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A Nonstandard Counterpart of WWKL

Stephen G. Simpson and Keita Yokoyama

Abstract  In this paper, we introduce a system of nonstandard second-order
arithmetic ns-WWKLq which consists of ns-BASIC plus Loeb measure property.
Then we show that ns-WWKLg is a conservative extension of WWKLg and we
do Reverse Mathematics for this system.

1 Introduction

In [4] Keisler characterized the “big five” subsystems of second-order arithmetic
RCAy, WKLy, ACAg, ATRg, and Hi—CAO in terms of systems of nonstandard arith-
metic (for the details of these systems, see [0]). In [I1] we introduced systems
of nonstandard second-order arithmetic corresponding to RCAg, WKLp, and ACAg
within which we can do nonstandard analysis. In this paper we introduce a non-
standard counterpart of the system WWKLy. WWKLy is an appropriate system for
some measure theory. It consists of RCAg plus “weak weak Konig’s lemma” (see
[1; 12; 13] and [6, Section X.1]). We use some properties of Loeb measure to give a
nonstandard characterization of WWKL,.

2 Systems of Nonstandard Second-Order Arithmetic

We first introduce the language of nonstandard second-order arithmetic.

Definition 2.1  The language of nonstandard second-order arithmetic £ is defined
by the following:

standard number variables: xS, y5, ...,

nonstandard number variables: x* ¥,

standard set variables: XS, VS, ...,

nonstandard set variables: X*, Y* ...,

function and relation symbols: 05,185, =%, 45, .5, <5, €5,

* * * * * *
0’1 3_9+ 9'*5< , € 9\/'
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Here, 0%, 13, =%, 45, -5, <5, €% denote “the standard structure” of second-order arith-
metic; 0%, 1*, =*, +*, .*, <*, €* denote “the nonstandard structure” of second-order
arithmetic; and 4/ denotes an embedding from the standard structure to the nonstan-
dard structure.

The terms and formulas of the language of nonstandard second-order arithmetic
are as follows. Standard numerical terms are built up from standard number variables
and the constant symbols 0° and 1° by means of +° and -*. Nonstandard numerical
terms are built up from nonstandard number variables, the constant symbols 0* and
1* and /(¢%) by means of +* and -*, where ¢° is a numerical term. Standard set
terms are standard set variables and nonstandard set terms are nonstandard set vari-
ables and /(X®) whenever X® is a standard set term. Aromic formulas are t} =° 5,
1<t e XS tf =F 15, 1) <* t), and 1] €* X* where #], t5 are standard
numerical terms, tf‘, t;‘ are nonstandard numerical terms, X*® is a standard set term,
and X* is a nonstandard set term. Formulas are built up from atomic formulas by
means of propositional connectives and quantifiers. A sentence is a formula without
free variables.

Let ¢ be an «£>-formula. We write ¢° for the «£3-formula constructed by adding
$ to all occurrences of bound variables, relations, and operations of ¢. Similarly, we
write g™ for the ££3 formula constructed by adding *. We sometimes omit * and * for
relations and operations. We write 5V for /(%) and X*V for ,/(X®). We sometimes
write X (respectively, X ) for a finite sequence of variables xi, ..., x; (respectively,
Xi,..., Xp).

A model for L3 is a triple M = (V}},, Vi, v/ 4) such that

() V5 =My, S5, =S 0 S O Bys <5y €3) is a model for

S S 8 S N S S
{=5+9'a0513<a€}>
and

() Vj{ = (M3, Sj%, Z*M’ +*<M’ -i';%, j%, 1*<M’ <*M’ G*M) is a model for

{:*, +*’ .*’ 0*’ 1*’ <*’ e*};
that is, le and le are models for £, and ./, is a function from MjM U Sju to
M}, U S%,. We usually omit the subscript .

In Section 4 we will do nonstandard analysis within nonstandard second-order
arithmetic without fixing models. When we do nonstandard analysis, we need to
mention the standard universe and the nonstandard universe. In such a context, we
use V* to denote the standard universe and V* to denote the nonstandard universe,
without mentioning models. We sometimes say that “p holds in V5” (abbreviated
VS = @) if ¢° holds, and we say that “p holds in V*” (abbreviated V* = ¢) if p*
holds. Here V*® and V* do not refer to fixed models. We use this notation only in
order to make our nonstandard arguments more accessible.

We next introduce some typical axioms of nonstandard second-order arithmetic.

Definition 2.2
embedding principle (EMB): V;SV)?S(w();S, )ZS)S < p(xsV, XsV)*)
where ¢ (X, X) is any atomic £o-formula with exactly the displayed free vari-

ables.
end extension principle (E):  Vx*VyS(x* < ys\/ — 3’ (x* = zs‘/)).
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Z’} overspill principle (E;—OS):
VOV (@ 2 0 A @Y, X))
= BV T > wY) A e, xF, X))

where ¢ (v, X, X ) is any 2; L>-formula with exactly the displayed free variables.
Zj. equivalence principle (Z;-EQ): (p® <> ¢*) where ¢ is any Zj. £L-sentence.
E; transfer principle (2§-TP): V);SV)ZS((/) (x5, )?S)S < xSV, XsV)¥)

where ¢ (X, X ) is any Zj. L-formula with exactly the displayed free variables.
Now we define the base system of nonstandard second-order arithmetic.

