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Abstract. In this paper we prove that, in the case of some unbounded
Vilenkin groups, the Riesz logarithmic means converges in the norm of the
spaces X(G) for every f ∈ X(G), where by X(G) we denote either the class
of continuous functions with supremum norm or the class of integrable func-
tions.

Let P denote the set of positive integers, and let N := P ∪ {0} be the set of
nonnegative integers. Letm := (m0,m1, . . .) denote a sequence of positive integers
not less than 2. Denote by Zmk

:= {0, 1, . . . ,mk−1} the additive group of integers
modulo mk. Define the group G as the complete direct product of the groups Zmj

,
with the product of the discrete topologies of Zmj

’s. The direct product µ of the
measures

µk

(
{j}

)
:=

1

mk

(j ∈ Zmk
)

is the Haar measure on G with µ(G) = 1. The elements of G can be represented
by sequences x := (x0, x1, . . . , xj, . . .), (xj ∈ Zmj

). The group operation + in
G is given by x + y = (x0 + y0(modm0), . . . , xk + yk(modmk), . . .), where x =
(x0, . . . , xk, . . .) and y = (y0, . . . , yk, . . .) ∈ G. The inverse of + will be denoted
by −.
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It is easy to give a base for the neighborhoods of G:

I0(x) := G,

In(x) := {y ∈ Gm|y0 = x0, . . . , yn−1 = xn−1}
for x ∈ G,n ∈ N. Define In := In(0) for n ∈ N. Set en := (0, . . . , 0, 1, 0, . . .) ∈ G
the nth coordinate of which is 1 and the rest are zeros (n ∈ N). If we define
the so-called generalized number system based on m as M0 := 1,Mk+1 := mkMk

(k ∈ N), then every n ∈ N can be uniquely expressed as n =
∑∞

j=0 njMj, where

nj ∈ Zmj
(j ∈ N) and only a finite number of nj’s differ from zero.

Next, we introduce on G an orthonormal system which is called the Vilenkin
system (see [1]). First, define the complex valued functions rk(x) : G → C, the
generalized Rademacher functions, in this way:

rk(x) := exp
2πıxk
mk

(ı2 = −1, x ∈ G, k ∈ N).

Now define the Vilenkin system ψ := (ψn : n ∈ N) on G as follows:

ψn(x) :=
∞∏
k=0

rnk
k (x) (n ∈ N).

Specifically, we call this system the Walsh–Paley one if mi ≡ 2, i ∈ N. Dirichlet
kernels are defined as follows:

Dn :=
n−1∑
k=0

ψk (n ∈ N).

Recall that (see [17])

DMn(x) =

{
Mn, if x ∈ In,

0, if x ∈ G\In.
(1)

It is well know that (see [17])

Dn = ψn

∞∑
j=0

DMj

mj−1∑
a=mj−nj

raj . (2)

The norm of the space Lp(G) is defined by

‖f‖pp :=
∫
G

∣∣f(x)∣∣p dµ(x), 1 ≤ p <∞.

By C(G) we denote the space of continuous functions on G, with the supremum
norm

‖f‖C = sup
x∈G

∣∣f(x)∣∣ (
f ∈ C(G)

)
.

For the sake of simplicity in notation, in the case of p = ∞ we sometimes write
L∞(G), which has the meaning C(G).
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Let X be C(G) or L1(G). The partial sums of the Vilenkin–Fourier series are
defined as

Sn(f ;x) :=
n−1∑
i=0

f̂(i)ψi(x),

where the number

f̂(i) =

∫
G

f(x)ψi(x) dµ(x)

is said to be the ith Vilenkin–Fourier coefficient of the function f . The Fejér means
is defined as follows:

σn(x; f) :=
1

n

n∑
j=1

Sj(x; f).

Then

σn(f) = f ∗Kn,

where

Kn :=
1

n

n∑
j=1

Dj.

The notion of the Riesz logarithmic means of a Fourier series was previously
introduced in the literature (see [15], [20]). The nth Riesz logarithmic means of
the Fourier series of the integrable function f is defined by

Rn(f) :=
1

ln

n−1∑
k=1

Sk(f)

k
, ln :=

n−1∑
k=1

1

k
,

where Sk(f) is the kth partial sum of its Fourier series. This Riesz logarithmic
means with respect to the trigonometric system has been studied by a consid-
erable number of authors. We mention for instance the work of Szász [19] and
Yabuta [21]; the means with respect to the Walsh and Vilenkin system is discussed
by Simon in [18] and by Gát in [9].

