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VARIATION FORMULAS FOR PRINCIPAL
FUNCTIONS, II: APPLICATIONS TO VARIATION FOR
HARMONIC SPANS
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To Professor Mitsuru Nakai,
on the occasion of his 77th birthday

Abstract. A domain D C C, admits the circular slit mapping P(z) for a,b €
D such that P(z) —1/(z — a) is regular at a and P(b) = 0. We call p(z) =
log|P(2)| the Li-principal function and « = log|P’(b)| the Li-constant, and
similarly, the radial slit mapping Q(z) implies the Lo-principal function g(z)
and the Lo-constant 3. We call s = a — 8 the harmonic span for (D, a,b). We
show the geometric meaning of s. Hamano showed the variation formula for
the Li-constant a(t) for the moving domain D(t) in C. with t € B:={t €
C:|t| < p}. We show the corresponding formula for the Lo-constant 5(t) for
D(t) and combine these to prove that, if the total space D =,z (¢, D(t)) is
pseudoconvex in B X C,, then s(t) is subharmonic on B. As a direct application,
we have the subharmonicity of logcoshd(t) on B, where d(t) is the Poincaré
distance between a and b on D(t).

§81. Introduction

Let R be a bordered Riemann surface with boundary OR=C1+---+C,
in a larger Riemann surface R where C; is a C“ smooth contour in R.
Fix two points a,b with local coordinates U, : |z| <rg and Uy : |z — £| <1,
where a and b correspond to 0 and &, respectively (where U, and U, have
no relations). Among all harmonic functions v on R\ {a,b} with logarith-
mic singularity log(1/|z|) at a and log |z —¢| at b normalized lim,_.o(u(z) —
log(1/]z])) =0, we have two special functions p and ¢ with the bound-
ary conditions that, for each Cj, p satisfies p(z) = constant ¢; on C; and
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fcj 857(3 ds, =0 (where a%z is the outer normal derivative and ds, is the

arc length element at z of C}), while ¢ satisfies %q—éj) =0 on C;. We consider

the constant terms o :=lim, .¢(p(z) — log|z — &|) and B :=lim,_.¢(q(z) —
log|z — &]). We call p(z) the Li-principal function and « the Li-constant
for (R,a,b) with respect to local coordinates U, and U, or, simply, for
(R,0,¢), and similarly, we call q(z) the Log-principal function and [ the
Ly-constant (see, [1, Chapter III, Section 3]). Now let B={t € C: |t| < p},
and let R:te€ B— R(t) € R be a smooth variation of Riemann surfaces
R(t) in R with ¢ € B such that OR(t) is C* smooth in R and R(t),t € B
contains z =0 in U, and &(t), which vary holomorphically in Uy. Then each
R(t),t € B admits the Lji-principal function p(¢,z) and Lj-constant «(t)
for (R(t),0,£(t)) and, similarly, the Lo-principal function ¢(t,z) and the
Lo-constant [3(t).

Hamano [9] showed the variation formula of the second order for a(t) (see
Lemma 2.1 below), which implies that, if the total space R = J,c (¢, R(t))
is a pseudoconvex domain in B x R, then a(t) is subharmonic on B. Contin-
uing on [9], we show the variation formula for 3(t) (see Lemma 2.2 below),
which continues on [10]. To prove the formula for (), we add a new idea
to Hamano’s proof for a(t). In fact, the formula for a(t) does not concern
the genus of R(t), but the formula for 3(¢) does concern it. The formula
for B(t) implies that, if R is pseudoconvex in B x R and if R(t),t € B
is planar, then ((t) is superharmonic on B. This contrast between the
subharmonicity of «(t) and the superharmonicity of 3(t) is unified with
the notion of the harmonic span s(t) := a(t) — 5(¢) for (R(t),0,£(t)) intro-
duced by Nakai (see, [13, Chapter II, Section 3]): if R is pseudoconvex in
Bx R and R(t),t € B is planar, then s(t) is subharmonic on B; this implies
Corollary 4.1. Assume, moreover, that each R(t),t € is simply connected.
Let & = U,ep(t,&i(t)),i = 1,2 be two holomorphic sections of R over B,
and let d(t) denote the Poincaré distance between &;(t) and &2(t) on R(t).
Then 6(t) := logcoshd(t) is subharmonic on B. Further, §(¢) is harmonic
on B if and only if R is fiber-preserving biholomorphic to the product
B x R(0).

§2. Variation formulas for Ly-principal functions

Let B={teC:|t| < p}, and let 7 : R — B be a holomorphic family such
that R is a complex 2-dimensional manifold, 7 is a holomorphic projection
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from R onto B, and each fiber R(t) =7~ 1(t),t € B is irreducible and non-
singular in R. We put R = UteB(t,é(t)), and we call R(t) the fiber of R
over t € B. Let R =J,c5(t, R(t)) be a subdomain in R such that we have
the following conditions:

(1) R(t)  R(t) #0, t € B, and R(t) is a connected Riemann surface of
genus g > 0 such that dR(t) in R(t) consists of a finite number of C¥
smooth contours Cj(t),j=1,...,v;

(2) the boundary R = J,cp(t,0R(t)) of R in R is C* smooth and IR is

transverse to each fiber R(t),t € B.

Note that g and v are independent of ¢t € B. Each Cj(t) is oriented by
OR(t) = C1(t)+---+Cy(t). We regard the complex manifold R as a variation
of Riemann surfaces R(t) with parameter ¢t € B,

R:te B— R(t) € R(%).

We denote by I'(B,R) the set of all holomorphic sections of R over B.
Assume that there exist Zg,Z¢ € I'(B,R) with =9 N Z¢ = () such that there
exist m-local coordinates Uy := B x {|z| < 1o} and Ug := B x {|z—£(t)| <71}
of neighborhoods Vj of Zg and V¢ of Z¢ in R such that Z corresponds
to z =0 and Z¢ corresponds to z = {(t),t € B. Let t € B be fixed. Then
R(t) admits the functions p(¢,z) and ¢(t,z) such that both functions are
continuous on R(t) and harmonic on R(t)\ {0,£(¢)} with poles log(1/|z|) at
z=0 and log|z — £(t)| at z=£(¢) normalized lim,_o(p(¢, 2) —log(1/|z])) =
lim,_0(q(t,z) —log(1/]z])) =0 at z=0, and p(t,z) and q(t,z) satisfy the
following boundary conditions (L) and (Lg), respectively: for j =1,...,v,

(L1) p(t,z) =constant cj(t) on Cj(t) and / Iplt2) ds, = 0;
C(t) 8nz
9q(t, 2)

(Lo) o, 0 on Cj(t).

We have
1
p(tyz):=10g121-+(J+-h0(t,Z) on Uy (1),

(2.1)

1
q(t,z) =log m +0+bho(t,z) on Upy(t),

where hy(t,z), ho(t,z) are harmonic for z on Up(t) such that ho(t,0),ho(¢,
0) =0 on B, and
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p(t,z) =loglz — &(t)| + a(t) + he(t,z) on Ug(t),
q(t,z) =loglz — &(t)| + B(t) + be(t, 2) on Ug(t),

(2.2)

where «(t), 3(t) are the constant terms and where he(t, 2), be(t, 2) are har-
monic for z on Ug(t) such that he(t,£(t)), be(t,£(t)) =0 on B. We call p(t, z)
the Li-principal function, or simply Li-function, and « the Li-constant for
(R(t),0,£(t)), and similarly, we call ¢(t,z) the Lo-function and ((t) the
Lg-constant.

The following variation formula is for the second order for «(t).

LEMMA 2.1 ([9, Lemma 1.3]). We have

Pa(t) 1 op(t,z)|2 4 0?p(
otot _E/&)R(t)kQ(t’z)‘ 0z ‘ ds”%//R(t)‘ o1 ‘ dar dy.

Here

0% Op 2 w13

ba(t,2) = <8t8t 9z

2%{ gt@z 88(? gi} ‘ ot )25982(((;2)

on OR, where p(t,z) is a C? defining function of OR.

Note that ko(t,2) on OR does not depend on the choice of defining func-
tions ¢(t,z) of OR. We call ka(t, z) the Levi curvature for OR (see [11, (1.3)],
12, (7).

We give the variation formulas for §(¢). In the case where R(t) is of
genus g > 1, we need the following consideration, which was not neces-
sary for the variation formulas for a(t). We draw, as usual, A, B cycles
{Ak(t), Bi(t) }1<k<g on R(t), which vary continuously in R with ¢ € B with-
out passing through 0,£(¢):

A(t)NBy(t)=0 for k #1, A xBp=1 fork=1,...,g,
Ak(t) N Al(t) = Bk(t) N Bl(t) =0 fork #£1.

(2.3)

Here Ay (t) x Bi(t) = 1 means that Ag(t) crosses By(t) once from the right-
hand side to the left-hand side of the direction By (t). On R(t),t € B we put
xdq(t,z) = 8q(t 2 d + 8q(t %) dy, the conjugate differential of dq(t, z).
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LEMMA 2.2. We have

0?8(t) 1 0q(t, 2)
= —— ko(t,z)|——= - = drd
oot T /aR(t) 2<’Z)‘ 9z // 87582 ‘ y
2 a/ a/
- -3 — xdq(t,z)) - (= xdq(t,z) ).
™ ;(Ot A (t) Q( )) (8t B (t) q( ))

Proof. We divide the proof into two steps.

STEP 1. The formula does not depend on the choice of either w-biholo-
morphic mappings or 7-local coordinates.

