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A NOTE ON THE UNIFORM CONSISTENCY OF THE
KAPLAN-MEIER ESTIMATOR

BY J1A-GANG WANG

Fudan University
Let {X,,n > 1} be iid. with P(X; < u) = F(u) and {U,,n > 1} be
iid. with P(U; < u) = G(u). F,(¢) is the Kaplan—Meier estimator based on
the censored data (X; = X; A U, 8; = 1(x, . y,,1 < i < n). In this note, it is
shown that for T, = max, _; ., X;,

pr-lim sup [£,(£) — F(t)| = 0.

n—oo t<T,

Hence, the largest interval on which the Kaplan-Meier estimator is uni-
formly consistent is found.

Let {X,, n > 1} be a sequence of independent positive random variables with
common distribution function F. Independent of the X;’s, let {U], i > 1} be also
a sequence of independent positive random variables with common distribution
function G. The censored observations (X;, §;) are defined by

X=X,AU, &§=HX<U},

where A denotes minimum and I{-} is the indicator random variable of the
specified event. In survival analysis F is estimated by the product estimator F,,,
introduced by Kaplan and Meier (1958). Define processes N, and Y, on [0, oo[ by

N(t)=#{i<n: X;<¢,8,=1}) =#{i<n: X, < U At}
Y(t)=#{isn X >t} =#{i<n X,AU;2t}.
Then the Kaplan-Meier estimator F‘n is given by

a0 -1- I [ 57 )

~

where AN, (s) = N,(S) — N(s — ) and T, = max, _;_, X;.

Let H be the distribution function of X;’s givenby H=1- (1 - F)1 — G)
and define (possibly infinite) 75, 7; and 74 by 7 = sup{t: F(¢) < 1}, etc.

Gill (1983) proved (with many earlier authors) that if F is continuous, then for
each 7 such that H(r —) <1,

(1) pr-lim sup|E},(¢) — F(¢)| = 0,

n—o <7t
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where pr-lim denotes limit in probability, and he also posed the question
whether the supremum in (1) may be taken over ¢ < T,,. This note, motivated by
Peterson (1977) and Gill (1983), is concerned with the uniform consistency of Fn
for general distributions F, G. The main result is the following

THEOREM. For possibly noncontinuous distributions F and G

(@) pr-lim sup |F(¢) — F(¢) =0,
n—oo t<ty
(3) pr-lim sup |F(¢) — F(t) = 0

n—oo t<T,

where T, = max; _, X;.

This theorem gives a positive answer to the question posed by Gill (1983).
Following Gill (1980), for a (sub-) distribution function F on [0, o[, the cumula-
tive hazard function A is defined by

dF(s)
MO = [y T= 7
Thus
(4) 1-F(t) =&(-A), = H(l — AA(s))exp( - A%(2)),

where A° is the continuous part of A. For the cumulative hazard function A, its
Nelson estimator A is defined by

. AN(s) dN,(s)
s<int, Ya(8)  Vio,ea1y) Yo(s)
and the Kaplan—Meier estimator of the survival function 1 — F is

(5) 1-F(t)=¢(-4,),

LEMMA. For each 7 < 1y, if F(1 —) <1, then

(6) pr-lim sup|A (¢) — A(¢)| = 0,
n—-oo t<t
(7) | pr-lim sup|E,(¢) — F(t)| = 0.

n—oo t<t

PrOOF. Let M (t)= A (t) — A(t A T,). Then M(t)=M(tAT,), M, =
{M,(¢),t = 0} is a square integrable martmgale and its predictable quadratic
variation is [cf. Gill (1980)]

tAT. 1- AA(S)
= "——————— dA(s).
My, M)(E) = [T dAGs)

Now we will show that
(8) lim (M,,M,)(1—) =0 as.
n-— oo
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For given ¢ > 0, taking o <7 such that A(7 — ) — A(o) < ¢, hence, also
H(o) <1,
<Mn’Mn>(T _) - M Mn>(o)
AA(s)
= Yo 11 [0 Tn]( ) ( ) dA(S) < A('T —) - A(O’) <eg,
and by the Glivenko-Cantelli theorem

ol — AA S
lim n(M,, M,)(o) = nhg:oj I—I—L dA(s)
° —Y(s)
s 1 — AA(S)
—f “H(s -) A(s) as

Therefore, lim,, _, . (M,, M, )(s) = 0, a.s. and
limsup <Mn’ Mn>(7 _) = limsup (<Mn’ Mn>(7 _) - <Mn’ Mn>(a)) <e.
n— o0 n—oo
Since & > 0 is arbitrary, (8) is true.
Now using Lenglart’s inequality (1977) we get
prlim sup |A,(¢) — A(2)| < pr-lim sup|M,(¢)| = 0.
n—ooo t<r,t<T, n—ow t<rt
Since also I(T, < 7)(A(7 — ) — AT, )) — 0 as. as n = o0, (6) is true.
For each subsequence {&(— A »)}, in view of (6), there exists a subsequence
{&(-A,.)} such that
hm sup|A (t) — A(t) =0 as.
tt<r
Now using Lemma 2 in Gill (1981) we have
hm sup|F (t) — F(t) =0 aus.
tt<r

This means that (7) holds. O

PROOF OF THE THEOREM. For the proof of (2), in view of the lemma it
suffices to consider the case F(74; — ) = 1. For given & > 0, choose 7 < 7, such
that 1 > F(r — ) > 1 — &. Now for ¢ € [r, 4], we have

E(r-)<F(t)<1, 1-e<F(r-)<F(t)<Ll.
Therefore,

sup |F(¢) - F(t) < max{s, E(r —)}
T<I<Ty
Combining this, (7) and the arbitrariness of ¢ > 0, (2) holds.
Using Lemma 2.8 in Gill (1983), it suffices to prove that (3) holds for
H(ry — ) = 1, but in this case we know that T, = max; _, X; < 7. Hence (3) is a
consequence of (2). O
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From this theorem it is easy to derive the following corollaries.

COROLLARY 1. prlim,_, sup,_, |F(t) — F(¢) = 0 if and only if
G(rgy — ) <lorAF(rg)=0. .

COROLLARY 2. pr-lim, , supt<w|F‘n(t) — F(t)| = 0 if and only if one of the
following conditions holds: (i) 1z < 14; (ii) 77 = 75 and G(7y — ) < 1; (iii) 77 = 74
and AF(ry) = 0.

In a recent book, Shorack and Wellner (1986) discuss the a.s. version of the
same problem. However, there are some difficulties with their proof and in using
their method, and only the following result has actually been established.

PROPOSITION. For possibly noncontinuous distributions F and G, if
H(7y—)<1lorF(ry —) =1, then

lim sup|F.,(t) — F(t) =0 a.s.,

n— oot t<ty

lim sup|E(¢) — F(t) =0 a.s.

n— oot t<T,

Therefore, whether the a.s. version of our theorem holds is still an open
problem.
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