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LOG-CANONICAL THRESHOLDS ON DEL PEZZO
SURFACES OF DEGREES > 2

JIHUN PARK AND JOONYEONG WON

Abstract. We compute the global log-canonical thresholds (lct) of del Pezzo
surfaces of degrees > 2 with du Val singularities.

81. Introduction

Unless otherwise mentioned, all varieties are assumed to be projective,
normal, and defined over C.

Let X be a variety with at worst log-canonical singularities, and let D
be an effective divisor on X. The log-canonical threshold ¢,(X, D) of D at
a point p in X is defined as

p(X,D) = sup{c ‘ the pair (X,¢D) is log-canonical at the point p}.
The log-canonical threshold ¢(X, D) of the divisor D is defined as

¢(X, D) =sup{c ’ the pair (X,cD) is log-canonical } :;él)f({cp(X,D)}.

The log-canonical threshold, like multiplicity, measures how singular a
divisor is. It has many amazing properties and has important applications
to various areas such as birational geometry and Kéahler geometry.

The following theorem is one of the motivations of this article.

THEOREM 1.1. Suppose that X is an n-dimensional Fano orbifold. If
there is a positive real number € such that, for every effective Q-divisor D
numerically equivalent to —Kx, the pair (X, (n+e¢€)/(n+1)D) is Kawamata
log-terminal, then X has a Kdhler-FEinstein metric.

Proof. See [4, Theorem 1.17] and [6, page 549]. 0
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2 J. PARK AND J. WON

This means that it is worthwhile for us to define the following numerical

invariants.

DEFINITION 1.2. Let X be a Fano variety with at worst log-terminal
singularities. The mth global log-canonical threshold of X is defined by the
number

the pair (X AD) is log-canonical
1 X)= m .
Ctm (X) = sup {)\ €Q for any effective divisor D € |[-mKx]|

The global log-canonical threshold is defined by lct(X) = inf{lct,,,(X) | m €
N}. Here, we do not define the mth global log-canonical threshold of X if
the linear system |—mKx| is empty.

We can see that lct(X) is the supremum of the values ¢ such that the
pair (X,cD) is log-canonical for every effective Q-divisor D numerically
equivalent to —Kx. Using the global log-canonical threshold, Theorem 1.1
can be read as meaning that the Fano manifold X admits a Kahler-Einstein
metric if

dim(X)
dim(X)+1°
Pukhlikov [14] also shows that the global log-canonical threshold plays

let(X) >

an important role in rationality problems.

In this article, we study the global log-canonical thresholds of del Pezzo
surfaces. The global log-canonical thresholds of smooth del Pezzo surfaces
have been computed already. It turns out that they coincide with the first
global log-canonical thresholds.

THEOREM 1.3. Let X be a smooth del Pezzo surface. Then
ICt(X) = lctl(X)

1/3  when X 2Fy or K% € {7,9},

1/2  when X 2P x P! or K% € {5,6},

2/3  when K% =4,

2/3  when X is a cubic in P3 with an Eckardt point,
=1<3/4 when X is a cubic in P? without Eckardt points,
3/4 when K% =2 and |—Kx| has a tacnodal curve,
5/6 when K% =2 and |—Kx| has no tacnodal curves,

5/6 when K% =1 and |—Kx| has a cuspidal curve,

1 when K% =1 and |—Kx| has no cuspidal curves.
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Proof. See [2, Theorem 1.7] and [10, Corollary 3.3]. 0

The global log-canonical thresholds of del Pezzo surfaces with du Val
singularities have been studied in [2], [3], and [9]. In [3], the global log-
canonical thresholds of cubic surfaces with du Val singularities have been
computed. Kosta [9] computes the global log-canonical thresholds of del
Pezzo surfaces of degree 1 with du Val singularities and del Pezzo surfaces
of Picard rank 1 with du Val singularities.

In this paper, we compute the global log-canonical thresholds of all the
del Pezzo surfaces of degree > 2 with du Val singularities. Even though the
global log-canonical thresholds of all cubic surfaces with du Val singulari-
ties and del Pezzo surfaces of Picard rank 1 with du Val singularities have
already been computed, we also compute them again here, since this article
provides a simpler method.

Throughout, we call an algebraic surface S with ample anticanonical divi-
sor a del Pezzo surface of degree d if it has at worst du Val singularities and
if the self-intersection number of the anticanonical divisor is d. Also, we call
a smooth algebraic surface S with nef and big anticanonical divisor a weak
del Pezzo surface.

For the global log-canonical thresholds, we need to distinguish some sin-
gularity types of del Pezzo surfaces of degree 2 with the same dual graphs.
We distinguish As singularities into two types: one has a —1 curve inter-
secting the —2 curve corresponding to the vertex v in the dual graph of Aj
such that As — v =2A5 on the minimal resolution of the del Pezzo surface,
and the other does not. In the former case, the type of singularities are
denoted by A%, and in the latter case, by AZ. For singularity types As and
A5 + A; on del Pezzo surfaces of degree 2, there are two types for each (see
[15, page 590]): one is for A%, and the other is for AZ. For singularity type
As + Ay on del Pezzo surfaces of degree 2, there is only one type (see [15,
page 590]). The singularity Aj in this type is Af.

