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ABSTRACT. Given a pointed metric space X and a weight v on X (the comple-
ment of the diagonal set in X x X)), let Lip,(X) and lip, (X ) denote the Banach
spaces of all scalar-valued Lipschitz functions f on X vanishing at the basepoint
such that v®(f) is bounded and v®(f) vanishes at infinity on X, respectively,
where ®(f) is the de Leeuw’s map of f on X, under the weighted Lipschitz
norm. The space Lip,(X) has an isometric predual F,(X) and it is proved
that (Lip, (X), Thw*) = (Fu(X)*, 1) and F,(X) = ((Lip,(X), Tow*)', Tc), where
Thw= denotes the bounded weak* topology and 7, the topology of uniform con-
vergence on compact sets. The linearization of the elements of Lip,(X) is also
tackled. Assuming that X is compact, we address the question as to when
Lip,,(X) is canonically isometrically isomorphic to lip, (X )**, and we show that
this is the case whenever lip,(X) is an M-ideal in Lip,(X) and the so-called
associated weights vy, and v; coincide.

INTRODUCTION

In his paper [9], J. A. Johnson deals briefly with the spaces L(X, p) of functions
satisfying a very general Lipschitz-type condition. For any set X and any non-
negative function p on X x X, L(X, p) denotes the Banach space of all bounded
scalar-valued functions f on X such that |f(x)— f(y)| < Cp(z,y) for some C > 0
and all (z,y) € X x X, under the norm || f|| = max{|| f|,, || flls}, where || f]], is
the infimum of all the constants C' for which such a domination holds and where
| flloo is the supremum norm of f. Apparently, his unique reason for presenting
those spaces was to show that generalized Lipschitz spaces such as spaces of func-
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tions satisfying a modulus of continuity condition (see [6]) could be considered
as Lipschitz spaces. In this article, we will introduce the weighted Banach spaces
of Lipschitz functions which are closely related to the spaces L(X, p). The clas-
sical Lipschitz spaces are special cases of weighted Lipschitz spaces so that in a
sense our approach is contrary to that of J. A. Johnson.

Let (X,d) be a pointed metric space with a basepoint denoted by e, and let
E be a Banach space over the field K of real or complex numbers. A real valued
function v on the set X := {(z,y) € X x X: z # y} is said to be a weight on X
if it is (strictly) positive and continuous.

The weighted Lipschitz space Lip, (X, F) is the Banach space of all E-valued
Lipschitz functions f on X for which f(e) = 0 such that

sup{v(:z:,y) Hf(?(;g)(y)" (z,y) € )?} < 0
endowed with the weighted Lipschitz norm:
Lip,(£) = sup{oe) =IO 0y € 5},

The weighted little Lipschitz space lip, (X, F) is the closed linear subspace of
Lip, (X, E) consisting of all those functions f with the property that, for every
e > 0, there exists a § > 0 such that

1/ () = F()l

v(x, y)—d(x, m <e

whenever 0 < d(z,y) < 6. In the case F' = K, we will write simply Lip,(X) and
lip, (X).

The Lipschitz space Lipy(X) is the Banach space of all scalar-valued Lipschitz
functions f on X for which f(e) = 0 with the Lipschitz norm

[f(x) = f(y)l . 5
d(;ﬁ"y) ° (:C,y) EX}?

and the little Lipschitz space lipy(X) is the closed linear subspace of Lipy(X)
formed by all functions f such that for every € > 0 there exists § > 0 such that
if 0 < d(z,y) < 9, then |f(z) — f(y)|/d(z,y) < e. (Lip, and lip, spaces have
been intensively studied by N. Weaver [15].) Thus Lip,(X) may be regarded as
all functions f in Lipy(X) such that the quotient |f(z) — f(y)|/d(x,y) satisfies
a growth condition of order O(1/v(x,y)), while lip,(X) are those functions for
which |f(z) — f(y)|/d(x,y) has a growth rate of order o(1/v(x,y)).

The study of Lip, spaces is new and interesting. Furthermore, each space
Lipy(X) can be canonically identified with the space Lip,(X) by taking the weight
v = 1z (the function constantly 1 on X ), and so our results can be applied to
Lip, spaces.

Lip(f) = Sup{

Although the weights are arbitrary, we can take weights on X involving the
metric structure of (X, d) as, for example, v = ¢ o d, where ¢ is a continuous
injective function from [0, c0) into itself vanishing at 0. Each weight v = ¢ o d
becomes a metric on X if ¢ is in addition subadditive and strictly increasing. Such
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a function ¢ is called a modulus function. The most natural examples of modulus
functions are ¢(t) = 7, ¢(t) = max{t, "}, and ¢(t) = In(1 + ¢?) for t > 0 with
0 < p < 1. Moreover, the function ¢(t) = t/(1 +t) (¢t > 0) is also a modulus
function, and the composition of two modulus functions is again also a modulus
function. Our purpose in this paper is to study the duality theory of Lip, spaces.

We now describe the contents of its two sections. In Section 1, the problems
concerning preduality and linearization of Lip,(X) are tackled. We analyze the
proof of the Ng—Dixmier theorem [14] and show that Lip,(X) is isometrically
isomorphic under the evaluation map to the dual of the closed subspace F,(X) of
Lip, (X)* consisting of all linear functionals v on Lip, (X ) such that the restriction
of v to the closed unit ball B(Lip, (X)) of Lip,(X) is continuous for the topology
7, of pointwise convergence on X. This approach permits us to describe the closed
unit ball of F,(X) as the closed convex balanced hull in Lip, (X )* of the so-called
weighted Lipschitz evaluation functionals.