Let {qk : k ≥ 0} be a sequence of nonnegative numbers. The Nörlund means
for the Fourier series of f is defined by

1∑n−1
k=1 qk

n−1∑
k=1

qkSn−k(f).

If qk =
1
k
, then we get the (Nörlund) logarithmic means,

tn(f ;x) :=
1

ln

n−1∑
k=1

Sn−k(f)

k
, (3)

even though it is a kind of “reverse” Riesz logarithmic means. In [10] the present
authors proved some convergence and divergence properties of the logarithmic
means of Walsh–Fourier series of functions in the class of continuous functions,
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and in the Lebesgue space L1. In particular, in [10] it was proved (for the Walsh–
Paley system) that there exists a function f ∈ X(G) for which∥∥tn(f)− f

∥∥
X
9 0.

We now review some approximation results with respect to the Vilenkin system.
It is well known that the partial sums converge to the function in norm. That is,∥∥Sn(f)− f

∥∥
p
→ 0 as n→ ∞

for all f ∈ Lp(G), where 1 < p < ∞ (see [16], [18], [22]). This does not hold for
the cases p = 1 or p = ∞.

Moreover, if we use the partial sequence Mn, then from [1] the convergence in
the supremum norm for functions, and in the Lebesgue norm L1 for functions
f ∈ L1(G), ∥∥SMn(f)− f

∥∥
X
→ 0 as n→ ∞

is well known. The properties of the convergence are better using the Fejér means
on the bounded Vilenkin system (see [13]):∥∥σn(f)− f

∥∥
p
→ 0 as n→ ∞, f ∈ Lp(G), 1 ≤ p ≤ ∞.

On the arbitrary Vilenkin system,∥∥σn(f)− f
∥∥
p
→ 0 as n→ ∞, f ∈ Lp(G), 1 < p <∞.

On the other hand, in the case of unbounded Vilenkin systems and p = 1 or
p = ∞, the preceding math does not hold (for this fact, see Price [14]).

What is the situation regarding the Fejér means in the case of special sub-
sequence Mn? It is interesting that for any unbounded sequence m there exists
f ∈ X(G) (see [14]) such that∥∥σMn(f)− f

∥∥
X
9 0.

On the other hand, it is proved by the first author in [9] that for every Vilenkin
system,

σMn(f) → f a.e. as n→ ∞,∀f ∈ L1(G).

The first author and Blahota in [6] proved that there exists a class of unbounded
Vilenkin groups such that∥∥tMn(f)− f

∥∥
X
→ 0 as n→ ∞, f ∈ L1(G).

So, for special subsequence Mn, approximate properties of Nörlund logarithmic
means are better than approximate properties of Fejér means. In this article we
prove that, in the case of some unbounded Vilenkin group, the Riesz logarith-
mic means converges in the norm of the spaces X(G) for every f ∈ X(G). In
particular, the following theorem is true.

Theorem 1. Let f ∈ X(G) and let

lim
n→∞

∑n−1
k=0 log

2mk

logMn

<∞.
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Then

lim
n→∞

∥∥Rn(f)− f
∥∥
X
= 0. (4)

We mention that the condition of Theorem 1 is the same one which was given for
the L1-norm convergence of Nörlund logarithmic means in [6]. We note that the
problems of norm convergence and approximation of Fourier series with respect
to Walsh and Vilenkin systems have been investigated by Fine [8]; Efimov [7];
Avdispahić and Memić [3]; Avdispahić [2]; Avdispahić and Pepić [5], [4]; the
present authors [10]; and the second author [11], [12]. For some methods and
more details with respect to unbounded Vilenkin systems, see [9].

In order to prove Theorem 1, we need several lemmas. Set

βA :=
1

MA

A−1∑
t=0

Mt+1 logmt. (5)

The notation a . b in the whole paper stands for a ≤ cb, where c is a positive
constant. The following lemma was proved by Blahota and the first author in [6,
Lemma 3].

Lemma 2 (Blahota, Gát). Let MA ≤ n < MA+1. Then

‖Kn‖1 .
A+1∑
t=0

βA+1−t

2t
.

Lemma 3. Let Mk ≤ n < Mk+1. Then∫
Ik\Ik+1

∣∣∣ n−1∑
j=Mk

Dj

j

∣∣∣ . log2(1 + nk).

