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ABSTRACT. The aim of this paper is to investigate asymmetric truncated
Toeplitz operators with L2-symbols between two different model spaces given
by inner functions such that one divides the other. The class of symbols cor-
responding to the zero operator is described. Asymmetric truncated Toeplitz
operators are characterized in terms of operators of rank at most 2, and the
relations with the corresponding symbols are studied.

1. INTRODUCTION

Toeplitz operators on the Hardy space H?, which are compositions of a multi-
plication operator and the orthogonal projection from L? onto H?, constitute a
classical topic in operator theory. In his important paper [19], Sarason explored
truncated Toeplitz operators, thus generating huge interest in this class of oper-
ators (see, e.g., [4], [6], [7], [9]-[12], and [15]). Instead of the Hardy space H?,
they act on a model space K7 = H? © 0 H? associated with a given nonconstant
inner function ¢, and a multiplication operator is composed with the orthogonal
projection from H? onto K3.

This work was inspired, on the one hand, by the work of Sarason, and, on the
other hand, by [8], where asymmetric truncated Toeplitz operators were intro-
duced (in the context of the Hardy space H? of the half-plane, with 1 < p < 00)
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and studied in the case of bounded symbols. Asymmetric truncated Toeplitz oper-
ators involve the composition of a multiplication operator with two projections
from H? onto a model space, associated with (possibly different) nonconstant
inner functions o and 6. They are a natural generalization of rectangular Toeplitz
matrices, which appear in various contexts, such as in the study of finite-time con-
volution equations, signal processing, control theory, probability, approximation
theory, and diffraction problems (see, e.g., [2]-[4], [16], [L7], [1], and [20]).

Here we consider bounded asymmetric truncated Toeplitz operators with
L%-symbols, defined between two model spaces K7 and K2, where o divides 6
(v < 0). We study various properties of these operators and their relations with
the corresponding symbols, and we obtain a necessary and sufficient condition for
a bounded operator between two model spaces to be an asymmetric truncated
Toeplitz operator in terms of rank 2 operators, thus generalizing a corresponding
result by Sarason for the case where o = 6. In the asymmetric case, however, a
more complex connection between the operators and their symbols is revealed,
which is not apparent when the two model spaces involved are the same.

Our article is organized as follows. In Section 2, we present some auxiliary
results on model spaces, their direct sum decompositions, and the associated pro-
jections and conjugations. In Section 3, asymmetric truncated Toeplitz operators
with L?-symbols are introduced and some of their basic properties are presented.
In Section 4, the class of all possible symbols for a given asymmetric truncated
Toeplitz operator is described, and a necessary and sufficient condition for the
operator to be zero is obtained. In Sections 5 and 6, we generalize Sarason’s char-
acterization of truncated Toeplitz operators in terms of operators of rank 2 at
most, highlighting the similarities and differences between the symmetric and the
asymmetric cases. In Section 7, we obtain conditions under which that charac-
terization can be done in terms of a rank 1 operator. In Section 8, we address
the inverse problem of determining a symbol for a given asymmetric truncated
Toeplitz operator in terms of the action of A and its adjoint on certain reproduc-
ing kernel functions. Moreover, we give the formulas for a symbol of the operator
satisfying the characterizations in terms of rank 2 operators presented in Sec-
tions 5 and 6.

2. MODEL SPACES, CONJUGATIONS, AND DECOMPOSITIONS

Let L? denote the space L?*(T,m), where T is the unit circle and m is the
normalized Lebesgue measure on T, and let H? be the Hardy space on the unit
disk D, identified as usual with a subspace of L?. Similarly, L> = L°°(T, m), and
we denote by H> the space of all analytic and bounded functions on . Denoting
by Hg the subspace consisting of all functions in H? which vanish at 0, we have
L?*© H? = HZ, and we denote by P and P~ the orthogonal projections from L?
onto H? and H?, respectively.

With any given inner function 6 we associate the so-called model space K7,
defined by K7 = H? © H?. We also have K} = H? N 0HZ; thus,

feK? ifandonlyif 6fec H2 and fe H>
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In particular, if f € KZ, then f € HZ. Let Py be the orthogonal projection
Pp: L? — Kj. We then have the following.

Proposition 2.1. Let 0 be a nonconstant inner function, and let K = H*©0H?
be the associated model space. Then
(1) Pp=60P=0P =60P~0 — P,
(2) Pof =0P=0f = f—0POf for all f € H?, and
(3) Pof = ByPf = f(0)Pp1 = f(0)(1 —6(0)0) for all f € H?.
Model spaces are also equipped with conjugations (antilinear isometric invo-
lutions), which are important tools in the study of model spaces and truncated

Toeplitz operators (see, e.g., [13], [14], and [18]). For a given inner function 6, the
conjugation Cj is defined by Cy: L? — L2,

Cof(z) = 02f(z).

It is worth noting that Cp preserves the space K7 and maps 6 H? onto L? & H?.
Recall that, for A\ € D, the kernel function in H? denoted by ky is given by
kx(z) = ﬁ Similarly, for an inner function 6, in K7 the kernel function k¢ is

given by k{ = Pyky; that is, k& = kx(1 — O(\)). The set {k{ : X\ € D} is linearly
dense in KZ. Since k§ € Kg°, where Kg° denotes the subspace H® N K2, the
space Kg° is dense in K} (see [19, p. 494]).

Defining k{ = CykY, we have in particular

KS(2) =1 —6(0)8(z), K(2) = Z(6(z) — 6(0)).

It is easy to see that, for all f € K7,

(f.k0) = £(0),  (f. k) = (Cof)(0).

Now let us consider two nonconstant inner functions « and 0. If a0 is an inner
function, then we say that a divides 6, and we write a < 6.

Proposition 2.2. Let o, 0 be nonconstant inner functions such that o < 6. Then
the following hold:

(1) K2 = K2® K2,

(2) =P, +01P90z
A
(3) k:9 = k§ + oc(O)ozkg“
(4) K = L(0)kg + oky, and
(5) P kﬁ = kg, Puk§ = 2(0)k§.