We also give a process of linearization of the elements of Lip,(X) which is a
linearizing construction stronger than a predual space, and we characterize the
space J,(X) by the following universal property: F,(X) contains X through
the Dirac map dx: = — d,, and for every Banach space E and every map f €
Lip,(X, E) there is a unique bounded linear operator T;: F,(X) — E such that
Ty o 6x = f. Furthermore, || T|| = Lip,(f). A result due to N. Weaver [15,
Theorem 2.2.4], justifies our study.

Viewing Lip,(X) as the dual of F,(X), we study the bounded weak™ topol-
0gy Thw on Lip,(X) and state some topological identifications that may be of
independent interest. Namely, we prove that (Lip,(X), Thw*) = (Fo(X)*, 7c) and
Fo(X) = ((Lip,(X), Tow*)’, 7e), where 7. denotes the topology of uniform conver-
gence on compact sets.

In Section 2, we deal the biduality problem as to when Lip,(X) is naturally
isometrically isomorphic to the bidual of lip,(X) for pointed compact metric
spaces X, and we show that this is the case whenever lip,(X) is an M-ideal in
Lip,(X) and the so-called associated weights vy, and ©v; coincide. Our method of
proof in this section will be an adaptation of the reasoning used by Bierstedt and
Summers [3] and Boyd and Rueda [4] to study the biduals of weighted Banach
spaces of analytic functions. This adaptation to the context of Lipschitz functions
is far from being immediate and requires the previous study on the bounded weak*
topology of Lip, (X).

Notation. Given Banach spaces E and F', we denote by L(F, F') the Banach
space of all continuous linear mappings from F into F with the canonical norm
of operators. As usual, E* stands for £L(FE,K), Jg for the canonical injection from
E into E**, B(E) for the closed unit ball of E, S(E) for the unit sphere of £, and
Ext(B(E)) for the set of extreme points of B(F). Given M C E and N C E*,
M° and N, denote the polar set of M in E* and the prepolar set of N in F,
respectively. The bipolar of M is the set (M°),. We will denote by lin(M) and
aco(M) the closed linear hull and the closed convex balanced hull of M in E,
respectively. For a locally convex space (F,T), we denote by (F,7)" the space of
all continuous linear mappings of (F,7) into K.
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1. PREDUALITY AND LINEARIZATION OF WEIGHTED LIPSCHITZ SPACES

Let X be a pointed metric space and let v be a weight on X. The topology 1, of
pointwise convergence on X is the locally convex topology on Lip,(X) generated
by the seminorms of the form

|fle = sup{’f(x)|: x € G}, f € Lip,(X),

where G ranges over the family of all finite subsets of X. According to [11, Chap-
ter 7, Theorem 1], B(Lip, (X)) is 7,-compact because it is pointwise closed in KX
and, for each point x € X, the set {f(z): f € B(Lip,(X))} has a compact clo-
sure. Therefore Lip,(X) is a dual Banach space by the Dixmier-Ng theorem [14,
Theorem 1].

Let F,(X) be the space of all linear functionals « on Lip,(X) such that the
restriction of v to B(Lip, (X)) is 7,-continuous. An application of the proof of the
Dixmier—Ng theorem to the space Lip,(X) yields the following.

Theorem 1.1. Let X be a pointed metric space and let v be a weight on X. Then
Fo(X) is a closed subspace of the space Lip,(X)* equipped with the norm

17l = sup{[~(f)|: f € B(Lip, (X))} (v € Fu(X)),
and the evaluation map Px: Lip,(X) — F,(X)*, defined by

Px(f)(v) =~(f) (f € Lip,(X),y € F.(X)),

is an isometric isomorphism from (Lip,(X),Lip,) onto F,(X)*. Moreover,
B(F,(X)) = Px(B(Lip,(X)))o with respect to the duality (F,(X), F,(X)*).

For each (z,y) € )?, let us define the weighted Lipschitz evaluation functional

at (z,y) by
v _ 613 _ 5?]
(zy) — U(Iv y) d((lf, y) )

where ¢, is the evaluation functional at x given by 6,(f) = f(x) for all f €
Lip,(X).

Corollary 1.2. Let X be a pointed metric space and let v be a weight on X. We
have

(i) B(F,(X)) =aco({d},,,): (2.y) € X}) C Lip,(X)",
(ii) Fo(X) =1lin({d,: € X}) C Lip,(X)*.

Proof. (i) It is easy to check that each functional 0, with = € X, defined on
Lip,(X), belongs to F,(X), and hence so does every functional 6¢, , W1th (x,y) €

X. Since Py maps Lip,(X) onto F,(X)* by Theorem 1.1, we have
Py (B(Lip,(X))) = {Px(f): f € Lip,(X), |0, (f)] < 1.¥(z,y) € X}
= {Px(f ifGLiPU (X), | Px ()88, )| < 1,V(2,y) € X}
={F e F,(X)": |F( (xy)‘gl,V(x,y EX}
= {0 (2.9) EX} :
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and therefore Px(B(Lip,(X)))o = ({d(,,: (z,9) € X}°),. Since
Px (B(Lip,(X))), = B(F.(X))

by Theorem 1.1, the equality in (i) follows by the bipolar theorem.
(ii) From (i) we infer that F,(X) is the closed linear hull in Lip,(X)* of the

set {0(,,): (z,y) € X}. Then the equality in (ii) follows since the linear hulls of
this set and the set {d,: © € X} coincide. Note that

0y = 0p — 0o = (d(x,€)/v(x,€))d] (x e X,x #e). O
We now make some comments about Corollary 1.2.

Remark 1.3.
(1) By (i), Fu(X) consists of all linear functionals v on Lip,(X) of the form

Zan (T, Yn f(d() f(yn>

T Yn)

z,e)

for all f € Lip,(X), where {ay}nen € & and {(2, yn) bnen € XV,

(2) The preceding item (ii) shows that F,(X) is separable whenever X is
separable.