In fact, let 7 : D — Bbea holomorphic famlly, and let a subdomain D of D
satisfy conditions (1) and (2). We write 7~1(t) = D(t) and D = Uies(t, D(1)),

where D(t) € D(t). Assume that there exists a 7-biholomorphic mapping
T:(tz)eR— (t,w)= (t,F(t,z)) eD

such that T'(R) = D. Thus, R(t) and D(t) are equivalent as Riemann sur-
faces. We write EO,EgE I'(B,D), which correspond to Zo,Z¢ € I'(B,R)
by T. We put A(t ) F(t, Ax(t)), and we put By(t) = F(t, Byx(t)) on D(t).
Since fAk xdq(t, z) fA ) *dq(t w), we have

o2 sagtw=2

xdq(t, z for t € B,
ot J i) It J aw) )

and similarly for By(t) and By(t). Let #-local coordinates Uo =B x {|w| <
po} and ﬁg:: B x {|w—&(t)| < p1} of neighborhoods Vj of Z¢ and V of E¢
in D. Each D(t),t € B admits the Lo-function ¢(¢,w) and the Lo- constant
B(t) for (D(t),0,£). We have

@(t,w):logﬁ—i-o—i-fbvo(t,w) on {\w]<po},
5(taw)=1Og|UJ—§~(7f)\+5(t)+5g(tvw) on {Jw—&(t)| < p1},

where ho(¢,w) is harmonic on {|w| < pp} such that ho(¢,0) =0 on B, and
hg(t 2) is harmonic on {|w —&(¢)| < p1} such that b =(t,£(t)) =0 on B. Then
we have the biholomorphic mappings Ty : (¢,2) € Uo — (t,w) = (1, fo(t,2)) €

Uy such that fo(¢,0) =0, and Te:(t,2) € Ug — (t,w) = (t, fe(t,2)) € ﬁg such
that fe(t,£(t)) = £(t). For t € B, we put ag(t) := 8f°(t Z)\Z o and ag(t) :=
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8f5 (t,2)

|z ¢(t), S0 that ag(t),ae(t) are nonvanishing holomorphic functions
on B We have

B(t) = B(t) ~ log |as(t)| + log lac(t)] on B,

which implies that

0*6(t) _ 9*B(1)

oiof ~ owgr  oriel

(i)

If we write ko (t,w) for the Levi curvature for 9D, then we have

Fo(t,w) = kg(t,z)‘%

for w= F(t,z) and (t,2z) € R, and hence

Fa(t, w)| o4,

O ] = o, 2)| 28 Pz,

which implies that

2
(i#4) / Fo(t, w ‘ (t w)( dsw:/ ka(t, 2)| 22, z)‘ ds.
aD(t) ow OR(t) 0z

for t € B. Since

? dud 4, N aza
(i) // i) v ”_/R(t) g79; (62| dwdy

for t € B, equations (7)—(iv) imply Step 1.
STEP 2. Lemma 2.2 is true.
In fact, it suffices to prove the lemma at ¢ = 0. If necessary, take a smaller

disk B of center 0. Then by the standard use of the immersion theorem for
the open Riemann surfaces due to Nishimura [14] (see also [7]), we have a 7-
biholomorphic mapping from R to an unramified (Riemann) domain D over
B x C,, such that, if we write T'(R) =D, then the holomorphic sections =
and Z¢ of R over B correspond to the constant sections = := B x {w =0}
and Zj := B x {w =1} of D over B. By Step 1, it suffices to show the lemma
for the unramified domain D over B x C,, and the sections Z¢, =, € I'(B, D).
For the sake of convenience, we use anew the notation R and R for D
and D. By condition (1), the boundary OR of R in R is C* smooth, and
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cach R(t),t € B is a Riemann surface sheeted over C, without ramification
points. By condition (2), R(t) is a relatively compact subdomain of R(t) with
C* smooth boundary OR(t) and R(t) > 0,1. We have R = [J,c5(t, R(1))
and OR = |J,cp(t,0R(t)), which is transverse to each fiber R(t). Under
these situations we find a neighborhood V = Ji_; V; (disjoint union) of
OR(0) = ;- Cj(0) such that (B x V)N (EgUE1) =0; Vj is a thin tubular
neighborhood of C;(0) with V; D C;(t) for t € B, and ¢(t, z) is harmonic on
(R(0)UV)\ {0,1}. We write R(0) := R(0) UV, so that ¢(t,z) is defined in
the product B x E(O) Then, (2.2) becomes

(2.4) q(t, z) =log|z = 1[+ () + b1 (t,2) on Ui(?),

where h1(¢,1) =0 on B. For ¢t € B we put u(t, z) := q(t, z) — q(0, z) on R(0)\
{0,1}. By putting u(¢,0) =0 and u(t,1) = 5(t) — 5(0), u(t, z) is harmonic
on R(0).

Let 0 <e <1, let 7-(0) ={|z| < e}, and let 7-(1) = {|z — 1| <e}. Then,

z ds. — g(0, 2) du(t, z)

OR(0)— 02 (0)—0ve (1) n; on

Letting € — 0, we have from %f;j) =0on C;(0),j=1,...,v,

-1 dq(t, z) -1
2.5 t)—pB(0)=— 0 ds, =: — 1;(t).
25 H0-pO=53 [ a0, ds = Y 400
7j=1 J 7j=1
We take a point z?(t) on each Cj(t),t € B such that z? (t) continuously moves

in JR with t € B, and we choose a harmonic conjugate function q; (t,z) of

q(t,z) in Vj such that q}‘(t,z?(t)) = 0. Since %t’:) =0 on Cj(?), gj(t,2) is

single valued in V; and

(2.6) q;(t,z) =0 for z € Cj(t).
Since dq;-‘(t, z) = %ﬁ’j)dsz, dq(0,z) = _’dq(];ioz,z) ds, along C;(0), we have

Ij (t) = /Cj(()) Q(O7 Z) dQ; (tv Z) = /Cj(O) d(Q(Ov Z)Q; (t7 Z)) - Q;(t’ Z) dQ(Ov Z)

9q;(0,2)
= qi(t, 2)———ds.,.
/C’(O) ]( ) a’I’LZ

J
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Differentiating both sides by ¢ and ¢ at ¢t =0, we have

27 92a* dq (0,
@7 aI]( ):/ % o q; ( z)d
(0)

—(0 & -
ator 7 A

We recall the following.

PROPOSITION 2.1 ([9, (1.2)]). Let u(t,z) be a C? function for (t,z) in
a neighborhood V; = J,cg(t, V;(t)) of Cj = U,ep(t,Cj(t)) over B x C, such
that u(t,z),t € B is harmonic for z in Vj(t) and u(t,z) = a certain constant
c;j(t) on Cj(t). Then

0%u Ou ou |2 0%ci(t) Ou
CU g, =2 s, A
otai on. & ]@(t’z)‘ ‘ ds:+ =501 on.
ou 0*u o [ Oc;(t) %u
+ 4 {8t 5755 dz} 4\9{ 5% 90s dz} along C;(t).

We apply this for u(t,z) = ¢;(t,2) with (2.6) to (2.7) and obtain

82[]‘ 8q] g 82
ZJ(0)= 9 4 _J
al0) Q/Cj(o)kg(O,z)’ ( ds. + \S/j(o) L0, )m8 (0,2) dz.

We put

ak(t):/A (t)*dq(t,z), bk(t):/B (t)*dq(t,z).

We fix a point 2%(#0,1) such that B x {z°} C R. On R(t),t € B we choose
a branch ¢*(t, z) of a harmonic conjugate function of ¢(¢,z) on R(0)\ {0,1}
such that ¢*(t,2°) = 0. Since fcj(o) xdq(t,z) =0, we have

O (t,2") = q*(t,2") mod{ZW,ak(t),bk(t)(k: =1,... ,g)}

for any z',z" over the same point z € R(0) \ {0,1}. We also have qj(t,z) —
q*(t,z) = ¢j(t) on V}, where ¢;(t) is a certain constant for z € V. It follows
that

Oq;-‘ 0? q;
/cjm)ﬁ(o ) (0,2) dz

aq* 82(]* 8 82q*
- 7 dz : dz.
/Cj(o) ot ©,2) 875(32(0 2)de+ 50 Ot - (0) /Cj(o) 0t0 (0,2)dz




VARIATION FORMULAS FOR PRINCIPAL FUNCTIONS, II 27

The function f(t, z) := ¢*(¢, 2) —iq(t, z) belongs to C*(B x V}), and f(t, 2),
t € B is a single-valued holomorphic function in V;. Hence,

0%q* 170
— d = <= ! t d = U.
/Cj (0) 010z (0,2)d= 2 [875 (/CJ 0) 1:(t:2) Z)] t=0 0

Therefore,

0%1; 9q*(0, 2) |2
o) =2 /Cj(o) ka(0,2) [ o

8(]* a2q*
43 _ .
* “{/Cj(o) o (0 g 0.

It follows from (2.5) that

0% 1 9q*(0,2) 2
DB y= L[ hy(0,2)| 2002,
orar ) /;)R() 2(02)| == s

2 8(]* 8261*
- =S 0,z 0,z)d
w“{/mo) ar )55, 0:7) Z}

We divide the proof into two cases.
CASE 1: R(t) is planar (i.e., g =0). In this case, each ¢*(t, z) te B is
determined up to additive constants mod 27. By (2.1) and (2. 4) ( 2 te

%,tEBlsa

B is a single-valued harmonic function on R(0), and

single-valued holomorphic function on E(O) Then,

8(]* 82(]* ‘ 82(1* )
7 dz =2 — dz dy.
/8R(o) 5t (02) 575-(0,2) dz 1//}3(0)’8758,2(0’2)’ z dy

Therefore,

0?3 1
8t8%(0)__;/83(0)k2 ‘ ‘ ds __// ataz (0,2 ‘ du dy,

which is desired.