Definition 2.3 (The system ns-BASIC)  The axioms of ns-BASIC are the following:

standard structure: (RCAp)®
basic axioms: EMB, E
nonstandard axioms: Z?-OS, Zé-EQ, 28—TP.

Theorem 2.4 (Conservativity) ns-BASIC is a conservative extension of RCAy,;
that is, ns-BASIC + y* implies RCAg & y for any L1-sentence.

Proof This is a straightforward consequence of Tanaka’s self-embedding theo-
rem [9] and Harrington’s theorem [6, Theorem IX.2.1]. [l

Within ns-BASIC, a standard set A® is said to be the standard part of a nonstandard
set B* (abbreviated B* | M* = AS) if Vx5(x% € A’ « oV e B*). By 28—TP,
we can show VXS(X*V | MS = X%). The existence of the standard part of any
nonstandard set provides a nonstandard counterpart of WKLg.

Definition 2.5 (The system ns-WKLg) ns-WKLg consists of ns-BASIC plus stan-
dard part principle (ST) which asserts

VXYV (xS € Y o 1Y e XF).
Theorem 2.6 (Conservativity) ns-WKLy is a conservative extension of WKLo, that

is, ns-WKLg F v implies WKLo - w for any £;-sentence..

Proof This is a straightforward consequence of Tanaka’s self-embedding theorem
[9]. See also [11]. O

3 ns-WWKL,

In this section we define Loeb measure for trees and introduce another nonstandard
axiom LMP (Loeb measure property) and a new system ns-WWKLg. Then we show
that LMP is a nonstandard counterpart of weak weak Konig’s lemma.

Within RCAq, we define the measure y for binary trees as

{o € T | Ih(o) = i}|
2i '

u(T) = lim
1—> 00

Similarly, we define

#(T)Zcui)\?’i(l{a €T ';?(U):i}l Za),
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and u(T) > a & 3b > a u(T) > b. Note that we have defined the relation
w(T) = aor u(T) > afora € Revenif u(T) does not exist. WWKLg consists of
RCA( plus weak weak Konig’s lemma (WWKL) which asserts that a binary tree T
has a path if ¢ (7)) > 0.

Within ns-BASIC, both V* and V* satisfy RCAg by RCAq® + Zé-EQ. Thus, we
can develop basic parts of mathematics in both V® and V* just as in RCAg. We
can define real numbers, open sets, continuous functions, complete separable metric
spaces, and so on in both V% and V*. For example, N® = {x®% | x* = x5} is a set
of (standard) natural numbers in VS, N* = {x* | x* = x*} is a set of (nonstandard)
natural numbers in V*, o® = (a*(i®) | i% € N®) is said to be a (standard) real number
in VS (abbreviated o € RS) if |a(®) — a°(® + k%) < 27 for any 15, k* € NS,
a* = (a*(i*) | i* € N*) is said to be a (nonstandard) real number in V* (abbreviated
o* € R*) if |a*(i*) — a*(i* + k*)| < 277" for any i*, k* € N*, and so on. Then
we can do nonstandard analysis in this system. From now on, we identify a standard
natural number x* € N® with a nonstandard natural number x*v € N* and consider
N C N*. By this identification, we usually omit superscripts 5 and * for natural
numbers. Similarly, we consider a set of standard rational numbers Q° (defined in
V$) as a subset of a set of nonstandard rational numbers Q* (defined in V*) and
omit superscripts for rational numbers since rational numbers are coded by natural
numbers.

We now define the standard part of a real number.

Definition 3.1 (Standard part)  The following definition is made in ns-BASIC. Let
a* = {(a*({)|i e N*) e R*in V* and % = (b5(i) | i € N®) € R%in V5. Then f% is
said to be the standard part of a* (abbreviated st(a*) = £°) if

Vi e N |a*(i) — b*(i)| <27 (in V*).
We sometimes write st(a*) € R%if 3y * € R®st(a™*) = y*.
Similarly to the definition of standard parts, we write st(a™*) < g% if

Vi e N® a*(i) < b°(i) + 27 (in V).

Note that we have defined st(a*) < S° even if the standard part of a* does not exist
in R®. We write a} ~ aj if st(a] — a3) = 0. Note that the existence of standard
parts of real numbers is equivalent to ns-WKLg over ns-BASIC (see [3]).

Now we introduce a nonstandard axiom for Loeb measure and a new system
ns-WWKLg. Let T* be a tree in V*, and let ® € N* \ N®. Then we define the
Loeb measure L, as

Lo(T*) = st(l{o € T* | h() = @}|/2),
and we define the relation L, (T*) > a® for a® € R® as
Lo(T*) > a & st(|{c € T* | Ih(c) = w}|/2°) £ a.
Note that we have defined the relation L, (T*) > a® even if L, (T*) does not exist.

Definition 3.2 (Loeb measure property) Loeb measure property (LMP) is the
following statement: if a tree T* has positive Loeb measure, that is, there exists
o € N*\ N® such that L, (T*) > 0, then there exists a function f* : N® — 2 such
that f*[n] € T* for any n € N5,
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LMP asserts that if 7* has positive Loeb measure, then 7* [ M*® has a path (even if
T* | M® does not exist in V*).

