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ABSTRACT. In this paper we first develop the rotation theorem of the Gauss-
ian paths on Wiener space. We next analyze the generalized analytic Fourier—
Feynman transform. As an application of our rotation theorem, we represent
the multiple generalized analytic Fourier-Feynman transform as a single gen-
eralized Fourier—Feynman transform.

1. Introduction and preliminaries

Given a positive real T' > 0, let Cy[0,T| denote a 1-parameter Wiener space,
that is, the space of all real-valued continuous functions z on the compact interval
[0,7] with 2(0) = 0. Let M denote the class of all Wiener-measurable subsets
of Cy[0,T], and let m denote the Wiener measure which is a Gaussian measure
on Cy[0,T] with mean zero and covariance function r(s,¢) = min{s,¢}. Then,
as is well known, (Cy[0, T], M, m) is a complete measure space. Throughout this
article, we will denote the Wiener integral of a Wiener-measurable functional F
by

E[F] = E, [F(2)] = /C | F@)dna).
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A subset B of Cy[0, T is said to be scale-invariant measurable (SIM) (see [16])
provided that pB € M for all p > 0, and a scale-invariant measurable set N is said
to be scale-invariant null provided that m(p/N) = 0 for all p > 0. A property that
holds except in the case of a scale-invariant null set is said to hold scale-invariant
almost everywhere (Sl-a.e.). A functional F' is considered SIM provided that F
is defined on a SIM set and F'(p-) is Wiener-measurable for every p > 0. If two
functionals F' and G are equal Sl-a.e., then we write F' =~ G.

The Paley-Wiener—Zygmund (PWZ) stochastic integral (see [19]) plays a key
role throughout this paper. Let {¢,,}22 ; be a complete orthonormal set in Ly[0, 77,
each of whose elements is of bounded variation on [0,7]. Then for each v €
Ls[0,T], the PWZ stochastic integral (v, z) is defined by the formula

(v,z) = lim Z v, §5)20;(t) d(t)

n—oo

for all © € Cy[0,T] for which the limit exists, where (-, -)s denotes the Ly-inner
product. For each v € L»[0,7], the limit defining the PWZ stochastic integral
(v, ) is essentially independent of the choice of the complete orthonormal set
{n}22,, and it exists for Sl-a.e. x € Cy[0,T].

It is well known that for each v in Ly[0, T, (v, -) is a Gaussian random variable
on Cy[0,T] with mean zero and variance ||v||3, and also that if {ay,...,q,} is
an orthogonal set of functions in Ls[0, T, then the random variables (a;,x) are
independent. (For a more detailed study of the PWZ stochastic integral, see
[18], [20].)

Given a function h € Ly[0,T] with [|h|]2 > 0, let Z}, : Cy[0,T] x [0,T] — R be
the stochastic process given by

Zp(x,t) = (hxjo., @), (1.1)

where X[o, denotes the indicator function of the set [0,t]. Next, let

Bh(t):/o h?(u) du. (1.2)

Then the stochastic process Zj, on Cy[0,7] x [0,T] is a Gaussian process with
mean zero and covariance function

E,|Zn(x,5)Z,(z,t)] = By(minfs, t}).

In addition, by [23, Theorem 21.1] (we present this theorem in the Appendix),
Z5(+, 1) is stochastically continuous in ¢ on [0, 7] (see the Appendix for the precise
concept of the stochastic continuity). If & is of bounded variation on [0, 7], then
Z), is a continuous process. Also, for any nonzero functions h; and hy in Ly[0, T,

min{s,t}
B, [ 20 (2, 8) Zn (2, 8)] = /0 () ha () d.

Of course if h(t) = 1 on [0, 7], then the process W on Cy[0,T] x [0,T] given by
(w,t) = Wi(x) = Z1(x,t) = x(t) isa Wiener process (standard Brownian motion).
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We note that the coordinate process Z; is stationary in time, whereas the sto-
chastic process Z, generally is not. (For more detailed studies on the stochastic
process Zy, see [5], [8], [12], [21].)

If w and h are functions in Ly[0, T, then uh is in L;[0, 7. Also there exist two
functions u and h so that uh € L1[0,T]\ L2[0, T']. In this case, the PWZ stochastic
integral

T
(u, Zp(z,-)) = / s)dZy(z,t) = / u(t)h(t) dz(t)
0
may not be well defined. But, from [8, Lemma 1], it follows that, for each u €
Ly]0,T) and h € Loo[0,T] with ||h]j2 > 0,

(u, Zp(z,-)) = (uh, x) (1.3)
for Sl-a.e. x € Cy[0, T]. Thus, in Sections 3, 4, and 5 below, we require h to be in
L[0,T] rather than simply in L,[0, 7).

Throughout this article, we will assume that each functional F' (or G) we
consider satisfies the conditions

F:Cy[0,T] — C is Sl-a.e. defined and SIM, (1.4)
and for all h € Ly[0, T with ||h]|2 > 0 and each p > 0,
E.[|F(pZn(z,"))|] < +o0. (1.5)

One of the essential structures of Wiener measure m is the rotation invariant
property. Strictly speaking, given real numbers a and b with a? 4+ b*> = 1, the
Gaussian process {ax; + bzy @ (x1,x2) € Cy[0,T] x Cy[0, T} is equivalent to the
ordinary Wiener process WW. On the other hand, in his seminal paper [1], Bearman
studied a rotation theorem for the double Wiener integrals. Bearman’s theorem
was further developed by Cameron and Storvick [3] and by Johnson and Skoug
[17] in their studies of Wiener integral equations. Bearman’s rotation theorem
for the Wiener integral has played an important role in various research areas in
mathematics and physics involving the Wiener integration theory. The result is
summarized as follows: for a Wiener integrable functional F* on Cy[0, 7] which
satisfies the condition (1.4) and for any a,b € R, F(aw + bz) is integrable on
(Co[0,T])?, the product of two copies of Cy[0,T], and

E.[E,[F(aw + bz)]| = E,[F(Va?+ b%x)].