(3) Another proof of the equality in (ii): if the closed linear hull in Lip, (X)* of
the set {d,: # € X} isnot equal to F,(X), then the Hahn—Banach theorem
gives us a nonzero functional Px(f) € F,(X)* for some f € Lip,(X) such
that Px(f)(6.) = f(z) =0 for all z € X, which yields a contradiction.

We next present a process for linearizing the elements of Lip, (X, E).

Theorem 1.4. Let X be a pointed metric space, and let v be a weight on X.
(i) The Dirac map 0x: x — 0, is in Lip, (X, F,(X)) and Lip,(dx) < 1.
(ii) Universal property: For each Banach space FE and each map
f € Lip,(X, E), there is a unique operator Ty € L(F,(X), E) such that
Tyodx = f; that is, the diagram

X
5)(% \
FuX) - B

f

commutes. Furthermore, ||T¢|| = Lip,(f).
Proof. (i) For any (z,y) € X, we have ||6, — &yl < d(z,y)/v(x,y) because

18, — 8,1 = sup{ | F(x) — £(u)]: € B(Lip,(X))}.

(ii) Let E be a Banach space and let f € Lip,(X,FE). Then the map
Typ: Fu(X) — E** defined by

Tr()(¢) =v(oo f) (v € Fu(X), 6 € E)
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belongs to L(F,(X), E**) and

IT¢|| = sup ||Ty(7)|| = sup sup |y(¢o f)| = sup Lip,(¢o f) < Lip,(f).
i<t I8l<1 <1 lol<1

Furthermore, if Jg: F — E** is the canonical injection, we have

(T 0 0x)(2)(9) = T1(d2)(¢) = ds(d 0 f) = ¢(f(2)) = Je(f(2))(¢)

for every x € X and ¢ € E*, and hence Ty odx(z) = Jg(f(x)) € Jg(E) for every
z € X. By Corollary 1.2(ii), it follows that T¢(y) € Jg(E) for every v € F,(X).
Now, by identifying Jg(f(z)) € Jp(E) with f(x) € E, we have Ty € L(F,(X), E)
and Trodx = f. Finally, notice that the conditions Tyod, = f and || T¢|| < Lip,(f)
imply that ||T%|| = Lip,(f). Assume now that there exists Sy € L(F,(X), E) such
that Spodx = f. Then Sy(d,) = Ty(,) for all x € X, and taking into account
again Corollary 1.2(ii), it follows that Sy = T. This proves the uniqueness of 7%
and completes the proof of the theorem. O

We next prove that the universal property characterizes F,(X) uniquely up to
an isometric isomorphism.

Corollary 1.5. Let X be a pointed metric space and let v be a weight on X. If
G,(X) is a Banach space and Bx is a map in Lip, (X, G,(X)) with Lip,(Sx) <1
satisfying the above universal property, then there exists an isometric isomorphism
Ts, from F,(X) onto G,(X) such that Ts, o 0x = PBx.

Proof. There exist bounded linear operators Tp, : F,(X) — G,(X) and Ty, :

QU(X) — .F,U<X) such that TﬁX O(SX = ﬁX, T5X OBX = 5X7 HTBX” = Llpv(BX> < 1
and [|T5, || = Lip,(dx) < 1. Then T, 0T, ofx = fx and, since also Idg, (xyofx =
Bx, it follows that T, oT5, = Idg,(x) by the uniqueness of the universal property.
Similarly, we obtain that Ts, o Ts, = Idf,(x). It follows that Tp, is bijective and
also that T! = T, . Moreover, 11| = [Ty (Tax ()] < [Tax (1)) < [l for all
v € Fp(X). Hence Tp, : F,(X) = G,(X) is an isometric isomorphism. O

Theorem 1.4 permits us to identify the spaces Lip, (X, E) and L(F,(X), E).

Corollary 1.6. Let X be a pointed metric space, let v be a weight on 5(, and
let £ be a Banach space. The map f — Ty is an isometric isomorphism from

Lip, (X, E) onto L(F,(X), E).
Proof. For any «, 5 € K and f, g € Lip,(X, E), we have
(aTy + BT) 0 6x = a(Ty o bx) + B(Ty 0 0x) = af + Bg.

Now, the uniqueness of Ty, 14 3, in L(F,(X), E) satisfying this equality implies that
Tof+pg = &Iy + BT,. Hence the map f — Ty from Lip, (X, E) into L(F,(X), E)
is linear. Moreover, this map is an isometry by Theorem 1.4. It remains to check
its surjectivity. Given T' € L(F,(X), E), we can define a map f: X — FE by
f(x) =T(6,) for all x € X. At this point, since

£ - 1wl = 176 = 7)) = |70, - 8] < 17115, ~ 8,
<||T|ld(z,y)/v(z,y)
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for all (z,y) € X, the function fisin Lip,(X, E). Now, by the universal property,
there is a unique operator Ty € L(F,(X), E) such that Ty o §x = f, and so
T =1 O

We finish this section establishing some facts about topologies on Lip,(X)
which will be needed later. We can view Lip,(X) as the dual of F,(X) by The-
orem 1.1, and therefore we can consider other topologies on Lip,(X). The weak*
topology T~ is the locally convex topology on Lip,(X) defined by the seminorms
of the form

pe(f) =sup{|7(f)|: v € G}, [ € Lip,(X),

where G varies over the family of all finite subsets of F,(X). Since the functionals
d, on Lip, (X) are elements of F,(X), we have that 7, is larger than 7,. Moreover,
both topologies coincide on B(Lip, (X)) because B(Lip, (X)) is T,+-compact. The
bounded weak* topology Ty~ is the largest topology on Lip,(X) which coincides
with the topology 7,+ on norm-bounded sets of F,(X). The following proposition
gathers some properties of the bounded weak™ topology on Lip,(X) which can
be found or deduced in [12].

