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A NOTE ON NONPARAMETRIC TREND CONFORMITY

By FRIEDRICH PUKELSHEIM

Universitat Freiburg im Breisgau

The question is discussed when of two ordered sets of continuous distri-
bution functions one shows less positive trend than the other. The resulting
ordering has applications to power function monotonicity of isotonic rank
tests, and is related to certain orderings in parametric models.

In a parametric context, Robertson and Wright (1982) recently investigated
various notions specifying that, of two sets of parameters, one more closely
conforms to a positive trend than the other. Their discussion does not readily
generalize to the nonparametric trend problem, as discussed in Lehmann (1959,
page 233), and Barlow, Bartholomew, Bremner and Brunk (1972, page 200). It is
the purpose of this note to show that conformity to a nonparametric trend may
be quantified by an ordering which was employed by Yanagimoto and Okamoto
(1969, page 495), and by Yanagimoto and Sibuya (1972, page 432) in the
nonparametric problems of testing against positive regression dependence, and
positive asymmetry, respectively; see also Rischendorf (1983).

Let 7 7 be the family of all n-tuples F = (F}, - - . , F,) where each component
F; is a continuous distribution function on the real line, and write F; < F;
whenever F;(x) < F;(x) for all x € R. Define the negative trend subfamily by

1) Fr={(Fe€ F!|Vi<j: F <F)

and the positive trend subfamily &} by replacing F; < F; by F; = F; in (1). Their
common intersection is the trendless subfamily = = {(F, ---, F)|F € &1}.
For F, G € ! we shall say that F shows less positive trend than G, denoted by
F=<gG,if

@) Vi<j: FioF <G oG,

where as usual Fj (u) = inf{x € R | F(x) = u}. This ordering is reflexive, and
transitive. It is antisymmetric in a nonparametric sense: if the function g from
IR onto IR is strictly isotonic and F; = G;og, for all i, then F = G =< F. Conversely
suppose that all F; and G; are strictly isotonic: if F < G < F then G;'oF; = G;'oF;
= g, say, and g is strictly isotonic and onto, and satisfies F; = G;°g, for all i

The ordering < was introduced by Yanagimoto and Okamoto (1969), and
Yanagimoto and Sibuya (1972) in order to quantify larger positive regression
dependence, and more positive biasedness. It also characterizes a positive or a
negative trend relative to the trendless boundary cases:

3) FE FloVGeE 2 F=G,
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4) FeleVGe ¥L:G=F.

This follows from the facts, due to continuity, that FioF;(u) = u, and that
FoFjoF; < F; forces F; < F;. Furthermore, (3) and (4) show that F lies in # 2 if
andonly if G = F < G, for all G € ¥, which is in line with the nonparametric
antisymmetry mentioned earlier.

The ordering < of the full family % [ may of course be restricted to subfamilies
of interest. For instance, in the problem of whether the first of two samples is
stochastically smaller than the second, the antisymmetric ordering of Lehmann
(1959, page 187) places (F[, F][) before (G], G[]) if F[ = G[ and F” = G][. This
entails that (F;, F;;) shows less positive trend than (G;, G;;). But ordering (2) is
larger in that it orders more members of 2, and hence preferable.

Next consider a parametric situation F; = H,, and G; = H, where {H,|0 € O
C ®} is a given one-parameter family. Then F < G induces between the vector

parameters @ = (a3, ---, ap) and 8 = (81, ---, B.) an ordering a < 8. The
location family H,(x) = H(x — 6) leads to
(5) aSﬂ@al—BIZ---Zan—Bm

which is the = ordering discussed by Robertson and Wright (1982, page 1235).
The exceptional compatibility of this ordering with the Euclidean structure of
the parameter space cannot be expected to hold in general. The scale family
H,(x) = H(x/8), H(0) =0, 6 > 0, as well as the Lehmann family H,(x) = {H(x)}’,
6>0,bothresultina<g e a;/8:= -+ = a,/Bx.

The counterpart of the ordering < on the parameter space &} is any ordering
on the sample space R" such that any isotonic real statistic T'(x) is stochastically
smaller under F than under G whenever F < G. Due to the nonparametric
antisymmetry of < only statistics of the form T'(x) = foR(x) need be considered
where R(x) = (R;(x), - -+, R,(x)) is the rank vector of x € R", and f is a real
function on the permutation group .&,. Thus from the very beginning the sample
space ordering may be confined to comparing two permutations r = (ry, - - -, r,,)
and s = (s1, - -+, ;). We shall call r less significant for a positive trend than s,
denoted by r < s, if

(6) Vi<j rn<ri=s<s.
This is the ordering of Lehmann (1966, equation (7.2)). That our terminology is
justified results from the following.

THEOREM. If T'(x) is an isotonic real rank statistic, i.e., T(x) = foR(x) with
f(r) < f(s) whenever r < s, then F < G implies that T is stochastically smaller
under F than under G.

ProOF. For u = (uy, -+, u,) € (0, 1)*, define F~(u) = (Fy(w), ---,
F; (u,)). The claim is that
Au € (0, 1)"| TeF~(u) >t} = A*{u € (0, 1)*| TG~ (u) > ¢},

for all ¢t € IR, where \" denotes n-dimensional Lebesgue measure. Fix u, and put
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x=F7(u) and y = G (u). If i <j and x; < x;, then F < G entails y; = G7 °F;(x;)
< G;y°FoF; () < G;7°Gi(y;) < y;. Therefore R(x) = R(y), and monotonicity of
f gives T'(x) < T(y). The theorem is proved. O

As an application we note that if T'(x) is an isotonic real rank statistic then
the one-sided rank test with large values of T significant has an isotonic power
function with respect to the ordering (2). Therefore (3) and (4) entail that in the
nonparametric problem of testing against a positive trend, i.e., F € &7 vs.
Fe 71, F & #L, any such rank test has size « on ¥ | and is unbiased on ¥}
provided it is a-similar on 2. Also notice that this trend problem analysis
makes no use of wedge sets and thus drastically shortens the arguments for the
case of regression dependence, as laid out by Yanagimoto and Okamoto (1969,
page 498). .

The permutation ordering (6) compares favorably with the (positive trend
versions of the) orderings of Robertson and Wright (1982): = was in (5) identified
as a parameter rather than a sample space ordering. It induces the dual cone
ordering >* which, when restricted to permutations, coincides with >>. A smaller
ordering, in that it orders fewer members of &, is that of Savage (1957, page
968). But ordering (6) is yet smaller and hence, admitting more isotonic statistics,
preferable. Notice, however, that >* and (6) do not distinguish between isotonic
functions which are also linear: Y ¢;r; is isotonic on &, if and only if ¢; = --- <
¢n, and the same holds for the >* ordering, see Robertson and Wright (1982,
page 1240).
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