These results have produced many applications. For instance, in [9]-[12], Huff-
man, Park, and Skoug used the rotation theorem to obtain fundamental relation-
ships between the analytic Fourier—Feynman transform (FFT) and the convolu-
tion product of functionals on Cy[0, T'] (for instance, see the proof of Theorem 3.3
n [10], the proof of Lemma 4.1 in [11], and the proof of Theorem 2.1 in [12]). Also
n [13], [14], the authors established a Fubini theorem via Bearman’s theorem in
order to establish various integration formulas for the analytic Feynman integrals
and the FFTs on Cy[0,T]. The rotation theorem was further developed in [6] to
study a behavior of the conditional FFTs on the product Wiener spaces.
Recently in [5], the present authors and Skoug used another rotation theorem
of Wiener measure m to study a multiple generalized FFT (MGFFT) associated
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with the Gaussian processes Z;, on Cy[0,T]. The rotation form used in [5] is a
generalization of Bearman’s celebrated result and is intended to interpret behav-
iors of the nonstationary Gaussian processes Z;, given by (1.1). The authors also
investigated various relationships which exist between the MGFFT and the cor-
responding convolution product. The rotation theorem which was introduced in
[4] and used in [5] is as follows.

Theorem 1.1. Let F' be a Wiener-measurable functional which satisfies the con-
ditions (1.4) and (1.5) above. Then for any nonzero functions hy and hy in
L2[O7T]7

E, [Ew [F(Zhl (w7 ) + Zh2(zv ))H =E,; [F (Zr(hhhz)(xv ))] ) (16)
where hy,hs, and r(hy, he) are related by

(. ho) Z VU1, 603 + (ha, 60)36(8) (1.7)

for some complete orthonormal set {¢,} in Ls[0,T], each of whose elements is of
bounded variation on [0,T].

However, in [4], the techniques used in the proof of our Theorem 1.1 are not
clear and are too tedious for the reader. Also, representation (1.7) of the function
r(hy, hy) appearing in the right-hand side of (1.6) is very complicated.

The purpose of the present article is, first of all, to establish the rotation
theorem involving the Gaussian paths (see Theorem 2.1 below) under a milder
condition, and secondly, as an application of our rotation theorem, to analyze the
MGFFT of functionals F' on Cy[0, 7] as a single generalized FFT.

2. Rotation property of Gaussian paths

The purpose of this section is to establish a rotation theorem for Gaussian
processes on the product Wiener spaces (Cp[0,T])%. The rotation theorem in this
section contains weaker conditions than those found in Theorem 1.1. Also, the
proof of the rotation theorem is not as limited as those steps of the proof in [4].

Given nonzero functions hy and hy in Ly[0, T, let 25, and Z},, be the Gaussian
processes given by (1.1) with h replaced with h; and hs, respectively. Then the
process

3 © (Col0,T])° x [0,T] — R
given by
3h1,h2<x1a l’g,t) = Zhl (.Q?l,t) + Zh2(x2>t)

is also a Gaussian process with mean zero and covariance function

Ohy ho (miﬂ{87 t}) =L, [EIQ [3h1,h2 (w1, T2, 8)3hy 0y (71, T2, t)”

min{s,t} min{s,t}
:/ ;mmm+/ B2 () du
0 0
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Let hy and hsy be functions in Ls[0, T]. Then there exists a function s € Ls[0, T
such that

s*(t) = hi(t) + ha(t) (2.1)

for mp-a.e. t € [0,T], where m denotes the Lebesgue measure on [0,7]. Note
that the function s satisfying (2.1) is not unique. We will use the symbol s(hy, hs)
for the functions s that satisfy (2.1) above. Given functions h; and hy in L0, 77,
infinitely many functions s(hy, hy) exist in Lo[0,T]. Thus s(hq, hy) can be con-
sidered as an equivalence class of the equivalence relation ~ on L[0,7] given
by

S1 ~ Sy < sf = sg mr-a.e.

We observe that for every function s in the equivalence class s(hy, h), the Gauss-
ian random variable (s, ) has the normal distribution N (0, ||hy]|2 + [|h2]|3).

Inductively, given a set H = {hy,..., h,} of functions in L.[0,77], let s(H) =
s(hi, ha, ..., hy,) be the equivalence class of the functions s which satisfy the
relation

s*(t) = hi(t) + - -- + h2(t). (2.2)

For convenience, throughout the rest of this paper we will regard s(H) as a
function in L [0, T]. We note that if the functions hq, ..., h, are in Ly[0,7T], then
we can take s(H) to be in Ly [0, 7). By mathematical induction, it follows that

S(S(hl7 hQ, cey hk—l)a hk> = S(hl, hg, ceey hk) (23)

forall kK € {2,...,n}.

Next, given nonzero functions hy and hy in Ly[0, T, we consider the stochas-
tic process Zgn, hy)- Then Zgp, p,) is a Gaussian process with mean zero and
covariance function

Ex [Zs(hl,hz) (xJ S)Zs(h1,h2) (‘r7 t>:|

min{s,t}
_ / $2(hy, ho) (u) du
0
min{s,t}
= / (h3(w) 4+ h3(u)) du
0

min{s,t} min{s,t}
:/ R (u) du —|—/ h3(w) du
0 0

= 0y, 1, (min{s, t}).

Given two functions h; and hg in Lo[0,T], the function r(hy, he) given by (1.7)
is strongly dependent on the Fourier coefficients of the functions h; and hy with
respect to a complete orthonormal set {¢,} in the Hilbert space Ly[0,7T]. In our
next theorem, we develop the rotation theorem with a weaker condition rather
than the condition (1.7). The condition (2.1) below does not depend on a complete
orthonormal set in Ly[0, 7.
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Theorem 2.1. Let F' be a Wiener-measurable functional which satisfies the con-
ditions (1.4) and (1.5) above. Then for any nmonzero functions hy and hy in

L2 [07 T];

Emz [Exl [F(Zh1 (:Cla ) + Zhg <x27 )):|:| = Ex [F(Zs(hl,hg)(xa ))i|7 (24)
where hy, hy, and s(hy, hy) are related by (2.1).