Proof. Ttems (1), (2), and (3) were proved in [12, p. 97]. We need to prove only
(4), and (5) follows immediately from (3) and (4). In fact, we have

k) =2(0-0(0) = az? — 20(0)2(0) = az(£ — £(0)) + £(0)z(a — a(0)),

[0}
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The following proposition describes some relations between decompositions and
conjugations. Note that, if & < 6, then any f € Kj can be uniquely decomposed
as [ = fi+af, for some f; € K? and some f, € K3, or as f = fo+ £ f; for some

f1 € K? and some f, € K%. Then the conjugationan can be seen as Cyp: Kj =
K2®aK} — K =K3 ®2K?2 oras Cp: K§ = K3 ®L2K2 - K} = K2 @ aK3.
Now we have the follova;ing. ’ ’

Proposition 2.3. Let «, 0 be nonconstant inner functions such that o < 6. If
f1 € K2 and fy, € K3, then

(1) Co(fr +afa) =Caofo+ 8Cufr, and

(2) Co(fot+2f1) =Cufr + aCo fo.

Proof. If we let f1 € K2, fy € K2, then Cy(f1 + afy) = 02f1 + 0zafs = gaéf_l +
82fo = Cu(fo) + 2Ca(f1), and Cy(fo+ Lf1) = 0zfo + 9«5%]?1 =azfi +alzfo =
Co(f1) + ch(fg). O
Corollary 2.4. Let a,0 be nonconstant inner functions such that o < 6. We
have, for f € KZ,

(1) PaCof = CaPu(Lf), and
(2) PgCgf = C%Pgo_éf.

Let S be the unilateral shift on the Hardy space H?, and, for a nonconstant
inner function 0, let Sy = FpS|x2 be the compression of S to K3. The space K}

is invariant for S*; thus, (Sp)* = S* k2. Note that, for any f € K3,

Sof =21 = (Cof)(0)0 = SF = (. k)0, (21)

Sof =2(f = 1(0)).
In particular,

Sikd = —0(0)k8,  Sek? = —0(0)KS. (2.3)
The function £ is a cyclic vector for Sy, and & is a cyclic vector for Sj (see [19,
Lemma 2.3]). In what follows we will use the defect operators Iz —SpS; = kd kS
and Iz — 555 = /%8 ® 12:3, using the notation (z ® y)z = (2, y)x for any z,y, z in

a Hilbert space H (see [19, Lemma 2.4]). We list below some simple properties
that will be used later.

Proposition 2.5. Let a and 6 be nonconstant inner functions such that o < 6.

Then
(1) P,Sy = So P, on K},
(2) S;P, = S: on K2,
(3) Spkg € Kg° forn >0, and
(4) (S3)*k§ € Kg° for n > 0.
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Proof. The proof of (1) and (2) follows immediately. By [12, Theorem 9.2.2] we
know that Sjf = PpS"f for any f € K7, n > 0; hence,

Sykl = PyS"kf = Py(2" (1 — 0(0)0)) = Ppe" = 2" — OP(0z").

Since P(fz") is a polynomial, then we get Syk) € K§°, which proves (3). On the
other hand,

(S;)n];g = Pzt (9 _ 9(0>) — gzt _ P762n+1;

since P~(0z") is a polynomial in z, we get (4). O

3. ASYMMETRIC TRUNCATED TOEPLITZ OPERATORS

Let o, 6 be nonconstant inner functions. For ¢ € L%, we define an operator
A% D C K — K2 as A% f = P.(¢f) having domain D = D(A%*) = {f €
Kj: ¢f € L?}. The operator A%* is closed and densely defined in Kj. Note

that Kg° C D(A%*). The operator A% will be called an asymmetric truncated
Toeplitz operator. If this operator is bounded, then it admits a unique bounded
extension to K2, AZ;O‘: Kz — K2. By T (0, a) we denote the space of all bounded

asymmetric truncated Toeplitz operators. For a = 6 we will write AZ, instead of

Ai’e. (Such operators are called truncated Toeplitz operators; they were studied
by Sarason in [19].) In addition we will write 7 () instead of 7(0,0). It is easy
to see that the following holds.

Proposition 3.1. Let a, 0 be nonconstant inner functions such that o < 6. Then

0,00 Al

Akg =P, = AQ .
If ¢ € L?, then we have, for all f € K,
0o r __ A«

AN =ALf

Proposition 3.2. Let o, 0 be any inner functions, and let o € L?. Then
(AL f.9) = (f,A3"g)  for all f € D(AG®), g € D(A).

Moreover, D(Ag’e) = D((A%%)*), and (A%)* = Ag’e.

Proof. A straightforward calculation shows that
(A5 f.9) = (Pal0f). 9) = (¢f.9) = /fsog dm

= (f,¢9) = (f, Po(¢g)) = (f, A%’ g).

Note also that D(A%YY) = {g € K2: ¢g € L?}. Hence, if g € D(AZ’), then there
is h € K} such that

(AZf.g) = (f. )
for all f € D(A%*), that is, such that ¢f € L7 therefore, g € D((A%*)*). In

fact, taking h = Py(@f), we have (A% f, 9) = (Pa(0f),9) = (of,9) = (f, ?9)
(f, Po(@g)) = (f, h). The converse is similarly true.

O
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Proposition 3.3. Let a, 60 be nonconstant inner functions such that o < 6. Let
Ai’a be an asymmetric truncated Toeplitz operator with v € H?. Then

So Ayt f = AUCSef  for all f € K§.
Proof. Let f € Kg°. Then by Proposition 2.1,

SaAyf = SaPa(tf) = Paz (v f — aP(@f)) = Pa(2f)

since P,(azP(atpf)) = 0. On the other hand, taking (2.1) into account, for all
f € Kg°, we have

AGESpf = PatpSpf = Patb(2f — (£, k)0) = Pu(210f)
since P, (¢0) = 0. O
Remark 3.4. Theorem 3.1.16 of [5] implies that, for nonconstant inner functions

@, 6 such that @ < 6, if a bounded operator A: K7 — K2 intertwines S,, Sy (i.e.,
SaA = ASp), then A = AJ* for some 1) € H>.

Example 3.5. One can ask whether a similar result as in Proposition 3.3 can be
obtained for AZ’Q with o < 0 and ¢ € H?; the answer is no. For example, let

a=2%0=2"letn>5 1 =2 and let f = 2. Then SpA ’ef:z5,but
0

Az Saof =0.
In the next proposition, we describe the action of some (not necessarily

bounded) asymmetric truncated Toeplitz operators on some particular functions.
These properties will be used later on.