Definition 3.3 (The system ns-WWKLg) ns-WWKL, consists of ns-BASIC plus
LMP.

The next two theorems show that LMP is a nonstandard counterpart of weak weak
Ko6nig’s lemma.

Theorem 3.4  ns-WWKLg implies (WWKL)S.

Proof We reason within ns-WWKL,. Let 7% be a tree such that ¢ (7%) > 0. Then
there exist m € N® such that

el € " 11h(e) =i}
2[
By Z?—OS there exists @ € N* \ N* such that

l{o € T*V | Ih(c) = w}|
20 g
Thus, Lo, (T5V) > 0. Hence, by LMP, T = TSV | M* has a path in V*, and this
completes the proof. U

27",

27",

Theorem 3.5 (Conservativity) ns-WWKLy is a conservative extension of WWKLg;
that is, ns-WWKLg b v implies WWKLg b v for any sentence y in L.

In order to prove this theorem, we first prove the following lemma concerning models
of WWKLg and WKL,.

Lemma 3.6  Let M, S) = WWKLo be a countable model. Then there exists an
w-extension S O S such that (M, S) = WKLg and the pair S and S satisfy the
following:
(t)  for any binary tree T € §,

w(T)>0— 3f € S (f is a path through T).

Note that this lemma is a generalization of the following proposition which was in-
dependently obtained by Downey, Hirschfeldt, Miller, and Nies [2, Proposition 7.4]
and Reimann and Slaman [5, Theorem 4.5].

Proposition 3.7  If X € 2% is Martin-Lof random, then for any nonempty H?-class
P C 2% there exists A € P such that X is Martin-Lof random relative to A.

Proof This follows easily from the special case of Lemma 3.6 where (M, S) is an
w-model. (]

Proof of Lemma 3.6 Within RCA(, we can define the notion of Turing reducibility
“A <r B” and the notion of Martin-Lof randomness “A is B-random” by using a
universal 1'[(1) formula. Within WKLg, we can show the following.

1. Let ¢(X,Y) be a generalized H(l) formula with exactly the displayed free
variables; that is, ¢ is of the form ¢(X,Y) = 3Zy (X, Y, Z) such that y is
a H(]) formula, and let A € N. Then there exists a binary tree Ty o) <7 A
such that B is a path through Tj,(. 4) if and only if 9 (B, A). (Here we identify
a set with its characteristic function.)
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2. Thereisa H(l) formula ® (X, Y) such that forany A, B € N, @ (B, A) implies
B is A-random and u(Tg(. 4)) > 0.

3. If B is A-random and T <7 A is a binary tree with x«(7) > 0, then there
exists k € N such that B®) = {n |n+k € B}isa path through 7.

(1) is a well-known fact within WKL (see [0, Lemma VIII.2.4]). Formalizing the
usual arguments for randomness, we can show (2) and (3). For (2), see [7, Theorem
3.2], and for (3), see [7, Lemma 4.12].

Let (M, S) be a countable model of WWKLy. For any countable w-extension
S’ D S such that (M, §") = RCAg, we write S’ D, S if for any A € ', there exists
B € S such that B is A-random. Clearly, S D, § by (2). For a binary tree 7', we
write X € [T] if (the characteristic function of) X is a path through 7.

Claim Let S’ O S be a countable w-extension such that (M, S") = RCAp and
S’ D, S. Let T € S’ be an infinite binary tree. Then there exists a countable w-
extension S” O §’ such that there exists a path through T in S, (M, S”) = RCAg
and $” DO, S.

We show this claim by a forcing argument. By Harrington’s theorem, there ex-
ists an extension § O S such that (M, S) is a model of WKLy (see, e.g., [6,
Theorem IX.2.1]). We will argue in this model. Let §' = {A;}i<, and let
{(U,’;, c 2N |'m < d;j) € §'}i<w be an enumeration of all finite sequences of
binary trees belonging to §’. We construct a descending sequence of infinite binary
treesT =Ty 2T1 2 T> 2 ... suchthat T; € S’ and {T;}; <, satisfies the following:
1) Vm < d;([Ti+1] [U,i,] =2VvTi; C U,i,) (this condition is for Harrington’s
forcing argument);
(ii) there exists B; € S such that X € [Tj41] > O(B;, X D Ay D --- D A;)
where O is defined in (2) (this means that T; 1 forces ‘B; is X & Ao @ - - -
@ A;-random if X € [T;]).
For given T;, we construct 7;4; < T; as follows. By (1), there exists a tree
T<r ;&A@ @A suchthat Z € [T] & IX(X € [T]AO(Z, X D Ag @D --
@A;)). Since T € §', there exists B € S such that B is 7-random. By (2), ,u(T) > 0.
Thus, there exists k € M such that B®) e [T] by (3). Define B; as B; = B®). By (1),
takeatree 7/ <7 B;®T;®AoD---® A, suchthat X € [T/] & O(B;, X)AX € [T;].
Then T} is infinite since 3IX O (B;, X) A X € [T;],and T} € §'. Take C € S such that
C € [T/] and define k € M as k = min{k’ | Vm < d;(C[k'] € U}, - C € [U}1}.
Define r = C[k] and define T; | € S’ as

Tis1={oc €T/ |lc CtVv(tCoAVm <di(t € m—)aGU,’ﬁ))}.