Proof. From the observation above, one can see that 34, 5, : (Co[0,7])* — R and
Zs(hi o) C0l0,T] = R are equivalent processes; that is, for each ¢ € 0,77, the
random variables 35, n, (-, -, t) and Zg, p,) (-, t) have the same Gaussian distribu-
tion N (0, Bp, (t) + Bry(t)), where B, is given by (1.2) above. Thus, applying the
change-of-variable theorem, equation (2.4) follows as desired. O

Corollary 2.2. Let I’ be a Wiener-measurable functional which satisfies the con-
ditions (1.4) and (1.5) above. Then for all a,b € R, F(ax,+ axy) is integrable on
(Col0,T))? and

Em [Em [F(CLJZl + be)H =E, [F (Zs(a,b) (.l’, ))} : (25)
In particular,

By, | By, [Flazy + bxs)]] = E, [F(Va? + bx)]. (2.6)

Proof. Choosing hy = a and hy = b, as constant functions on [0, T, in (2.4) above,
equation (2.5) follows immediately. Also we can choose s(a, b) as a constant func-
tion. In this case one can see that either s(a,b) = va? 4 b? or s(a, b) = —Va? + b2.
But we know that for all Wiener-measurable functionals F, E,[F(z)]
E.[F(—z)]. Thus equation (2.6) is established.

o

Remark 2.3. Equation (2.6) can be obtained from the Bearman’s result (see |1,
p. 130]). In [3], Cameron and Storvick used equation (2.6) to study a Wiener
integral equation which is equivalent to a diffusion equation. In [17], Johnson and
Skoug also used equation (2.6) to study various behaviors of the Wiener measure
and related topics.

Using equation (2.3), the Fubini theorem, and an induction argument, we
obtain the following theorem.

Theorem 2.4. Let F' be a Wiener-measurable functional which satisfies the con-
ditions (1./) and (1.5) above. Then for any finite sequence H = {hy,...,h,} of
nonzero functions in Ly[0,T],

B oo [ [F (3 20 0000) ] -] = Bl (B )],

where H = {hq,...,h,} and s(H) are related by (2.2).
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3. Cylinder functionals

Functionals that involve PWZ stochastic integrals are quite common. In this
section, we apply our results to the cylinder functionals F on Cy[0,T] given by

F(z) = f({91,2), .-, (gn, 7)), (3.1)

where f : R" — C is a Lebesgue-measurable function and {gi,...,9,} is an
independent set of functions in Ly[0, 7). It is well known [7] that the functional
F given by (3.1) is Wiener-measurable if and only if f is Lebesgue-measurable.

Given a finite set G = {g1,...,gn} of nonzero functions in Ly[0,T], let Pg :
Cy[0,T] — R™ be given by

Po(z) = ((g1,2), ..., (gn, T)). (3.2)

In order to simplify our expressions here, we use the following conventions: for
= (u1,...,u,) € R" and Pg(z) given by equation (3.2), let

f@) = flug, ... up),
f(ﬁ+77g(x)) = f(u1 + (g1, ), ... up + <gn,az)),

and for measurable functionals G on (Cy[0,77)", let

Ef[G(.Tl, . ,a:n)} = / G(z1, ..., xn)dm™(xy, ... ).
(Col0,T7)

Lemma 3.1. Let G = {g1,...,9,} be an orthogonal set of nonzero functions
in Ly]0,T), and let Pg be given by equation (3.2) above. Let f : R" — C be a
Lebesgue-measurable function. Then

B [i(Pote)] = ([Terlal) " [ 1@ e ZQH%HQ}du 3.3)

where by = we mean that if either side exists, then both sides exist and equality
holds.

Proof. As we commented above, it is known (see [7]) that f(@) is Lebesgue-
measurable if and only if f o Pg(x) = f(Pg(x)) is Wiener-measurable. Also, we
see that the PWZ stochastic integrals (g;,z), j € {1,...,n}, are independent
Gaussian random variables. Thus, by the change-of-variable theorem, equation
(3.3) follows at once. O

To establish our second rotation theorem for cylinder functionals (Theorem 3.4
below), we will consider the pairs (A, H) of finite sequences A = {ay, ..., a,} and
H = {hi,..., hy} of nonzero functions in L0, 7] which satisfy the requirements
that:

(cl) Ais an orthogonal set of nonzero functions in L0, 77,
(¢2) hy € Ly[0,T] for each k € {1,...,m}, and
(¢3) Ahy = {a1hy, ..., a,h} is orthonormal in Ly[0, 7] for all k € {1,...,m}.
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Remark 3.2. Let the pair of A = {ay,...,a,} and H = {hq,..., h,,} satisfy the
preceding requirements (cl), (¢2), and (c3). We then observe that ||hg|l2 > 0 for
each k € {1,...,m} and, in view of the requirement (c3), the PWZ stochastic
integrals (a;s(H),x) = (o, Zs0)(,+)), 3 = 1,...,n, form a set of independent
Gaussian random variables on Cy[0, 7] with mean zero and variance

T
2
|as(H)||; :/ o (t)s*(H)(t) dt
0
T m m
— [ o[ m)d =3 lamE=n G
0 k=1 k=1
for each j € {1,...,n}, where s(H) is a function in L. [0, 7] satisfying equation
(2.2) above.
Ezxample 3.3. For each j € N, let o(t) = %cos(%t) on [0,7]. Then ? =
{a;}52, is an orthogonal sequence of functions in L,[0,7]. In addition, © =
{a;/NT }32, is a complete orthonormal sequence in L,[0,7]. In this case, we
have the following assertions.
(pl) For every j € N, ||loy||2 = VT > 0 and «; € Lo [0, T].
(p2) Let n € N be fixed and let k be a positive integer with k£ > n. Then for
any 4,7 € {1,...,n},
T .
| aitaaied - {O’ 7
0 1, =7

These facts tell us that for each integer k with k > n, the set {aayg, ..., apar} is
an orthonormal set of functions in Ly[0, T']. In view of the observations (pl) and
(p2), we can take various pairs (A, H) from © that satisfy the conditions (c1),
(c2), and (c3).