Proof. Let x ∈ Ik \ Ik+1. Then from (2), we have

Dj(x) = ψj(x)
(k−1∑

a=0

jaMa +Mk

mk−1∑
b=mk−jk

rbk(x)
)
.

Thus, we have∫
Ik\Ik+1

∣∣∣ n−1∑
j=Mk

Dj

j

∣∣∣
. log

n

Mk

+Mk

∫
Ik\Ik+1

nk−1∑
jk=1

Mk−1∑
u=0

1

jkMk + u

∣∣∣jk−1∑
b=0

rbk(x)
∣∣∣ dµ(x)

+Mk

∫
Ik\Ik+1

n(k)−1∑
u=0

1

nkMk + u

∣∣∣nk−1∑
b=0

rbk(x)
∣∣∣ dµ(x)

=: A1 + A2 + A3,
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where n(k) =
∑k−1

i=0 niMi. Note that

ms−1∑
zs=1

| sin(πnszs
ms

)|
| sin(πzs

ms
)|

≤
∑

0≤k≤ns

∑
[kms

ns
]+1≤zs<[(k+1)ms

ns
]

| sin(πnszs
ms

)|
| sin(πzs

ms
)|

.
∑

0≤k≤ns/2

∑
1≤zs≤ms

ns

(ns/ms)zs
zs/ms + k/ns

.
cn2

s

ms

m2
s

n2
s

log(1 + ns) = cms log(1 + ns). (6)

For A3, we have

A3 .Mk

∫
Ik\Ik+1

1

nk

∣∣∣sin(πnkxk/mk)

sin(πxk/mk)

∣∣∣ dµ(x)
= cMk

mk−1∑
xk=1

∫
Ik+1(xkek)

1

nk

∣∣∣sin(πnkxk/mk)

sin(πxk/mk)

∣∣∣ dµ(x)
.

1

mknk

mk−1∑
xk=1

∣∣∣sin(πnkxk/mk)

sin(πxk/mk)

∣∣∣
.

log(1 + nk)

nk

. 1.

For A2, we have

A2 .Mk

nk−1∑
jk=1

1

jk

∫
Ik\Ik+1

∣∣∣jk−1∑
b=0

rbk(x)
∣∣∣ dµ(x)

.
nk−1∑
jk=1

log(1 + jk)

jk
. log2(1 + nk).

That is, ∫
Ik\Ik+1

∣∣∣ n−1∑
j=Mk

Dj

j

∣∣∣ . log
n

Mk

+ 1 + log2(1 + nk) . log2(1 + nk).

This completes the proof of Lemma 3. �

We now investigate the integrals of the function |
∑n−1

j=Mk

Dj

j
| on the set It \It+1

for t < k.

Lemma 4. Let Mk ≤ n < Mk+1, t < k. Then∫
It\It+1

∣∣∣ n−1∑
j=Mk

Dj

j

∣∣∣ . Mt+1 logmt

Mk

(
log(1 + nk) + log

( Mk

Mt+1

))
.
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Proof. For x ∈ It \ It+1, we have

n−1∑
j=Mk

Dj

j
=

n−1∑
j=Mk

ψj(x)

j

( t−1∑
a=0

jaMa +Mt

mt−1∑
b=mt−jt

rbt (x)
)
=: B1 +B2.

First check B1. It will be divided into two addends,

B1 =
n(t+1)−1∑
j=Mk

ψj(x)j(t)
1

j
+

n−1∑
j=n(t+1)

ψj(x)j(t)
1

j
=: B1,1 +B1,2,

where n(t+1) =
∑∞

i=t+1 niMi. It is easy to have an upper estimate for the integral
of |B1,2|: ∫

It\It+1

|B1,2| ≤
1

Mt

n−1∑
j=n(t+1)

Mt

j

≤ 1

nkMk

n−1∑
j=n(t+1)

1

=
1

nkMk

(n− n(t+1)) =
n(t+1)

nkMk

≤ (1 + nt)Mt

nkMk

.

Let function αi : Nk−i → N for i = k − 1, k − 2, . . . , t + 1 be introduced in the
following way:

αi(ji+1, ji+2, . . . , jk) =


ni if ji+1 = ni+1, . . . , jk = nk and i > t+ 1,

ni − 1 if ji+1 = ni+1, . . . , jk = nk and i = t+ 1,

mi − 1 otherwise.