Proposition 1.7 ([12, Section 2.7]). Let X be a pointed metric space and let v
be a weight on X Then we have the following.

(1) 7w ts smaller than Tyy+, and Tuy+ s smaller that the norm topology on
Lip, (X).

(2) Thw agrees with the topology of uniform convergence on sequences in
Fo(X) which tend in norm to zero.

(3) A subset U of Lip,(X) is open in (Lip,(X), Tow*) if and only if U N
nB(Lip,(X)) is open in (nB(Lip, (X)), 7w+) for each n € N.

(4) A subset of Lip,(X) is Tow=-bounded if and only if it is norm-bounded.

(5) A subset of Lip,(X) is Tow=-compact if and only if it is norm-bounded and
Tw*-COMPact.

(6) (Lip,(X), Tow*) is a complete semi-Montel space.

(7) If v is a linear functional on Lip,(X), then vy is Tuw-continuous if and
only if v is T~ -continuous.

Let us recall that a locally convex space E is a (DFC)-space if there exists
a Fréchet space F' such that F = (F' 7.), where 7. is the topology of uniform
convergence on compact sets of F. Moreover, we will denote by 7, the topology
of uniform convergence on bounded sets.

Theorem 1.8. Let X be a pointed metric space, and let v be a weight on X.
Then we have the following.
(1) (Lip,(X), Tow*) is a (DFC)-space. More precisely, ((Lip,(X), Tow*)’, ) is
a Fréchet space and the evaluation map is a topological isomorphism from
(Lip, (X), Tow+) onto (((Lip,(X), Tow)', 1)’ 7e)-
(ii) The evaluation map is a topological isomorphism from F,(X) onto the
space ((Lip,(X), Tow)', Tb)-
(iii) The identity map is a topological isomorphism from ((Lip,(X), Tow*)', )
onto ((Lip,(X), Tow*)', 7e)-
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(iv) The evaluation map Px is a topological isomorphism from (Lip,(X), Thw*)

onto (Fo(X)*, 7).

Proof. Ttem (i) follows by applying [13, Theorem 4.1], because in light of the
definition of the topology T+, its properties (2), (3), and (5) in Proposition 1.7,
and the Banach—Alaoglu theorem, we have that (Lip,(X), Tiy+) is a locally convex
space and that {nB(Lip,(X))}.en is an increasing sequence of convex, balanced,
and T,y+-compact subsets of Lip,(X) with the property that a set U C Lip,(X)
is Thw+-open whenever U NnB(Lip, (X)) is open in (nB(Lip, (X)), Thw+) for every
n € N.

(ii) Using Proposition 1.7(7), it is easily proved that the evaluation map S,
defined by

SN(f) =~(f) (f € Lip,(X),vy € F,(X)),

is an algebraic isomorphism from F,(X) onto (Lip,(X), Thw+)" and that its inverse
is the map S~ from (Lip,(X), Thw*)’ to F,(X), given by

ST = 6(f) (f € Liny(X), € (Lipy(X), 7m-)’).

Let B be a Tyy+-bounded subset of Lip,(X). By Proposition 1.7(4), B C
AB(Lip, (X)) for some A > 0. Given that v € F,(X), we have that |[S(7)(f)| <
A|| for all f € B, and this proves that S is continuous from F,(X) to
((Lip,(X), Tow*)', 7). On the other hand, if ¢ € (Lip,(X), Thw*)’, then we have
that ¢ € Lip,(X)* by Proposition 1.7(1), and therefore [S™(¢)(f)| < ||¢] for
all f € B(Lip,(X)). Since B(Lip,(X)) is a Tpy+-bounded subset of Lip,(X) by
Proposition 1.7(4), we conclude that S~! is continuous from ((Lip,(X), Tow*)’, )
to F,(X). This finishes the proof of (ii).

(iii) This follows because (Lip,(X), Thw*) is semi-Montel.

(iv) This follows from (i) and (ii). Indeed, the evaluation map, say R, is a topo-
logical isomorphism from (Lipg(X), Thw+) onto (((Lip,(X), ow=)’s 1), 7) by (i).
Using (ii), it is easy to check that the transpose map S* is a topological iso-
morphism from (((Lip,(X), Tow*)’s 7)) onto (F,(X)*, 7.). Hence S* o R is a
topological isomorphism from (Lip,(X), 7w+ ) onto (F,(X)*, 7.), and an easy ver-
ification shows that S®o R is the evaluation map Px defined in Theorem 1.1. [

Although Theorem 1.8 is interesting in its own right, we have proved it essen-
tially to deduce the following result, which we will use later.

Corollary 1.9. Let X be a pointed metric space and let v be a weight on X. If
K is a compact subset of X, then the set

{f € B(Lip,(X)): sup [U(:L‘,ZJ)M] < 1}

(ey)ek d(z, y)
is a neighborhood of zero in (B(Lip, (X)), 7).
Proof. Define o: X — F,(X) by
dp — 0 =
o(x,y) =v(z,y)o—=, (v,y) €X
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Since the mappings (z,y) — v(x,y), x — ., and (z,y) — d(z,y) are continuous,
so is 0. Then o(K) is a compact subset of F,(X) and therefore the polar

o(K)° = {F € F,(X)*: sup |F( o(z,y))| <1}
(zy
is a neighborhood of zero in (F,(X)*, 7). Then, by Theorem 1.8(iv), the set