Then T;4 is infinite since C € [T;41], and T;4 satisfies the desired conditions.
Now we construct an w-extension S”. Define aset G € M as G = ﬂi[T,'];
that is, a € G if and only if there exists ¢ € T such that 6(a¢) = 1 and
o € T; for any i < w. For given Z? formula ¢ (m, X) and d € M, there ex-
ists i < o such that Vm < d VX(p(m,X) < X ¢ [U.]). Thus, for any
m < d, p(m, G) is equivalent to T;;; C U,’;l, and this means that (M, S’ U {G})
satisfies bounded Z? comprehension, which is equivalent to IE?. Define §” as
§” = AY-Def(M,S" U {G}). Then (M,S”) = RCAg A G € [T]. To show
S” D, §, we only need to show that B; is G @ Ay @ --- @ A;-random for any
i < w. By the normal form theorem [6, Theorem I1.2.7], there exists a 28 formula
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O(n, X,Y) such that RCAg = O(X,Y) < Vnl(n, X[n], Y[n]). We show that
M, S"y = VnO(n, Bi[n],G ® Ag ® --- ® A;[n]). For any n € M, there exists
C, € Ssuchthat C, € [Tj41]1and C, @ Ag® - D Ai[nl =GB Ao ® - -- D A [n].
Since (M, 8) = VX(X € [Tix1] - OB, X ® Ao @ --- ® A;)), we have
(M, 5) = 0(Biln],Cy ® Ao @ --- ® A;[n]). Thus, (M, S") k= VnO(n, Bilnl,
G®A)D - ® Aj[n]). Hence (M, S") = O(B;,G D Ay ® --- D A;); thus B; is
G DAY - & A;j-random. This completes the proof of the claim.

Using the claim repeatedly, we can construct a sequence of w-extensions
S =580 C S C...suchthat S; O, S and for any infinite binary tree T € S;, there
exists a path A € S;4 through 7. Define Sas S = U; Si. Then (M, S’) = WKLo
and for any binary tree T € S, u(T) > 0 — 3f € § f is a path through T
by (3). O

Proof of Theorem 3.5 We show that WWKLg t# y implies ns-WWKLg b w®. Let
(M, S) = WWKLg be a countable model such that (M, S) &= —w and M Z w.
By Lemma 3.6, there exists S D S such that (M, S’) = WKLy and Sand S satisfy
the condition (). We prepare some notation for a self-embedding of a model of
second-order arithmetic. Let M< = {a e M |a < ¢}, S ={ANM=<‘| A € S},
and § | V(M) = {AN /(M) | A € §}. Note that S<¢ C S. Then, by
Tanaka’s self-embedding theorem for WKLg (see [9]), there exist ¢ € M and a
homomorphism / : M U S — M<¢ U §<¢ such that \/(M) is a semi-regular
cut of M and (V(M), S | (M) = (J(M), /) | (M) = (M,3). De-
fine a model M as VS = (M5, 8% = (M, S), V* = (M*,§*) = (M, S), and
M = (V5,V*,/ | MUS), and define a model M as VS = (M*, §%) = (M, S),
V* = (M*,§%) = (M, §), and M = (V®, V*, /). Then we can easily check that
M = ns-BASIC, M = ns-WKLg, and M = —y®. We show that M = LMP. Let
H € M*\ M5 and let T* € S* be a binary tree such that Ly (7*) > 0. By STP in
M, T* | M* € S5. Then u(T* | M®) > Ly (T*) > 0. By the condition (%), there
exists a path AS € S® through 7* [ MS. Thus, M = LMP, and M = ns-WWKL, by
Theorem 3.4. Therefore, ns-WWKL t# ®, and this completes the proof. O

Remark 3.8 LMP is a purely nonstandard axiom; that is, for any true .£;-sentence
@, ns-BASIC + ¢* does not imply LMP. To show this, let (M, S) be a nonstan-
dard countable model of WKLy + ¢. Then we can construct S’, §” € £ (M) such
that S € § € S”, (M, S") is a model of WKL, and S’ = A(])—Def(M; {X}) for
some X € S’ (for this construction, see, e.g., [8]). Note that S’ &, S”; thus,
S &, §”. By Tanaka’s self-embedding theorem, there exist ¢ € M and a homo-
morphism /: MU S” — M=<¢U S”~ such that

(WMD), 5" T (M) = (M), /(S") | V(M) = (M, S").

Then M = (M, S), (M, S), / | M U S) is a model of ns-BASIC + (WKLg)® + ¢°.
Since S Z, 8" = 8" | /(M) =S | \/(M), M is not a model of LMP.