Proposition 3.6. Let «, 0 be nonconstant inner functions such that o < 6, and
let v € K2,x € KZ with x = xo + gxa, where xo € K% and xo, € K2. Then
0,
2) 45K = X0V ~ A0)a(xa -
3 AR = L0)(0)s — 0053

o ( ),
)Sat = Z(£(0)¥(0)a — 0(0)v),
= CaXas
2(0)1(0)0),

(2)
(3) )
(4) ALkY = PyCyx = CoPa(lx)
(5) AS"kG = ¢(0)kf — a(0)(at) —
(6) Apkg = x — a(0)axe,

(7) Agﬁ/%gf = Oy, and

(8)

8) AvOkg = PaCy(X2) — a(0)S;x = S*(axe) + (Xa, k§)K§ — (0) Sy x.
Proof. Ttem (1) follows from

ARG = Pa(v = 6(0)00) = ¢

To prove item (2), we first calculate

Po(0x) = Pa (a1, ) + Pala) = Falaa) = a3~ Xal0))
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Hence, by Proposition 2.1(3), we have

A%akg - Pax - mpa(QX) = X(O)kg - G(O)OJ(XQ - Xa(o))'
To prove item (3), note that, by Proposition 2.2,
ARG = Pa(WPskG) = Pa(Pak) + Pa(vaPoaky) = Po(vPukg)

= Pu(0 208 ) = LR vz0) - 0O)P02)

= % (0)0(0)k - 0(0)5;0

since
Pza = (aP~a— P )(yaz
— ag(0)2 - $(0)a(0)z = H(O)KS.
To show item (4), we calculate
AZES = P.(x2(0 — 0(0))) = Pal(0X2) — 0(0)Pa(x2) = PaCyyx,
and by Corollary 2.4,

0
Pa<CGX) = CaPaaX = CaXoc‘

The equality in item (5) follows from

A%k = Py(¢ (1 — a(0)a)) = ¥ (0)kf — a(0) Py(a)
and
Py(ad) = ap — OP(fa) = ath — OP
The equality in item (6) follows from

A2PkS = Py(x(1 = a(0)a)) = x — a(0)Py(ax) = x — a(0)ay

Qe

and item (7) follows from
A%k = Po(z(a — a(0))) = Py(az) — a(0)Py(2¢) = PyCath = Cot.

Finally, item (8) follows from
. . 0
AT = () = Pulo) - aOFu(x) = i35 ) = a(0)Six

Since x = xeo + ng we have §>‘< = g)_(g ~+ Xa; hence

0 -0
Py (—>‘<> =Dy (aig) + PoXa = 0P 0—X2 + Poxa(0)

2 (0)) + xa(0)K.

|
Sa)
—~
Q
<
|
Qi
=
el



906 C. CAMARA ET AL.

Thus

che(gx> = Coby (gx) = Z(axz — a(0)x2(0)) + xa(0)Coky

= 5% (xs) + (Xa. KRG, 0

4. THE SYMBOLS OF ZERO IN T (6, «)

In what follows, for f € H?, let f;, f, denote the inner and outer factors, respec-
tively, in an inner-outer factorization f = f;f,. Recall that f; and f, are defined
up to multiplication by a constant. For a and 6 nonconstant inner functions, let
GCD(0, ) denote the greatest common divisor of # and «, which is also defined
up to a constant.

In this section, we study the symbols for which the corresponding asymmetric
truncated Toeplitz operator is the zero operator. This is equivalent to the kernel
of the operator being equal to K7. We start by characterizing the kernels of
some asymmetric truncated Toeplitz operators. The following result generalizes
the disk versions of Theorem 7.2 in [8] and Theorem 3.2 in [7]. Note also that in
Theorem 4.1, Lemma 4.2, and Corollary 4.3, we do not assume that « divides 6.

Theorem 4.1. Let v and 6 be nonconstant inner functions, and let ¢ € H®,
@ # 0 with inner factor ¢;. Then
(1) ker A% = K7 N %Hz with 1 = GCD(w, ¢;); in particular, if § < 0, then
ker Ai’“ = %Kéw s and

(2) if 0 < av, then ker AZ" = ker(A%)* = K2 p g with ¢ = GCD(a, ;).

Proof. (1) Let f € Kj. Note that f € ker A%* if and only if ¢ f € aH?, which is
equivalent to « dividing ¢; f;, where f; is the inner factor of f. Since % and %
are relatively prime, then f; is divisible by %; hence ker Afp’o‘ ={feK;: fe€
oH V= KN oH 20t 7 < 0, then the result follows from the decomposition
K;=Ki& oK 2.

¥ o

(2) If 6 < «, in which case Kj C K2, then we have
ker AJ* = {f € K}: P,(¢pf) =0} = {f € K}: P(¢f) =0}
—{f e Kj: ¢f € H}} ={f € Kj: pazf € aH*}

={feK;: ¢C,f € aH?} = {fEKg: CafEkerAgzKiﬂ%H2}
by (1). Now C.f € K2 N %HZ if and only if f € K2 Nt HZ, which is equivalent
to f € KZNK; = K7; hence f € Kj N K, = Ké‘CD(O,w)' O]

Lemma 4.2. Let o and 6 be nonconstant inner functions, and let ¢ € H?. If we
assume that Ag’g 15 an asymmetric truncated Toeplitz operator, then Agﬁ =0 f
and only if ¢ € 0H?.
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Proof. If ¢ € OH? and f € K°, then A%?f = Py(pf) = Py(0p1f) = 0, where
o =0y, and ¢; € H?. Since K° is dense in K2, we have Ag’g =0.

For the converse implication, let ¢ = GCD(0, ¢;). If Ag’e =0and f € K,
then ¢ f € 0H?; hence, 0 divides ¢, f;, and as a result fi € %H 2, Since £ and
% are relatively prime, we have f; € %H 2. By the density of K° in K2, we have
K2 C %H 2. Since K2 is the kernel of the Toeplitz operator Ty, then it is near
invariant with respect to functions from H>: that is, if g € ker T and h € H™,
then hg € H? implies hg € ker T. Following the proof of [6, Proposition 2.4],
K2 C %HQ implies that, for every gy € K2, we have ggg = g € H? so that
g1 € K?2. Repeating this reasoning for g; we conclude that gy can be indefinitely
divided by %, which is possible only if % is a constant. 0

0o « ; . 00 0,
Corollary 4.3. If p € H*, then A% =0 if and only if p € aH>, and Az" =0
if and only if p € OH™.
Proof. 1f Ai’a = 0, then, by the previous lemma, ap € H? N L>® = H®; thus
@ € aH®°. The converse is obvious. 0

The next theorem establishes a necessary and sufficient condition for a bounded
asymmetric truncated Toeplitz operator to be the zero operator in terms of its
symbol.

