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ABSTRACT. In this paper we prove that, in the case of some unbounded
Vilenkin groups, the Riesz logarithmic means converges in the norm of the
spaces X (G) for every f € X(G), where by X(G) we denote either the class
of continuous functions with supremum norm or the class of integrable func-
tions.

Let P denote the set of positive integers, and let N := P U {0} be the set of
nonnegative integers. Let m := (mg, my, . ..) denote a sequence of positive integers
not less than 2. Denote by Z,,, :={0,1,...,m;—1} the additive group of integers
modulo my. Define the group G as the complete direct product of the groups Z,,,,
with the product of the discrete topologies of Z,,,’s. The direct product p of the
measures

1
i) = — | € L,
e({}) = (€ Zm)

is the Haar measure on G with u(G) = 1. The elements of G can be represented
by sequences x := (xo,Z1,...,%,...), (¥; € Zp,). The group operation + in
G is given by x +y = (o + yo(mod my), ...,z + yg(mod my),...), where z =
(o, ..y Tgy...) and ¥y = (Yo, .-, Yk,--.) € G. The inverse of + will be denoted
by —.
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It is easy to give a base for the neighborhoods of G:
Iy(x) =G,

I(x) ={y € Gnlyo =20, .., Yn—1=Tp_1}

for z € G,n € N. Define I, := I,,(0) for n € N. Set e,, :== (0,...,0,1,0,...) € G
the nthcoordinate of which is 1 and the rest are zeros (n € N). If we define
the so-called generalized number system based on m as My := 1, My 1 := mp M
(k € N), then every n € N can be uniquely expressed as n = Z;io n;M;, where
n; € Zm, (j € N) and only a finite number of n;’s differ from zero.

Next, we introduce on GG an orthonormal system which is called the Vilenkin
system (see [1]). First, define the complex valued functions r(z) : G — C, the
generalized Rademacher functions, in this way:

(* =—1,7 € G,k €N).

Now define the Vilenkin system ¢ := (¢, : n € N) on G as follows:

dole) =[] i) (e,

Specifically, we call this system the Walsh—Paley one if m; = 2,7 € N. Dirichlet
kernels are defined as follows:

n—1
D,:=>» i (neN).
k=0

Recall that (see [17])

M, ifzel
D — Y ny 1
() {o, it 2 € G\I,. (1)
It is well know that (see [17])
) mj;—1
Dy=1vnY Dy, > 1f. (2)
7=0 a=mj;—mn;

The norm of the space L,(G) is defined by

1] = /G @) dula), 1<p< oo

By C(G) we denote the space of continuous functions on G, with the supremum
norm

Iflle = igg!f(w)l (f € C(G)).

For the sake of simplicity in notation, in the case of p = oo we sometimes write
L.(G), which has the meaning C(G).
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Let X be C(G) or L1(G). The partial sums of the Vilenkin-Fourier series are
defined as

[y

n—
-~

Sn(f; ) = (0)i(x),

=Lfm%@mmw

is said to be the ith Vilenkin—Fourier coefficient of the function f. The Fejér means

is defined as follows:
1 n
)= S )
j=1

<.
I
o

where the number

Then
Jn(f) = f * Km

where
1 n
K, = — D;.
w2 D

The notion of the Riesz logarithmic means of a Fourier series was previously
introduced in the literature (see [15], [20]). The nth Riesz logarithmic means of
the Fourier series of the integrable function f is defined by

1

3
L
R
—~
~
N~—
3
|

1
Rlf) =7 2757

=
[l
o
ol
Il
| =

1

where Si(f) is the kth partial sum of its Fourier series. This Riesz logarithmic
means with respect to the trigonometric system has been studied by a consid-
erable number of authors. We mention for instance the work of Szdsz [19] and
Yabuta [21]; the means with respect to the Walsh and Vilenkin system is discussed
by Simon in [18] and by Gt in [9].

Let {qx : £ > 0} be a sequence of nonnegative numbers. The Norlund means
for the Fourier series of f is defined by

Qk:Sn k(
Zk 1q’f k=1

If ¢ = %, then we get the (Norlund) logarithmic means,

n— 1

1
In

(3)

k=1

even though it is a kind of “reverse” Riesz logarithmic means. In [10] the present
authors proved some convergence and divergence properties of the logarithmic
means of Walsh—Fourier series of functions in the class of continuous functions,
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and in the Lebesgue space L;. In particular, in [10] it was proved (for the Walsh—
Paley system) that there exists a function f € X(G) for which

Ht"(f) - f“x - 0.