CASE 2: R(t) 1sofgenusg>1 We put R'(0) = ()\U (AR (0) U
B;(0)), and we put R'(0) = R'(0) UV, so that R'(0) and R'(0) are planar
Riemann surfaces such that

AR’ (0 +Z (A5 (0) + A; (0)) + ) (B (0) + B (0)).

k=1
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Here A; (0) is of the same direction of A (0), A4; (0) is of the opposite direc-
tion, and B, (0) and B, (0) are similar. For ¢ € B, if we restrict the branch
q*(t,z) with ¢*(t,2°) =0 to R'(0)\ {0,1}, then q (t 2)=q (t z”) mod 27

for 2/, 2" over the same point z € R'(0). Hence, m ~(0,2) and 2 5or ~(0,2) are

single-valued harmonic functions on R'(0), so that
8q* 826]*
- d
L 5@ 575020
8q* 32q*
= d — d
//,( 0 (G (O’Z)ataz (0.2)d2)

O*q
—Z/Ai - (0 2) 5 (0,2)dz

== Jl — JQ.

Since 24-(0, z) is holomorphic on R'(0), we have

otoz
! R(O) 8t822 ’ Yi

- aq* 82(]*
Jo(Ag) == /Af(o) 91 (0,2)8%82(0,2) dz

aq* N 3(]* 82 *
= - dz.
/Ak(o)( (05 = 3 (0:27)) - 0.9

By (2.3) and fcj(o) xdq(t,z) =0, it holds that, for z* over any z € A;(0),

(2" —q*(t,z7) :/ xdq(t,¢) mod 2.
By (0)

Therefore,
0 - = 2
8t (t,Z ) 8t (t7z )_ at Bk(O)*dq(t’C)’

independent of z € A;(0). By %dz = (1/2)(xdq(t,z) —idq(t,z)),

wn =[5 ([, o a0 0)] (], “5e )

_ 10by
=3 5H0)- 22 (0).

Oay
ot
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By Bj(0) x Ax(0) = —1, it similarly holds that Jo(By) = —(1/2)%2%(0) -
22 (0), so that Jo(Ay) + J2(By) = —iS{ B 92 () . dbk( 0)}. Therefore,

ot
8q* aQq* g
%{/8]%(0) ot (072)(%82(072) dz} { kg (J2(Ak) + Jo( Bk))}

// ‘ataz ©.2)] dwd““{z % (0). (o))

This completes Step 2. {

As noted in [9], since R is pseudoconvex in R if and only if ko(t,z) > 0
on OR, Lemma 2.1 implies that, if R is pseudoconvex in ﬁ, then the L+-
constant a(t) for (R(t),0,£(¢t)) is C* subharmonic on B, while Lemma 2.2
makes the following contrast with it.

THEOREM 2.1. If R is pseudoconvez in R and R(t),t € B is planar, then
the Lg-constant B(t) for (R(t),0,£(t)) is C¥ superharmonic on B.

REMARK 2.1. There are examples of m: R — B such that R(t),t € B is
not planar and (3(¢) is not superharmonic on B.

In fact, let 7 : R — B be a holomorphic family such that R(t) = 7~ (¢),¢ €
B is a compact Riemann surface of genus g > 1, and ﬁ(t) is irreducible and
nonsingular in R (where R may be the trivial B x ]/%(0)) Let Zo,Z¢ €
F(B,ﬁ), and use the same notation Up, U as in the proof of Lemma 2.2.
The compact Riemann surface ﬁ(t), t € B admits a harmonic function p(¢, 2)
with poles log(1/|z|) at z =0 and log|z — &(t)| at z = £(¢) normalized
lim,_o(p(t,z) —log(1/|z])) = 0. We put

P(t,z) =log|z — ()| + a(t) + h(t,z) on Ue(t),

where h(t,¢ (t)) =0 on B. Then % dz is a meromorphic differential of
the third kind on R(t) with poles —1/z at z =0 and 1/(z —£&(t)) at z =&(¢).
If necessary, take a slightly different Z¢ € I'(B,R). Then, since R( ) is of

ap(t %) dz is not holomorphic for ¢ € B; that is, aaiat S dz#0

on R(t). We choose an n € T(B,R) with nN (U Z¢) =0 and a 7-local
coordinate U, := B x {|w| <72} of a neighborhood V;, of 1 in R such that
Vi, N (Vo U Vg) =0. For integer n > 1 with 1/n < ry, we put

genus g > 1,

R =R\ (B x {[w] <1/n}).
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Then 7 : R,, — B is a holomorphic family with conditions (1) and (2). Each
R, (t),t € B admits the Lj-function p,(t,z) and the Lj-constant oy, (t) for
(Rn(t),0,£(t)), and the Lo-function ¢, (t, z) and the Lo-constant (3, (t). Since
the Levi curvature kpa(t,z) for OR, = B x {|w| = 1/n} vanishes on OR,,
Lemmas 2.1 and 2.2 reduce to

02a(t) (9 pn (t,2)
ot / / ol 0tz ’ e dy,
0% B (t) 8 Pqn(t, 2) 2
=—— dx d
ot / /R e ‘ Ty
2 0
- =9 / *dgn(t,z)) - —_/ xdg,(t,z) ).
™ - 1(8t A (t) ( )) <8t By (t) ( ))

It is known (see [1, Chapter III, Section 2]) that, for t € B, both Dirichlet
integrals ||d(pn(t, z) — (¢, z)||§%n(t) and ||d(qn(t, z) — p(t, z)H%n(t) converge to
0 as n — oo, so that both p,(t, z) and g,(t,z) locally uniformly converge to
p(t,z) in R(t)\ {0,£(t)}, and hence both ay,(t) and B,(t) converge to a(t).
We have

0o (t) 0?B3,(t) 0%a(t)
SRR | APl
e vy T v - vy TR VP

82&(15):%/ )62At z ‘ dedy
otot T J JR() otoz
2

q

=t Z< /Aka*dﬁ(t’z))‘<%/Bk<t)*dﬁ(t72)>’

k=1

which implies that ata(t) >0 on B and 2 aigg) >0 on B for sufficiently

large n. Thus, 7: R, — B is a desired example.

We show the following variation formulas of «(t) and §(t) of the first-
da(t) aﬂ(?f)

order =5~ and
R over B x C, as in Step 2 in the proof of Lemma 2.2 for general Z¢ : ¢ €

B —&(t) € R(t) instead of =1 := B x {z =1}.

under the same situations for the unramified domain

LEMMA 2.3. We have
2
da(t) —l/ kl(t,z)liap(t’z) ds, + 220
OR(t) Oz l(te)

ot 0z €0,
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ap(t) __l/ dq(t,z)|2 b ,
=2 aR(t)kl(t,z)‘ = ‘ ds: 25| €0,

Here 5 5
_ 9% /|9
=5 /15
and ¢(t,z) is a C? defining function of OR.

The function ki (t,z) on OR is due to Hadamard. We note that k1 (¢, 2) on
OR as well as ka(t, z) does not depend on the choice of the defining functions

©(t, z) for OR. Contrary to the cases of 8t6§t) and ks (t, z)|8q<t :2) 2ds.,, aagt)

and k1 (¢, 2)| % |2ds. (and similar to 3(t)) depend on the 7-biholomorphic
mappings and 7-local coordinates.

Proof. Since the proofs for a(t) and ((t) are similar, we give the proof
for 5(t). We divide it into two steps.

STEP 1. Lemma 2.3 is true in the case where Z¢ is a constant section
on B.

In fact, we simply put Z¢ := B x {z = 1}. Similar to (2.7), we have

ol; aq; 9¢;(0,2)
2. (o) = —2(0,2) """ ds..
(28) G- A

Under the same notation u(t, z) and C;(t) as in Proposition 2.1, we similarly
have

0u ou
Ot On,

aCj(t) 81,6
ot 0On,

2
dszzzkl(t,Z)\%\ ds: + ds. along Cj(t).

We apply this for u(t,2) = ¢j(t,2) with (2.6) to (2.8) and obtain

—J =9 g7

‘ ds,.

Therefore,

9p 1 04(0, 2) |2
6t( )= _7T/<9R(0)k1(0’2)‘ 5 ‘ ds, by (2.5),

which proves Step 1.
STEP 2. Lemma 2.3 is true for general Z¢ on B.



32 S. HAMANO, F. MAITANI, AND H. YAMAGUCHI

In fact, it suffices to prove Lemma 2.2 at ¢t = 0. If necessary, take a smaller
disk B of center 0. Then we find a biholomorphism 7': (t,z2) € B x P, —
(t,w) = (t, f(t,z)) € B x P, such that f(¢,2) is a linear transformation for
z, f(t,0) =0, %(t,O) =1, f(t,&(t)) = constant c for t € B, and D:=T(R)
is an unramified domain over B x C,,. We write D(t) = f(t,R(t)),t € B, so
that D = {J,cp(t, D(t)) and D has two constant sections Og := B x {w =
0} and O, := B x {w =c}. Thus, D:t € B — D(t) is a case in Step 1.
For ¢ € B, we have the Lo-function §(t,w) and the Lo-constant 3(t) for
(D(t),0,c¢), so that

q(t,w) =log ﬁ +Eo(t,w) in Uy(t),
q(t,w) =log|w — c| + E(t) +Ec(t, w) in U.(t),
where Bo(t,0),b.(t,¢) =0 on B. We put A(t) = f(t, Ax(t)) and By(t) =

f(t, Bi(t)) on D(t), which continuously vary in D with ¢t € B without passing
through w =0, c. Since

24 bo(t)2? +--- at 2 =0,

w:f(t’z):{ 2
ctai(t)(z— &) +ax(t)(z — &))" + -+ at z=¢(1),

where a;(t) #0,a2(t),...,b2(t),... are holomorphic on B, we have ¢(t,z) =
a(t, £(t,2)) in R; namely,

q(t,2) =log |f(t,2) — ¢l + B(t) +he(t, f(t,2))  at z=E&(b).

Therefore,

B(t) = B(t) +loglar (t)],

as (1)
al (t)

De(t,2) = Be (1, F(1,2)) +log| 1+ 222 (2 = €(8) ++ -,

Let ¢(t,w) be a C* defining function of 9D. Then ¢(t,z) := (¢, f(t,2)) is
that of OR, so that we have for w = f(t,2)

bt — e _Fw) | PEL Sw
) - 2z - z < 9 ’
|2efta)| (OIfLa) ) 2L | (28t w)

(t,z) € OR.