Also, there are two types of singularities on del Pezzo surfaces of degree 2
with the dual graph 3A; (resp., 4A1; see [15, page 590]): one has a —1 curve
on the del Pezzo surface which passes through three A; singular points
(denoted by (3A1)’; resp., (4A1)"), and the other does not (denoted by
(3A1)"; resp., (4A1)"). For singularity type As + 3A; on del Pezzo surfaces
of degree 2, there is only one type (see [15, page 590]). The singularities 3A;
in this type are (3A1)".
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The first global log-canonical threshold may be a cornerstone to get the
global log-canonical threshold. For a del Pezzo surface .S, the first global log-
canonical threshold lcty (.S) is meaningful by itself. It has a nice application
to birational maps between del Pezzo fibrations (see [10] or [11]). In [11] and
[12], the first global log-canonical thresholds of all del Pezzo surfaces have
been computed. For convenience, we state all the first global log-canonical
thresholds of del Pezzo surfaces of degrees > 2.

THEOREM 1.4. Let Sy be a del Pezzo surface of degree d, and let 34 be
the set of singular points in Sy. Suppose that Xq# 0. Then

1/6 if Xo ={E7};

1/4 if 8o ={Eg},¥2 D {Ds};

1/3 if 2 2 {D5},{(A5)'};

1/2if B9 2 {(3A1)"}, {(4A1)'}, {5A1}, {As}, {Ad}, {(A5)"}
{Ae}, {A7}, {Da};

2/3  otherwise.

lctl(SQ) =

(1/6 if 5 = {Eo};

1/4 if 332 {As}, X3 ={Ds};
let1(S3) =< 1/3  if B3 2 {A4},{2A5}, 23 = {Dy};
2/3 if ¥3={A1};

\ 1/2  otherwise.

1/6  if X4 ={Ds};
/4 if Ba D {A1 + A3}, 3y = {A4}, 34 = {Dy};

lCtl(S4)= )
1/3 ZfE4Z{A3},Z4Q{A1—I—A2};
1/2  otherwise.
1/6  if X5 ={A4};
1/4  if 25 ={A3)}. 35 ={A; + Ay }:
lety (S5) = /4 if 5 ={As}, 55 = {A1 + Az}

1/3  if 85 ={A2},{2A1};

1/2  if 35 ={A1}.

1/6  if ¥ ={A1+ Az}
ICtl(Sﬁ) - 1/4 lf 26 = {AQ}, 26 = {2A1};
13 if Se={A).
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1Ct1(S7) = 1/4 if Y= {Al}

In this article, we prove the following two theorems that complete the
results of [2] and [9)].

THEOREM 1.5. Let S be a del Pezzo surface of degree > 3. Then lct1(S) =
let(S).
THEOREM 1.6. Let S be a del Pezzo surface of degree 2. Then

(1/6 if S = {Er};

1/4 if Yo ={Eg}, X2 2 {D¢};

1/3 if X2 2 {Ds},{(As)'}, {A7};

let(S2) =4 2/5  if £o = {Ag);

1/2 if B9 2 {(3A1)'}, {(4A1)'}, {5A1}, {As}, {A4a}, {(A5)"},

{Ac}, {Da};
2/3  otherwise.

If the singularity type of S is neither A7 nor Ag, then lct(S) =1ct1(S).

From the proof of Theorem 1.6, we can notice that lct(.S) = lcta(S) #
letq (S) if the del Pezzo surface S of degree 2 has either an Ay or Ag singular
point.

82. Preliminaries

For the rest of this article, a del Pezzo surface will always be denoted by
S, and its minimal resolution will be denoted by 7 : S — S. The surface S
is a weak del Pezzo surface. For a constant A and an effective divisor C' on
S, we have

T (Ks+ AC) = Kg+ An™(C).

The pair (S, A\C) is log-canonical if and only if the pair (S, \7*(C)) is log-
canonical. Since every effective Q-divisor numerically equivalent to —Kg
(resp., —Kg) is the pullback (resp., pushforward) of an effective Q-divisor
numerically equivalent to —Kg (resp., —Kg) by the birational morphism ,
we have lct(S) = lct(S). Thus, it is sufficient to consider effective Q-divisors
numerically equivalent to —Kg on S to compute lct(S).

LEMMA 2.1. Let D1 and Dy be effective Q-divisors on S with D1 Ds.
Suppose that the pair (S,Dl) is mot log-canonical at a point p € S, while
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the pair (S,Dg) s log-canonical at the point p. Then there is an effective

Q-divisor D on S such that

e D= Dl;

e at least one irreducible component of Do is not contained in the support
of D,

e the pair (S, D) is not log-canonical at the point p.

Moreover, if Dy = —AKg for some positive number X\ and if the point p lies

on a —2 curve, then the support of D must contain the support of every —2

curve over the singular point 7(p).

Proof. Write Dy =3%";_, b;C;, where b; are positive rational numbers and
C; are distinct irreducible and reduced divisors. Also, we write D; = A +
> i_y €;C;, where e; are nonnegative rational numbers and A is an effective
Q-divisor whose support contains no Cj.