Py (o(K)°) = {f € Lip,(X): sup [W%MW] < 1}

is a neighborhood of zero in (Lip, (X), Thw*). By Proposition 1.7(3), it follows that

| P N [ OB (0]
B(Lip, (X)) N {f € Lip,(X): (W)EK[ T | <1}

is a neighborhood of zero in (B(Lip, (X)), Tw+ ). The proof is now complete because
(B(Lip, (X)), 7w+) = (B(Lip,(X)), 7). O]
2. BIDUALITY OF WEIGHTED LIPSCHITZ SPACES

Given a pointed compact metric space X and a weight v on X , we address in
this section the biduality problem as to when Lip,(X) is naturally isometrically

isomorphic to lip,(X)**. Observe that X is a locally compact metric space. Let
Cb( ) be the Banach space of all bounded continuous scalar-valued functions on
X with the supremum norm, and let Co(X ) be its closed subspace of functions

which vanish at infinity. We begin noting that the map ®,: Lip,(X) — Cy(X),
defined by

u(f) (@, y) = v(w, y) L =)

d(z,y) (f € Lip,(X), (z.y) € X),

is an isometric linear embedding from Lip,(X) into C4(X). In the case v = 1 %
®, is called the de Leeuw’s map and denoted by ®, as in [15, p. 34]. We next
study the restriction of the map @, to lip,(X).

Proposition 2.1. Let X be a pointed compact metric space and let v be a weight
on X. Then the map Py ip, (x) s an isometric linear embedding from lip,(X) into
C’O()?). In fact, the supremum Lip,(f) is attained for each f € lip,(X). Moreover,
lip,(X) = ®;3(Co(X)) and as a consequence lip,(X) is a closed subspace of
Lip, (X).

Proof. To prove the first assertion, we only need to check that ®, maps lip,(X)
to Co(X). Let f € lip,(X) and let & > 0. Then there is a § > 0 such that if
(z,y) € X and d(z,y) < &, then |®,(f)(z,y)| < e. Clearly, the set K = {(z,y) €
X x X: d(z,y) > 6} is a compact subset of X, and if (z, y) € X\ K, then we have
that |®,(f)(z,y)| < &, and this proves that ®,(f) € Co(X). Moreover, we deduce
that [[o(f)llc < &+ [|®4(f]x)lloc, and hence that [, (| Moo < [[Po(f15)|oc;

therefore || ®,(f)|loc = [|Pu(f|i)|lo and thus Lip,(f) = |®,(f)(x,y)| for some
point (z,y) € K.



WEIGHTED BANACH SPACES OF LIPSCHITZ FUNCTIONS 249

Finally, we show that if f € Lip,(X) and ®,(f) € Co(X), then f € lip,(X).
Indeed, let ¢ > 0. Then there exists a compact set K C X such that
1D, (f)(x,y)| < & whenever (z,y) € X \ K. Since {Ks: 6 > 0}, where K; =
{(z,y) € X x X: d(x,y) > 6}, is an exhaustive family of compacts subsets of X,
we have that K C Kj for some 6 > 0. Hence, if (z,y) € X and d(z,y) < 8, then
|D,(f)(x,y)| < e andso f € lip,(X). O

The restriction map v — v|ip, (x) from F,(X) to lip,(X)* that we introduce
next is the essential tool in our study on the biduality of Lip,(X).

Theorem 2.2. Let X be a pointed compact metric space and let v be a weight on
X. Then the restriction map Rx: F,(X) — lip,(X)*, defined by

Rx(v)(f) =+(f) (f €lip,(X),7 € Fuo(X)),

is a nonezpansive linear surjective map. In fact, for each ¢ € lip,(X)*, there
exists a v € Fy(X) such that Rx(y) = ¢ and ||| = ||¢]].

Proof. Since F,(X) C Lip,(X)*, it is clear that Rx is a linear map from F,(X)
into lip, (X)* satisfying || Rx (7)|| < ||v|| for all v € F,(X). We next prove that Ry
is surjective. Take ¢ € lip,(X)*. The functional 7": ®,(lip, (X)) — K, defined by
T(®,(f)) = o(f) for all f € lip,(X), is linear, continuous, and ||T'|| = ||¢||. In light
of Proposition 2.1, by the Hahn-Banach theorem there exists a continuous linear
functional T: Cy(X) — K such that T'(®,(f)) = T(P,(f)) for all f € lip,(X)

and |T|| = ||T|. Now, by the Riesz representation theorem, there exists a finite
regular Borel measure p on X with total variation |||l = ||7’|| such that
T(g) = /~ gdu
X

for all g € Cy(X), and thus

for all f € lip,(X). If we now define

(f) = /X &,(f)dn (f € Lipy(X)).

it is clear that v € Lip,(X)* and v(f) = ¢(f) for all f € lip,(X). Then ||v] >
@]l = llul]. Conversely,

(f)] < /X 1@, (F)|dlpt] < ||@u ()| _llell = Ly (£l

for all f € Lip,(X), and thus ||v| < ||u||. Hence ||v]| = ||x|l = ||#]- It remains to
show that 7 is 7,-continuous on B(Lip,(X)). Thus, let { f;} be a net in B(Lip,, (X))

which converges pointwise on X to zero. Then {®,(f;)} converges pointwise on X
to zero and, since |D,(f;)(x,y)| < ||Py(fi)|leo = Lip,(fi) < 1 for all i € I and for
all (z,y) € X, it follows that {v(f;)} converges to zero by the Lebesgue bounded
convergence theorem. This finishes the proof. O
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The double duality results for Lip,(X) have an interesting history (see [15,
p. 99, Notes 3.3] for an abstract on results obtained about this problem). The
identification between Lip,(X) and lipy(X)** in those results is justly the iso-
metric isomorphism Pi' o R%, where Px: Lip,(X) — F(X)* is the evaluation,
F(X) is the Lipschitz free Banach space over X, and Rx: F(X) — lipy(X)* is
the restriction map. This fact justifies the following definition.