Given an orthogonal set A = {ay, ..., a,}, let Noo(A) be the space of functions

h € Ly[0,T] such that Ah = {ah : @ € A} is orthonormal in Ly[0,T]. Then for

any finite subset H of N (A), the pair (A, H) satisfies the condition (c1), (c2),
and (c3) above. For every h € N[0, T], let

Pan(z) = ({(arh,z), ..., {aph,z)). (3.5)

By equation (1.3), it follows that
PAh(JT) = (<a17 Zh(xa )>7 cee <Oén, Zh(ma )>)

We are now ready to present our rotation theorem for the multiple Wiener integral
of cylinder functionals.

Theorem 3.4. Let A = {aq,...,a,} be an orthogonal set of nonzero functions in
Ls[0,T), and let H = {hy, ..., hn} be a finite sequence in Noo(A). Let f : R* — C
be a Lebesgue integrable function and, for each k € {1,...,m}, let Pap, be given

by equation (3.5) with h replaced with hy, respectively. Then
Ez[f (Pan (1) + -+ - + Pany, (¥m)) ]| = Ex[f (Pasao ()], (3.6)
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where s(H) is a function in Ly[0,T] satisfying equation (2.2) above. Also, both
of the expressions in (5.6) are given by one of the following expressions:

(el ) soend 2 3ars <H>Hz}df

(]Hl%@”%h’“” 9) /Rnf " exp{ O

Jj=1

n 2

= mm) ™2 | e3> g }ar (3.7)

7j=1
Proof. We first note that

Pan (1) + -+ Pan, (xm)
= ((oth, 1)y, <anh1,x1)) +- ((oqhm, L)y -y (anhm,mm>)
= ((arhi,z1) + - + (Q1hm, T ), - - (ha, 1) + -+ (Qnhun, Tm))
= (o, Zp, (21,7)) + -+ + {1, Zhp (T ),
. <ozn, Zn, (21, )> +-- 4 <Ozn, Zn, (T, )>)

_ <<a17§:2h1($k’ )>, cee <Ozn, i:zhk(l‘k, )>>

and

Pasim)(x) = (<als H), :c>, o <ans(7{), x>)
= (o1, Zsguy (@, ) - - {am, Zsay (@)

Thus equation (3.6) can be rewritten as
Ez[F(Zn,(x1,) + -+ Znp (@, )] = Eo[F(Zsi (2, )]

with F' given by equation (3.1) above. Therefore, by Theorem 2.4, the equality
n (3.6) holds.
Next, we note that for i,j € {1,...,n} with i # j,

(is(H), a;8(H)), = /0 o (t) o (H)2(H) (t) dt
=D /0 ai(t)a;(t)hi(t) dt = 0. (3.8)

From equations (3.4) and (3.8), we see that As(H) = {ays(H),...,a,s(H)} is an
orthogonal set of functions in Ly[0, 7] with ||a;s(H)||3 = m for all j € {1,...,n}
and (o;s(H),z) is a Gaussian random variable with mean zero and variance m
for each j € {1,...,n}. Hence using equation (3.3) with Pg replaced with P 452,
we see that the right-hand side of equation (3.6) is given by the expressions in
(3.7) above. O



660 S. J. CHANG and J. G. CHOI

Remark 3.5. In Theorem 3.4, we assumed that the finite sequence H is in NV (A)
so that the pair (A, H) satisfies the requirements (cl), (¢2), and (c3) above.
However, it is still true that equation (3.6) holds under only the two conditions
(c1) and (c2) above. In this case, to obtain an explicit expression like (3.7), we
might apply the Gram—Schmidt process to the set As(H).

On the other hand, under two conditions (c1) and (c2), and in view of the
second expression of (3.7), we observe that

Ef[f(P_Ahl(xl) + -+ Pan,, (mm))} =E; [f(Pu(I))],

where U = {uq, ..., u,} is an orthogonal set of functions in Ly[0, 7] such that
lusl13 =D llws oI5 (3.9)
k=1
Given any orthonormal set {eq,...,e,} of functions in Ly[0,T], let

uy(t) = (3 laghall3) o). ¢ € 0.7

for each j € {1,...,n}. Then the set U = {uy,...,u,} is an orthogonal set of
functions in Ls[0,T] and satisfies equation (3.9) above. In this case, using (3.3)
with G replaced with U, we see that E,[f(Py(x))] is given by the second expression
of (3.7).

4. Generalized analytic Fourier—-Feynman transform

In defining various analytic Feynman integrals of functionals F' on Cy|0, 77,
one usually starts, for A > 0, with the Wiener integral E,[F(\~!/2x)] and then
extends analytically in A to the right-half complex plane. In this paper, we start
with the generalized Wiener integral

B, [F(\224(x,))] = Jr(l; N), (4.1)

where Zj, is the Gaussian process given by equation (1.1) above. But in order
to present our results involving the generalized analytic FFT and the analytic
MGFFT, we follow the exposition of [5], [9], [12].

Throughout this and the next section, let C, and C, denote the set of the
complex numbers with positive real part and the nonzero complex numbers with
nonnegative real part, respectively. For each A € C., let A2 denote the principal
square root of A (i.e., A\Y/? is always chosen to have positive real part, so that
AY2 = (A2 s in C, for all A € C.).