We now review some approximation results with respect to the Vilenkin system.
It is well known that the partial sums converge to the function in norm. That is,

HSn(f)—pr—)O as n — 0o

for all f € L,(G), where 1 < p < oo (see [16], [18], [22]). This does not hold for
the cases p =1 or p = 0.

Moreover, if we use the partial sequence M, then from [1] the convergence in
the supremum norm for functions, and in the Lebesgue norm L, for functions

f e Ly(G),
| Saz, (f) —fHX —0 asn— o0

is well known. The properties of the convergence are better using the Fejér means
on the bounded Vilenkin system (see [13]):

HUn(f)—pr—>O asn — o0, f € L,(G),1 <p<oo.
On the arbitrary Vilenkin system,
lon(f) = f]|, =0 asn— oo, f € Ly(G),1 < p< oo,

On the other hand, in the case of unbounded Vilenkin systems and p = 1 or
p = 00, the preceding math does not hold (for this fact, see Price [14]).

What is the situation regarding the Fejér means in the case of special sub-
sequence M, ? It is interesting that for any unbounded sequence m there exists
f € X(G) (see [14]) such that

lows, () = £l = 0.

On the other hand, it is proved by the first author in [9] that for every Vilenkin
system,

om,(f) = f ae asn — o0, Vf € Li(G).

The first author and Blahota in [6] proved that there exists a class of unbounded
Vilenkin groups such that

HtMn(f) —fHX —0 asn— oo, f€ Li(G).

So, for special subsequence M,,, approximate properties of Norlund logarithmic
means are better than approximate properties of Fejér means. In this article we
prove that, in the case of some unbounded Vilenkin group, the Riesz logarith-
mic means converges in the norm of the spaces X(G) for every f € X(G). In
particular, the following theorem is true.

Theorem 1. Let f € X(G) and let

n—1 2
lim —Zk:o log” m
n—oo log Mn
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Then
lim ||R.(f) — f||, = 0. (4)

n—oo

We mention that the condition of Theorem 1 is the same one which was given for
the L;-norm convergence of Norlund logarithmic means in [6]. We note that the
problems of norm convergence and approximation of Fourier series with respect
to Walsh and Vilenkin systems have been investigated by Fine [8]; Efimov [7];
Avdispahi¢ and Memié¢ [3]; Avdispahi¢ [2]; Avdispahi¢ and Pepié [5], [4]; the
present authors [10]; and the second author [11], [12]. For some methods and
more details with respect to unbounded Vilenkin systems, see [9].

In order to prove Theorem 1, we need several lemmas. Set

A-1
1
Ba = E tz; M1 logmy. (5)

The notation a < b in the whole paper stands for a < cb, where ¢ is a positive
constant. The following lemma was proved by Blahota and the first author in [6,
Lemma 3].

Lemma 2 (Blahota, Gat). Let My <n < Ms.1. Then

At g

Av1t

[ Knll1 S Z ot
=0

Lemma 3. Let My <n < My,1. Then

[LEe
T\ g1 =, J

Proof. Let © € Ij, \ Ix4+1. Then from (2), we have

< log?(1 + ny).

mg—1

Dj<w)=wj(x)(§jaMa+Mk > @),

b=my—jk
Thus, we have

1

n—
o1
I\Iesr ' j—ag, 7

n
Slog 17+ M [N @) du(a)
My, JAVA ME_; Z JeMi +u Z g

u=0 b=0

ny—1 ni—1

1
+M/ _— rbx‘dux
i ; ne My, + u ; k(@) dp(z)

= Al +A2 +A37
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where ng,y = Zf:_ol n; M;. Note that

ms—1 wnszs)

| sin("e
2 T

ooy e

0<k<ng [km]+1<zs<[(k+1)ﬂ] | ln( S)
s 3 Z (ns/ms)zs
/ms + /{:/n

OSkSnS/Q 1<z, <0

CTL2 m2

< ms 5 log(1 +ny) = em,log(1 + ny).

S s

For Az, we have

1
A [
I\Ipy1 TVK

mi—1

1
= CMk /
Z Ini1 (zger) Tk

=1
mg—1
1
S
~Y
mgnyg —
=1

< log(1 + ny)

~Y

sin(mngzy, /my)

( du

sin(mwxy/my)

sin(mngxg/my)

‘ du(

sin(mwzy/my,)

sin(mngzy/my) ‘
sin(mxg/my)

< 1.
N ~

For A,, we have

ng—1

ki,
k\tk+1

=1 Tk

Z( )| du(z)

1 (1
Je=1

That is,

n—1
D, n
/ ‘ Z — S gﬁ+1+10g2(1+nk)510g2(1+nk)-
I\t j—pp, J k

This completes the proof of Lemma 3.