Theorem 4.4. Let o, § be nonconstant inner functions such that o < 6. If we
let A?D’O‘: K — K2 be a bounded asymmetric truncated Toeplitz operator with

@ € L?, then A%* =0 if and only if o € aH* 4+ 0H?.

Proof. If we assume that ¢ = ahy + Ohy for some hy,hy € H?, and we take
f € Kg°, then of = ahyf + 0hyf and P,(ah,f) = 0. Since 0f € K3 C zH?,
we have 0fhy € zH? and P,(0fhs) = 0; hence Afo’a = 0 on a dense subset of K7,
which implies that Ai’a =0.

For the converse implication, let us take ¢ = + ¥ € L? with v, x € H? such
that A% = 0. Note that AJ* = —AY%; thus AQf = AJ°f = —AD°f = —Af
for all f € K by Proposition 3.1. Hence Aj commutes on K° not only with S,
but also with S¥ (see [19] and Proposition 3.3). Consequently, since k§ € K2°,
Stk = —a(0)kg € K (cf. (2.3)), and (Ixz — S,Si)kg € K, it follows that

AL Tz = SSRGS = (A7 = SaALSRG = (A] — SaSLADKG
= Ik — SuSE)ASKS = (K @ KE)ASKS = (ATKE, KE)KE.
On the other hand, by Lemma 2.4 in [19],

A (Iz — SaSo)kG = AG (kG ® k)G = ((AgkS) © kg kG = (kG k§)AGKS;
hence,
(kg k) ARG = (ASKS, kSRS,
and it follows that there is ¢ € C such that
AYky = cky. (4.1)
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Accordingly,

0= (A} — elg2 )k§ = Po((v — ¢)(1 — a(0)) ) = Po(¢0 —¢),

which implies that ¢ — ¢ € o H2.

Let us now consider A%a. We have A%O‘ = —Ai’a, and Az;a intertwines S,
and Sp on Kg° by Proposition 3.3. Thus A?—C’ang = SQA?—(’O‘f for f € Kg°. In
addition, A?—C’asgPa = A%S; P, since K7 is invariant for both S; and A?—C’a. Since
Pk§ = k§ € K C Kg°, and, as above, S; P,k € Kg°, we have

AL (Ixz — SpSy) Pakf = (AT Pa — Sa AT S5 Pa)kf
= (ALYP, — Sa ASSL PG = (AY° Py — SoSLASP, K
= (Iz — SaS3) (AT k2 Puk) = (kG @ ki) AL kG
= (ATKG, kG kG

and

AL (Ixez — SpSy) Pakf) = AL (k) © k{) Pokf
= (ALK @ KOKG = (kg kO) AT Y.
It then follows that A2*k§ = c1kg.

Since A%a = —Ai’a, by Proposition 3.3 the operator A%a intertwines Sy and
S, on Kg°. By Proposition 2.5, we know that Spk§ € K§° for n > 0; thus we have

AL S§RG = Sa AT RS = c1SaPukl = c1PaSpkG.

From the linear density of SykS, n > 0 in K2, we have

ALY = 1P, € T(0, ). (4.2)
Since A%O‘ = —AZ;O‘, by (4.1) and (4.2) we then have that ¢; = —c. Note that
(A%j:c)* = A;’éfé, by Proposition 3.2. Using Lemma 4.2, we obtain that Az’fé =0

if and only if X + ¢ € 0H?; therefore ¢ = (¢ —¢) + (Y +¢) is in aH* + 0H?. O

Corollary 4.5. Let a < 6 be nonconstant inner functions, and let Ag’a €70, ).

For ¢ € L? there are functions ¢ € K2 and x € Kj such that A%* = Afﬁ-x'
0,c

Moreover, Ao = Ai’ﬁxl if and only if vy = ¥ + ck§, x1 = x — ck§ for some
constant c.

Proof. Let ¢ = o, + ¢_ with ¢, € H? and p_ € H2. If we put ¢ = P,p, and
X = Ppp_, then ¢ — 1 — ¥ € aH? + 0 H?; hence A?D’a = Ai’ix by Theorem 4.4.
The proof of the second statement is similar to the proof of the corollary on

page 499 in [19]. Note first that, by Proposition 3.1, A%* = Afﬁ-x = Ai’f‘ﬁl. On
the other hand, if Ai’fﬂl = Af;o‘, then ¢ — ¥ + Y — x1 € aH? + 0H?; hence

Y — 1 + X — X1 = ahy + 0h;, for some hy, hy € H?. Applying P, and taking into
account that P,1 = kf, we get ) —th; = —Po(x—x1)+ Pabhy = —c1 P21 = —1k§
for some constant ¢; since P,H? contains only constant functions. Similarly, we
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also have that 1) —ir+x—x1 = @hi+0hs, and, applying Py, we obtain analogously

0 0,
that x — x1 = c2k{. Since we must have A¢ix Aptie, = Ajlkg@zl}g =0, by
Proposition 3.1, —cy P, + ¢3 P, = 0, which implies that ¢, = ¢;. ]

The following properties can be immediately obtained from the previous results
by taking adjoints.

Corollary 4.6. If we let A2?: K2 — Kj, A%% € T(a,0), « <0, ¢ € L?, then
ad _ . . 7795

A%? =0 if and only if p € OH? + aH?.

Corollary 4.7. If we let A2?: K2 — Kj, A%? € T(a,0), « <0, ¢ € L?, then

. a a,f
there are functions ¢ € K2, x € K3 such that Awe Aw+x

5. FIRST CHARACTERIZATION IN TERMS OF RANK 2 OPERATORS

In [19, Theorem 4.1], a characterization of truncated Toeplitz operators in
T (0) was given by using certain rank 2 operators defined in terms of the kernel
function k. Here we obtain an analogous result for asymmetric truncated Toeplitz
operators T (6, ) using the kernel functions kg and k§.

Theorem 5.1. Let o, 6 be nonconstant inner functions such that o < 6, and let
A Ke — K2 be a bounded operator. Then A € T(0,a) if and only if there are
P e K ,X€K2 such that

A— S AS; =9 @k + kS ® x. (5.1)

Proof. If we assume that A € T (0, a), then A = Ai’ix for some ¢ € K2, x € K.
Note that if f € Kg°, then S;f € Kg° (cf. (2.2)). Hence by Proposition 3.3,

(A" = Sa AU = (A" = AL SeS)) ]
= (A3 (i3 = SoS5)) f = (AL KG @ KO) f
= (Pa(v(1 = 0(0)6)) © k) f = (v @ k).