Let

Oz:min{ﬁ i:1,2,...,r}.

b;
Then the nonnegative rational number « is less than 1 since D1 = Dy. Put

1
D= D ——2 D,
l—« 11—«
1 "L se; — ab;
l—« + l—« !

1=

It is easy to see that the divisor D satisfies the first two conditions. If
the pair (S,D) is log-canonical at the point p, then the pair (S,D;) =
(5', (1 — @)D + aD3) must be log-canonical at the point p. Therefore, the
divisor D also satisfies the last condition. For the last statement, do the
same with the divisors w(D;) and 7(Dz) on S and then take the pullback

of the obtained divisor by the birational morphism 7. 0

LEMMA 2.2. Let X be a smooth surface, and let B be an effective Q-
divisor on X . If the pair (X, B) is not log-canonical at a point p € X, then
mult,(B) > 1. For a smooth curve C on X and a nonnegative number m <1,
if the pair (X, mC + B) is not log-canonical at a point p € C, then C'-B > 1.

Proof. This immediately follows from [8, Theorem 17.7]. 1l

LEMMA 2.3. Let S be a weak del Pezzo surface, and let D be an effective
Q-divisor numerically equivalent to —Kg. For a positive number A <1, the
locus where the pair (S,AD) is not Kawamata log-terminal is connected.
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Proof. See [8, Theorem 17.4]. 0

COROLLARY 2.4. Let C be an effective Q-divisor on P? with degC < 2.
If the pair (P?,C) is not Kawamata log-terminal, then it is not Kawamata
log-terminal along a curve.

Proof. Suppose that the locus of non-Kawamata log-terminal singularities
of the pair (P2, C) is 0-dimensional. It follows from Lemma 2.3 that the locus
consists of a single point p. Let L be a general line on P?. Put

3 ~ 1+deg(C)

The divisor D is an effective Q-divisor numerically equivalent to — Kp2, and
A < 1. However, the locus of non-Kawamata log-terminal singularities of
the pair (P2, AD) consists of the point p and the line L. Since these two
components are disconnected, it is a contradiction. 0

The following variant of [4, Lemma 4.9] will be useful here. In fact, the
proof of [4, Lemma 4.9] is also based on Lemma 2.3.

COROLLARY 2.5. Let S be a smooth del Pezzo surface of degree 7. Let L,
Lo, and Ls be the three —1 curves on S with L1 - Ls=0. For an effective
Q-divisor D on S numerically equivalent to —Kg and with A <1/2, if the
pair (S, AD) is not log-canonical at some point p, then it is not log-canonical
along the curve Lo.

Proof. For a sufficiently small positive real number e, the pair (.S, (A —
€)D) is not log-canonical at the point p. Then [4, Lemma 4.9] implies that
the pair (S, (A —€)D) is not Kawamata log-terminal along the curve Ls.
Therefore, the pair (S,AD) is not log-canonical along the curve Ls. 0

LEMMA 2.6. Let S be a del Pezzo surface of degree > 2. For an effective
Q-dwisor D numerically equivalent to —Kg and for a positive number A
with )\Kg <1, the pair (S,AD) is log-canonical at every smooth point.

Proof. Suppose that the pair (S, AD) is not log-canonical at some smooth
point p. Then Amult, D > 1. We can choose an irreducible curve C' in the
anticanonical linear system |—Kg| such that it passes through the point p
but its support is not contained in the support of D. However,

AK:=)\D-C > Amult,(D) > 1.

This is a contradiction. U
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The following lemma is the main tool for this article.

LEMMA 2.7. Let S be a weak del Pezzo surface. Suppose that the surface
S has mutually disjoint —1 curves L1,..., Ly and M-,..., M. Let SL be the
smooth surface obtained by contracting all the curves L;, and let Sy be the
smooth surface obtained by contracting all the curves M;. Then

let(S) > min{lct(gL),lct(gM)}.

In particular, if let; (S) < min{let(Sy),lct(Shr)}, then leti(S) =1ct(S).

Proof. Let L S — SL be the contraction of the —1 curves Lq,..., Ly,
and let mpy : S — SM be the contraction of the —1 curves My, ..., M. For
every effective Q-divisor D on S numerically equivalent to —K & 3 the effec-
tive divisors 7z (D) and my/ (D) are effective Q-divisors numerically equiv-
alent to —Kg and —Kg , respectively.

For an arbitrary posmve number A < min{lct(Sz),1ct(Sy)} and for an
effective Q-divisor D on S numerically equivalent to —Kg, the pairs (S L,
M (D)) and (Saz, Amar(D)) are log-canonical. The birational morphism 7,
is an isomorphism in the outside of U;ZO L;. The birational morphism 7, is
an isomorphism in the outside of | J{_, M;. Since (U_o Li) N (Ui_o M;) =0,
the pair (5’ ,AD) is log-canonical. This implies the first inequality.

The second statement is obvious since lct1(S) > lct(S). U

The proofs of Theorems 1.5 and 1.6 are inductive. If we compute all the
global log-canonical thresholds of del Pezzo surfaces of degrees > d, we can
easily compute the global log-canonical thresholds of almost all del Pezzo
surfaces of degree d by using Lemma 2.7.