427

O

We now investigate the integrals of the function | Z;L:_]]\L/‘,k %| on the set I; \ I; 1

for ¢t < k.
Lemma 4. Let My, <n < Myy1,t < k. Then

~1
/It\1t+1 Z

Jj=Mj J

& < M1 logmy

< Tk(log(l + ng) + 1Og<]\]4\ﬁl>>'
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Proof. For z € I, \ I;.1, we have

n—1 D n—1 Q/J(l') t—1 me—1
> S Y B (M My Y ) =B+ By
=M, J J=Mj J a=0 b=m¢—jt
First check B;. It will be divided into two addends,
nlt+h_q
B, = Z J(t + Z V(v —311+B12,
]:Mk ] n(t+1)
where n(t+1 = Z;’itﬂ n; M;. It is easy to have an upper estimate for the integral
of |Bl72|I
n—1
/ NS
Te\It 1 M, j=n (1) J
1 n—1
< 1
j:n(t+1)
_ 1 (n — n(t+) = LGV (1 Jrnt)Mt.
g My, My = My

Let function o; : N¥~ — N fori = k — 1,k —2,...,t + 1 be introduced in the
following way:
n; ifji+1:ni+1,...,jk:nkandi>t—|—1,
i(Jit1, Jivs -5 0k) = S ni— 1 if fign = niga, oo gk =mp and i = £+ 1,
m; — 1 otherwise.

If it does not cause misunderstanding, then a;(jii1, Jivo, - - -, Jx) is simply denoted
by «;.
For B; ;, we can write
Q-1 41 mg—1—1 mo—1 my—1 jt )
Bu=Y Y Y ) 3 Yo Y
Jk=1jr—1=0 Jt+1=0 Jt—1=0 Jjo=0 Jt=0 J

We discuss the innermost sum by the help of Abel transform

me—1 4, mey—2 Jt
TN ()Y
Z — = - == ry(z)
=0 7 =0 J+ M i=0
1 mtfl
+ - . ri(z
JED 4 (me = )M + oy ; )
since
me—1

7“2(96) =0, zel\ L
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and
M,
= 7

‘1 1
J J+ M~

then we have

/ | By
I\It41

A1 a1 Mp—1

SIDUED DT D

Jk=17k-1=0 Jt+1=0 a=0

=i ante

\I“fl =0

ng me— 1
S ka—l “Mit1 5715 2M2 Z log(1 + ji)
Jr=1 Jt=0
< o1 .
S L g(1+my)
That is,
M,
/ B < S (7)
I\It41 k
Next, we check (x € [,\I;11),
n—1 ( +1) ]t—l
By Y )
G=Mj, b=0
R+ _1 je—1 n—1 Je—1
¢-(t+1)(l‘) @D (t+1)( )
IV DI G2l STV S el 2l ST
j:Mk j b=0 j:n(t‘H) ] b=0
= Bz71 + B2,2'

From (6), we can write

Ji—1
Mt/ Z Tf(x)’ du(x) < log(l + j¢).
I\Iy1 ' g

Since j; < ny, we get

1
|Bao| S
/It\ItJrl nkMk

S (1 +Tlt)Mt
N Vg

n+1) log(1 4 ny)

log(1 + ny). (8)

Finally, we have to investigate By ;:

Qp—1 Qi1 me—1—1 mo—1 me—1 ]t 1

B3 MRS DL SRED TS D L)

Jk=1jr-1=0 Jt+1=0 Jt—1=0 Jjo=0 Jje=0
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Apply the Abel transform for the innermost sum in term By ;. It equals with

mi—2 1 Jt i—1 b
Z(;_]‘FM)ZZ%
my—1 1—1
+ ! ; ()

JD + (my — 1) My + Jet)

Then let Bg’l = BQ’Ll + B271,2, where

Qp—1 Q41

By = M, Z Z Z ¢j(t+1>(x>

Jk=1jr-1=0 Jt+1=0

me—1—1 mo—1m¢—2 Jt o i—1

<Y S Y (o) S

Jt—1=0 jo=0 7:=0 i=0 b=

and

ap—1 Q41

By —Mtz Z Z Ve (2

Jk=1Jjr-1=0 Jt+1=0

me—1—1 mo—1

1
X Z Z 40+ t_l)Mt+](t T

Jt—1=0 JOU

We investigate By ; first. We have that

M,
< 55
JeMj;