Moreover, since Af-c commutes with Sy on Kg° (see [19, p. 498]) and by Proposi-
tion 2.5, we have

(A" — S, AYS;) f

— SaPLAYSH) [

— SaPuS; A0 f = (PaAS — PaSpS3AY) f
Iz — SpSp)ALf = Pa(kg @ kg) AL f
(Puk) @ (ALKE)) | = (k5 @ ).

Since K§° is dense in K7, we obtain (5.1).
For the converse implication, note that, for v € K2, x € K and for all f € K§°,
€ K °, we have

/‘\ X\Q: X\

(A5
= (4
P,
((

o0

(AL 9) =D ((F, SERO(Sw, ) + (f, Six)(Siks 9)). (5.2)

n=0
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Indeed, we obtain (5.2) as in the proof of [19, Lemma 4.2] by taking ¢ € K2
and y € K? instead of ¢, x € K2 and S,, S; instead of S,, S, respectively. The
convergence <A;’j“_x(S§)N+1f, SxNFLg) 50 as N — oo follows from

(92 AGLL(S5)™ frg) = (Sa AU ()™ £.9) + (Sa' AR (S5)" f.9)
= (SN 1 AT (SN g) + (SN PaAL(SHN f.9)
= (SN (SpNA%g) + (SN ALE, Pa(S2)Ng)
= ((SHN 1 (SHIVAT ) + ((S5)N AL, (S2)Vg),

where the last expression tends to zero, when N — 0o, by the strong convergence
(S*)N — 0.

Now assume that a bounded operator A: Kj — K2 satisfies (5.1). For any
positive integer n we have

SPASET — STHASHTY — (57 @ SPED) + (SPES @ SEX).
Adding for n =0,1,..., N, we obtain

(ST @ SpkS + STRG @ Spx) + SN AG VY,

M) =

A:

Il
=)

n

Taking into account that S;™ — 0 in the strong operator topology, we get
A= (Smp @ Spkg + Sukg @ Spx); (5.3)
n=0

hence, by comparing (5.2) and (5.3), we conclude that the right-hand side of (5.3)

is equal to Ai’ix. O

We can obtain a similar characterization for operators from 7 (a, 0) by taking
adjoints in (5.1). Namely, we have the following.

Corollary 5.2. Let a, 0 be nonconstant inner functions such that o < 0, and let
A: K% — K7 be a bounded operator. Then A € T («a,0) if and only if there are
Ve K2, x € Kj such that

A— SpAS: =kl @+ x @ k.

6. SECOND CHARACTERIZATION IN TERMS OF RANK 2 OPERATORS

Sarason also obtained a characterization for truncated Toeplitz operators
belonging to 7 (#) involving the function kJ = Cyk§ instead of k§ by a simple appli-
cation of the conjugation Cy to the result of Theorem 5.1 in the case a = . Here
we will show that an analogous result holds for operators belonging to T (6, «),
a < 6. We cannot, however, use the same reasoning for oo # 6 because, as we will
see, the case of asymmetric truncated Toeplitz operators is more complex. The
relation between a symbol of an asymmetric truncated Toeplitz operator and a
rank 2 operator appearing in (6.1) is more involved.
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Theorem 6.1. Let o, 6 be nonconstant inner functions such that o < 0, and let

A: K} — K2 be a bounded operator. Then A € T(0,«a) if and only if there are
pe K2 and v € K such that

A—SiASy = p@ ki +k v (6.1)
Moreover, if A = Az;ix with ¢ € K2 and x € K}, then A satisfies (0.1) with
6
w=CyP, (5)(), v=Cuh+ S*(anx). (6.2)

Proof. Assume first that A € T(6,«). By Theorem 5.1, there are ¢ € K2 and
x € Kj such that

A— S, AS; = @ kS + kS @ x;
hence
SH(A — S,AS;)Sy = Sip @ Spkl + SEkS @ Sy

Using Igz — S3S0 = k& © kg and Iz — 5550 = k8 @ K{, after some calculations
we get

A— S ASy = kS @ A*ES + Ak @ k) — (AKD EVES @ K
— S*ih @ Skl — SEkS @ Spy.
Thus, by using (2.3), we obtain
A— StASy = (Ak§ — (ARG, k§)kG + 0(0)Siep) @ kY
+k® (AR + (0)S;x). (6.3)

For the reverse implication, if we assume that a bounded operator A satisfies the
equality (6.1) for p € K2, v € KZ, then

SaAS) — 505 ASsSs = Supt @ Spkld + S kS @ S
By using Ix2 — 5,5 = ki @ k', IKg — SpSp = ki @ kb and (2.3), we obtain
A — S, AS; = AR @ kS + k' @ A*KS — (AKS kSVES @ kY
+0(0)Supt @ kS + a(0)kS @ Spv;
hence
A~ S, ASy = (AKY — (AKS, kS VG + 0(0)Sap) @ kf + k§ @ (A*kG + a(0)Sev),
which, by Theorem 5.1, implies that A € T (0, a).

If A= Afb’i)_( with ¢ € K2, x € K7, then we can obtain formulas for y and v

in terms of ¢ and y by using Proposition 3.6 and equality (6.3). Namely, we can
take

p= AULRS — (ALK ES) RS +0(0)S20, and

v =AY kg — (ATRS, kg) kG + a(0)Sgx.
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Since ¢ € K2, we have atp € HZ; thus (a))(0) = 0, and, since C,S* = S,C,, (see
[19, Lemma 2.1]), we then get

(Saths k) = (kg CaSit)) = <k3,s Cot)) = (k§, Saazy)
= (K, a9h) = (1 = a(0)a, a9h) = (1, a9)) — a(0)(1, ¥) = —a(0)4:(0).
Thus by (3) and (4) in Proposition 3.6 we have

(A2, 1) = ( £ 000 - 008205 ) = L OwOI P +00)a010(0
= (0)0(0)(1 - a(0)]") + 6(0)a0)9(0) = - (0)(0).

Taking into account that x = xs + £x,, where xo € K% and y. € K2, we have

(AR08 = (Cola(20). K5 ) = (5.,

and it then follows that
=Cuxa € K 3

Moreover, taking into account (7) and (8) in Proposition 3.6, it follows that
v =Cuth+ Sj(axe) € Kj. O

By taking adjoints in (6.1) we obtain the following similar characterization for
operators from 7T («, ).