Let F' be a C-valued SIM functional on C5[0,7] such that the generalized
Wiener integral Jg(h; A) given by (4.1) exists and is finite for all A > 0. If there
exists a function Jj(h; A) analytic on C, such that Jj(h;A) = Jp(h; A) for all
A > 0, then J5(h; A) is defined to be the analytic Z,-Wiener integral (namely, the
generalized analytic Wiener integral associated with the Gaussian paths Z,(z, -))
of F over Cy[0, T] with parameter A, and for A € C, we write

BN (Z4(2, )] = Jp(hs ).
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Let g # 0 be a real number and let F' be a functional such that E2"™>[F(Z,(z, -))]
exists for all A € C,. If the following limit exists, we call it the analytic Z,-
Feynman integral (namely, the generalized analytic Feynman integral associated
with the Gaussian paths Zj,(z,-)) of F' with parameter ¢ and we write

EX4[F(Z0(2,)] = lim B2 [F(Z4(a.)],
where A\ approaches —ig through values in C,. Next (see [5], [12]), we state the
definition of the analytic FFT associated with the Gaussian process Z, (Z,-FFT).

Definition 4.1. Given a nonzero function h in Ly[0, T}, let Z), be given by (1.1).
For A € C; and y € ([0, 77, let

TA,h(F)(y) = E:HW)\ [F(y + Zh(ZE, ))} = Jlf_‘(y—s—)(ha /\)
be the analytic Z,-Wiener transform of F. Let ¢ be a nonzero real number. For

p € (1,2], we define the L, analytic Z,-FFT, Tq(f;L)(F) of F', by the formula

T (F)(y) = Lim. (w? )Ty u(F)(y)
’ A——iq
)\E(CJr

if it exists; that is, for each p > 0,

/

Jim By [|T(F) (o) = TR (F)(pw) "] = 0,
AeCy

where 1/p 4+ 1/p’ = 1. We define the L; analytic Z,-FFT, Tq(lh)(F) of F, by the
formula (if it exists)

T (F)(y) = lim Tyu(F)(y)
)\EC+

for Sl-a.e. y € Cy[0,T].

For p € [1, 2], we note that Tq(ﬁL)(F) is defined only Sl-a.e. We also note that if
Tq(f;l) (F) exists and if F' ~ G, then Tq(i) (G) exists and Tq(f;l)(G) R~ Tq(ﬁz)(F). One can
see that for each h € Ly[0, T], T\)(F) ~ T"), (F) since E,[F(x)] = E,[F(~x)].

In this section we will show that the L, analytic Z;,-FFT, Tq(ﬁL)(F ), exists for

cylinder functionals F' on Cy[0,T]. Let n be a positive integer (fixed throughout
this and the next section), and let an orthogonal set A = {ay, ..., a,} of nonzero

functions in Ls[0, T'] be given. For p € [1,00), let Bff) be the space of all functionals
on Cy[0, T of the form

F(z) = f({an,2), ..., (o, 2)) = f(Palz)) (4.2)

for Sl-a.e. x € Cy[0,T], where f is in L,(R™). Let BEXO) be the space of all func-
tionals having the form (4.2) with f in Co(R™), the space of bounded continuous
functions on R™ that vanish at infinity. It is quite easy to see that if F' is in
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Bff), then F'is SIM. Also, using equation (1.3), the linearity of the PWZ stochas-
tic integral, the change-of-variable theorem, and the Holder inequality, it follows
that, for each p € [1,+00], any p > 0, and each nonzero function h € L [0,T],

ExHF(th(l’,))H
— E:CHf(p<O[1h,l‘>, T 7p<a1h7l’>) H

= [(2m)" det V] _1/2/]R |f(u1, . ,un)} exp{—%\/;lﬁ- ﬁ} du
< 400, (4.3)

where V, denotes the covariance matrix of the Gaussian random variables
{plazh,z), ... plath,z)} and @ - ¥ denotes the standard inner product of @ and
¢ in R™. In (4.3) above, without loss of generality, we may assume that the set
{aih,...,a,h} is linearly independent in Ly[0,T]. Thus, the functional F' given
by (4.2) satisfies the condition (1.5).

In Theorem 4.3 below, we establish the existence of the analytic Zj,-Wiener
transform 7T’ ,(F')(y) of F' in Bff). To do this, we use the following notation. For

A € C; and real 02 > 0, let K,();0?) = (325)"/%. Next, let

H(\ 0% 1) = exp{—ﬁ u?} (4.4)
j=1

In particular, if 02 = 1, then let K,(\;1) = K,(\) and H(X; 1;4) = H(\; 4).

Remark 4.2. We note that for each (X, 02) € C, x (0, +00) and € € R™, H(\; 02;
u— &), as a function of 4, is an element of L,(R") for all p € [1,+o0]; in fact,

H(\; 0% i —€) also belongs to Cy(R™). In addition, for all (A, 02) € C, x (0, +00),
|H(Xj 0% —¢) < L.

Theorem 4.3. Let A = {ay,...,a,} be an orthogonal set of nonzero functions
in Lo[0,T). Let p € [1,+00], and let F € Bff) be given by equation (4.2). Then for
all X € C,, every h € Nyo(A) and Sl-a.e. y € Cpl0,T), the analytic Z;,-Wiener
transform T, (F)(y) exists and has the form

Tan(F)(y) = (9 f)(Paly)), (4.5)

where

— —

(WUAf) (& -5 &) = (UAS)(E) = Kn(N) . fa)HX; i — &) di. (4.6)

Proof. For A > 0, using (4.2), (1.3), (3.2) with G and x replaced by A and y,
respectively, and using (3.5) and (3.3) with G replaced by Ah, and using (4.4)
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with 02 = 1, we obtain

= E,[F(y+X"124(z,))]

= E. [ ({an ) + A2 an, Zu(z, ), -y {an y) + A7 an, Zi(z,)))]
=L, [f((oq, y) + XYz, . on, y) + ATV gk, x>)}