To use Lemma 2.7, we need to find some —1 curves on weak del Pezzo
surfaces. The configurations of —2 curves and —1 curves on weak del Pezzo
surfaces of degrees >4 can be found in [5].

For weak del Pezzo surfaces of degrees < 3, we refer the reader to [15,
Table], which completely classifies subsystems of the root systems Eg and E7
up to actions of their Weyl groups. Furthermore, [15] shows that singularity
types of del Pezzo surfaces of degree 2 and classes of subsystems of the
root system E7 (except for the subsystem of type 7A;) are in one-to-one
correspondence. It is also well known that singularity types of del Pezzo
surfaces of degree 3 and classes of subsystems of the root system Eg are
in one-to-one correspondence (see [1] or [13]). Since these correspondences
preserve the intersection forms for the Picard groups of weak del Pezzo
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surfaces of del Pezzo surfaces and for the root subsystems, we can conclude
from [7, théoreme II1.2 and corollaire] that a given singularity type has a
unique configuration of —1 curves and —2 curves. (The configurations of
—1 curves and —2 curves in [5] have been obtained by the same method.)
Consequently, for a given singularity type of del Pezzo surfaces of degree d
in [15, Table] except TA; of E7, we find one weak del Pezzo surface of degree
d whose corresponding singular del Pezzo surface has the given singularity
type. This weak del Pezzo surface gives us the configuration of —1 curves
and —2 curves for the given singularity type since every del Pezzo surface
with the same singularity type has the same configuration of —1 curves
and —2 curves on its weak del Pezzo surface, as explained above. These
configurations are usually complicated since they may have too many —1
curves. Fortunately, to prove Theorems 1.5 and 1.6, we do not have to know
the complete configuration of —1 curves on a given weak del Pezzo surface;
instead, we need information only on appropriate —1 curves on a given weak
del Pezzo surface that make Lemma 2.7 work. Such —1 curves can be found
basically by using [12]. For the reader’s convenience, in the appendix we list
configurations of —2 curves and appropriate —1 curves on weak del Pezzo
surfaces of degrees 2 and 3 that make Lemma 2.7 applicable.

83. Proof of Theorem 1.5

Throughout this article, a —1 curve is denoted by o, and a —2 curve is
denoted by e in every dual graph.

PRrROPOSITION 3.1. The global log-canonical threshold of Hirzebruch sur-
face By, =P(Op1 & Op1(n)), n>0, is 1/(n+ 2).

Proof. Let C be the irreducible curve on F,, with C? = —n. Let L be
an irreducible curve with L? = 0. Then —Kp, = 2C + (n + 2)L. The pair
(Fy, (2/(n+2))C + L) is log-canonical.

Suppose that lct(F,,) < 1/(n 4+ 2). Then there is an effective Q-divisor D
on F,, numerically equivalent to —Kp, such that the pair (F,,(1/(n+2))D)
is not log-canonical at some point p € F,,. We may assume that L passes
through the point p. If L is not contained in the support of D, then

2=1L-D >mult,(D) > (n+2)

by Lemma 2.2. This is a contradiction. Therefore, the curve L must be
contained in the support of D. On the other hand, we may assume that



10 J. PARK AND J. WON

the curve C is not contained in the support of D by Lemma 2.1. Write
D =alL + ), where () is an effective (Q-divisor whose support does not
contain the curve L. Then 2 —n=D -C=a+C-Q>a. If n> 2, this is
already a contradiction. If n =1 or 0, then we obtain an absurd inequality
n+2<(D—al)-L=2 from Lemma 2.2, since (F,,,L + (1/(n+2))Q) is
not log-canonical at the point p. 0

COROLLARY 3.2. The global log-canonical threshold of a singular del Pezzo
surface of degree 8 is 1/4.

Proof. Since the minimal resolution of the surface is the surface Fs, the
statement immediately follows from Proposition 3.1. 1l

PROPOSITION 3.3. Let S be a singular del Pezzo surface of degree 7. Then
let(S) =1/4.

Proof. The surface has one singular point that is of type Aj. Since
lct;(S) = 1/4, we have lct(S) < 1/4. The minimal resolution S of S con-
tains two —1 curves L and Lo and one —2 curve E, with L1 - Ly =1,
Li-E=1,and Ly- E=0 (see [5, Proposition 8.1}).

Suppose that lct(S) < 1/4. Then there is an effective Q-divisor D on S
numerically equivalent to —Kg such that the pair (S,(1/4)D) is not log-
canonical at some point p € S,

By contracting the curve L1, we obtain a birational morphism of S to
F;. On the other hand, by contracting the curve Lo, we obtain a birational
morphism of S to Fy. Since lct(F;) = 1/3 and lct(Fy) = 1/4, the point p
must be the intersection point of L; and Ls. Furthermore, the multiplicity
of D along the curve Lo must be at most 3.