Definition 2.3. Let X be a pointed compact metric space and let v be a weight on
X. We say that lip,(X)** is canonically isometrically (topologically) isomorphic
to Lip, (X) if the map Px'o R% is an isometric (resp., a topological) isomorphism
from lip, (X)** onto Lip,(X).

Remark 2.4. An easy verifications yields

(Px' o Ry)(9)(z) = 6. ((Px' o Rx)(¢))

¢
=

/‘\/—\
sl
]
—
(%)
8
N—
N—

5:c|1ipv(X))
for any ¢ € lip,(X)* and x € X.

Taking into account that Px: Lip,(X) — F,(X)* is always an isometric iso-
morphism by Theorem 1.1 and that Rx: F,(X) — lip,(X)* is an isometric (resp.,
a topological) isomorphism if and only R% : lip,(X)** — F,(X)* is an isometric
(resp., a topological) isomorphism, we have the following.

Proposition 2.5. Let X be a pointed compact metric space and let v be a weight
on X. The following are equivalent:

(i) lip,(X)** is canonically isometrically (topologically) isomorphic to
Lip, (X)),

(ii) Rx 1is an isometric (resp., a topological) isomorphism from F,(X) onto
lip, (X)*.

Therefore the question as to when Lip,(X) is canonically isometrically isomor-
phic to lip, (X)** is the question as to when Ry is an isometric isomorphism. We
next characterize when Rx becomes a topological isomorphism.

Proposition 2.6. Let X be a pointed compact metric space and let v be a weight
on X. The following are equivalent.

kk

(i) Lip,(X) is canonically topologically isomorphic to lip,(X)
(ii) There is a constant A > 1 such that B(Lip, (X)) is contained in the closure
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(iii) There exists a constant X > 1 such that

7] < Asup{|v(f)|: f € B(lip,(X))} for all v € Fy(X).

Proof. (i) = (ii): If (i) holds, then there exists a A > 1 such that ||v|| < A[[Rx(7)]|
for all v € F,(X). This implies that B(Lip,(X)) is contained in the closure
of AB(lip,(X)) in (B(Lip, (X)), 7,). Otherwise, by the Hahn-Banach separation
theorem, we could find a function g € B(Lip,(X)) and a 7,-continuous linear
functional v on Lip,(X) such that |y(h)| < 1 for all A € AB(lip, (X)) and
17(g)] > 1. Since v € F,(X) and A|[Rx ()| = Mvhip, 0/l <1 < [v(9)] < [,
we would arrive at a contradiction.

(ii) = (iii): Let v € F,(X). Taking into account (ii) and the fact that
(B(Lip,(X)), ) = (B(Lip,(X)), 7w ), there exists a constant A > 1 such that

}

Tw*

19l = sup{|~+(R)|: h € B(Lip,(X)) N AB(lip, (X))
< sup{h(h)’: h € AB(lip, (X)) " }.

An easy argument shows that this last supremum agrees with

sup{h(h){: h e )\B(lipv(X))}

and thus we have ||v|| < Asup{|y(f)|: f € B(lip,(X))}.

(iii) = (i): By Theorem 2.2, Ry is a continuous linear surjective map from
Fo(X) onto lip, (X)*. If (iii) holds, then [|v|| < A||Rx(v)]| for all v € F,(X) and,
in particular, Ry is injective. Hence Ry is a topological isomorphism and we have
(i) by Proposition 2.5. O

We may complete Proposition 2.6 showing, with a similar proof, that the topo-
logical isomorphism Ry becomes an isometric isomorphism when the constant A
takes its minimum value 1. Assertion (iii) of that proposition means that lip, (X)
is a A-norming subspace of F,(X)*. If A = 1, then it is called norming.

Proposition 2.7. Let X be a pointed compact metric space and let v be a weight
on X. The following are equivalent:

kk

(i) Lip,(X) is canonically isometrically isomorphic to lip,(X)
(ii) B(lip,(X)) is dense in (B(Lip,(X)), 7).
(iii) lip,(X) is @ norming subspace of F,(X)*.

Our next objective is to show that Lip,(X) is canonically isometrically isomor-
phic to lip,(X)** only if it is so topologically; the concepts of the M-ideal and
associated weights v; and vy, are the tools which will permit us to prove it. Let
us begin by recalling that a closed subspace J of a Banach space E is called an
M-ideal if there is a closed subspace Jy of the dual space E* such that E* is the
(1-sum J+ @, Jy, where J* is the annihilator of J in E*. (This notion was first
investigated by Alfsen and Effros in [1], and it is studied in detail by Harmand,
Werner, and Werner in [8]. M-ideals in Lipschitz spaces have been addressed by
Berninger and Werner [2] and by Kalton [10].)



252 A. JIMENEZ-VARGAS

Given a weight v: X — R, define o: X — R by 0(z,y) = 1/v(x,y). It is clear
that

B(lip, (X)) = {f e lip, (X): |f(z)(;;)(y)| < o(x,y),Y(z,y) € X}
B(Lip,(X)) = {f € Lip,(X): ‘f(z)(;y];(y” < Wz, y),¥(z,y) € X}
Let v, vp: X — R be given by
vz, y) = Sup{%- fe B(lipv(X))},
ol =sup{ HE=IOL, 1 e p(wip, )}

and define ¥, 7,: X — R by 3y(z,y) = 1/v/(z,y) and 0y (z,y) = 1/v.(x,y). Then
v; and vy, are weights on X for which 0 < v < v, < v;, and they are called the
weights associated to v; and vy, respectively. Notice that the supremum vy (z,y)
is attained for each (z,y) € X.