If it does not cause misunderstanding, then αi(ji+1, ji+2, . . . , jk) is simply denoted
by αi.

For B1,1, we can write

B1,1 =

nk∑
jk=1

αk−1∑
jk−1=0

· · ·
αt+1∑

jt+1=0

ψj(t+1)(x)

mt−1−1∑
jt−1=0

· · ·
m0−1∑
j0=0

j(t)

mt−1∑
jt=0

rjtt (x)

j
.

We discuss the innermost sum by the help of Abel transform

mt−1∑
jt=0

rjtt (x)

j
=

mt−2∑
jt=0

(1
j
− 1

j +Mt

) jt∑
i=0

rit(x)

+
1

j(t+1) + (mt − 1)Mt + j(t)

mt−1∑
i=0

rit(x)

since
mt−1∑
i=0

rit(x) = 0, x ∈ It \ It+1
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and ∣∣∣1
j
− 1

j +Mt

∣∣∣ ≤ Mt

j2kM
2
k

;

then we have∫
It\It+1

|B1,1|

≤
nk∑

jk=1

αk−1∑
jk−1=0

· · ·
αt+1∑

jt+1=0

Mt−1∑
a=0

a
Mt

j2kM
2
k

mt−1∑
jt=0

∫
It\It+1

∣∣∣ jt∑
i=0

rit(x)
∣∣∣ dµ(x)

.
nk∑

jk=1

mk−1 · · ·mt+1
M2

t

j2kM
2
k

mt−1∑
jt=0

log(1 + jt)

.
Mt

Mk

log(1 +mt).

That is, ∫
It\It+1

|B1| ≤
Mt+1

Mk

. (7)

Next, we check (x ∈ It\It+1),

B2 =Mt

n−1∑
j=Mk

ψj(t+1)(x)

j

jt−1∑
b=0

rbt (x)

=Mt

n(t+1)−1∑
j=Mk

ψj(t+1)(x)

j

jt−1∑
b=0

rbt (x) +Mt

n−1∑
j=n(t+1)

ψj(t+1)(x)

j

jt−1∑
b=0

rbt (x)

=: B2,1 +B2,2.

From (6), we can write

Mt

∫
It\It+1

∣∣∣jt−1∑
b=0

rbt (x)
∣∣∣ dµ(x) . log(1 + jt).

Since jt ≤ nt, we get ∫
It\It+1

|B2,2| .
1

nkMk

n(t+1) log(1 + nt)

≤ (1 + nt)Mt

nkMk

log(1 + nt). (8)

Finally, we have to investigate B2,1:

B2,1 =

nk∑
jk=1

αk−1∑
jk−1=0

· · ·
αt+1∑

jt+1=0

ψj(t+1)(x)

mt−1−1∑
jt−1=0

· · ·
m0−1∑
j0=0

Mt

mt−1∑
jt=0

1

j

jt−1∑
b=0

rbt (x).
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Apply the Abel transform for the innermost sum in term B2,1. It equals with

mt−2∑
jt=0

(1
j
− 1

j +Mt

) jt∑
i=0

i−1∑
b=0

rbt (x)

+
1

j(t+1) + (mt − 1)Mt + j(t)

mt−1∑
i=0

i−1∑
b=0

rbt (x).

Then let B2,1 = B2,1,1 +B2,1,2, where

B2,1,1 :=Mt

nk∑
jk=1

αk−1∑
jk−1=0

· · ·
αt+1∑

jt+1=0

ψj(t+1)(x)

×
mt−1−1∑
jt−1=0

· · ·
m0−1∑
j0=0

mt−2∑
jt=0

(1
j
− 1

j +Mt

) jt∑
i=0

i−1∑
b=0

rbt (x) (9)

and

B2,1,2 :=Mt

nk∑
jk=1

αk−1∑
jk−1=0

· · ·
αt+1∑

jt+1=0

ψj(t+1)(x)

×
mt−1−1∑
jt−1=0

· · ·
m0−1∑
j0=0

1

j(t+1) + (mt − 1)Mt + j(t)

mt−1∑
i=0

i−1∑
b=0

rbt (x). (10)

We investigate B2,1,1 first. We have that∣∣∣1
j
− 1

j +Mt

∣∣∣ ≤ Mt

j2kM
2
k

and that (see (6))