Write D = alLo + €2, where € is an effective Q-divisor whose support
does not contain the curve Lo. Since a < 3, the pair (S, Lo + /4) is not
log-canonical at the point p. Therefore, (2/4) - Ly = ((D — alLsg)/4) - Lo =
((1+a)/4) > 1 by Lemma 2.2, and hence a > 3. This is a contradiction. []

PROPOSITION 3.4. Let S be a singular del Pezzo surface of degree 6. Then
let(S) =1ct1(S).

Proof. Let S be the minimal resolution of S. Unless the singularity type
of S is Ay + Ay, there are two disjoint —1 curves L; and Lo on S that
intersect a —2 curve (see [5, Proposition 8.3]). By contracting L;, we get a
weak del Pezzo surface S’ of degree 7 with lct(S”) > lct(S). By contracting
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Lo, we get a weak del Pezzo surface S” of degree 7 with lct(S”) > Ity (S).
Therefore, lct(S) =1ct1(S) by Lemma 2.7.

Now suppose that the singularity type of S is A1 + As. Then we have one
—1 curve L on S. It intersects the —2 curve F over the singular point of
type Ay and the chain of two —2 curves E; + Fo over the singular point of
type As. We may assume that L intersects Fq but not Fs.

Suppose that lct(S) < 1/6. Then there is an effective Q-divisor D on S
numerically equivalent to —Kg such that the pair (S,(1/6)D) is not log-
canonical at some point p € S. By contracting the —1 curve L, we can see
that the point p must belong to the curve L since the global log-canonical
threshold of a del Pezzo surface of degree 7 is at least 1/4. Since 6L +2FE, +
4F1 +3F ~ —Kg (see [12, Proposition 2.1]), we may assume that the curve
L is not contained in the support of D by Lemma 2.1. Then

1=D-L>mult,(D).

This is a contradiction. U

LEMMA 3.5. Let S be a singular del Pezzo surface of degree 5. Then
let(S) =lct1(S).

Proof. Let S be the minimal resolution of S. Unless the singularity type
of S is A4, there are two disjoint —1 curves L; and Ly on S for which we can
apply Lemma 2.7 (see [5, Proposition 8.5]) to show that lct(S) =1lct; (.S).

Now suppose that the singularity type of S is A4. Then we have one —1
curve L on S. Let E;, i =1,2,3,4, be the —2 curves over the singular point
such that El'EQZEQ-Engg-E4:1 and E2L21

Suppose that lct(S) < 1/6. Then there is an effective Q-divisor D on S
numerically equivalent to —Kg such that the pair (S, (1/6)D) is not log-
canonical at some point p € S. The contraction of L shows that the point
p must lie on the curve L. Since 5L + 3E1 + 6F> +4F3 + 2Ey ~ —Kg (see
[12, Proposition 2.1]), we may assume that the curve L is not contained in
the support of D. Then

1=D-L>multy(D).

This is a contradiction. U

LEMMA 3.6. Let S be a singular del Pezzo surface of degree 4 with sin-
gularity type 4A;. Then lct(S) =lct1(S) =1/2.
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Proof. Let S be the minimal resolution of S. The configuration of —1
curves and —2 curves on S is as follows (see [5, Proposition 6.1]):

Ey Lj FE3
Ly Lo
Ey Ly B

Suppose that lct(S) < 1/2. Then there is an effective Q-divisor D on S
numerically equivalent to —Kg such that the pair (S,(1/2)D) is not log-
canonical at some point p € S. By contracting all the —1 curves L; to P! x P!,
we see that the point p must be contained in a —1 curve. We may assume
that the point p belongs to the curve L. Contracting the —1 curves Lo and
L4 and then E4 to a smooth del Pezzo surface of degree 7, we see that the
pair (S,(1/2)D) is not log-canonical along the curve Fy by Corollary 2.5.
This is a contradiction since the contraction of all the —1 curves L; to
P! x P! shows that the pair (S, (1/2)D) is log-canonical at a generic point
of E2. |:|

LEMMA 3.7. Let S be a singular del Pezzo surface of degree 4 with sin-
gularity type Dg. Then lct(S) =lct1(S) =1/6.

Proof. Let S be the minimal resolution of S. The configuration of —1
curves and —2 curves on S is as follows (see [5, Proposition 6.1]):

Es

L 7 Ey E3 Ey

Suppose that lct(S) < 1/6. Then there is an effective Q-divisor D on S
numerically equivalent to —Kg such that the pair (S,(1/6)D) is not log-
canonical at some point p € S. The contraction of L shows that the point p
must lie on the curve L. Since 4L + 5Fy + 62 +4FE3 + 2E,y + 3E5 ~ —Kg
(see [12, Proposition 2.1]), we may assume that the curve L is not contained
in the support of D by Lemma 2.1. Then

1=D-L>multy(D).
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This is a contradiction. []

PROPOSITION 3.8. Let S be a singular del Pezzo surface of degree 4. Then
let(S) =1et1(S).

Proof. Unless the singular type of S is 4A; or Dj, there are two disjoint
—1 curves Ly and Lo on the minimal resolution of S for which we can apply
Lemma 2.7 (see [5, Proposition 6.1]). Therefore, lct(S) = lctq(.5). U

LEMMA 3.9. Let S be a singular del Pezzo surface of degree 3 with sin-
gularity type Eg. Then lct(S) =lct1(S) =1/6.