Corollary 6.2. Let o, 0 be nonconstant inner functions such that o < 0, and let
A: K2 — K} be a bounded operator. Then A € T («a,0) if and only if there are
weE K2, ve K2 such that

A—S;AS, =kl @u+veky.

It is clear that, if an asymmetric truncated Toeplitz operator A satisfies equa-
tion (6.1) with some pu, v, then that equation is also satisfied if u, v are replaced
by

i = pu+ kS, v =v— bk, (6.4)

respectively, for any b € C. On the other hand, it is also true that the symbol of
A= Ae OC € T(0, ) is not unique, and by Corollary 4.5 we can replace ¢ € K2
and x E Ko with

Y =+ ck§ € K2, X =x —ckh € K2, (6.5)

respectively, for any ¢ € C. Using (6.2), it is easy to see that the following relation
between the freedom of choice holds: of x, v on the one hand and of ¢, x on the
other.
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Corollary 6.3. Let p € K2 and v € K} be defined by (6.2) for given ¢ € K2
and x € K2, and let ' € K% and v' € K} be defined analogously for ' € K>
and X' € K}. If (6.5) holds, then

0 0

"= —c—(0)k§ "= v+ c—(0)k).
2 2 Ca()m v VJFCa()o

The examples below illustrate the result of Theorem 6.1 in the case of Toeplitz
matrices.

Ezxample 6.4. Let us consider o = 22, § = z°, and a Toeplitz operator A = Af;ﬂ?
If we assume that 1 = ag + a1z and that x = by +b_12 +b_02% + b_32° + b_y2" =
(b0+b_12+b_222)+23(b_3+b_42), then CzZ@ZJ = dl +d02, Oz2Pz223X = b_4+b_3Z,

and S*(2%(by + b_12 + b_52%)) = boz + b_12% + b_52>. Note that A — S7,AS.s has
a matrix representation

0 0 0 0 by

ai ag+by b_y b_p b_3

which can be expressed as
(b_s +b_32) ® 2" + 2 ® (a1 + (@ + bo)z + b_12” + b_s2?).

On the other hand, let A — S7, AS.s have a matrix representation
0 0 0 O bo
ayg a1 Qa9 a3 Qa4+ bl

pRzt2@v = (bg+b12) ®2* + 2 @ (Gg + @12 + Gp2” + A3z + auz?).

which can be expressed as

Note that if v = v,242%v,s = (Gg+a12) + 2> (G2 + a3z +a42%), then ¢ = Co2 P2 =
ai + apz, and Y = dgz + @322 + (by + dy) 2> + boz*. Hence by Theorem 5.1 we have

A—S2ASS = (a1 + apz) ® 1 +1® (Goz + @32° + (by + a@s)2” + boz*).  (6.6)

Requiring that 1,5 be orthogonal to z? (see the proof of Theorem 8.5) determines
that as = 0.

On the other hand, we have some freedom in defining ¢/ and y, namely, that

Y1 = s+ apz and x; =t + Gz + aszz® + (by + ay)2® + boz* also satisfy (6.6) if we
assume that ¢t + s = a;.
Ezample 6.5. Let us now take a = 2°, 0 = 23((\ — 2)/(1 — A\2))?, A € D, and
let us consider the operator A = AZ)’i‘X, where ¥ = ag + a1z + a»2*> € K2, and
X = (bo + b1z + byz? + b3z® + byz*)(1 — A2)™2 € K2 (see [12, Corollary 5.7.3]).
Then by Theorem 6.1

A—SiAS) =p® (V222 =202 + 29 (1 - A2) 2+ 22 @,

where p = by + (bs + 2Aba)z + (by + 3A\%by + Ab3)2? and v = (az + (a1 — 2Aa@»)z +
(bo + Gg — 2M\a1 + Aan)2? + (b + N2a; — 2Mag) 23 + N2ap2?) (1 — A2) 2.
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7. CHARACTERIZATIONS IN TERMS OF RANK 1 OPERATORS

Our aim now is to describe the classes of symbols of an operator A € T (0, a) for
which the right-hand side of (6.1) is a rank 1 operator. The corresponding question
regarding the equation (5.1) is trivial by Corollary 4.5, since the right-hand side
of (5.1) is a rank 1 operator if and only if ¢ = ¢ - k§ or x = ¢+ k§ with ¢ € C. In
the case o = 6 the question regarding the equality (6.1) also has an easy answer,
since the relation between the symbols in (5.1) and (6.1) is ©» = Cyr and x = Cyp.
For o # 0 we need the following lemma.

Lemma 7.1. Let a < 6 be nonconstant inner functions, and let Aii;{ eT(0,a).

Assume that ¢ € K2 and that x = xo + %Xa EK}=K:® %Kg Then

(1) PeggSslaxs) = —2(0)x ()||/;?9||_2/53;
(2) PegoCath %( )(0 )HkoH 2k,

3) F 5*(0063) = Peg S5 (axe) = x2 (0)kF,
(4) (Ps — Fa)Sj(axs) = aS"xs,

(5) PejgCaPa(xz) = Xa(0 )Hk‘O‘H 2k§, and
(6) PeaCatp =1(0 0) |1k 11-2kg .

Proof. To prove (1), it is enough to calculate

<S* axg ,k:0> = < (ozxe —a(O)X%(O)),E(Q—Q(O)»

= (a1 ) ~ @02 0)01,6) = TN axs. 1) + (0T 0)

@

= —2(0)x4 (0).
® a0
To show (2), note that by Proposition 2.2

- - 0 ~
(Cath, TE) = (Catt, PR = <caw, —<o>k3>

—(CaZ 5.0 ) = L)) = - 0700)
The equalities in (3) follow from
PaSg(axg) = Pa(ZaX%) = aPazaxe — P Zaxe = aP Zxs — a(O)Xg(O)Z
= axs(0)z — a(0)xe (0)Z = x2 (0)k§ = P S (axa).
To see (4) it is enough to calculate
(Py — P.)S;(axe) = aPoaSy(axe) = aPs (az(axs — a(0)xs(0)))
S aP;(ZX%) :aOzS*gXQQZ aS*X; )

The proof of (5) follows from (C, P, (x
that (6) holds, note that (C,), k$) = (k&

), k&) = (k9. xa) = Xa(0), and, to show
,¥) =1(0). O

E’T‘ Q\'QJI
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Theorem 7.2. Let a < 6 be nonconstant inner functions, and let Afﬁi €

T(0,c), where vp € K2, and x € K?. Then
(1) Aiix S*AiiXSQ H& /;:g for p € K2 if and only if there is s € C such
0
that ¢ = sk, PeX = —5k§, and

(2) AZ)_‘T_X S*AZ?_XSQ = k§@v forv € K3 if and only if Pa(x2) = const - k§.