Mt

∫
It\It+1

∣∣∣ jt∑
i=0

i−1∑
b=0

rbt (x)
∣∣∣ dµ(x) . jt log(1 + jt)

give ∫
It\It+1

|B2,1,1|

.Mt

nk∑
jk=1

αk−1∑
jk−1=0

· · ·
αt+1∑

jt+1=0

mt−1−1∑
jt−1=0

· · ·
m0−1∑
j0=0

mt−1∑
jt=0

jt log(1 + jt)

j2kM
2
k

.Mt
Mk

mt

1

M2
k

mt−1∑
jt=0

jt log(1 + jt)

.
Mt

mtMk

m2
t logmt =

Mt+1 logmt

Mk

. (11)
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Now, we discuss B2,1,2. We can write

mt−1∑
i=0

i−1∑
b=0

rbt (x) =
mt−1∑
i=0

rit(x)− 1

rt(x)− 1
=

mt

1− rt(x)
.

That is,

B2,1,2 =
Mt+1

1− rt

nk∑
jk=1

αk−1∑
jk−1=0

· · ·
αt+1∑

jt+1=0

ψj(t+1)

Mt−1∑
u=0

1

j(t+1) +Mt+1 −Mt + u
.

In order to give an upper bound for term B2,1,2, we investigate two cases: x−xtet ∈
Ik and x− xtet /∈ Ik. If x− xtet ∈ Ik, then

mt−1∑
xt=1

∫
Ik(xtet)

∣∣B2,1,2(x)
∣∣ dµ(x)

≤ 1

Mk

mt−1∑
xt=1

Mt+1

|1− rt(x)|

nk∑
jk=1

Mk

Mt+1

Mt

jkMk

.
Mt+1 logmt log(1 + nk)

Mk

. (12)

If x− xtet /∈ Ik, then there exits an integer s, such that t+ 1 ≤ s ≤ k − 1 and
x− xtet ∈ Is \ Is+1. Then, to investigate B2,1,2, we divide the sum

∑
jk−1,...,jt+1

—

that is, B2,1,2—into two parts. Let n∗
s = ns for s = t + 2, . . . , k − 1 and n∗

t+1 =
nt+1 − 1.

In part one, n∗
s < αs, which also indicates that αs = ms − 1, αs−1 = ms−1 − 1,

. . . , αt+1 = mt+1 − 1, and consequently the order of sums
∑

js
,
∑

js−1
, . . . ,

∑
jt+1

can be changed. So now let

B†
2,1,2 :=

Mt+1

1− rt

×
nk∑

jk=1

∑
ji≤αi

i∈{t+1,...,k−1}\{s}
n∗
s<αs

k−1∏
i=t+1
i 6=s

rjii

ms−1∑
js=0

rjss

Mt−1∑
u=0

1

j(t+1) +Mt+1 −Mt + u
.

In part two, we have n∗
s = αs, which also indicates that js+1 = ns+1, . . . , jk =

nk. That is, let

B‡
2,1,2

:=
Mt+1

1− rt

n∗
s∑

js=0

αs−1∑
js−1=0

· · ·
αt+1∑

jt+1=0

rnk
k · · · rns+1

s+1

× rjss · · · rjt+1

t+1

Mt−1∑
u=0

1

j(t+1) +Mt+1 −Mt + u
. (13)

That is,

B2,1,2 = B†
2,1,2 +B‡

2,1,2. (14)
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To discuss B†
2,1,2, we use the Abel transform again:

ms−1∑
js=0

rjss

Mt−1∑
u=0

1

j(t+1) +Mt+1 −Mt + u

=
ms−2∑
js=0

(Mt−1∑
u=0

( 1

j(t+1) +Mt+1 −Mt + u

− 1

j(t+1) +Ms +Mt+1 −Mt + u

)) js∑
a=0

ras

+
Mt−1∑
u=0

1

j(s) − j(t+1) + j(s+1) +Ms+1 −Ms +Mt+1 −Mt + u

ms−1∑
a=0

ras

=
ms−1∑
js=0

(Mt−1∑
u=0

( 1

j(t+1) +Mt+1 −Mt + u

− 1

j(t+1) +Ms +Mt+1 −Mt + u

)) js∑
a=0

ras .