0z
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Therefore,

9q(0,2) |2
k1(0, 2 ds;
/8R(0) 1( )‘ 0z ‘

_ / F1(0,w) 200.2)
OR(0)

af(0,
o ||l 92

+/ %(0,2)_ 2L (0,w) ‘361(0 1 2) |2
or() |2202)| 1520, w))|
=:J1+ Jo.

Since 86(%?1’)1”) ! (gz’z) Bq((;z) we have, by Step 1,

~ 0q(0,w 0 0 a
‘]1:/8,3(0)’“1(0’“’)‘ qg)w )‘Qd‘S“’: af(o) (af() ;aiggi)

If we put z = g(t,w) := f~(t,w),t € B; 5]-(0) = f(0,C;(0)); and 17] = f(0,

V;), then we have the single-valued conjugate harmonic function ¢;(0,w) of
¢(0,w) in ‘7] that vanishes on 6']-(0), and hence a function k(w) € C*(V})

such that g7 (0,w) = k(w)y(0,w) in Vj, so that

Z / (0] g (0,w) 2

Og O w) 6¢(0 w) ‘ ‘ Ow ’ dsw

1 (0,w) 197*(0,w)\?
. ot \Us )
- Z/aD(O) 89((9(3;}111) ( ow ) dw.

By the residue theorem,

9g ~ 2
Jo =27 Reswzoﬁ{ % (6(1{(9%,}10)) }
ow

—or( 0.0 - 12D,

Thus, Ji + Ja = —7(22(0) — 29%(0,£(0))€'(0)), which is identical with the
formula in Lemma 2.3. 0l
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§3. Harmonic span and its geometric meaning

We recall the slit mapping theory in one complex variable. Let R be a
planar Riemann surface sheeted over C, bounded by a finite number of
smooth contours Cj,j =1,...,v. Let a € R, and let U, := {|z| < 7o} be a
local coordinate of a neighborhood V;, of @ in R. We denote by U(R) the set
of all univalent functions f on R such that f(z) —1/z is regular at 0. For
w = f(z) € U(R) we consider the Euclidean area E(f) of C,, \ f(R) and put

E(R) =sup{E(f): f €U(R)}.

Koebe (see [5, Chapter X]) constructed two special f;(z),7i=1,0 in U(R)
such that fi(R) is a vertical slit domain in P, and fo(R) is a horizontal slit
domain. Grunsky [6, pp. 139-140] considered the function

g:=3(fi+fo) onR

and showed that each Kj;:= —g(Cj),j =1,...,v bounds an unramified
domain Gj over C,, such that, if we denote by F;(g) the Euclidean (mul-
tivalent) area of G; and put E(g) =3 7_; E;(g), then E(g) > £(R). Then,
Schiffer [16, p. 209] introduced the quantity S(R), called the span for R,

S(R) = §R{a1 — bl},

where a; and by are the coefficients of z (the first degree) of the Taylor
expansions of f1(z) —1/z and fy(z) —1/z at 0, respectively, and showed the
following beautiful results (see [16, p. 216]): g e U(R), each G; is a convex
domain in Cy, and

B(g) = £(R) = ZS(R).

His proofs were rather intuitive and short. The precise proofs are found in
[1, Chapter III, Section 12].

Let b € R,a #b, and let Uy := {|z — £| <71} be a local coordinate of a
neighborhood V4 of b in R. We denote by S(R) the set of all univalent
functions f on R such that f(z) —1/z is regular at 0 and f(£) =0, say,

f(2)=ci(z =& +ea(z— €)%+ até.

We put ¢(f) =c1 (#0). We draw a simple curve [ on R from & to 0. Let
w = f(z) € S(R). Then f(I) is a simple curve from 0 to co in Py, and
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each branch of log f(z) on R\ is single valued and univalent. Fix one of
them, say, 7 =log f(z). Consider the Euclidean area Ej,(f)(>0) of the
complement of log f(R\ ) in C;, and put

Eiog(R) =sup{ Eiog(f) : f € S(R) }.

Let p(z) and « be the Li-function and the Lq-constant for (R,0,¢), and
similarly, let ¢(z) and [ be the Lo-function and the Ly-constant. We choose
the harmonic conjugate p*(z) on R such that, if we put P(z) = eP(*)+#"(2) on
R, then P(z)—1/zisregular at 0. Then P € S(R), and w = P(z) is a circular
slit mapping with log|c(P)| = a and Ejog(P) = 0. Similarly, w = Q(2) =
ed()+10°(2) g the radial slit mapping with log|c(Q)| = 3 and Fi,g(Q) =0
We see in [1, Chapter 111, Section 4] that P mazimizes 2mlog |c(f)|+ Eiog(f),
while @ minimizes 2w log|c(f)| — Eiog(f) among S(R).

Nakai (see [13, Chapter II, Section 3]) expected that the quantity

(3.1) s(R):==a—0

will be important as Schiffer span S(R) and named s(R) the harmonic span
for (R,0,&). We show that s(R) has some significant properties not only in
one complex variable but in the several complex variables.

We write

P(z)=et01(z —¢) + Z an(z—&)" at &,
(3.2)
Q(z) = ePHibo( —G—Zb z—=&)" até&,

where 61,60 are certain constants. We put

D1 :=P(R) =P, \ | P(Cj) =Py, \ | Jarc{4!", 4%},
j=1 j=1

Do:=Q(R) =P, \ | J Q(C)) =Py \ | segment{B{", B*)}.
i=1 i=1
Here
arC{A()A } = {7“3 0 9()<9 93()}7
(3.3)

segment{Bj ,B } {re% .0 < 1“( <y ]( ) < oo},

where 0 < ‘9](‘2) —0](-1) < 2m and rj,ﬁj(-k) 0,7 J(k)(] =1,...,v;k=1,2) are con-
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stants. We take the points ag-k), bgk) € Cj such that

k k k k
(3.4) Py =aP  Qu)=nB".
Then, \/P(z)Q(z) consists of two single-valued branches H(z) and —H (z)
on R, where H(z) has only one pole at z =0 such that H(z) —1/z is regular
at 0, and H(z) has 0 only at z =¢£. We write

H(z)=+P(2)Q(z) on R.

Each branch of log P(z) and log Q(z) is also single-valued and univalent on
R\ [, while log H(z) is single-valued but not univalent so far. We choose
three branches in R\ [ such that

7 =log H(z) = - (log P(2) + log Q(2)).

N —

We fix a tubular neighborhood V; of each contour C; with V;NV; =0 (i # j)
and V; #0,€, so that log H(z) on Vj is single valued.
Then we have the following geometric meaning of s(R).

THEOREM 3.1. We have the following.
(1) Each —(logH)(Cj),j=1,...,v is a convex curve in C,, and —H(C})
is a simple closed curve in Cy.
(2) HeS(R), and Eiog(H) = &10g(R) = (1/2)s(R).
(3) Assume that R is simply connected, and let d(0,) denote the Poincaré
distance between 0 and & on R. Then

s(R) =4logcoshd(0,¢).

The proofs of Schiffer’s results (see [1, Chapter III, Section 12]) do not
seem to be available to prove (1) and (2) in Theorem 3.1. We prove them
by use of the Schottky double (compact) Riemann surface R of R, which is
also useful to prove Corollary 4.1 for the variation of Riemann surfaces.

Proof of Theorem 3.1. Similarly to F := % used in [1, p. 182] (see [16,
(25)]), we consider the function

_ dlog@Q
~ dlog P’

(3.5) W=F(z): z € RUOR,
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which is a single-valued meromorphic function on R such that RE =0
on JR, since log P(C}) is a vertical segment and logQ(C};) is a horizon-
tal segment in C,. It follows from the Schwarz reflexion principle that
F' is meromorphically extended to the Schottky double Riemann surface
R=RUORUR* of R such that F(z*) = —F(z), where z* € R* is the
reflexion point of z € R. Fix Cj,j =1,...,v. Since Rlog P(z) = p(z) and
RlogQ(z) = q(z) on R, we have

(3.6) log P(z) =wui(z)+ivi(2), log Q(2) =uo(z) +ivo(z), z€Vj,

where u1(z) = constant ¢; and vp(z) = constant ¢y on Cj. Then €; :=
log H(C}) is a closed (not necessarily simple so far) curve in C

(3.7) 7==(c1 4+ uo(2)) +%(co+v1(z)), z€Cj.

NN

Using notation (3.4), we show that
(i) {agk),b§k)}k:172 are four distinct points, which necessarily line cycli-
1M 1) _(2) 12 .
j abj ) g abj )On037
(ii) the zeros of F(z) are {bgk)}jzl vik=1,2 of order 1, and the poles are

k
{ag. )}j:L---,V;k:L? of order 1;

cally, for example, (a

(ili) the curve €; is locally nonsingular in C;
(iv) RF(z) >0 on R;
(v) at any 7 € €;, the curvature 1/(p;(7)) of €; is negative.

We divide the proof into two steps.

STEP 1. If we admit (i), then (ii)—(v) hold.

In fact, (i) clearly implies (iii). Since P(z) is a circular slit mapping on
R, and Q(z) is a radial slit mapping on R, we have F(z) # 0,00 on RU R*
and F'(z) has zeros at most b;k) and poles at most ag.k), of order 1. It follows
that (i) implies (ii). Further, (i) implies that W = F'(z) is locally one-to-one
§k),b§.k) (k=1,2), so that F' is
a meromorphic function on R of degree 2v. Hence, for a fixed j =1,...,v, if

in a neighborhood of at any z € C; even at a

z travels C; all once, then F'(z) travels the imaginary axis all just twice. It

~

follows that F'(R) is a 2v sheeted compact Riemann surface over Py, with
2(2v + g — 1) branch points lying on Py \ {RW = 0}, and hence F(R) is
divided by v closed curves F(Cj) into two connected parts over RW >0
and RW < 0. Since F(0) =1, we have RF(z) >0 on R and RF(z) <0 on

R*, which is (iv). To prove (v), fix py € Cj, and take a local parameter
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z =z + 1y of a neighborhood V' of py such that pg corresponds to z =0 and
the oriented arc C; NV corresponds to I := (—p, p) on the z-axis. Using this
parameter, we see from RF'(z) >0 on R that

(3.8) SF(z) =S

By (3.7), the subarc I'; :=log H(I) of €; in C; is of the form

T=u(z)+w(z)=<[(a +u(z)) +i(co+vi())], zel.