4 Reverse Mathematics for Nonstandard Measure Theory

4.1 Nonstandard Reverse Mathematics  In this section we do Reverse Mathemat-
ics for some basic propositions of nonstandard measure theory and nonstandard in-
tegral theory. We reason within ns-BASIC. For m € N* we define Q,, € [0, 1] in
V*as Q, = {i/2™ € Q* | 0 <i < 2™}. We mainly consider the case m € N* \ N5,
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We define the image and the inverse image of st for nonstandard finite sets A* C Q,,
and standard open sets A% C [0, 1] as

st(A¥) == {x e R® | Ix™ € A* x = st(x™)},
st (A%) 1= {x* € Qp | Ix* € A% x° = st(xh)),
(A = (x* € Q,, | 3a®, b° € R® a® < st(x*) < b° A [a®, b*] C AP},

Here, [a®, b*] € A® means that Vx® € [a®,b°] x* € A®. Note that st,' (A%) and
(A%) ¥ are “external sets”; that is, they are not in V*.

Definition 4.1 (The Loeb measure)  The following definition is made in ns-BASIC.
Let m € N*. We define the Loeb measure L,,(A*) for a (nonstandard) finite set
A* C Q, as

L, (A%) = st(card(A*)27™).

We also define Loeb measure for external sets st,;1 (A®) or (A%)?n as follows:
Ly (st,,' (A%)) = sup{Li (B*) | B* Car st,' (A%),
L ((A%)*) = sup{Ly (B*) | B* S (A%},

where B* ranges over nonstandard finite subsets of Q,, in V*, and C C, D means
that L(X*) = 0 for any nonstandard finite set X* € C \ D (C and D may be
external). In fact, we cannot prove the existence of L, (st,.! (A%)) or L ((A%)S2m)
within ns-BASIC, but the relations L, (st,'(A%)) < a® and L, ((A%)*") < a° can
be expressed by «£3-formulas, as for the definition of the measure u.

Lemma 4.2  The following are equivalent over ns-BASIC.

1. ns-WWKL,.
2. There exists m € N* \ N® such that

VA* C Q, (Lin(A*) > 0 — Jx* € A* Ix® € [0, 1] st(x™) = x°).
3. Foranym € N* \ N5, we have

VA* € Q, (Lp(A*) > 0— 3x* € A*3x® € [0, 1] st(x™) = x°).

Proof Define 4,, : 27" — Q, as M) = D, 2715 (i) where 2=" =
(o € 2N | lh(c) = m}. Then A, is a natural isomorphism from 2= to Q,,.
By this isomorphism, (3) < (1) is trivial. (3) — (2) is also trivial, so we show
2) > (3). Letn e N*\ N, B* C Q,, and L,(B*) > 0. By (2), take m € N* \ N*
such that YA* C Q L (A*) > 0 — 3x* € A* xS € [0, 1] st(x*) = x5 If n < m,
define Ba“ ={x*eQ, | Iy* € B¥y* <x* < y*+27"}, and if n > m, define
By = {x* € Qp | Iy* € B* x* < y* < x*+27™}. In either case, L, (Bj) > 0;
hence there exist x* € By and x* € [0, 1] such that st(x*) = x®. Thus, there exists
y* € B* such that x* ~ y*; that is, st(y*) = x°. O

Using the notion of Loeb measure, we do Reverse Mathematics for nonstandard
measure and integral theory. Recall that we can define the Riemann integral for
a continuous function within RCAg. For a continuous function f on [0, 1] and a
splitting A = {0 = a9 < & < a; < --- < &1 < ar = 1} of [0, 1], we define
S(fs A) =2 f(&)(aiv1 — a;). We define a splitting A, as a; = i27™ for any
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i <2™and & = i27™ forany i < 2™. We write A € Q,, if ¢;,& € Qp, for all
i < k. Then the Riemann integral of f is defined as

1
/0 fe0dx = fim S(7: )

where |A| = max{a;+1 —a; | i < k}. Moreover, we can define the internal measure
for open sets within RCAg. Let Q[x] be a set of rational polynomials. For an open
set U C [0, 1], we define the internal measure u(U) as

uU) =

1
sup I/O f(x)dx

Note that we can integrate polynomial functions within RCAg. In fact, we have only
defined the relation u(U) < a and u(U) > a here, as for the definition of the
measure for trees.

The following theorem shows that we can get a nonstandard approximation for
an open set or for an L!-function within ns-BASIC. Since a rational polynomial
can be coded by a natural number, we consider Q°[x] as a subset of Q*[x]. Let

Qns = LJmENS Qp.

Theorem 4.3 Letw € N* \ NS, and let Q = Q,, L = L, and st™' = st;l. The
following are provable within ns-BASIC.

feQx],¥x €[0, 11\ U f(x) <0,Vx € [0, 1] f(x) < 1}.

1. For any standard open set AS < [0,1] and | € NS, there exist non-
standard finite sets A%, A* C Q such that A* < (A%)¢ C A% and
p(A%) =271 < L(A*%) < u(A%) < L(A%) < u(A%) + 271, where u is the
internal measure for open sets. Particularly, L((A%)®) = u(A%).