We have that

Mt−1∑
u=0

∣∣∣ 1

j(t+1) +Mt+1 −Mt + u
− 1

j(t+1) +Ms +Mt+1 −Mt + u

∣∣∣ ≤ MtMs

j2kM
2
k

gives

k−1∑
s=t+1

mt−1∑
xt=1

∫
Is(xtet)\Is+1(xtet)

∣∣B†
2,1,2(x)

∣∣ dµ(x)
≤

nk∑
jk=1

k−1∑
s=t+1

mt−1∑
xt=1

Mt+1
mt+1 · · ·mk−1

ms

MtMs

j2kM
2
k

×
ms−1∑
xs=1

∫
Is+1(xtet+xses)

ms−1∑
js=0

∣∣∣rjs+1
s (x)− 1

rs(x)− 1

1

1− rt(x)

∣∣∣ dµ(x)
.

k−1∑
s=t+1

Mt+1
Mk

Mt+1

Mt

msM2
k

msmt logms logmt

=
Mt+1

Mk

logmt

k−1∑
s=t+1

logms =
Mt+1

Mk

logmt log
( Mk

Mt+1

)
.

On the other hand, in the term B‡
2,1,2, we have αs = n∗

s and then js+1 =
ns+1, . . . , jk = nk. Then, by (13), it is easy to have

|B‡
2,1,2| ≤

Mt+1

|1− rt|
ms−1 · · ·mt+1

∣∣∣rns+1
s − 1

rs(x)− 1

∣∣∣ Mt

nkMk

.
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Moreover,

k−1∑
s=t+1

mt−1∑
xt=1

∫
Is(xtet)\Is+1(xtet)

∣∣B‡
2,1,2(x)

∣∣ dµ(x)
≤

k−1∑
s=t+1

mt−1∑
xt=1

Mt+1Mt

nkMk

Ms

Mt+1

∫
Is(xtet)\Is+1(xtet)

∣∣∣rns+1
s (x)− 1

rs(x)− 1

1

1− rt(x)

∣∣∣ dx
.

k−1∑
s=t+1

Mt

nkMk

log(1 + ns)mt logmt

≤ Mt+1 logmt

Mk

log
( Mk

Mt+1

)
, (15)

which is nothing else but the same bound in the case of B†
2,1,2. That is, we have

the same upper bound for the integrals of the two addends of B2,1,2.
Finally, inequalities (7)–(15) give∫

It\It+1

∣∣∣ n−1∑
j=Mk

Dj

j

∣∣∣
.
Mt+1

Mk

+
(1 + nt)Mt

nkMk

log(1 + nt) +
Mt+1 logmt

Mk

+
Mt+1 logmt log(1 + nk)

Mk

+
Mt+1

Mk

logmt log
( Mk

Mt+1

)
.
Mt+1 logmt

Mk

(
log(1 + nk) + log

( Mk

Mt+1

))
.

This completes the proof of Lemma 4. �

Lemma 5. Let Mk ≤ n < Mk+1. Then∫
G

∣∣∣ n−1∑
j=Mk

Dj

j

∣∣∣
. log2(1 + nk) +

k−1∑
t=0

Mt+1 logmt

Mk

(
log(1 + nk) + log

( Mk

Mt+1

))
.

Proof. For x ∈ Ik+1, we have
∑n−1

j=Mk

Dj

j
(x) =

∑n−1
j=Mk

1 = n−Mk, and then∫
Ik+1

∣∣∣ n−1∑
j=Mk

Dj

j

∣∣∣ ≤ 1.

The rest of the proof of Lemma 5 is given by Lemma 3 and Lemma 4. �

Lemma 6. Let Mk ≤ n < Mk+1. Then∥∥∥ 1

ln

n∑
j=1

Dj

j

∥∥∥
1
.

∑k−1
j=0 log

2mj

logMk

+

∑k
j=0 log

2mj

logMk+1

.
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Proof. We can write∫
G

1

ln

∣∣∣n−1∑
j=1

Dj(x)

j

∣∣∣ dµ(x)
≤

∫
G

1

ln

∣∣∣Mk−1∑
j=1

Dj(x)

j

∣∣∣ dµ(x) + ∫
G

1

ln

∣∣∣ n−1∑
j=Mk

Dj(x)

j

∣∣∣ dµ(x)
:= I + II . (16)

Using Lemma 5 for II, we have

II .
1

log(nkMk)

{
log2(1 + nk) +

k−1∑
t=0

Mt+1 logmt

Mk

×
(
log(1 + nk) + log

( Mk

Mt+1

))}
.

log2(1 + nk)

log(nkMk)
+

1

log(nkMk)

k−1∑
t=0

Mt+1 logmt

Mk

log(1 + nk)

+
1

log(nkMk)

k−1∑
t=0

Mt+1 logmt

Mk

log
( Mk

Mt+1

)
.

log2mk

logMk+1

+
logmk

logMk+1

max
0≤t<k

logmt

+
1

logMk

k−1∑
t=0

logmt .