N =

Since the arc I'; is locally nonsingular by (iii), we calculate the curvature
1/pj(x) at the point (u(z),v(z)) of I';:

L @) (@) v (@ (x) o (@) ()
p@) W@ @R (@) + ()2

On the other hand, by (3.6) we have, for x € I C C},

d (d““’“ i ) } _ o (@)up(x) — v (@)uf(x)

dx \ dc + dv1 (w)

SF(z) = 0{

Therefore,

Lo @
pj(x) (V) ()2 + upy(x)2)3/2 F'(z).

(%)

Since v{(0) =0 if and only if z =a;", (3.8) proves (v) for py # a . For

pgzagk), since v} (0) =0 and v}(0),u)(0) # 0 under (i), v}(z)?- F’( ) is
regular and # 0. Hence, 1/p;(po) <0, which proves (v).

STEP 2. Item (i) is true.

In fact, assume that R does not satisfy (i). It does not occur {a

(2)} _
(1) 4@ M @ Ne) )
{b; 70,7} for any j, so that {a;’,a;”} N {b] ;b7 } consists of one point
for some j, say, j =1,...,/(<v). We denote by o; such a point on Cj.
Hence, each €; :=log H(C}),j=1,...,V/ is a closed curve in C, with only
one singular point at o; :=log H(0;), and F' is a meromorphic function
of degree 2v — v/ on R. By the same reasoning as in Step 1, if z travels
Cj,j=1,...,v all once, then F(z) travels the imaginary axis all just once

in C;, and RF(z) >0 on R and RF(z) <0 on R*. This fact implies that
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1/p;(1) <0 for 7 € €; \ {0;}. To reach a contradiction, we focus to C;. We
may assume that 07 =0 of €;(C C;) and that agl) = bgl) =01 on C1(C C,).
If we take a small subarc C] centered at o; of C; and identify C] with

I = (—r,r) on the z-axis such that o; corresponds to 0 € I, then the subarc
I':=log H(C}) of € is written

1 .
T:5[(@302+a3x3+---)+z(b2x2+b3x3+---)], rel,

where all ay,br are real and ag,by # 0. The other cases being similar, we
assume that ag,by > 0. We put IV = {log H(x) € I" : x travels from 0 to r},
and similarly, we put I from 0 to —r, so that ' = =T +T". Since 1/p1(7) <
0 for 7 € € \ {01}, € has a cusp singularity at o; such that I” starts
at 07 whose tangent decreases from by/as > 0 as x travels from 0 to r,
and similarly for T, We put a = logH(a?)), and we put b = log H(b?)).
Since the tangent T'(7) of €; at 7 =log H(z) is T(1) = vi(2)/u((z), we have
T(a) =0,|T(b)] = co and vice versa. This contradicts that €; is a closed
curve with 1/p1(7) <0 for any 7 € € \ {01}, which proves (i).

The first assertion in Theorem 3.1(1) follows (v). Using notation (3.3),
we have

MaXzeC {dlogH } Mlnzec {\SlogH }< 2 9(1))

It follows that the first assertion implies the second assertion in Theo-
rem 3.1(1). To prove (2), given w' € Cy, \ U;—; H(Cj), we write N(w') for
the number of z in R such that H(z) =w'. If we denote by Wj(w’) the
winding number of H(C}) about w’, then we have W;(w’) <0 by the sec-
ond assertion in (1). Since H(z) has only one pole at z =0 of order 1 on R,
we have by the argument principle

w)—1= ZWj(w'
j=1

so that N(w') =0 or 1. Hence, H(z) is univalent on R, which is the first
assertion in (2). To prove the other assertions in (2), let f € S(R). We

put u(z) = log|£(2)], and we put h(z) = log|H(2)] = (1/2)(p(z) + 4(=)).
Then u(z) — h(z) is harmonic on the whole R, and its Dirichlet integral
Dpr(u—h):=||d(u—h)||% >0 is written

DR(u—h):/ udu*—/ udh*—/ hdu*+/ hdh*.
OR OR OR OR
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By ij du* =0 and the boundary conditions for p(z) and ¢(z), we have
1
| owdn =5 [ wdp — pau =n(log ()] - a).
OR 2 Jor

*_1 * * _
/{)thu —2/£)quu udg —w(ﬂ log\c(f)\).

Therefore,

DR(u—h)—/aRudu*—i-ﬁ(a—ﬁ)—i—/ hdh*.

OR
We put u = h, in particular, to obtain Eiog(H) = — [,z hdh* = (7/2)(a —
B) = (m/2)s(R), Eiog(H) — Eiog(f) = Dr(u — h) > 0, which are desired.

To prove Theorem 3.1(3), we first prove it in the case where R is the disk
D ={|z|<r}in C,. Let £ € D. We denote by p(z) and « the L;-function
and the Lj-constant for (D,0,¢), and similarly for ¢(z) and (. We write
P(z) and Q(z) the corresponding circular and radial slit mappings on D,
so that p(z) =log|P(2)| and ¢(z) =1log|Q(z)|. We have (see [9, Section 5])

O R

azlog’%(f)’ = —2log €| —log(l - (@)2>

Putting 0¢ = arg§, we have

10,
Q(Z) - 7'@19§ [(r:w& * Tez g) N (% + |2_|>} -

-1
T
ﬂ=1og‘%(§)) = —2log ¢ +10g<1 - <@)2>-

Z_§.<1_f§),

z

r

Hence, the harmonic span s(D) =« — g for (D,0,§) is

(3.9) s(D) = ~2log(1 — ([¢l/r)?).

Since the Poincaré distance d(0,&) between 0 and € in D is equal to (1/2) x
log(1+[£]/r) /(1 —|&|/r), we have s(D) =4logcoshd(0,€).

For the general R, although « and 3 depend on the choice of local coordi-
nates Uy, := {|z| <ro} and Uy := {Jw — €| <71} about a and b, the harmonic
span s(R) = a— [ as well as Poincaré distance does not depend on it. Hence,
the first case R =D and the Riemann’s mapping theorem imply (3). 0
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EXAMPLE 3.1. We check Theorem 3.1(1), (2) in the case where D = {|z| <
r} and € € D. By the above formulas,

H(z)=vP(2)Q(z)=1/z—1/¢, =z€D.

Thus, H(z) is univalent on D. Since C := 9D = {re? : 0 < 0 < 27}, the
closed curve —H (C) = {(e? /r) —1/£:0 < 0 < 27} is simple and — log H(C)
is a convex curve. Further, we have Ejoq(H) = —7log(1— [£/r|?). In fact, we
prove it for 7 =1 and |¢| < 1. Since each branch of log(1/z — 1/€) is single
valued and holomorphic in C, \ D, we have by 2Z=1 on C,

Pus(H) = 5 [ 1o8(1/2 = 1/6) diog(1/= = 16

—q dz
— 7/Clogu/z — 1/§)Z Y —mlog(1— [¢[%),

which is desired. By (3.9), we have Ej.(H) = (7/2)s(D).

REMARK 3.1. (1) Let R;,i=1,2 be a planar Riemann surface such that
R; 2 0,¢. If we denote by s; the harmonic span for (R;,0,£), then we have
by Theorem 3.1(2) that Ry C Ry induces s; > s2, even when R; and Ry are
not homeomorphic to each other.

(2) Let R be a planar Riemann surface. As noted in the proof of The-
orem 3.1(3), the harmonic span sr(£,7n) is a positive function for (§,n) €
(Rx R)\ U&R(f,f). Further, sr(§,n) = sgr(n,€), and for a fixed & € R,
lim, R sr(&0,n) = +oo. If we put sg(§,£) =0 for £ € R, then sg(§,n) is a
C? function on R x R, which satisfies, for a fixed &y € R, that there exist
K >0 and § > 0 such that

(3.10) In—&l*/K < s(&,n) < Kln—&* for [n— &l <.

In fact, we may assume that R is a bounded domain in C, and that
& =0¢€ R. We take D, :={|z| <a} € R € {|z|] <b}:= Dy in C,. By Re-
mark 3.1(1) and (3.9), we have, for n € D,,

sp, (0, sr(0, sp, (0,
~tog(1 — /o) = o) SO 300D oy g,
which implies (3.10).

We call the function sg(€,1) on R x R the S-function for R.
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84. Variation formulas for the harmonic spans

We return to the variation of Riemann surfaces R : t € B — R(t)(€ R(t))
in R = UteB(t,E(t)) with conditions (1) and (2) in Section 2. Then Lem-
mas 2.1 and 2.2 immediately imply the following variation formulas of the
harmonic span s(t).

LEMMA 4.1. We have

ML [ mi P+ e

ot 0z 0z
2
St =1 L k2<t~z><! Po |+

p(t, z) 2 0%q(t,2) |2
A dzd
//R(t 8t82 +’ o0z ’) @ ay

* %g (gt /Ak(t) “daft2))- <% /Bka) wa.2)).

=1

We say, in general, that R : t € B — R(t) is equivalent to a trivial variation
if there exists a m-biholomorphism from the total space R onto a product
space B x Ry (where Ry is a Riemann surface).