Proof. Let S be the minimal resolution of S. From [12, Proposition 2.1]
we obtain the configuration of all the —2 curves and some —1 curves on S
as follows:

Es FE, Ey E, B L
@ L 2 L g L 2 O

Eg

In fact, the curve L is the only —1 curve on S. However, we do not need
this fact for our proof.

Suppose that lct(S) < 1/6. Then there is an effective Q-divisor D on S
numerically equivalent to —Kg such that the pair (S, (1/6)D) is not log-
canonical at some point p € S. Since 2L + 4F, + 5E + 6E5 + 4E4 + 2F5 +
3Eg ~ —Kg (see [12, Proposition 2.1]), we may assume that the curve L is
not contained in the support of D by Lemma 2.1. The same argument as in
the proof of Lemma 3.7 gives us a contradiction. U

LEMMA 3.10. Let S be a singular del Pezzo surface of degree 3 with sin-
gularity type As +2A1. Then lct(S) =lct1(S) =1/2.

Proof. Let S be the minimal resolution of S. The configuration of —1
curves and —2 curves on S is as follows (see the appendix, Table 2):

Es Ly  Es
O
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Suppose that lct(S) < 1/2. Then there is an effective Q-divisor D on S
numerically equivalent to —Kg such that the pair (S,(1/2)D) is not log-
canonical at some point p € S. By contracting the —1 curve L, we see that
the point p must be contained in L;. Contracting the —1 curves L4 and L5
and then F; and F3 to a smooth del Pezzo surface of degree 7, we see that
the pair (S, (1/2)D) is not log-canonical along the curve L3 by Corollary 2.5.
This is a contradiction. {

ProproOSITION 3.11. Let S be a singular del Pezzo surface of degree 3.
Then lct(S) =1ct1(S).

Proof. Unless the singularity type of S is Az + 2A; or Eg, there are two
disjoint —1 curves L; and Lo on the minimal resolution of S for which
we can apply Lemma 2.7 (see the appendix, Table 2). Therefore, lct(S) =

ICtl(S). D
84. Proof of Theorem 1.6

PROPOSITION 4.1. Let S be a singular del Pezzo surface of degree 2 with
singularity type A7. Then lct(S) =1/3.

Proof. Let m: S — S be the minimal resolution. From [12, Proposi-
tion 2.12] we obtain the configuration of all the —2 curves and some —1
curves on S as follows:

B: Es By Ei By B, B

In fact, the curves Ly and Lo are the only —1 curves on S.
Since the Picard group of S is Z, we can easily check that

4114+ 3FE1 +6Fy +bFEs+4F4+ 3E5 + 2Fg + E7 = —2K§
4L2 + E1 + 2E2 =+ 3E3 + 4E4 + 5E5 + 6E6 + 3E7 = _2K§

Therefore, lct S <1/3.

Suppose that lct(S) < 1/3. Then there is an effective Q-divisor D on S
numerically equivalent to —Kg such that the pair (S,(1/3)D) is not log-
canonical at some point p € S. By Lemma 2.1, we may assume that neither
the curve L; nor the curve Lo is contained in the support of D. Write
D =aFs + bEg + 2, where €) is an effective Q-divisor whose support does
not contain the curves Fs, Fg.
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Lemma 2.6 shows that the pair (S, (1/3)D) is log-canonical in the outside
of the —2 curves. By contracting L1, Ly and then F3, Eg to a weak del
Pezzo surface of degree 6 with only one —2 curve, we can see that the pair
(S,(1/3)D) is log-canonical in the outside of Ey and Eg since the global
log-canonical threshold of a weak del Pezzo surface of degree 6 with only
one —2 curve is 1/3. We may assume that the point p is contained in the
curve Fs. Since L; is not contained in the support of D, we have

1:D‘L12(J,EQ‘L1:CL.

However, the pair (S, Fs + (b/3)FEg + (1/3)Q) is not log-canonical at the
point p, and hence
3<(D—aE2)-Eg:2a

by Lemma 2.2. This is a contradiction. 0

PROPOSITION 4.2. Let S be a singular del Pezzo surface of degree 2 with
singularity type Ag. Then lct(S) =2/5.

Proof. Let 7 : S — S be the minimal resolution. The configuration of —1
curves and —2 curves on S is as follows (see the appendix, Table 1):

I " LIT

Eg ® ° E;
Es Ey Ej E5

Ly L3

The Picard group of S is Z& Z, and the lines 7(L1) and 7(Ls3) are linearly
independent in the Picard group of S. Therefore, there must be two rational
numbers m and n such that mm(L1) + nw(Ls) = —Kg. We can check that
m =3/2 and n =1/2. Therefore,

3L1 +L3 —|—3E1 —|—5E2 +4E3 +3E4 +2E5 +E6 = —2K§

This implies that lct(S) <2/5.