Note that if Rx is an isometric isomorphism from F,(X) onto lip,(X)*, then
the set

Go(X) = {7 € Fo(X): II7ll = [17ip, 00 I}
coincides with F,(X). However, G,(X) is not necessarily a linear space. We next
give some conditions under which G,(X) is a linear subspace of F,(X) and
the corresponding versions for G,(X) in place of F,(X) of the evaluation map
Py : Lip,(X) — F,(X)* and the restriction map Rx: F,(X) — lip,(X)* are

isometric isomorphisms.

Proposition 2.8. Let X be a pointed compact metric space and let v be a weight
on X . Assume that lip,(X) is an M-ideal in Lip,(X). Then we have the following.

(i) Gu(X) is a linear subspace of F,(X) and the restriction map Sx: G,(X) —
lip, (X)*, defined by

Sx(Nf) =(f) (f €lip,(X),7 € Gu(X)),

18 an isometric isomorphism.
(ii) If we assume in addition that v, = vy, then the evaluation map Qx:
Lip,(X) — G,(X)*, given by

Qx(f)(v) =~(f) (f € Lip,(X),7 € Gu(X)),

18 an isometric isomorphism.

Proof. (i) Iflip,(X) is an M-ideal in Lip, (X ), then every functional in lip, (X )* has
a unique norm-preserving extension to a functional in Lip,(X)* by [8, Chapter I,
Proposition 1.12]. Hence G,(X) is a linear subspace of F,(X). Clearly, Sx is a
linear well-defined map from G,(X) to lip,(X)*. By the very definition of G, (X),
Sx is an isometry. The surjectivity of Sx follows from the second assertion of
Theorem 2.2.
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(ii) Tt is immediate that Qx: Lip,(X) — G,(X)* is linear and continuous (in
fact, ||Qx(f)|| < Lip,(f) for all f € Lip,(X)). To prove that Qx is injective, let
f,g € Lip,(X) and suppose that Qx(f) = Qx(g). For each z € X, the functional
9, Lip,(X) — K belongs to F,(X) by Corollary 1.2, and
d(z,e) d(z,e)
H(SxH - d(:c,e)vL(:c, 6) - fﬁL(x’e) - E(a:,e)
Hence 6, € G,(X) and f(z) = Qx(f)(d:) = Qx(9)(0:) = g(x) for all z € X, and
we conclude that f = g.

Since each v € G,(X) is T,-continuous on By, (x), the restriction Qx|swip, (x))
is continuous with respect to the relative 7,-topology and the w*-topology
0(Gu(X)*,Gy(X)). Since B(Lip,(X)) 1is 7,-compact, it follows that
Qx(B(Lip,(X))) is 0(G,(X)*, G,(X))-compact. Also, Qx(B(Lip,(X))) is convex
and balanced. By the bipolar theorem, Qx (B(Lip,(X))) = (Qx(B(Lip,(X)))s)°
with respect to the duality (G,(X)*, G,(X)). In view of

Qx(B(Lip,(X))), = {7 € Gu(X): [7(f)] < 1,¥f € B(Lip, (X))} = B(Gu(X)),

we deduce that (Qx(B(Lip,(X))).)° = B(G,(X)*). Hence Qx(B(Lip,(X))) =
B(G,(X)*). This proves that Qx : Lip,(X) — G,(X)* is a surjective isometry. [

Our next result was stated by Kalton in [10, Remark, p. 194] for the case
v =15 (see [2] for X =[0,1] with the Hélder metric).

= d(z, e)u(z, e) = [0z ip, )|

Proposition 2.9. Let X be a pointed compact metric space, let v be a weight on

X, and assume that Lip,(X) is canonically topologically isomorphic to lip, (X )**.
Then lip,(X) is an M-ideal in Lip,(X).

Proof. By Proposition 2.6, there exists A > 1 such that B(Lip,(X)) is contained
in the closure of AB(lip, (X)) in (B(Lip,(X)), 7). We follow the lines of the proof
of [4, Proposition 3.5]. Let f € B(Lip,(X)), let g1, 92,93 € B(lip,(X)), and let
e > 0. Let k be the smallest natural with & > max{2, (A +1)/e}. By Proposition
2.1, we can find a compact set K; C X such that

D, (i) (z,y)| <e

fori = 1,2,3 and all (z,y) € X \ K. By Corollary 1.9, we can find a function
f1 € AB(lip, (X)) such that

sup{|@,(f — ). 0)|: (r.0) € ) <e
Since f; € lip,(X), we can find a compact set Ky C X with K; C K, such that
@, (f1)(z,y)] <&
for all (z,y) € X \ K. Next, we choose f, in AB(lip,(X)) such that
sup{| @, (f — fo) (2, 9)|: (z,9) € Ko} <e.

Continuing this process, we get an increasing chain of k£ compact sets K1 C Ky C
-++ C K}, and functions (f;)¥_, in AB(lip,(X)) such that

‘(I)v(fl)(xay)‘ <é€
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for all (z,y) € X\KZH, l=1,...,k—1, and

Sup{‘fl)v(f—fl)(:lz',yﬂ:(x,y)EKl}gg, lzlaak
Then, for 1 <[ < k, we have

@0 (f = fi)(z,y)| <1 +e

for all (z,y) € X with the possible exception of those (z,y) in K4, \ K;. Define
= (1/k) Z§:1 f; and let (z,y) € X. If (z,y) € Ki, then since

|@u(f = fi)(@y)| <€
for 1 <1 <k, we have
|®,(f —gi = h)(z,y)| < 1+e
for 1 = 1,2,3. For (z,y) in K, \ K, we have
@, (9:)(z, )| < e
fori=1,2,3 and
@, (f = fi)(z,y)| <1+e

for all 1 < j < k with the possible exception of I. As Lip,(f — f;) < A+ 1, for
(x,y) € K;11 \ K; and i = 1,2, 3 we have

|@u(f = gi = h) ()|
k
<y %|q>v(f_fj)(x7y)|+%\<I>U<f—fz)(x,y)|+I@u(gi)(x,yﬂ
j=1,j#l
k

-1 1
gT(1+e)+E(A+1)+s§1+3a

We have proved that lip, (X)) satisfies the (restricted) 3-ball property and therefore
lip,(X) is an M-ideal in Lip,(X) by [8, Theorem 2.2]. O

We now can connect the information obtained in Propositions 2.6 and 2.7 as
follows.

