o(Eij, G) = q;p(Evy, G),

VG € M,(C), Vi, j.

Then for arbitrary A = (a;;) € My(C) and B = (b;;) € M (C), we have

G(A,B) =) bjoé(A Ey)

= i i bijpi@(A, Ein)
— zn:{gzﬁ(/l, Ei) (i: bijpj) }
— g{ (; g ars@(Ers, Eil)) (é b"jpj) }
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n n

Z{ (Z > tragr$(Brs, En) ) (Z bl]pj> }

s=1 r=1

{13 o5 ) (3 o) (z bani) }

Let Y = (y;s), where y;5 = ¢(F1s, Ei1). Then
(A, B) = ZZI{ [; Yis (; arsqqnﬂ (Zl bz‘ij) }
= 2:; zn; [(Xn; arsqr> Yis (2: bijpjﬂ

=[1 @ - @]AYB[1l p» - pa] . O

Theorem 1.2 is the main result of [9] that gives a characterization for the
CRNI completely bounded linear maps ¢ : A — B(K) for the case where H, K,
A C B(H) are separable. In an attempt to generalize this result to bilinear maps,
we noticed that the proof of [9, Lemma 2|, which is the main tool in proving
Theorem 1.2, was incomplete. This was discussed and confirmed by Hadwin and
Larson [9]. Below we present our slightly different and complete proof. We are
still unable to extend this lemma to bilinear maps.

I
||M: I
I

Lemma 3.8 (]9, Lemma 2]). Suppose that ¢ : K(H) — My is linear, continuous,
and completely k-rank nonincreasing, that k is minimal, that m is a cardinal, and
that A and B are matrices such that

o(T) = AT™ B
Then there exists a projection P such that

(1) P is in the commutant of K(H)"™ = {T . T € K(H)},

2) K(H) ™ |anpy = {T™ |sanpy : T € K(H)} is unitarily equivalent to
K(H)®, that is, there is a unitary U such that T|npy = U T®U
for every T € K(H),

(3) K(H) ™ |san(py has a cyclic vector, and

(4) for every T € K(H),

(T) = APT™PB
= APU*T™UPB.

Proof. Assume that ¢ is not identically zero. We first consider the case where
N = 1. Since ¢(T) = AT B € C, then B : C — H™ and A : H™ — C. Let
v = A*(1) and u = B(1). Let P’ be the orthogonal projection onto [K(H)™ (u)]~,
and let P be the orthogonal projection onto [IC(H)"™ (P'v)]~. Then P commutes
with IC(’H)(m) and since the identity map is in the weak operator closure of
K(H)m™, We have that P'u = v and P(P'v) = P'v. We know that the restriction
of KK(H)™) to a nontrivial reducing subspace (here ran(P)) is unitarily equivalent
to K(H)" for some ¢ < m. Then clearly (3) holds. Since K(H )™ |, (p) is unitarily
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equivalent to (H)®, then there is a unitary U such that T(m)\ran(p) =UTOy
for every T' € KC(#H). Therefore, (2) and (4) hold if we show that ¢ = k. Write
Uq U1

UPu)= U2 e HY and  U(P'(v)) = |v2| e H".

Since ¢ : K(H) — C is continuous, then there exists a unique trace-class operator
K such that ¢(T) = tr(TK) for all T" € IC(H). Since ¢ is completely k-rank
nonincreasing and ¢(7") = tr(TK), then [9, Lemma 1] implies that rank(K) < k.
In fact, the minimality of k& implies that rank(K) = k. We have
o(T) = (T, v)

= (P'T™ P'u,v)

= (T"™u, PP'v)

= (PT™y, P'v)

= (T Pu, P'v)

= (U*TYU(Pu), P'v)

= (TYU(Pu),UP"v)

= Z(Tui,vl)
= tr(TZui ® vi>.

Then K = ) . u; ® v; and rank() , u; ® v;) = k; hence & < t < m. The set
{v1,vg, ...} is linearly independent because U(P'v) is a cyclic vector for K(H)®.
Since rank (), u; ® v;) = k, we must have dim(span{uy, us,...}) = k.

Similarly, since K(H)"™ |;an(pr) is unitarily equivalent to C(#)"), then there is
a unitary W such that 70|, pry = W*TWW for every T € K(H). Write

/ !
Uy Uy

W)= || eH" and W(P'(v)|v2]| € H.

Since W (u) is a cyclic vector for KC(H)"), then {u},u),...} must be linearly
independent. A similar argument to the one above shows that dim(span{v}, v},
..}) = k. Therefore, dim(span{v,v,,...}) = k and since {vy,vq,...} is linearly
independent, then ¢t = k.
For the general case, we refer the reader to the second part of the proof of [9,
Lemma 2]. O

Acknowledgment. I would like to thank Peter Semr] for reminding me that for
a continuous bilinear map ¢ : K(H) x K(H) — C, there exists a bounded linear
map « : K(H) — T(H) such that ¢(A, B) = tr(Aa(B)), where T (H) denotes
the ideal of the trace-class operators.
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