2. (Nonstandard L'-function): An L'-function can be expressed by one non-
standard polynomial in the following sense. Let F° = (f; € Q%[x] | i € N¥)
be a sequence of rational polynomials in V® such that fol [fi(x) — fi(x)]
dx < 27" ifi < j € N5, Then there exist a rational polynomial f* and a se-
quence (A, € Q| n < H)inV*suchthat H € N*\N°, L(J,,cns Af) = 1,

and
vee [ Ar lim fu(n) ~ £ (),
neNs m—N
where
lirrriJ af = f* < Vne N*Im e N°Vk e Nk > m — |of — f*| <27".
m—Ns

Proof We first prove (1). Let A® C [0, 1] be an open set in V*® and [ € N5, Take
p,q € Qus such that u(A%) — 270 < p < u(A% < g < u(A% +27L. By the
definition of u(A?®), there exists a finite sequence of intervals ([a;, b;] | i < k)
in VS such that k € N5 q;,b; € Qns, b; < a; ifi < j, Ui<k[ai’bj] C AS,
and >, _;(bi —a;) = p. Then A* = {x € Q| 3 < ka; < x < b;}is the
desired finite set in V*. On the other hand, by the definition of w«(A®), there exists
a sequence of intervals A® = ([¢;,d;] | i € N*) in V* such that ¢;,d; € Qgs,
(ci,di) N (Cj,dj) =gifi # j, UieNS[ai’bj] D AS, and ZieNs(ci —d;) <gq.
By 2?—08, there exists m € N* \ N such that ASY [m = ([c;,di]|i < m)isan
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extended sequence of A’ in V* such that ¢;, d; € Q,, and >°; _, (¢; —d;) < q. Then
AL :={x € Q|3 <mc¢; =<x =<d;}is the desired finite set in V*.

Next we prove (2). Let £° = (f; | i € N®) be a sequence of rational polynomials
in V* such that fol | fi(x) = fi(x)ldx < 277if i < j e N®. By E?-OS, there exists
H € N*\ N°® such that Fsv [g+1= (fi | i < H) is a sequence of polynomials in
V* which satisfies the following:

1
/ Ifi(x) — fi(x)ldx <27"ifi < j < H;
0
Hmax{|f/(x)||i < H,x €[0,1]} <.
Define a sequence (C,; | n < H) of finite unions of closed intervals in V* as

H-1
Cr=17"€l0,1] ‘ Vk<H D 1@ - finG)l =27
i=n+2k+3
We show that card(([0, 1]\ C;) N Q) < 2°7". Let M > max{|f/(x)| | i < H,x
€ [0, 1]}, and let p,x = card({x € Q | zinnHk% | i (x) = fix1(x)] > 27%}). Then

1 M
S U0 = 27 = [ 15160 = fiawlde| = 55
xeQ 0
Thus,
H
P27 <> T A = fin ()27
x€Qi=n+2k+3
MH a !
<ot X [0 fwia
i=n+2k+370
<2—n—2k—l.

Then card(([0, 11\ C,) N Q) < > 27" =1 <207,

Define A¥ € Qas A* = C¥ N Q and define f* as f*(x) = fu(x). Then
L(A}) = 1-27"and L(J, s A)) = 1. We can easily check that for any n, k € N,
n<meNs andx € A%, | fu(x) — f*(x)] < 275 that is, limy,—ns fin (X) & f*(x)
forany x € [J,cns A5 O

Remark 4.4 Theorem 4.3(2) showed that “every L'-convergent sequence of ra-
tional polynomials converges almost everywhere in V*” within ns-BASIC. How-
ever, this does not imply “every L!-convergent sequence of rational polynomials
converges almost everywhere in V*” within ns-BASIC, which means that the same
statement holds in RCAg by conservativity, since we cannot prove that the standard
part of measure one set is measure one within ns-BASIC. Compare this with Theo-
rem 2.2 of [12].

On the other hand, we need ns-WWKLy for a nonstandard approximation for a mea-
sure or an integral. A (nonstandard) continuous function F* in V* is said to be
s-bounded if Vx* € dom(F*) K € N’ |F*(x*)| < K that is, if each element of the
range of F* is bounded above by a standard integer.
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Theorem 4.5  The following are equivalent over ns-BASIC.

1. ns-WWKL,.

2. Let o € N*\ NS, and let Q = Q,, L = Ly, and st™! = st;!. Then,
for any standard open set AS C [0,1] and | € NS, there exist nonstan-
dard finite sets A*,A* C Q such that A* Cy st"'(A%) Ca A% and
p(AS) — 271 < L(A*) < u(A®) < L(A%) < u(A) + 27!, where p is the
internal measure for open sets. Particularly, L(st™'(A%) = u(A%).

3. Let f5 be a continuous function on [0, 1] in V® and F* be an s-bounded
continuous function on [0, 1] in V* such that f* is a prestandard part of F*;
that is, sSt(F*(x*)) = fS(x®) if st(x™) = x*. Then f® is Riemann integrable
on [0, 1], and for any w € N* \ N5,

/0] fi(x)dx = st(z %) :

i <20

Proof We first show (1) — (2). We reason within ns-WWKLg. Let / € N$, and let
AS C [0, 1] be a standard open set. By Theorem 4.3(1), there exist nonstandard finite
sets A%, A* C Q such that

$Q
AT C (A" C Al
and
u(A%) =27 < L(AY) < u(A%) < L(A}) < (A% + 27"

Since st™1(A%) € (A%, A% Dy stTI(A%). If B* € A* \ st”!(A%), then
st(B*) = @; thus L(B*) = 0 by LMP. Therefore, A* C, st™!(A%).