Proof. Assume first that Aiix S;AZ,:.)‘_XSQ = u® k‘g for p € K2. Now, the
right-hand side of the equation (6.1) reduces to u® kg ifand only if v = ¢- k:g with
¢ € C, which is equivalent to v — FPeger = 0. Let x = xo +ixa € K} =K} lK2

By formulas (6.2) and Lemma 7.1 we thus have that

0= G+ S3(axs) + - (0) (xe (0) ~ 907 1K1
(v (0) = 5O 1K1 ) i )
+a( S + L0 (e 0) - SO ) 7

Since the right-hand side of (7.1) is an orthogonal sum, each term must be zero.
Thus, for s = —x 4 (0) —[£(0)

0)]%( 0(0) = (0 NNES| =2, we get 1 = sk&. Moreover,
Sexe = —2(0)(x2 (0) — ¥ (0))[1kg]I~ 2/{0 : hence, proceeding as in (8.7), we get

2

- (cw " (Xg(o) T E(m

~—

o 0 _ ~0 0
xo = xs (0)k§ = —(0)(x2(0) = ¥ (0)) K5l 7> S kg = —5k§
by Lemma 2.3.
The converse is immediate from (6.2). The proof of (2) is analogous. O

Remark 7.3. When the right-hand side of the characterization (5.1) reduces to a
rank 1 operator const - kY ® kf, this operator can immediately be expressed in
terms of the symbol ¢ + Y as

const - ]Cg ® k?g = P(Ckai/) & k’a + k?a X P(Ck:GX
= (O)|[E] 72 + x(O)[|kS]~2) ke @ k5.

It might be of independent interest to consider the case when the right-hand side
in the equation (6.1) reduces to a rank 1 operator const - k§ ® k. By equations
(6.2) and Lemma 7.1(1)—(2),(5), this operator can be expressed in terms of the
symbol ¢ + x as

const - kS @ kS = Ckau®k‘9+k‘a®PCk9V
8 o\ -
= (WO + 201 (600) ~ 0N ) i

A similar question can be asked regarding the case when the right-hand side of
the equation (6.1) reduces to a rank 1 operator const-k$ ® k¢. By equations (6.2),
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Proposition 2.2(4), and Lemma 7.1(3),(5)—(6), we have
const - kS ® kS = Peight ® kS + kS @ Pegav
= (x(0) = X2 O]aO)[" + L(0)) 15 | *k§ © &5

8. AN INVERSE PROBLEM: FROM THE OPERATOR TO THE SYMBOL

In the case of a classical Toeplitz operator T, on H?, the (unique) symbol ¢
can be obtained from the operator by the formula lim,_,. 2"7T,2". In the case
of a truncated Toeplitz operator, that is, of the form Ag’e with o = 6, one can
obtain a symbol belonging to H? + H? from the action of A?D on kY and l%g
(see [4]). A similar result can be obtained for an asymmetric truncated Toeplitz
operator A € T (0, «) by considering the action of the operator A and its adjoint
on reproducing kernel functions of the same kind.

Note first that, if A has a symbol ¥ + Yy with ¢ € K2 x € K7, writing x =
Xeo + Xa, where Xe € K 2, and x, € K2, then by Proposition 3.6 we have the

followmg equations on 2

Y —0(0)aya = AKS —)((0)/{:8‘ +6(0)xa(0)c (8.1)
—0(0)2¢) + zaxa = AkS — 22(0)4(0) . '
Taking the scalar product with kj and 153“, respectively, we obtain
¥(0) +6(0)a(0)xa (0) + (K5 [*x(0) = (AKG, k)
0 7.0 Lo (82)
5(0)¢(0) + Xa(0) = (Akg, k§),

and, by using the notation a = ¢(0), b = x4(0), ¢ = x(0) in (8.2), we obtain the
following system of equations for the unknowns a, b, c:

{a +0(0)a(0)b + || kg2 = (AKS, kS)

—%(0)a + b= (AkS, k). (8:3)

Hence we have proven the following.

Lemma 8.1. Let A € T(0,a),A = Ayis, where v € K2,x € Kg, and x =
Xeo + ng with Xo € K2 and Xo € K2. Then the values 1(0), x Ya(0), X ( ),

and x(0) = Xs (0)+ = (O)Xa(()) can be determined from (AkS,kS), (AkS, kS) as a
solution to the system (8.3). The solution is unique if we fix a concrete value of
¥(0) or x(0).

Note that by Corollary 4.5 we can always choose a concrete value of either 1(0)

or x(0).
From equations (8.1) we cannot obtain ye; hence we need another equality,

which we formulate by using Proposition 3.68576) and applying Cy. We get

CoA515) = w0 - a(0)( 226 = £ 0)0(0)z ),

(07
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and by Proposition 2.3

0
Co(ALkG) = azXa + 02X0 — a(o)azm
The operator A must satisfy the condition
0 0
—a(o)azw + azXa + (a — a(o))zaxg = CoA*kS — (0)z0. (8.4)

To obtain a symbol for the operator A, we take the analytic functions ¢ = X,
aXe = Y, and %)Zg = Z as unknowns, and we substitute a = 1(0), b = x.(0),

¢ = x(0). Then from (8.1) and (8.4) we get the system of equations

X —0(0)Y = Ak — ck§ + b0(0)a,
—0(0)X +Y = zAk{ — £(0)ac, (8.5)
—a(0)2X +Y + (a — a(0)) Z = 2CyA*k§ — ab.

Note that the determinant of the matrix of the coefficients of the system (8.5) is
1£8]|%(cc — «(0)) # 0; hence the solution of the system (8.5) is unique.
We have thus the following.

Theorem 8.2. Let a < 6 be nonconstant inner functions, and let A € T (0, ).
Suppose that a certain value is given for either ¥(0) or x(0), and let a, b, ¢ be the
corresponding solutions to (8.3). If X,Y, Z satisfy the linear system (8.5), then

A= Azﬁ»x’ where 1 = X, and x = 27 + 6Y.