∑k
j=0 log

2mj

logMk+1

. (17)

Using Abel’s transformation for I, we get

I ≤
∫
G

1

ln

∣∣∣Mk−2∑
j=1

(1
j
− 1

j + 1

)
jKj(x)

∣∣∣ dµ(x)
+

∫
G

1

ln

∣∣KMk−1(x)
∣∣ dµ(x) = I1 + I2. (18)

By Lemma 2 and taking account the above, we can write

I1 ≤
1

ln

Mk−1∑
j=1

‖Kj‖1
j

=
1

ln

k−1∑
r=0

Mr+1−1∑
j=Mr

‖Kj‖1
j

=
1

ln

k−1∑
r=0

mr−1∑
a=1

(a+1)Mr−1∑
j=aMr

‖Kj‖1
j

.
1

log n

k−1∑
r=0

logmr

r+1∑
i=0

βr+1−i

2i
.
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Since by (5)

logmr ≤ βr+1 ≤
r∑

t=0

logmt

2r−t
(19)

we have

I1 .
1

log n

k−1∑
r=0

logmr

r+1∑
i=0

1

2i+1

r−i∑
t=0

logmt

2r−i−t

=
c

log n

k−1∑
r=0

logmr

r∑
t=1

r−t∑
i=0

logmt

2r−t+1

.
1

log n

k−1∑
r=0

r∑
t=1

r − t+ 1

2r−t+1
logmt logmr

.
1

log n

k−1∑
r=0

r∑
t=1

r − t+ 1

2r−t+1
(log2mt + log2mr)

=
c

log n

k−1∑
r=0

r∑
t=1

r − t+ 1

2r−t+1
log2mt

+
c

log n

k−1∑
r=0

r∑
t=1

r − t+ 1

2r−t+1
log2mr

.
1

logMk

k−1∑
r=0

log2mr. (20)

Using Lemma 2 and inequality (19), we have

I2 .
1

log n

k∑
i=0

βk−i

2i

.
1

log n

k−1∑
t=0

k−t−1∑
i=0

logmt

2k−t

.
1

log n

k−1∑
t=0

logmt . 1. (21)

From (18)–(21) we obtain

I .
1

logMk

k−1∑
r=0

log2mr. (22)

Combining (16), (17), and (22), we complete the proof of Lemma 6. �
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Proof of Theorem 1. Using the theorem of Fubini and Lemma 6, we have

∥∥Rn(f)
∥∥
X
=

∥∥∥f ∗
( 1

ln

n−1∑
j=1

Dj

j

)∥∥∥
X

.
∥∥∥ 1

ln

n∑
j=1

Dj

j

∥∥∥
1
‖f‖X . ‖f‖X . (23)

Observe that (4) trivially holds for the Vilenkin polynomials. Indeed, let T be a
Vilenkin polynomial of degree s. Then we have

Rn(T ) =
1

ln

s∑
j=1

Sj(T )

j
+

1

ln

n∑
j=s+1

Sj(T )

j

=
1

ln

s∑
j=1

Sj(T )

j
+

1

ln

n∑
j=s+1

T

j
.

Hence ∥∥Rn(T )− T
∥∥
X
.

s

ln
→ 0 as n→ ∞.

Then from (23), we conclude that∥∥Rn(f)− f
∥∥
X
≤

∥∥Rn(f − T )
∥∥
X
+
∥∥Rn(T )− T

∥∥
X
+ ‖f − T‖X

. ‖f − T‖X +
∥∥Rn(T )− T

∥∥
X
.

Hence ∥∥Rn(f)− f
∥∥
X
→ 0 as n→ ∞.

Theorem 1 is proved. �

Example 7. We give an example for an unbounded sequence m satisfying the
condition of Theorem 1. Basically, this condition shows that the number of “big”
elements of the generating sequence m is relatively “small” with respect to all
the elements. That is, for example, let

mi ≤

{
2

3√i if i = s3,

C otherwise,

for some natural number s. Then by Mn ≥ 2n, we have

lim
n→∞

∑n−1
k=0 log

2mk

logMn

≤ lim
n→∞

Cn+
∑b 3√nc

s=0 s2

n
<∞.
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