Next we show (1) — (3). We reason within ns-WWKLy. Let f* be a continuous
function on [0, 1] in V3 and F* be an s-bounded continuous function on [0, 1] in V*
such that /S is a prestandard part of F*. Since F* is s-bounded, for any K € N*\ N,

|F*| < K on [0, 1]. Thus, by Z?—OS, there exists K € N’ such that |F*| < K.
For (3), we will show the following by contradiction:

(%) forany! € N®, there exists n € N® such that
VA € Qpns(JA] < 27" = S(F*; Ap)—2"1 < S(f; A) < S(F*; Ay)+27).
Assume (x) fails. Then, without loss of generality, we assume that
—(x) there exists / € N® such that for all n € N5,
JA € Qns(JA] < 27" A S(F*; Ay) + 271 < S(f5; A)).
Since f* is a prestandard part of F*, we have
(xx) there exists / € N® such that for all n € N5,
JA € Qu(JA| < 27" AS(F*; Ay) +271 < S(F*; A)).

Then, by XY-08, there exist i € N* \ N® and A € Q, such that |A] < 27 and
S(F*; Ay)+271 < S(F*; A). For x € Q,, we define iy = max{; | aj € A/\aj < x}
and oy = |F*(x) — F*(&,)|. Define a nonstandard finite set A* C Q, as
A* = {x € Qp | d > 27171} Forany x € Q, if Iy5 € Rést(x) = y°,
then st(F*(x)) = f5(y®) = st(F*(&;,) since |x — & | < 27" Hence, st(A*) = @,
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and L, (A*) = st(card(A*)/2”) = 0 by LMP. Then
IS(F*; A) = S(F*; Ay)l < D 277,

xeQ,

<277 D27,
XEA*

<277V 42K L, (AM).

This contradicts S(F*; A,) + 27! < S(F*; A); thus (x) holds.

Finally, we show —(1) — —(2) and —(1) — —(3). By —ns-WWKLy and
Lemma 4.2, for any w € N* \ NS, there exists A* C Q,, such that L,(A*) > 0 but
st(A*) = @. Then u ([0, 1]) = 1 while L, (st™'([0, 1])) < L,(Q\ A*) < 1. Thus,
we have —(1) — —(2). Also, we can easily construct a continuous function F* on
[0, 1] such that F*(x) = 1 if x € A* and F*(x) = 0if x € Q\ A*. Then F* is
s-bounded and f* = 0 is a prestandard part of F*. However,

st(z %) = L,(A*) > 0.

i <2@

This means —(1) — —(3). (|

4.2 Application for standard Reverse Mathematics ~ Using the previous results for

nonstandard Reverse Mathematics, we can use some techniques of nonstandard anal-

ysis for standard Reverse Mathematics within WWKLg, and we can get some non-

standard proofs for some theorems of WWKLg by the conservation result in Section 3.
The next lemma shows that a standard continuous function in V* can be expanded

to a nonstandard continuous function in V* within ns-BASIC. For this expansion, we

recall the definition of continuous function within RCAg. A (code for a) continuous

function f on [0, 1]1s a set of quintuples ® € N x Q x @ x Q x Q@ which satisfies

the following three conditions and the domain condition:

(D if (a, r)®(b,s) and (a, r)O (¥, s’), then |b — b'| < s +5;

2) if (@, r)®(b,s) and |’ —a| +r' < r,then (a’, r)D (b, s);

3) if (@, r)®(b,s)and |b —b'| +5 < s/, then (a, r)D ¥, s');

(dom) for any x € [0, 1] and for any ¢ > O there exists (m, a, r, b,s) € @ such

that [x —a| <rands < ¢,

where (a, r)® (b, s) is an abbreviation for Im((m, a,r,b,s) € ®). We define the
value f(x) to be the unique y € R such that |y — b| < s for all (a, r)® (b, s) with
[x —al <r.

Lemma 4.6  The following are provable within ns-BASIC.

1. For any continuous function f* on [0, 1] in V5, there exists a continuous
Sfunction F* on [0, 1] in V* whose prestandard part is f5. Moreover, if f5 is
bounded, then we can find F* as an s-bounded function.

2. For any monotone sequence of bounded continuous functions {f;}},ens on
[0, 1] which converges to a continuous function f* pointwisely in V5, there
existm € N*\N® and a sequence of s-bounded continuous functions {F;*}; <
such that if i € N° then the prestandard part of F}* is [ and if i € N* \ N°
then the prestandard part of F is f°.
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Proof We reason within ns-BASIC. We first prove (1). Let ®° € N® x Q% x @%* x
Q% x Q%" be a code for a continuous function f* on [0, 1]. By 2?-05, there ex-
ists mg € N* \ N* such that sV | mg is a code for a continuous function in V*;
that is, oV [ mq satisfies three conditions for a code for a continuous function.
Since ®° satisfies (dom) in VS and ®° C sV [ mg, for any k € NS, there ex-
ists ¢ = ((ny, ax, e, by, sx) | x € Q) € OV | mg such that ry, s, < 27F
and x € (ay — ry,ax + ry) for any x € Q. Applying 2?-05 again, there exists
m € N*\ N* such that there exists ¢ = ((ny, dy, ry, by, 5x) | x € Q) C o8V [ mo
suchthatry, sy <27 and x € (ay —ry, ay+ry) forany x € Q. In V*, we define a
(piecewise linear) continuous function F* as F*(i27" +127") = bjp-m+1t (b(j11y2-m
— bjp-m) foreachi < 2™ and ¢ € [0, 1]. For any x € Q,, if st(x) € (a —r,a+7r)
A (n,a,r,b,s) € @, then |st(by — b)| < s. Thus, f* is a prestandard part of F*.
Moreover, if f®is bounded by K € N®, then |b,| < K + 1, thus F* is s-bounded.