Proof. If A has the symbol 1 + x with fixed value ¢(0) or x(0), then ¢ and x are
uniquely determined. Since, as shown above, X = ¢, Y = ay,, Z = g)_( o satisfy
the system (8.5), the result follows from the uniqueness of the solution to that
system. O

The characterizations of asymmetric truncated Toeplitz operators in terms of
operators of rank 2 at most, as obtained in previous sections, allow us also to
obtain a symbol for the operator.

In fact, regarding the first characterization, it follows from the proof of The-
orem 5.1 that, if A is a bounded operator and satisfies the equality (5.1), then
A= Aiﬁ? Note that by Corollary 4.5 we know that ¢ and x are not unique, and
we can adjust the value of either ¢ or x at the origin.

For oo = 6 the characterization (6.1) of truncated Toeplitz operators in Theo-
rem 6.1 reduces to that of Sarason (see [19, Remark, p. 501]). In that case the
relation between v, y in the symbol of Afb +x and p, v is given by the conjugation
Cy, namely, p = Cyy and v = Cytp. Thus one can also immediately associate a
symbol of the form 1+ x to a truncated Toeplitz operator satisfying that equality.
In the asymmetric case, however, Theorem 6.1 unveils a more complex connection
between the rank 2 operator on the right-hand side of (6.1) and the symbols of
Agﬁr Finding a symbol in terms of i and v for an operator A satisfying equality
(6.1) is more difficult.

To solve that problem in the case of asymmetric truncated Toeplitz operators,
we start with two auxiliary results.



918 C. CAMARA ET AL.

Lemma 8.3. Let ¢ € K2, x € KZ. Assume that x = xo + gxa according to the
decomposition K = K% @ %KO%. If
é —"’a * ~0
p=CuPs| =x | + bEG, v =Cup + S*(aPs x) — bk
a a

for fixed b € C, then

).
v+ (xe0 - 20) )i,

@

Ll

Y= CaVa — (Xi(o) —b

Xa = Capt — bkg, Xo =S

Qe

where v = vy + ave according to the decomposition Ki = K2 & aK?.

Proof. Let us calculate using Proposition 2.1:
Po(S™(axs)) = Pa(Z(axs — a(0)xe(0))) = Pa(Zaxs)
= aP‘d(Eaxg) — a(O)Xg(O)Z
= aP(2xe) — a(0)xe(0)z = (axe(0) — a(0)x2(0))2
= X2 (0)k.

- - -0
Hence, since Cptp € K2 and kfj = £(0)k§ + akg (Proposition 2.2), we have

P = ot (x50 - 0200) )

thus

w:capau—ca(( ) ) Cua—(W—g(O)>kg.
(

Now let us consider x. Since p = P,Co(x2) + bko‘ = CaXa + bk , we have

Qi

Xa = Calpt — bk§) = Copu — k.

On the other hand, by Proposition 2.1,

~0
P (8.6)
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since gx 0 1 H?. Hence, using a proper defect operator and (2.3), we obtain

ZSQSEXQ—F(ICOE(XUCOE)XQ (8.7)
.0 0 0 A
Seve + ngkoa —‘—XH(O)]{?(?:(XG(O)—bE(O) é"—{—SQVg. ]

Lemma 8.4. Let A € T(0,«) satisfy the equation
A—SiASy =p@kl +kSov
forue K2, ve K;. Then u and v can be chosen such that Pg (aw) is orthogonal
to ];02 In this case, p and v are uniquely determined.
Proof. According to the decomposition K7 = K> & aK?% we can write v = P,v +

- -0
aPoav = v, + ave. By Proposition 2.2 recall that kf = 9(0)k§ + akg . Let us
define

W= R 2 e RSRS, V = v R e, R R
(see (6.4)). We have
A-SASy = @k + ks @V, W eK2 VeKE
Moreover, 1/, is orthogonal to /502 since
“ -0 -0 <0 -0 -0
(Vo k) = (vo — kg |7 (va, ki )kg kg ) = 0.

To show uniqueness it is enough to note that p ® /;9 + 158‘ ® v = 0 if and only if
,u =0 and v = 0. Assume then that y ® k:e + k:a ® v = 0, which is equivalent to
= clko, v = czko, and ¢; 4+ ¢ = 0 for ¢, ¢y € C. Then by Proposition 2.2(4),

PQ@V = Cngdkg = 02/;;05.
)
Since Peav L kg, we then obtain that co = 0, which implies that ¢; = 0; hence
pw=0and v=0. O

When investigating symbols of the asymmetric truncated Toeplitz operator, it
is worth keeping in mind Corollary 4.5, which states that it is enough to find one
of them.

Theorem 8.5. Let o, 0 be nonconstant inner functions such that o < 0, and let
A be a bounded operator satisfying

A—SiASy =@kl + kS @v (8.8)
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forpe K2, ve Ki. Then A= AZ)JF, where

- 0
= CoPo(v — ckl) = CyPov — EE(O)kg” c K2 and

3 9 5
X =SePoa(v—ckd) + EC’Q(,u + ckg)

o o\ 0 0
= (S Pyav + ca(O)k§> + E(Cau +cki) e Kj = K3 @ aKg with

[e3

. - )
Proof. Let ,uo = p+ckg, vo = v — ck§ with ¢ = (Peaw é">||k |72, We have

Py (owo)J_kO , and (8.8) is also satisfied; that is,
A— S;ASy = o ® kf) + k§ @ 1.
On the other hand, A € T(0,a), so A = Aif_- with ¢ € K2 and x € K}
and, by (6.2) and (6.4), there are also y/ = C,P.(x%) + bky € K2 and v/ =
Coath + Si(aPox) — bk € K2 (b € C) such that
A—S:ASy =y @k + ks @0
Take
~0
(0) I 1172,

-0
where yo = Psx. Using calculations as in (8.6), we have Pe( (V' — bkO)) Lk
because

hence, by Lemma 8.4, yp =y’ and vy = v/. On the other hand, by Lemma 8.3,

O |* -e
6= CaPan = (X3 O+ X3 O 2 O 151 )45 = CuPon = OIS 17245
and
SO\, ¢ o 2(0)
x= 8¢ Pylam) +xg 01+ 520V 4 2 (oo xg 020015 )
5 1P Bk
= 5 Pa(arn) + xs O 17255 + 2 (Cumo 4 x5 0) L RS 1245
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Thus, taking Corollary 4.5 into account, we conclude that A = AZ’Z? with ¢ =

CoPovy = Co Py (v — clgg) and that x' = Se Pe (avg) + gC’auo = SePo(a(v —
ck§)) + LC (1 + k). O
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