Theorem 2.10. Let X be a pointed compact metric space and let v be a weight
on X. Then the following are equivalent:

(i) Lip,(X) is canonically isometrically isomorphic to lip,(X)**,

(ii) Lip,(X) is canonically topologically isomorphic to lip,(X)**,
(iii) lip,(X) is an M-ideal in Lip,(X) and v; = vp,.

Proof. (i) = (ii): This is immediate.

(ii) = (i): If (ii) is true, then Rx: F,(X) — lip,(X)* is a topological isomor-
phism by Proposition 2.5. Moreover, lip,(X) is an M-ideal in Lip,(X) by Propo-
sition 2.9, and therefore Sx: G,(X) — lip,(X)* is an isometric isomorphism by
Proposition 2.8. We now claim that F,(X) C G,(X). Indeed, let v € F,(X).
Then Rx(v) € lip,(X)* and therefore Rx(y) = Sx(¢) for some ¢ € G,(X). As
Gu(X) C Fu(X) and Rx|g,(x) = Sx, it follows that Rx(¢) = Sx(¢) = Rx(7),
which implies that 7 = ¢ and thus that v € G,(X). Therefore F,(X) = G,(X)
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and Rx = Sx. Hence Rx: F,(X) — lip,(X)* is an isometric isomorphism, and
we obtain (i) by Proposition 2.5.

(i) = (iii): If (i) holds, then B(lip,(X)) is dense in (B(Lip, (X)), 7,) by Propo-
sition 2.7. We first prove that 7, coincides with 7. Let (z,y) € X. It is clear that
v(z,y) < vp(z,y). To prove the reverse inequality, let f € B(Lip,(X)) and let
e > 0. By Corollary 1.9, there exists g € B(lip, (X)) such that |®,(x,y)(f —g)| <

e. If follows that

f@) -l o e s -9l e
d(z,y) v(z,y) d(z,y) v(z,y)
Passing to the supremum, we arrive at v (x,y) < (¢/v(x,y)) + v(z,y). By the
arbitrariness of €, we conclude that vy (x,y) < v(x,y) and thus that vy (z,y) =
v(z,y). Hence vy(x,y) = vp(x,y). On the other hand, lip,(X) is an M-ideal in
Lip,(X) by Proposition 2.9.

(iii) = (i): By Proposition 2.8, Qx: Lip,(X) — G,(X)* is an isometric iso-
morphism. Since that is also true of Px: Lip,(X) — F,(X)* by Theorem 1.1, it
follows that Py o Q%" : G,(X)* — F,(X)* is an isometric isomorphism.

On the other hand, Sx: G,(X) — lip,(X)* is an isometric isomorphism by
Proposition 2.8. Since lip,(X)* is a separable dual space by Remark 1.3 and
Theorem 2.2, it has the Radon—Nikodym property. Hence G,(X) also has that
property. By [7, p. 144], G,(X) is the unique isometric predual of G,(X)*. In
fact, G,(X) is strongly unique (see [5, Definition 2.2.29]) and therefore the map
(Px 0 Q%)*: Fu(X)™ = Go(X)** carries Jr,(x)(F,(X)) onto Jg,(x)(Gu(X)). For
any f € Lip,(X) and v € F,(X), a simple calculation gives

(Px o Qil)*(va(X) (7)) (Qx(f)) = (va(X)(V) o Px o Q}l) (QX(f))
= Jr,0)(M) (Px(f))
= Px(f)() = ().
Hence F,(X) = G,(X). Indeed, let v € F,(X). Then (Px o Q¥ )*(Jr,x) (7)) =
Jg,(x)(¢) for some ¢ € G,(X), and therefore
Y(f) = (PxoQx") (Jr,x0(1) (@x () = Jo,x)(9)(Qx(f)) = Qx(f)(#) = (f)

for all f € Lip,(X); that is, v = ¢ € G,(X) as desired. Therefore Rx = Sx.
Hence Rx is an isometric isomorphism from F,(X) onto lip,(X)* and we have (i)
by Proposition 2.5. 0

+Ul(xay)‘

We finish the paper with an application on extreme points.

Corollary 2.11. Let X be a pointed compact metric space and let v be a weight

on X. Suppose that Lip,(X) is canonically isometrically isomorphic to lip, (X )**.
Then every extreme point of B(F,(X)) if of the form Aézfx’y) for X € S(K) and

(z,y) € X.

Proof. Let v € Ext(B(F,(X)). Hence Rx(y) € Ext(B(lip,(X)*)) by Proposi-
tion 2.5. Since @, |;ip, (x) is an isometric linear embedding from lip,(X) into Cy(X)
by Proposition 2.1, we have that there exists F' € Ext(B(Cy(X)*) such that
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(Puliip,(x))*(F) = Rx(v) by [15, Lemma 2.5.1]. By the Arens—Kelley theorem,
F is of the form A, ,y where A € S(K) and 1), ) is the evaluation functional at

a point (z,y) € X defined on Co(X). An easy verification gives

(f) = Rx(7)(f)
= (Puliip, (x)) " (M) ()

= A0, (f)(z,y)
5o — 6,

for all f € lip,(X), and thus ~ has the desired form. O

= Av(z,y)
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