We can prove (2) similarly. Let { f;*};ens be a monotone sequence of bounded con-
tinuous functions on [0, 1] which converges to a continuous function f*° pointwise
in V5. Then, similar to the previous construction, we can construct a sequence of s-
bounded continuous functions {Fi*}ifm (m € N*\ N®) and an s-bounded continuous
function F* such that

(i) f® is a prestandard part of F* and f; is a prestandard part of F,* for any
n e NS,
(i) Ff(x)+27" = Fi(x) = F*(x)ifi < j.
Let x € Qp, st(x) = y%, andi € N*\ N5 Then, for any I € NS, there exists
j € N® such that f3(y%) < fjs(ys) +27 1 < F5(»%); hence st(F*(x)) < st(Fl.*(x)) <
st(F;.‘(x)) < st(F*(x)) 4+ 27!. This means that St(F*(x)) = f5(st(x)). O

The following are nonstandard proofs for theorems of measure or integral theory
within ns-WWKL,.

Lemma 4.7  The following assertions (for V) are provable within ns-WWKL.

1. Countable subadditivity of Lebesgue measure: for any open sets (A; < [0, 1] |
n e N and B C [0, 1], D, cns #(AS) = u(B%) if U,ens A5 2 B®.

2. Existence of Riemann integral: every bounded continuous function on [0, 1] is
Riemann integrable.

3. Ascoli’s lemma: if a monotone sequence of bounded continuous functions
{f3inen on [0, 1] converges to a continuous function f° pointwise, then,
each of f and f* is integrable and

1 1
nll)r{.lo/o f,:(x)dx=/0 fS(x)dx.

Proof We reason within ns-WWKLy. We first show (1) by way of contradiction.
Let w € N* \ N, and let Q = Q,, L = L, and st7! = st;l. Assume that
D nens H(A}) < q < q" < pu(B®) forsome g, g’ € Qns and |J,,cps A, 2 B®. With-
out loss of generality, we may assume that A% = (A5 | n € N®) = ((a,, b,) | n € N¥)
with a,, b, € Qps. Then, by Z?—OS, there exists m € N* \ N° such that
ASY [ m = {((an,by) | n < m) satisfies a,,b, € Q for any n < m and
> o lan — byl < q. Define (AY [ m)® ={x € Q|3In <ma, <x < by)
(note that (QAS\/ I m)® is internal, that is, a nonstandard finite set in V*). Then
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Uens A2 C (A | m)? and card((A%Y | m)?) < q2°. By Theorem 4.5(2),
take B* Cgu st(B®) such that L(B*) > g¢’. Since st(B*) C (A | m)%,
L(st(B*) \ (AY | m)?) = 0. This contradicts card(st(B*) \ (A*Y | m)?) >
q/za) _ qzw

(2) is a straightforward direction from Theorem 4.5(3) and Lemma 4.6(1).

To prove (3), we only need to show lim,_, o fol fi(x)dx = fol f3(x)dx. Let
{F},<m be a sequence of s-bounded continuous functions taken by Lemma 4.6(2),
and let @ € N*\ N°. Then, for any n € N* \ N*, st(|S(F,"; Ap) — S(Fjis Ap))) =0
by Theorem 4.5(3). Thus, by £Y-0S,

Vk € N3 € NV = 1 S(F; Ay) — S(FE: Ay)| < 27F,
Again by Theorem 4.5(3), we have lim,,_, oo fol fix)dx = fol f3(x)dx. O

Theorem 4.8  The following assertions are provable within WWKL,.

1. Countable subadditivity of Lebesgue measure: for any open sets (A, < [0, 1] |
ne€N)and B C [0, 1], zner\j u(A,) = n(B) lfUneN A, O B.

2. Existence of Riemann integral: every bounded continuous function on [0, 1] is
Riemann integrable.

3. Ascoli’s lemma: if a uniformly bounded monotone sequence of continuous func-
tions { f}nen on [0, 1] converges to a continuous function f pointwise, then
each of f, and f is integrable and

1 1
nli>rr<>lo/() fn(x)dxz/o fx)dx.

Proof Straightforward application of the previous lemma and Theorem 3.5. O

Note that the assertions of the previous theorem are known theorems of WWKLg.
Actually they are equivalent to WWKLg ((1) is due to Yu and Simpson [13] and (2)
and (3) are due to Yokoyama [10]).
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