In the case where R(t) is planar, following (3.2), on R(t),t € B we have
the circular and radial slit mappings

P(t,z) = ePb2)Fip(t2)* and Q(t, z) = edbA)+ialt2)”

such that P(t,z)—1/z and Q(t,z) —1/z are regular at z = 0. We put D;(t) =
P(t,R(t)), and we put Dy(t) = Q(t, R(t)), so that

(1) =Py \ U P(t,C;() =Py \ U arc{ AN (1), AP (1)},

J=1 Jj=1

Do(t) =Py \ | Q(t.C;(t)) =Py, \Usegment{B() t), B ()}
j=1

7j=1

THEOREM 4.1. Assume that R = J,c5(t, R(t)) is pseudoconvex in R and
that each R(t),t € B is planar. Then

(1) s(t) is subharmonic on B;
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(2) if s(t) is harmonic on B, then

(i) s(t) is constant on B, and

(i) R:t € B — R(t) is equivalent to a trivial variation. More con-
cretely, R is w-biholomorphic to the product domain B x Dl, where
D1 is a circular slit domain in Py, such that Dy =P, \Uji- 1{A L
0<6<0,}, where Ay =1 and each A] (#0),j=2,...,v is con-
stant, by the holomorphic transformation Ty : (t,z) € R — (t,w) =
(t,P(t,z)) € B x Dy, where P(t,z) = P(t,z)/Agl)(t).

Proof. Lemma 4.1 implies (1). To prove (2), we may assume that R =
Uiep(t, R(t)) is an unramified domain over B x C, such that each R(t),t € B
is contained in an unramified planar domain R over C., and Ey, Z¢ are
constant sections B x {z =0}, B x {z =1}, respectively. Assume that s(t)
is harmonic on B. By Lemma 4.1, we have
(a) ka(t,z) =0 on OR, that is, IR is a Levi flat surface over B x C,;

(b) both 2 g;’z) and 8qé(92z) are holomorphic for ¢t € B.

By (b) and the normalization at z =0, both w = P(t, z) and w = Q(t, z) are
holomorphic for two complex variables (¢,z) in R except B x {0}. We put
Dy(t) = P(t,R(t)) CP, for t € B, and D1 = J,c5(t, D1(t)). Since D; as well
as R over B x C, is a pseudoconvex (univalent) domain in B x Py, it follows
from [3, p. 352] that each edge point A(k)( t) is holomorphic for ¢t € B and
that A(.Z)( t) = A(l)( t)e'®i | where ©; is constant for ¢ € B. We consider the
map (t,w) € Dy (t,w) = (t, L(t,w)) € B X Py, where L(t,w) :w/A1 (1),
and we put D; = Uses(t, D (t)), where D1( )= L(t,D1(t)). Each D;(t),t €
B is a circular slit domain in Pg \ J/_, C;(t) such that the first circular slit
C1(t) ={e? :0 <0 <O} is independent of ¢ € B, say, Cy := Cy(t). Since R
is m-biholomorphic to 251, and each 51 (t),t € B has no ramification points,
it suffices for (2)(ii) to prove that the edge point Zg-l)(t) = Ag-l)(t)/Agl)(t)
of each arc 5](-1)(t),j =2,...,v does not depend on t € B.

In fact, we see from (b) that the function F'(¢,z) defined in (3.5),

d-log Q(t, 2)
d.log P(t,z)’

W =F(t,z)= z€ R(t)UOR(t),
is holomorphic for ¢ € B such that F(t,0) =1 and RF(t,2) =0 on OR(t);

that is, F'(t,z) is a meromorphic function for two complex variables (¢, z) €
R such that RF(t,z) =0 on OR. We put K;(t) = F(t,C;(t)) in Py. In
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Step 1 of the proof in Theorem 3.1(1) we proved that Kj;(t) rounds just
twice on the imaginary axis in Py,. We put W (t) = F'(¢, R(t)), and we put
W = U,ep(t, W(t)), so that OW = U, 5(t,Ui-; K;(t)), and R =W (-
biholomorphic) by T": (¢,z) € R — (t,W) = (¢, F(t,z)) € W. Thus, W (t) has
6v — 4 ramification points. Consider the following w-biholomorphic mapping
(t,W) €W — (t,@) = (t,G(t,W)) € D1, where G(t,W) := L(t, P(t, F~\(t,
W))). We use the following elementary fact.

(%) Let B=A{|t| < p} in Ct, and let E={|z| <r}N{Rz >0} in C,. If
f(t,2) is a holomorphic function for two complex variables (t,z) on B X E
such that |f(t,z)|=1 on B x (EN{Rz=0}), then f(t,z) does not depend
onteB.

We choose a point Wy on 8K,(0) C &W such that G(0, Wp) = e € Cy
with 0 < 6y < ©71 and the direction of 5’1 at e follows as 6y increases.
Then we have a small disk By C B of center 0 and a small half-disk F =
{(W = Wo| <r} N {RW >0} in Cyy such that |G(t,W)| <1 on By x E and
IG(t,W)| =1 on By x (EN{RW =0}). By (%), G(t, W) for W € EN{RW >
0} does not depend on t € By. By the analytic continuation, é(t,W) on
WU OW does not depend on t € B.

Now assume that some gg.l)(t), 2 <dj < v is not constant for ¢t € B. We
take a point Wy € Cy with ®Wjy = 0. Since the component Kj;(t) of 0W (t)
winds twice around the imaginary axis in Py, for each ¢ € B we find four
points of K;(t) over Wy. We fix one of them, say, Wy(t) € K;(t), where
the corresponding point z;(t) € C(t) continuously varies in OR with t € B.
Since 5’j (t) = G(t, K;(t) = {Avg-l)(t)eio :0<60<0,}, where ©; is constant
for t € B, we have é(t,Wo) = Zg-l)(t)ew(t), where 6(t) (0 < 6(t) < ©;) con-
tinuously varies with ¢ € B. Since |ﬁ§1)(t)| as well as ﬁ§1)(t) is not constant

for t € B, G(t,Wy) does depend on t € B, a contradiction, and (2)(ii) is
proved.

From Remark 3.1(2), the harmonic span s(t) for (R(t),0,1) is equal to
that for (Dy(t),00,0). Since Dy (t) = D1 (0) for t € B, s(t) is constant on B,
which proves (2)(i). 0

For Theorem 4.1(2)(ii), we cannot replace the condition of the harmonic-
ity of s(t) on B by that of a(t) or 5(t) on B, in general. However, when
R(t),t € B is simply connected, such replacement is possible by the proof
of (2)(ii).

Theorem 4.1 and Theorem 3.1(3) directly imply the following.
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COROLLARY 4.1. Assume that R = |J,cg(t, R(t)) is pseudoconvex in R
and that R(t),t € B is simply connected. Let & € T'(B,R),i = 1,2, and let
d(t) denote the Poincaré distance between &1(t) and &(t) on R(t). Then
0(t) :==logcoshd(t) is subharmonic on B. Moreover, 6(t) is harmonic on B
if and only if R is equivalent to the trivial variation.

Brunella [4, p. 139] said that he could prove the stronger fact, that
“Logd(t) is subharmonic on B,” using [2] by the same idea.

COROLLARY 4.2. Assume that R = J,c5(t, R(t)) is pseudoconvex in R
and that each R(t),t € B is planar. Then the S-function s(t,&,n) for R(t),
t € B is C? plurisubharmonic on R* :=J,c5(t, R(t) x R(t)). In particular,
for a fized tog € B, we simply put R(to) = R and s(to,&,n) = s(&,n). Then
s(&,m) is C? plurisubharmonic on R x R such that, for any complex line |
except £ =mn in R x R, the restriction of s(§,n) on IN (R x R) is strictly
subharmonic.

Proof. We may assume that R as well as R is an unramified domain
over B x C,. Let t € B — (£(t),n(t)) € R(t) x R(t) be any holomorphic
mapping from B into R%. We put s(t) := s(t,£(¢),n(t)) for t € B, and we
put B'=B\ {t € B:&(t) =n(t)}. Consider the translation T : (t,z) € R —
(t,w) = (t,z — n(t)) for t € B’, and put Ry :=T(R) and & = T¢. Then
R, is pseudoconvex over B’ x C,, and & € I'(B’,R). By Theorem 4.1, the
harmonic span s;(t) for (R;(t),0,£1(t)) is C* subharmonic on B’, and so
is s(t) on B'. It follows from (3.10) that s(t) is C? subharmonic on B. By
the same argument, we can prove the latter part under the second variation
formula in Lemma 4.1 and (3.10). Thus we have the corollary. b

In conditions (1) and (2), if we replace C* smooth by C'*° smooth, then
the results in Sections 2 and 3 hold by replacing C* by C*°. In fact, Lemmas
2.1 and 2.2 hold for the C'* category by not essentially changing the proofs
for the C* category (see [11, Section 2] and [17, Section 3]).

85. Approximation theorem for general
variations of planar Riemann surfaces

In this section we consider the general variation of Riemann surfaces
R:te A — R(t) with the conditions that (a) A is an open or a compact
Riemann surface; (b) 7: R — A is a 2-dimensional holomorphic family such
that each fiber R(t) =7 1(t),t € A is irreducible and nonsingular in R;
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(c) each R(t),t € B is planar; and (d) for every t € A there exists a neigh-
borhood B C A of t such that 7—1(B) is Stein.

In general, R(t) might be infinite ideal boundary components and R : ¢ €
A — R(t) might not be topologically trivial. For the approximation condi-
tion for these variations R, we make the following.