Suppose that lct(S) < 2/5. Then there is an effective Q-divisor D on S
numerically equivalent to —Kg such that the pair (S,(2/5)D) is not log-
canonical at some point p € S. Write D = aly + bLs+c1E1+coFEs +c3Es +
), where €2 is an effective Q-divisor whose support does not contain the
curves Ey, Ey, F3, L1, L3. Lemma 2.6 shows that the pair (S, (2/5)D) is
log-canonical in the outside of the —2 curves. By contracting Ly, Ls and
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then Fy, E5 to a smooth del Pezzo surface of degree 6, we can see that
the pair (S, (2/5)D) is log-canonical in the outside of Ey and Ej since the
global log-canonical threshold of a smooth del Pezzo surface of degree 6 is
1/2. We may assume that the point p belongs to Es.

If a=0, then 1 =D - Ly > ¢y. However, we have 5/2 < (D — coE3) - By =
2co by Lemma 2.2. This is a contradiction. Therefore, a > 0, and hence we
may assume that b =0 by Lemma 2.1. Then we have 1 =D - L3 > ¢;.

Suppose that the point p is the intersection point of Fy and Es. Then we
obtain

5
5 < (D—ClEl)-E1:261

from Lemma 2.2, and hence 5/4 < ¢;. This is a contradiction.

By contracting L3, E1, Lo, E5, E4 to a smooth del Pezzo surface of
degree 7, we can see that Corollary 2.5 implies that the pair (S, (2/5)D) is
not log-canonical along the curve Es. This is a contradiction since the pair
(S,(2/5)D) is log-canonical at the intersection point of E; and Fs. U

LEMMA 4.3. Let S be a singular del Pezzo surface of degree 2 with sin-
gularity type E7. Then lct(S) =lct1(S) =1/6.

Proof. Let S be the minimal resolution of S. From [12, Proposition 2.1]

we obtain the configuration of all the —2 curves and some —1 curves on S
as follows:

o——@& L 4 L 2 L L 4 O
Es Ej IE4 Es Ey E L

Er

Suppose that lct(S) < 1/6. Then there is an effective Q-divisor D on S
numerically equivalent to —Kg such that the pair (S,(1/6)D) is not log-
canonical at some point p € S. Since 2L + 3E1 +4FEs +5FE3+6F, +4F5 +
2Es+3E7 ~ —Kg (see [12, Proposition 2.1]), we may assume that the curve
L is not contained in the support of D due to Lemma 2.1. Then, the same
argument as in the proof of Lemma 3.7 gives us a contradiction. 0

LEMMA 4.4. Let S be a smooth del Pezzo surface of degree 5. For a point p
in S, there are four disjoint —1 curves that do not pass through the point p.

Proof. The surface S has ten —1 curves. Their configuration is as follows:
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This can be obtained by contracting the —1 curve lo4 in the configuration
of 2A; with nine lines in [5, Proposition 6.1]. The configuration of the ten
—1 curves immediately implies the statement. 0

LEMMA 4.5. Let S be a del Pezzo surface of degree 2 with at least two
singular points. Let w: S — S be the minimal resolution of S, and let D
be an effective Q-divisor numerically equivalent to —Kg. If lct1(S) > 2/3,
then for a positive number A < 2/3, the pair (S',AD) 1s log-canonical in the
outside of a single point p € S.

Proof. We have a double cover p : S — P? ramified along a quartic curve
R with simple singularities in P2. The pullback of a line in P? by the mor-
phism p is an effective anticanonical divisor on S.

Since lcti(S) > 2/3, the surface S has only A; or Ay singularities by
Theorem 1.4. Suppose that there is a line L on S that passes through three
singular points. Then the line p(L) passes through three singular points
of the curve R, and hence p(L) is a component of the quartic curve R.
This contradicts lct; (S) > 2/3 since 2L ~ —Kg. Therefore, there is no line
passing through three singular points on S.

Suppose that the pair (S,AD) is not log-canonical at a generic point of
an irreducible curve C' on S. Write D = aC + 2, where Q is an effective
Q-divisor whose support does not contain the curve C. Then

3
2:—K§-DZ—CLK§-C>§(—K§-C),

and hence the curve C' must be either a —1 curve or a —2 curve.
Suppose that the curve C' is a —1 curve. Then there is another —1 curve
C’ on S such that p*(p(n(C))) = n(C) + 7(C’') ~ —Kg. We may assume
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that C’ is not contained in the support of D. (The proof of Lemma 2.1
shows that we can do this keeping aA > 1.) Then

1=D-C"=an(C) -7(C") +7(Q) - 7(C") > an(C) - 7(C") >

a.

wl N

This is a contradiction.

Suppose that the curve C' is a —2 curve. Let L be the line on P? passing
through the point p(7(C)) and another singular point of R. Then p*(L)
consists of two lines M; and My on S such that p*(L) = My + My ~ —Kg.
Let L; be the —1 curve on S with «(L;) = M;. Since the pair (g, M*(p*(L)))
is log-canonical, we may assume that Lo is not contained in the support of
D. (The proof of Lemma 2.1 shows that we can do this keeping a\ > 1.)

If 7(C) is an A; singular point, then 1 =D - Ly > aC - Ly = a. This is a
contradiction.