=5, [f(PA(y) + A7V PAh(x))]

— K,(\) / F(Paly) + i) exp{—§ Zug} dit

=) [ (v - Paty)

= (U,f)(Paly)),

—

where (W) f)(§) is given by equation (4.6).
For u, & € R”, let

(af)(@) = Ko\ F(@)H (X i =€), (4.7)

and given A € C,, let {\/}72, be any sequence in C, such that \; — A. Then for
all [ € N,

|(a ) (@) < Koul)| f(@)] H (657 — €), (4.8)

where a = sup{|\;|};2, and b = inf{Re()\;)}°,. Applying Remark 4.2 and using
Holder’s inequality, we can see that |f(@)|H (b;ud — 5), as a function of #, is an
element of L;(R") whenever f € L,(R") for every p € [1,400]. Hence, using the
dominated convergence theorem, it follows that (W, f)(P4(y)) is a continuous
function of A on C,. Clearly, H(\; @ — E) is analytic on C, as a function of A.
Hence, by the Fubini theorem and the Cauchy theorem, we obtain that

JnEaw)ir =50 [ @ [ Hova-§arda—o
A R™ A
for any rectifiable simple closed curve A lying in C, . Thus by the Morera theorem,

Dw(F)(y) = B3 [F(y + 23(2,-))] = (Uaf) (Pa(y))

is an analytic function of A\ throughout C,. Therefore, we obtain the desired
result. 0

In order to prove our corollary and theorems below, we will use two lemmas
introduced in [15, pp. 98-102]. These two lemmas are true without the dimension
restriction v < (2p/(2 — p)) (in our notation, v = n); in fact, for each p € [1,2],
these two lemmas are valid for all integers v > 0. We now restate the lemmas in
[15] using our notation.
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Lemma 4.4. Let 02 be a positive real number and let p € [1,2] be given. Given
a nonzero complex number A € Co, f in L,(R") and £ € R", let

— — —

(CA)E) = Kn(Xi0®) | FOH(N 0% — &) di
R”
Then C is a bounded linear operator from L,(R™) to Ly (R") and

1Ch| = {Kau(x;0%) )77
= {Ka( o)}

Lemma 4.5. Let p € [1,2] be given, let f be in L,(R"™), and let ¢ be a nonzero
real number. Then

ICAf = Cigfllpy = 0
as A\ — —iq through C,.
With Lemma 4.4, we now state the following corollary to Theorem 4.3.

Corollary 4.6. Let A and F € Bff) be as in Theorem 4.5. Next let T ,(F') and
W, f be related by (4.5). Then the following hold.

(i) If F € BS), then for all X € C; and every h € Nyo(A), Ton(F) € Bffo)
and for all A € C,,
W flloo < Kn(IX) IS (4.9)

(i) If F € B with p € (1,2], then for all X € Cy4 and every h € No(A),
Tyn(F) € Bff where p' = Ll and for all A € C+,

193 Fllyr < K (1) 11 (4.10)
In (4.9) and (4.10), W f is given by (4.6) above.

Proof. (i) If p = 1, then for all (\,§) € Cy x R*, |(TAf)()] < K. (IA)IIfIh
because |H(\; @ — £)| < 1 for all A € C.. Hence (1.9) holds by the definition of
the L,,-norm of functions on R™. Using (4.6) and (4.4) with ¢* = 1, we obtain

that, for \ € @+,

(W ) ()] < Ka(IN]) / | f (@) )|dﬁ
By

<Eu(IA) [ [F(@)] da
= K (IA |)||f||1 (4.11)
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—

Also, using the dominated convergence theorem and the fact that (¥ f)(£) belongs
to Co(R™), we obtain

lim (U5 f)(€) = Kn(N) | f(@) lim H(\;ii — &) dii = 0.
|§l—00 R |§]—00
Thus T ,(F) € 85400) for all A € C,.
(ii) Now let p € (1,2]. Then Lemma 4.4 tells us that for all A € C,, ¥, f is an
element of L, (R"™) which satisfies (4.10), and so Ty ,(F) € Bff) for e C,. O

In Theorems 4.7 and 4.8 below, we establish the existence of the L, analytic
Z,-FFT, Tq(f;f (F), of functionals F in the class Bff).

Theorem 4.7. Let F' € Bfi) be given by equation (/.2). Then for every nonzero
real number q and every h € Ny (A), the Ly analytic Z,-FFT of F, Tq(lh)(F) (y),

exists as an element of 85400) and s given by

T (F) (W) = (Vg f) (Paly)) (4.12)

for Sl-a.e. y € Cy[0,T], where W_;,f is given by equation (4.0) with X replaced
with —1q.

Proof. Let F € BS)(.A). From the inequality (4.8), one can see that the function
(Y f) given by (4.7) is an element of Li(R™) for all A\ € C. Hence (¥,f)(€)
converges pointwise to (U_, f)(€), as A — —iq through C,, by the use of the
dominated convergence theorem. Now let u € M(R") denote the dual of Cy(R™).

Since [(UAf)(€)| < Kn(IA)|If]l: for all A € C,, by (4.11) we have

i [ ON@du(d) = [ (00 )€ du(@)
——1q JRn n
AeCy
by the dominated convergence theorem. Thus, as elements of Co(R™), (U, f)(€)

converges weakly to (V_;,f)(§) as A — —ig through values in C,. Hence,
T q(lh)(F )(y) exists as an element of Bffo) and is given by equation (4.12). O

Theorem 4.8. Let p € (1,2] and let F € Bff) be given by equation (/.2). Then
for every nonzero real number q and every h € Ny (A), the L, analytic Z,-FFT,

Tq(ﬁz (F)(y) exists as an element of Bff,) and is given by

T (F) () = (Vi) (Pal®)) (4.13)
for Sl-a.e. y € Cy[0,T], where V_;,f is given by equation (4.0) with X replaced
with —1q.