Preparation

Let 7: R — A be as above, and let B C A be a disk such that 7~1(B) is
Stein. For the sake of convenience we write anew A := B and R := 7 (B).
Due to Oka-Grauert (see [15, Theorem 8.22]), R admits a C* strictly
plurisubharmonic exhaustion function v (¢,z). Let £ :t € B — £(t) € R(t)
and n:t € B —n(t) € R(t) be holomorphic sections of R over B such that
&Nn=10. Let B € A be a small disk such that we find a continuous curve g(t)
connecting £(t) and n(t) on R(t),t € B which continuously varies in R with
t € B. We put R|p =Uep(t, R(1)); £|B = Usep(t,€(1));nlB =Uep(t:n(1)),
and g|p = U,cp(t,9(t)). We take so large a > 1 that R(a)|p := {(t,2) €
R|p:¢(t,z) <a} D g|p. Then we find a sequence {ay}, with a, > a and
lim,, ., @, = 00 such that

(5.1) R, :=the connected component of R(a,)|p that contains g|p

satisfies (1) each R, is a connected domain with real 3-dimensional C*
surfaces OR,, in R|p (but each R, (t),t € B is not always connected); (2)
if we consider the set £ of points ¢t € B such that there exists a point
(t,2(t)) € OR,, with g—f(t, z(t)) =0, then £ consists of two kinds of families
L', L" of finite C¥ arcs in B

C={,. 0y, L ={ 1,

which have the following property.

For L': for tg € L', except a finite set at which some [ and I or [} itself
intersects transversally, say, to € I}, OR,(t9) (consisting of a finite number
of closed curves) has only one singular point at z(¢g), and we find a bidisk
By x V of center (to,z(to)) in Ry41 such that By € B and I, N By divides
By into two domains Bj, and B{ in the manner that

(i) each OR,(t),t € B{U B{ has no singular points;
(ii) each OR,,(t),t € I;N By has one singular point z(¢) at which two subarcs
of OR,(t) transversally intersect;
(iii) each R, (t)NV,te€ BjU (I;N By) consists of two (connected) domains,
while each R, (t) NVt € B{ consists of one domain;
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For L": for tg € L", except a finite point set, say, to € I/, we find a unique
point (tg, z(tp)) € OR,, with g—f(to, z(tp)) =0, and a bidisk By x V' of center
(to, z(t0)) in Ry41 such that By € B and I/ N By divides By into two domains
B{, and Bjj and 3 C* mapping 3: t € I N By — z(t) such that (¢, 2(t)) € IR,
with g—f(t, z(t)) =0 in the manner that

(i) [Rn(t)UOR,(t)]NV =0 for t € B{U (I N By);

(ii) Rn(t) NV for t € B{ is a simply connected domain d,(t) such that,
for a given t° € I/ N By, 0, (t) shrinkingly approaches the point z(t°) as
te Bj —t°.

For the singular point z(t),t € I C L', we have the connected component
C(t) of OR,(t) passing through z(¢). Then C(t) consists of one closed curve,
or two closed curves C;(t),7 = 1,2, such that C(t) = C1(t)UCa(t) and C1(¢)N
Cs(t) = z(t). For example, in (FIII) below, C(¢) consists of one closed curve,
and in (FI) and (FII), C(¢) consists of two closed curves.

For the singular z(t),t €I C L", (t,2(t)) € OR,, but z(t) ¢ OR,(t).

Fix t € B and n > 1, and consider the connected component R],(t) of
R, (t) that contains g(t). We put R;, = ,c5(t, R, (1)), and we put OR;, =
U,ep(t,0R;,(t)). The variation

R, :t€ B— Rl (t)

is no longer a smooth variation of R) (t) with ¢ € B; that is, R/, satis-
fies neither corresponding condition (1) nor (2) of R in Section 2. Since
R(t) is irreducible in R, we have R} (t) € R}, (t), lim,—.o R;, = R|p, and
lim,, oo R}, (t) = R(t) for t € B. By (i) and (ii) for £”, there exists a neigh-
borhood V of [ J,cpn(t, 2(t)) in Ry,q1 such that [R}, UOR;] NV =0, so that
L" does not give any influence for the variation R], (contrary to that for
the variation R,). Each R(t),t € A is assumed to be planar. We separate
the singular point z(t) of R, (t),t €l C L' such that z(t) € IR/, (t) into
the following two cases: let C'(t) denote the connected component of OR,,(t)
passing through z(t); then
(cl) C(t) consists of two closed curves C;(t),i = 1,2, and one of them, say,
C4(t), is one of the boundary components of R/ (¢), so that (Ca(t)\
{=(t)}) N OR,(t) = 0;
(c2) C(t) is one of the boundary components of R} (t), so that two distinct
points of OR] (t) lie over z(t).
For example, if the shadowed part below is R} (t), then the singular point
z(t) is of case (cl) for (FI), and of case (c2) for (FII) or (FIII).
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(FIII)

R, (t"),t' € B}, R,(t),te; R, (t"),t" € B}
Figure 1: Variation R}, :t € By — R} (t)

For t € B we consider the Lj-function p,(t,z), the Lo-function g¢y,(t, z),
and the harmonic span s, (t) for (R}, (¢),£(t),n(t)).

LEMMA 5.1 (Hamano [8]). Let R be a Stein manifold, and each R(t),t € A
s planar. Then we have the following.

(1) pu(t,2) and qn(t,z2) are continuous for (t,z) in R,,, and s,(t) is con-
tinuous on B.

(2) Assume that at each singular point z(t) of OR,(t),t €l C L' such that
z(t) € OR,,(t), case (c1) only occurs. Then
(i) pn(t,2) and q,(t,z) are of class C for (t,z) on R\ {&,m};
(i) sp(t) is C' subharmonic on B.

(3) In general, (2) does not hold in case (c2).

As an example of (FI) of £/, let B = {|t| <1/10}, let D = {|z| < 2}, let
P = (e 100 /|2 — 112) — 1, let ahy = |22 — 1] — (1 — 2Rt — [¢[?), let o3 =
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(e7100+H* /]2 412) — 1, and let R = {(t,2) € Bx D : ¢y < 0,15 < 0,13 < 0}.
Then R is pseudoconvex in B x D, and the arc I' = {t € B : 2Rt + [t|> = 0}
divides B into two domains B’ U B” such that OR(t),t € I’ consists of two
circles 11 (t,2) = 0, ¥3(t,2) = 0 and the leminiscate C : [2? — 1| = 1 with
singular point z(t) = 0. We similarly have examples (FII), (FIII) of L'

As an example of L”, let B, D be the same as above. Let ¢(t,z) := |z —
|2 + [t|? + 2Rt, and put R = {(t,2) € B x D :1(t,z) < 0}. Then the arc
I"={t€ B:¢(t) =0}, where ¢(t) = —|t|? — 2Rt, divides B into two domains
B'={teB:¢(t) <0} and B" = {t € B: ¢(t) > 0} such that 22(t,t) =0
for t€l”, R(t)=10 for t € B'UI" and R(t) = {|z — t|*> < ¢(t)} for t € B".
The mapping 3:t €1” — 2(t) =t so that (t,t) € R but t ¢ OR(t), and
each R(t),t € B" is a disk {|z — t| < ¢(t)} that shrinkingly approaches the
singular point z =10 as t = t% € 1”.

Since the Stein manifold carries a C% strictly plurisubharmonic exhaus-
tion function, we immediately have the following.

LEMMA 5.2. Let R:t € A — R(t) satisfy (a)-(d). Let §,n € T'(A,R) such
that €N =10. Assume that

(x) R(t),t € A is homeomorphic to a domain in C,, bounded by a finite
number, say, v, of contours, where v is independent of t € A.

Then, for tg € A, there exists a disk B € A of center ty such that we find
an increasing sequence {R} }n of case (c1) with lim, - R, =R|p.

Let R:t€ A — R(t) satisfy (a)—(d), and let {,n € T'(A,R) such that £N
n = 0. We fix a small disk B € A so that we can fix local parameters (¢, z) of
¢|p and n|p in R|p and so that {R,}, satisfies conditions in “Preparation”
to these A and B. Precisely, we define

(5.2) R, :=the connected component of R(a,)|p that contains gz,

which satisfies cases (1) and (2) for (5.1). We put R, = J;c5(t, Ra(t)), and
for t € B we denote by R/ (t) the connected component of R, (t) that con-
tains g(t) (connecting £(t) and n(t)) and put R;, = ,c5(t, Ry, (t)). Though
OR'(t) may not be smooth, each R}, (¢) admits the L;-function p,(t, z) and
the Li-constant a,, for (R (t),0,7(t)), where B x {|z| <71} and J,cp5(t,
{]z—n(t)| < r2) are m-local coordinates for £ and 7, and similarly for g, (¢, 2)
and (3,(t). In one complex variable it is known (see [1, Chapter III, Sec-
tion 8]) that py(t,z) uniformly converges to a certain function p(t,z) on
any compact set in R(t) \ {£(¢),n(t)}. Thus, p(t,2) is harmonic on R(t) \
{&(t),n(t)} with the same pole as py(t,2) at £(t) and n(t). Putting a(t) =



50 S. HAMANO, F. MAITANI, AND H. YAMAGUCHI

lim, ) (p(t, 2) —log|z —n(t)]), we have lim,, . a,(t) = a(t). We also call
p(t,z) and «(t) the Li-function and the Li-constant for (R(t),0,n(t)). Sim-
ilarly, we define the Lo-function ¢(t,z) and the Lo-constant ((t), and call
s(t) := a(t) — B(t) the harmonic span for (R(t),£(t),n(t)). Since R(t) is pla-
nar, we have s, (t) \, s(t) as n — oco. Their proofs in [1] imply that, for
K €R|p\{¢lz:nls},

(5.3) pn(t, 2),qn(t, 2),p(t, 2),q(t, z) are uniformly bounded on K.

Though p(t, z),q(t, z),a(t),3(t) depend on the choice of local coordinates
about £(t) and n(t), s(t) does not depend on it, so that s(¢)(>0) is a
function on B and on A.

Using this notation, we have the following approximation condition.

THEOREM 5.1. Let R:t € A — R(t) satisfy (b)—-(d), where A is an open
Riemann surface. Let &,n € T(A,R) such that ENn =10, and let s(t) denote
the harmonic span for (R(t),&(t),n(t)). Assume that

() for anyty € A, there exists a small disk B € A of center ty such that we
find an increasing sequence {R }, of case (c1) such that lim,_.. R}, =
Rl|B.