J g+ M,

) 1 1

and that (see (6))

i—1

Jt
Mt/\ > i ‘du( ) < jilog(1 + jr)
Te\Ttq1

1=0 b=0
/ | Ba,1,1]
I\t

Qg1 apr1 mp—1—1 mo—1ms—1

give

Jelog(1 + ji)

MY Y Y Y Yy Y

Jk=1jr—1=0 Jt+1=0 jt—1=0 Jjo=0 7¢=0

M, 1 e
S Mi——5 Jelog(1 + jq)

M Ml? 7:=0

M1

< Moy M logmy

thk Mk

(11)
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Now, we discuss By ;2. We can write

~ 5 - i) -1
Z ZT Z ry(z e
=0 b=0 = @) -1 1-n(2)
That is,
ap_1 o4l M—1

M,
B2 = 1 _t+rl Z Z Z Ve Z G0 Mt+1 — M, +u’

Jk=1jr-1=0 Jt+1=0

In order to give an upper bound for term By ; 5, we investigate two cases: x—x.e; €
Iy and = — xe; ¢ Iy, If x — 2464 € I, then

Z ‘32,1,2(1’)‘ du(x)

=1 I (zeet)
me—1 n
’fz Mtﬂ Z My M,
- Mk 11— 7w | ¢ My i My
< Mt+1 log my log(1 + nk)
If x — xe; ¢ Iy, then there exits an integer s, such that t +1 < s <k —1 and
x —xe; € I\ Is1q1. Then, to investigate By o, we divide the sum )

(12)

that is, By 1o —into two parts. Let n; = ngs for s =t +2,... k-1 Ztkncll n%‘i: =
g1 — L.
In part one, n} < a,, which also indicates that ay, = ms, — 1, ag_1 = ms_; — 1,
, a1 = mypy — 1, and consequently the order of sums 7,30, ,....0>0;
can be changed. So now let
v My
21277 T

mg_l Mt 1

ng
Sy A Y
Jr=1

i=t+1 7s=0
ze{t+1, ,k 1}\{} i#s

n <o
In part two, we have n} = a, which also indicates that js+1 = ng1,..., 0k =
ng. That is, let
Bg 1,2
M ny  as—1 Q41
t+1 . ns‘+1
SELTIE S SRED spmes:
Js=0js—1=0 Jt+1=0
M;—1 1
X pds oot . 13
’ " ; JED + My — My +u (13)
That is,

B2,1,2 - B;,1,2 + B§,1,2‘ (14)
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To discuss B;LQ, we use the Abel transform again:

msl Mtl

1
ZT] Z G £ My — M, +u

Js=0
ms—2 Mi—1
JZ%(;( t+1)+Mt+1—Mt+u

1 s
_j(tH)‘FMs—i‘MtH —Mt+u>> s

a=0
M1 ) me—1
+ Ty
Z —]t+1)+3(s+1)+M+1—M + My — My +u &= 7
ms—l Mt 1
S ot

Js

1 a
N j(t+1) + Ms + Mt+1 — Mt + U,)) =0 Ts'
We have that

My—1

g JED + My — My+u O + M+ My — My +ul = §iME

gives

klmtl

Z Z/ |Bz,1,2 |dﬂ

s=t+1 zi=1 Y Ls(xtes)\Isy1(zter)

n k—1 mi—1
Mg M1 MM,
=< Z Z Z Mt-i-l m ]EM]E
s

je=1s=t+1 z;=1

sz‘:/ m:) m:() )_—111_71%(@‘@(&:)

ze=1 ¥ Ist1(ztertases)
k—1
My, M,
< M ————=msmy; log mglogm
~ sg;l t+1 Moy msM,? t 10g g Ty
k—1

_ M logm Z logmg = Mia logm log( b )
- t s — t .

M, o—tt1 M, Miiq

On the other hand, in the term 35,1,2’ we have a; = n} and then j,4; =
Nsi1,-- -, Jk = Ng. Then, by (13), it is easy to have

ns+1 __

SCE T
( —1 nkMk

My
B 1| < ﬁms—l Mg
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Moreover,
k—1 mi¢— 1
>y Bl (o) du(o)
s=t+1 =1 xtet)\Ierl(Itet
kzi mizl My My M, ristl(z) — 1 1 y
T
s=t+1 x=1 nkMk Mt+1 Is(zre)\Ist1(wier) T‘S({L‘)—l l—Tt(ZL‘)
k-1
S Z nkMk log(1 4 ng)m; logm,
s=t+1
M, 1 M,
< t+1 10 My log( k ) (15)
M, Mt+1

which is nothing else but the same bound in the case of B;L?' That is, we have
the same upper bound for the integrals of the two addends of By ».
Finally, inequalities (7)—(15) give