Proof. From (ii) of Corollary 4.6, we know that for each A\ € @Jr, U, f is in
L, (R™). Using Lemma 4.5, we obtain that for f € L,(R"),

lim [[Usf — U_syfly = 0. (4.14)
A——iq
AeCy
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Now to show that Tq(f;l)(F)(y) exists and is given by the formula (4.13), it will
suffice to show that for each p > 0,

lim B, [|(0rf) (Pa(ow) — (W_ipf) (Paloy)["] = 0.

A——iq
AeCh

But for all p > 0,

Ey[| (W) (Palpoy)) = (V_iof) (Paloy)) "]
— (Tzeesl) ™ [ 1@0n@ - - @

X exp{— i QE;HQ } d§

j=1

n —1/2 ,
< (TT2mtlloslly) — Iwaf — wsofIE
j=1

which goes to zero as A\ — —iq through C; by (4.14). Thus Tq(’;L)(F)(y) exists,

belongs to B(p/), and is given by equation (4.13). O

We finish this section by obtaining inverse transform theorems for functionals
Fin Bff).

Theorem 4.9. Let p € [1,2] and let F € Bff). Let g be a nonzero real number
and let h € Ny (A). Then we have the following.

(i) For each p >0,

lim B, [|T5,(Tan(F)) (py) — F(py)|"] =0.

A——iq
)\E(CJr

(i) T5xp(Ton(F)) = F Sl-a.e. as X — —iq through C,.

It will be helpful to establish the following lemma before giving the proof of
Theorem 4.9. Equation (4.15) below can be found in [2, p. 525].

Lemma 4.10. Let A € C, be given. Then
A A
/ exp{——(u —w)? — Z(w— v)z} dw
R 2 2

= <Re7z)\)>1/2 eXp{‘4f|{Ae|(A> (u=0)'} (4.15)
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Proof of Theorem /.9. Proceeding as in the proof of Theorem 4.3, we obtain, for

all A > 0,
Tsn(Ton(F)) (y)
— K.()) / n<w><w>H(A; i — Paly) dis

= @()\ X Pa(y))

where WU, f is given by (4.6) and to compute O(\, \; P4(y)), we begin by writing

@()\,5\;17)
A s ) ) di
R2n
L )\ — , A R
= ‘% o f(U)eXp{—§ jzl(uj—wj) —§;(wj—vj) }dwdu.

But, using equation (4.15), we can write the expression just above as

= (f * ¢c)(9),
where

and

Now ¢ is nonnegative and [, ¢(¢) d/ = 1, so using [22, Theorem 1.18] it follows
that

lim O\, A7) — f(0)]" dv = hm/ |(f * ¢)(T) — f(D)]" dT
A—=—iq Jpn e—=0t Jpn
AeCy

— 1i _ p
=l [If % 6. — fI
=0
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since ¢ — 0% as A\ — —iq through C,. But now (i) of the theorem follows easily
since for each fixed p > 0,

L, HTZ\,h (T,\,h(F)><Py> - F(PZ/)H
= ()2 | o0 N7) @) exp{—55 > 2} ar

< (p*m) "I+ 0 — fII.

Finally, item (ii) of the theorem follows because, by [22, Theorem 1.25], it follows
that the function ©(\, A\; ¥) = (f x¢.)(¥)) converges pointwise to the function f(v)
as A — —iq through C,. O

Theorem 4.11. Let F € 8542). Then for all nonzero real numbers q; and g2, and
every h € Ny(A), Tq(i)h(T(Z)

an(F) belongs to Bf). Furthermore, for all nonzero
real q,

2 2
% (TS)/(F)) ~ F. (4.16)

Proof. Note that for p = 2, p’ = 2, and so for F' € Bf), h € No(A), and
qg € R\ {0}, Tq(zh)(F) is in Bf) by Theorem 4.8. Thus for all ¢1,¢2 € R\ {0},

T ;j)h(Tq(f)h(F )) is well defined and is in Bf). Equation (4.16) now follows for each
nonzero real number ¢ by letting A — —iq in (ii) of Theorem 4.9. OJ

5. Multiple generalized Fourier—-Feynman transforms

The MGFFT of functionals on Cy[0, 7] was introduced in [5]. In this section,

we evaluate the MGFFT of functionals F' in the class Bff) using our rotation
theorem, Theorem 3.4. We start this section with the definition of the MGFFT
of functionals F' on Cy[0,T]. (For a detailed study of the MGFFT, see [5].)

Definition 5.1. Let F' be a SIM functional on Cy[0,T]. For positive real ¢t > 0,
define a transform M, 3 (F) of F' as follows: for a finite sequence H = {hq, ..., hp}
of nonzero functions in Ly[0, T, let

My (F)(y) = Ez [F(y 12 zm:zhk () ))} y € Col0, 7. (5.1)

k=1

Let M »(F)(y) be an analytic extension of M, 3 (F')(y) as a function of A € C,
and let ¢ be a nonzero real number. For p € [1,2], we define the L, analytic

MGFFT, MY}, (F)(y) of F. by the formula (if it exists)

Limoys g (W) May(F)(y), 1<p<2,

(p) F — )\E(C+
Mo (E)W) limy——ig Mo w0 (F)(y), p=1
AeCy

Clearly, it follows that, for all nonzero functions h in L0, 77,

Moy (F)(y) = Tn(F)(y)  and MY (F)(y) = TH(F)(y)

q,

if the transforms exist.
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In our next theorem, we analyze the MGFFT of functionals F' in Bff) as the
single FFT.