Then

(1) s(t) is subharmonic on A;
(2) (simultaneous uniformization) if s(t) is harmonic on A, then R is -
biholomorphic to a univalent domain in A x P.

Proof. To show (1), let tg € A. Then we have a disk B C A with condition
(¥). By Lemma 5.1(2)(ii), s,(t) is C! subharmonic on B; hence, s(t) is
subharmonic on B and on A. To prove (2), we cover A by small disks
{Bi}i=1,2,. with condition (x); that is, for fixed B;, we find an increasing
sequence {R] }, (depending on B;) such that each R/ is of case (c1) and
limy, 0o R}, = R|p,. We divide the proof into two steps.

STEP 1. Each R|p,, i =1,2,..., is m-biholomorphic to a univalent domain
D; in B x P.

In fact, we simply write B = B;. We put R;, = U, (¢, Ry, (t)),n=1,2,...,
and consider py,(t,2),¢n(t,2) and s,(t) for each (R}, (t),0,n(t)), t € B as
above. We put

P, (t, z) = ePr(b2)Hipa(t2)” P(t,z) = ePb2)Fipt2)"

(5.4) ' ) ' )
Qn(t, 2) = e (6,2)+iqn (t,2) 7 Qt,z) = pd(t,2)+ig(t,2) 7
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which are all 0 at z =n(t) and normalized

1
(5.5) — + (holomorphic function) near z=0.
z

For t € B, P,(t,z) and Qu(t, z) uniformly converge to P(t,z) and Q(t,z) on
any compact set in R(t); w = P,(t,z) is a circular slit mapping on R} (t),
and similarly w = @, (¢, z) is a radial slit one. Hence, P(t,z) and Q(t, z) are
univalent functions on R(t). We also call P(t,z) the circular slit mapping
for (R(t),0,n(t)), and similarly, we call Q(¢,z) the radial slit mapping. For
Step 1 it suffices to show that

(a) the harmonicity of s(¢) on B implies that P(t, z) is holomorphic for two
complex variables (t,z) in R|p \ {¢|B}-

In fact, fix a point (to,z0) in R|p \ {¢|B,n|B}, and let By x V€ R|p \
{&|B,n|B} be a bidisk centered at (g, z0), a local coordinate of a neighbor-
hood of (g, z0). We put f(t,z) := ap(t 2 for (t,z) € By x V. From (5.5) it
suffices for (a) to prove that f(¢,z) is holomorphic for (¢,z) in By x V. Since
each f(t,z),t € By is holomorphic for z € V' and since f(¢,z) is uniformly
bounded in By x V' by (5.3), it thus suffices for (a) to show that, for any
fixed 2/ € V, it holds %z’z/) =0 on By in the sense of distribution; that is,
it holds, for any ¢(t) = p(t1 + it2) € C§°(Bo),

(5.6) 1= f@, /)890@ dty dty = 0.
B ot

To prove this by contradiction, assume that I # 0. We fix a small disk
Vo={|z— 2| <ro} €V of center 2/, so that we have R](t) 2V for any
t € By and n > dng. We see from the mean-value theorem for holomorphic

// ( ) dtl dthl‘dy
7TTO BOXVo

We put f,(t,z) = 8”%7@2) in By x V. Since lim,, . fn(t,2z) = f(t,2) uni-
formly on Vj for a fixed t € By and since f,(t,z2), f(t,z) are uniformly
bounded in By x Vj by (5.3), the Lebesgue bounded theorem implies that

hrn // ( ) dtl dtg dx dy
n—00 BOXVO ot

functions for z that
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Therefore,

1
// ()dt dto dx dy| > |‘>O for n > dN.
7TT‘0 BOXVO 2

On the other hand, using Lemma 5.1(2)(ii) under Theorem 5.1(x), we see
that, for a fixed z € Vp, pn(t,2), and hence f,(t,z) is of class C! for ¢ € By.
It follows that

0 Ofn
g()dtldt ——/Bocp() f(,;z %) aty dts.

Hence, putting Iy = (7r3|I])/2 > 0, we have from the Schwarz inequality

that
12 < / / (t)[2 dty dty da dy>
Bo ><V0

],
BoxVWVy

) dty dis d:pdy)
:C// 8fn(taz) 2
BoXVO

ot
where C' > 0 is independent of n. Lemma 4.1 and £'(i) in “Preparation” for
the pseudoconvex domain R, imply that

fn(t,2)
By

dtl dtQ dx dy,

4 8fntz 828n(t)
< — — .
o_ﬂ//()\ ‘ dvdy < =" forany te B\ L

Since £’ (depending on n) consists of a finite number of C*¥ arcs in B,
Rl(t) DV for n >mng, and f, € CY(By x Vp), it follows that

=
(Bo\L")xVp

_On 05, (1)
— 4 Bo\L' otot

2
M‘ dty dty da dy

dty dts.

We fix a disk By : By € By € B and a C§° function ¢;(t) >0 on By such

that ¢1(t) =1 on By. Since aa‘i’égt) >0 on By \ £/, we have that

&sn(t) &sn(t)
dty dty < ¢ dty dts.
/Bo\ﬁ, Lot /Bl\ﬁ,w() otor !
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Since s,,(t) is of class C' on B and ¢1(t) =0 on 0By, we have that

0?5, (t) 0?1 (t)
HEEMY gty = | s N g dt,
/Bl\g@l() ator 12 /315 (D)7 dtrdt:

both being equal to —(1/4) fBl(%as—" + %—Q%ST;) dt; dto. Therefore,

t1 Ot1
82@1
0<I? < —_— dt dt
0= 5 otor 72
Crm 0?1 (t)
— — t ~—— dt| dt
1 /318() BT 1dty  asn— oo

=0 by the harmonicity of s(t) on B,

which is a contradiction, and Step 1 is proved.

STEP 2. Assertion (2) is true.

In fact, fix B;,i=1,2,..., and let P;(t,z) denote the circular slit map-
ping for (R(t),0,7n(t)) used in (a) in Step 1 for R|p,. From the theory of
one complex variable, for a fixed ¢ € B; N Bj, there exists a;;(t) # 0 such
that Pi(t,z) = ai;(t)Pj(t, z) on R(t). Since a;;(t) is holomorphic on B; N B;
and since A is an open Riemann surface, we have a nonvanishing holomor-
phic function a;(t) on B; such that a;;(t) = a;(t)/a;(t) on B; N B;. Thus,
a;(t)P;(t,z) on B;,i=1,2,... defines a holomorphic function P(t,z) on R,
so that T: (t,z) € R — (t,w) = (t,P(t,z)) € B x P, proves Step 2. 0

COROLLARY 5.1 (Rigidity). Let R:t e A — R(t) satisfy (a)-(d). Assume
that
(i) R(t),t € B satisfies Lemma 5.2 (%), so that R(t) has v (ideal) boundary
components;
(ii) there ezists at least one (ideal) boundary component C(t) of R(t),t € A
such that C(t) moves homotopically with t € A in R and C(t) is of
positive harmonic measure on R(t).

Let £, e T(A,R) such that £ #n, and let s(t),t € A denote the harmonic

span for (R(t),&(t),n(t)). Then we have the following.

(1) In the case where A is an open Riemann surface, s(t) is harmonic on
A if and only if R is w-biholomorphic to a domain (A x D)\ Z where D
is a circular p slit domain in Py, and E:=t € A — {&(t) }p=1,..w C D
is a multivalent holomorphic section of A x D over A, where u>1 and
w+ ' =v. Thus s(t) is constant on A.
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(2) In the case where A is a compact Riemann surface, then R is m-
biholomorphic to the product A x (D\{ay}=1,..,/), where D is a circular
w slit domain in Py, and ap € D.

Proof. Since the proofs are similar, we prove (2). By (i), we cover A with
disks {B;}i=1,..m which satisfies Theorem 5.1(x), so that s(¢) is subhar-
monic on B; and on A; hence, s(t) = constant on A. We fix B;. Then by the
proof of Theorem 5.1(2), the circular slit mapping P;(¢, z) for (R(t),0,7n(t)) is
holomorphic for t € B;. Since D;(t) := P;(t, R(t)) is a circular slit domain in
P, with v circular arcs {Ag-l)(t),Ag-Q) (t)} (depending on B;), some of which
may be a point A;l) (t) = A§-2) (t) =:&;(t), Behnke [3, p. 352] implies that each
Ag.k) (t) is holomorphic on B;. We rename j such that arc {Agl)(t), AgQ) )} =
Pi(t,C(t)) for C(t) in (ii); {Agl)(t),AEQ)(t)},j =2,...,u(<v), are arcs and
the rest are points, say, {k(t),k=1,...,u'. Under the homotopy condition
for C(t), we see by the same argument as in Theorem 4.1(3)(ii) that, if
we put Pi(t,z) = Pi(t,2) /A (t) on Rp. and &(t) ==& (t)/A(t) on B,
then Py(t, z) = ]Sj(t,z) on R|p;np, for all i,j. We thus have a holomorphic
function P(t,z) for (t,z) € R such that T': (¢,z) € R — (t,w) = (¢, P(t,2)) €
A x Py, is a w-biholomorphism from R onto (A x D)\ Z, where D is a circular
w slit domain in P, and where == {gk}kzlv._’“/ is a p/-valent holomorphic
section of A x D over A. Taking the fundamental polynomials of {Ek (t) ’kfl:l
on A, we see that each Ek (t) is a constant a on A, which proves (2). 0

Applying Corollary 5.1 to the special case (¢'): each R(t),t € A confor-
mally equivalent to a disk D, we have the following.

COROLLARY 5.2. We have the following.

(1) Corollary 4.1 holds under the weaker condition for R:t € A — R(t),
which satisfies (a), (b), ('), and (d).

(2) Let R:t € A— R(t) satisfy (b), (<), and (d), where A is a compact
Riemann surface. Then, if there ezist two distinct & € T'(A,R),i=1,2,
then R is equivalent to the trivial A x D.
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