[I8"
I\Ie1 'y, J

M (1+n)M, M1 logmy
< 1 1 L N =
S + YA og(l+4ny) + VA
M, 1logmylog(l 4+ ng) My M,
log m 1 < )
+ M, + M, og my log Moo
M; 11 1logmy ( M,
& M BT (101 4 g M),
b, st losl g
This completes the proof of Lemma 4. 0

Lemma 5. Let M, <n < Myyi. Then
(52
el Py

k—1
Mgl M
510g2(1+nk)—i—Zw(log(l—l—nk)—Hog( k ))

— M, My
Proof. For z € I, we have Zj M lzj (v) =302 114;@ 1 =n — My, and then
n—1
| 1E ==
L' j—pp, J
The rest of the proof of Lemma 5 is given by Lemma 3 and Lemma 4. O

Lemma 6. Let M, <n < Myy1. Then
1 < D;

J

)

k—1 k
< > im0 log” m; N > izo log” m;

1 log M, log Mj14
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Proof. We can write
n—1
1 Dj(-fﬂ)‘
— ——=|du(x
/Gln z_; J Hle)
]_
1

— Dj(x) /1 —
T du(z) + [ — —L
> L dux) G%;%

1M
<[
Gln;

=1+1I.

Using Lemma 5 for II, we have

1 log my

1 — M
115—{1021+n py e
log(me gy U8 (1 H ) ; M,

X <log(1 +ng) + log<]\i\[ﬁ1>>}

k—
< 10g2(1 -+ nk) 1 Zl Mt+1 lOg my

~ log(niMy)  log(ngMy) M,

log(1 + ny)
=0
k—1

1 M, 11 logmy My,
+ lo ( )
log(nkMk)Z M, S\ Mot

t=0

< log® my, log my, |
max [ogm
~log Mysy | log Mysy oick 2"
k—1 k 2
1 > j—olog” m;
+ logm, < === 7
log M, ; ! log M1

Using Abel’s transformation for I, we get

<[ ;
Gln j=1

1
G 'n

By Lemma 2 and taking account the above, we can write

Mp—1 k—1 Mr41-1
1 Kl 1 [ 5[1
I < — VAL J
Y=L Z j L, 2 , J
Jj=1 r=0 j=M,

(18)
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Since by (5)

log m;
Qr— t

log my > < /8T+1 < Z

we have

r+1

1
LS omm zlogmrzw Z o
. ]
bgnzlogmrzz;g?:;

t=1 i=0

~r—t+1
Nlogng g B log m; log m,.
=0 t=1

T

t—l—l 9 9
~ 1Ognzz or—t+1 (log™my + log”m,.)
=0 t=1

d r—t+1. ,

=0 t=1

c = t+1
T 002 .
+10gn§; S log®m
1 k—1
< log?
NlongTZ;Og m'/‘

t=0 =0
1 k—1
< | <1
~ logn ; 08 1M

From (18)-(21) we obtain

k—1

1
I< log? m,..
Nlonggog "

Combining (16), (17), and (22), we complete the proof of Lemma 6.

435

(19)

(20)

(21)

(22)
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Proof of Theorem 1. Using the theorem of Fubini and Lemma 6, we have
1 n—1 D.
Bl =7+ (2 7))
H (f)HX f* ln; J .

1 D,
L2y

Jj=

<

Y

Ml S 1 (23)

Observe that (4) trivially holds for the Vilenkin polynomials. Indeed, let T" be a
Vilenkin polynomial of degree s. Then we have

1 &S(T) 1 S(T)
R, (T) = — ! — :
D=p =4 2
C1GS(T) 1 KT
LT T2
j=1 j=s+1

Hence

||Rn(T)—T||X§li—>O as n — oo.

Then from (23), we conclude that
[Ba(f) = fllx < [[Balf =Dl + [|RAT) = Tl +1If = Tllx
S = Tllx +[|Ra(T) = T
Hence
| R (f) —f||X —0 asn— 0.
Theorem 1 is proved. O

FExample 7. We give an example for an unbounded sequence m satisfying the
condition of Theorem 1. Basically, this condition shows that the number of “big”
elements of the generating sequence m is relatively “small” with respect to all
the elements. That is, for example, let

Vi ies 3
mi§{2 if 1 =s°,

C  otherwise,

for some natural number s. Then by M, > 2", we have

n—1 2 Jn
m 2 i log” my, < ECTL + ZL:OJ s?
n—00 log M, n—o00 n

< 0Q.
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