Suppose that 7(C) is an Ay singular point. If Lo intersects C, then we
obtain a contradictory inequality 1 =D - Ly > aC - Ly = a. If Ly does not
intersect C, then there is another —2 curve C’ such that C' - C' =1 and
C'-Ly=1. Write D =aC + bC’" + A, where A is an effective Q-divisor
whose support does not contain the curves C' and C”. The pair (S,\D) is
not log-canonical at the intersection point p of C' and C’. Since 1 = D - Ly >
bC' - Ly = b, the pair (S, +aXC + AA) is not log-canonical at the point p.
Therefore, Lemma 2.2 implies that

< (D -=bC")-C" = 2b.

N W

However, 0 < (—Kg—C—C")-A=2—(a+b), and hence a <5/4. This is
a contradiction. Therefore, the pair (5‘ ,AD) is log-canonical in the outside
of finitely many points. Then Lemma 2.3 completes the proof. 0

LEMMA 4.6. Let S be a singular del Pezzo surface of degree 2 with sin-
gularity type 3Aa, 2A9 + Ay, or 2Ay. Then lct(S) =lct1(S) = 2/3.

Proof. Let : S — S be the minimal resolution of S. Then for each case
the smooth surface S has six —1 curves L;, i = 1,2,...,6, that have the
following configuration with —2 curves (see the appendix, Table 1):
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Lo Ls Lo Lg
O
Ly Ls Ly Ly
(3A2) (2A2 + Al) (2A2)

Suppose that lct(S) < 2/3. Then for let(S) < A < 2 there is an effective
Q-divisor D on S numerically equivalent to —K g such that the pair (5’ ,AD)
is not log-canonical only at a single point p € S by Lemma 4.5.

Contracting either three —1 curves L1, L5, Lg or three —1 curves Lg, L3,
L4, we can obtain a birational morphism of S to a smooth del Pezzo surface
of degree 5, which is an isomorphism around the point p. By Lemma 4.4,
we can obtain an effective Q-divisor C' on P? numerically equivalent to
— Kp2 such that the pair (P2, \C) is not log-canonical only at a single point.
However, this contradicts Corollary 2.4. 1l

PROPOSITION 4.7. Let S be a singular del Pezzo surface of degree 2. If
the singularity type of S is neither Az nor Ag, then lct(S) =lctq(.5).

Proof. If the singularity type of S is not E7, 3As, 2A5 + Aq, or 2A,,
then there are disjoint —1 curves on the minimal resolution of S for which
we can apply Lemma 2.7 (see the appendix, Table 1). Therefore, lct(S) =

1Ct1 (S) . D
85. Appendix

The following tables show the configurations of the —2 curves and some
—1 curves on weak del Pezzo surfaces of del Pezzo surfaces with given singu-
larity types. The columns labeled “Example” show configurations of some
effective divisors on certain blow-ups of P? in order to show existence of the
configurations in the second columns on weak del Pezzo surfaces correspond-
ing to the given singularity types. In each example, solid lines, which denote
the exceptional curves of blow-ups of P?, show the manner of performing
blow-ups from P2. Among the solid lines, thin lines (always drawn horizon-
tally) denote —1 curves and thick lines (always drawn diagonally) denote
—2 curves. The dotted curves in each example are the strict transform of
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a line, an irreducible conic, or an irreducible cubic via the blow-ups. The
letters L, @, and C' beside the dotted curves mean that the corresponding
curves are the strict transforms of a line, an irreducible conic, and an irre-
ducible cubic, respectively. In Table 1, in the examples for 3A5, 2A5 + Ay,
and As 4+ 2A1, o means that the two curves with the circle do not intersect
at the circled point.

Table 1: Degree 2

Singularity Configuration Ezample
type
E7 1 ° NSNS
O O 1L L
Eg | W
L
D¢ + A4 I . 2 Q
L
Dﬁ A d I \d \d A _—
L <L :
D5 + Ay g . /\/\_

Dit3Ar | T

D4+ 2A4 {:::}—o—o

Di+ Ay i )

e

(continued)
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Table 1: Degree 2 (continued)

Az

Ag

As + Ay

(As+Ay)

(A5 + Al)”

Ayg+ Ay

Ay + Ay

2A3 + Al

244

Az + Ay + Ay

(continued)
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Table 1: Degree 2 (continued)

Az + Ay

As+3A,

(A3 +2A,)

(A3 =+ 2A1)//

(As+Ay)

O
T
S

T
*

(As+ A1) 9—%—@
X
ay
P

A

3A,

2A0+ Ay

2A,

P ol
TL

(continued)
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Table 1: Degree 2 (continued)

Ag 4 2A4 I

L]

Ay + Ay @
A, @
=
S

o

(4A1)

(4A1)"

(3A1)”

2A4

Aq

oo
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Table 2: Degree 3

Singularity
type

Configuration

Example

Eg

Ds

o

! .

Dy

As+ A

Ay + Ay

Ay

Az +2A4

As+ A

P
=<
P
>~
pu—
P

3A,

2A0+ Ay

2A,

O
&
O
O

(continued)
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Table 2: Degree 3 (continued)

Ay +2A4

As+ Ay

A,

4A,

3A;

2A,

Ay

@@@@@Y@

1]
2]
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