Theorem 5.2. Let A = {ay,...,a,} be an orthogonal set of nonzero functions
in L0, T]. Let p € [1,2] and let F € B(p) be given by equation (4.2). Then for all
real ¢ # 0 and any finite sequence H = {h1,..., hy} in No(A), the L, analytic
MGFFT, /\/lg‘?{(F), exists, belongs to Bff,), and is given by

MUE) ) = (B3 ) (Pa(y)) = Tis (F)()
for SI-a.e. y € Cy|0, T, where WY f is given by (5.2) below and s(H) is a function
in Ly [0, T satisfying equation (2.2) above.
Remark 5.3. Throughout Section 4, we assumed that given an orthogonal set
A = {ai,...,a,} and a function h € L, [0,T], Ah = {oh,...,a,h} is an
orthonormal set of functions in L»[0, T']. However, all of our results in Section 4

hold if Ah is an orthogonal set such that ||ayhll2 = -+ = ||a,hll2 = o > 0. In this
case, equations (4.6) and (4.5) are rewritten by
(WS HE) = Ka(Xi0®) | f@)H 0% =€) dil (5.2)
R
and
2
Tn(F)(y) = (U5 1) (Pav))- (5-3)

Proof of Theorem 5.2. Recall that for each h € H, Ah = {ah,...,a,h} is an
orthonormal set in L[0,7] and |la;s(H)||3 = m for all j € {1,...,n} (see
Remark 3.2 above). For ¢ > 0, using (5.1), (4.2), (3.6), the last expression of
(3.7), (4.4), (5.2), and (5.3) with X\ and o? replaced with ¢ and m, respectively,
we obtain

M P)0) = B[ (Palo) + 72 3" P ()]

k=1
= B, [f(Pa(y) + 7 *Paspy(2))]
2 1/2 > - ']“]2. -
(2mm) ™" Rnf y) +t7Y )exp{ 2. 2—}d7’
n/2 = 9] .
(2] [0 {3
=K,(t;m) [ f(@)H(t;m; @ — Paly)) da
= (V7" f)(Paly))
= T} s0) (F) ()

for Sl-a.e. y € Cy[0,T]. Applying Theorem 4.3 and Remark 5.3, we next observe
that for all A € C, My 5 (F)(y) = Ths)(F)(y) for Sl-a.e. y € Cy[0,T]. Now by
analytic continuation in A and Theorem 4.8, we have the desired results. O
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Given a sequence H = {hy,...,hy} in No(A), consider the case hy = -+ =
hym = h. In this case, for notational convenience, let H = A™(h). Then, in view
of equation (2.2), we can choose s(A™(h)) to be \/mh.

Corollary 5.4. Let A and F € Bff) be as in Theorem 5.2. Then for all real
q # 0 and every h € No(A), ./\/l((ﬁm(h)(F)(y) = Tq(f;)(Am(h))(F)(y) for SI-a.e.
y € Cy[0,T]. In particular,

M (p)

g, ™ (h)

(F) = T (F).

In view of Theorems 4.11 and 5.2, we obtain the following result for L, analytic
MGFFT for functionals in Bf).

Theorem 5.5. Let A and F € Bf) be as in Theorem 5.2. Then for all real ¢ # 0
and any finite sequence H = {hy, ..., hp} in No(A),

i) ME(F)y) =TS (T8 (- (T (F)) - )(y) for SL-a.e.y € Col0,T],
and

(ii) M(_Q;H(Mf?)_[(F)) ~ F, that is to say, the Ly analytic MGFFT, ./\/l((fq){,
has the inverse transform {/\/lfg){}_l = M(E;H

Appendix A

In this appendix we present the concept of the stochastic continuity of sto-
chastic processes and related theorems commented in Section 1 above. For the
detailed proofs of the theorems below, see [23, Section 21].

Definition A.1. A stochastic process X on a probability space (2, F,P) and an
interval D C R is said to be stochastically continuous (or continuous in probabil-
ity) at to € D if X(¢,-) converges to X (to,-) in probability as t — ¢, in the sense
that

lim P({w e Q: |X(t,w) — X(to,w)| > €}) =0 Ve >0.

t—to

We say that X is stochastically continuous if this holds for all {5 € D.

Theorem A.2 ([23, Theorem 21.1)). Let X be a Gaussian process on a prob-
ability space (2, F,P) and an interval D C R. If the mean function m(t) =
E[X(t,-)], t € D, is continuous at ty € D and the covariance function r(s,t) =
Cov|X(s,-), X(t,-)], s,t, € D, is continuous at (to,to) € Dx D, then X is stochas-
tically continuous at tg.

Theorem A.3 ([23, Theorem 21.2]). Let X be a Gaussian process on a probability
space (2, F,P) and an interval D C R. If

E[X(t,-)] =0 forte D,
Var[X(t,-) — X(s,-)] < alt—s|® fors,t €D,

for some positive real numbers v and [, then X is stochastically continuous at
everyt € D.
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Appendix B

In this appendix we present the theorems which was used in the proof of The-
orem 4.9. For the detailed proofs of the theorems below, see [22, Chapter 1].

Theorem B.1 ([22, Theorem 1.18]). Suppose that p € Ly(R™) with [, (@) di =
1 and, for e > 0, let (@) = e "p(e7'd). If f € L,(R"), 1 < p < 400, or
f € Co(R™) C Loo(R™), then || f x o — fll, = 0 as € — 0, where (f % g) denotes
the convolution of f and g, i.e.,

(o)) = [ $5—agla)da
]Rn
Theorem B.2 ([22, Theorem 1.25]). Suppose that p € Li(R"). Let

»(¥) = ess. sup.|p(D)]
|21
and, for e > 0, let p.(0) = e (e 0). If v € Li(R") and f € L,(R"), 1 <p <
00, then

tim (@) = £7) [ old)di

whenever U belongs to the set Ly given by

1 —

sz{ﬁER":—n ‘f(ﬁ—f)—f(ﬁ)|dt—>0asr—>0}.
™ JiE<ry

In fact, for given f, it follows that mp(R™ \ Ly) = 0, where my, denotes the

Lebesgue measure on R".
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